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Volume-term theories, Sogami-Ise potential, and the Langmuir model
for phase separation in macroion systems: A resolution

Kenneth S. Schmitz
Department of Chemistry, University of Missouri, Kansas City, Missouri 64110
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There is a controversy regarding the mechanism of phase separation in highly charged macroion systems.
Volume-term~VT! theories propose that the transition is due to a spinodal instability sensitive only by the
microions, the Sogami-Ise theory gives an attractive tail in the pair interaction potential, which promotes the
formation of clusters and voids, and the Langmuir~L! model views the transition as an instability of the
pressure. It is shown herein that these three seemingly different models can be brought under the same
formalism and that they reflect different contributions to the same overall process. Within the context of the VT
formalism, the attractive tail in the macroion-macroion pair interaction is a direct result of the screened
Coulomb form of the interaction and is identified as a microion-modified electrostatic pressure. Within the
context of the VT formalism theL theory is associated with the microion-microion interaction for the added
electrolyte. Finally this holistic view of the VT approach is extended to include the contribution of the solvent
via the Gibbs-Duhem expression.

DOI: 10.1103/PhysRevE.65.061402 PACS number~s!: 82.70.2y
al
ro

se
r

ffe

l’
a

n
t
n
th
a
e

he

im
on

-
nt
.

he
pair-

al
e
,

e
gy
I. INTRODUCTION

There have recently been a series of ‘‘volume-term’’~VT!
theories@1–5# to explain the two-state structure of colloid
systems observed, among other techniques, by video mic
copy methods@6–17#. The apparent motivation behind the
studies is twofold:~1! to provide a plausible explanation fo
the observed phase separation within the context of an e
tive one-component model, and~2! to show that a phase
separation can exist with a ‘‘purely repulsive pair potentia
operating between the macroions. The precept of the VT
proach, according to Grimson and Silbert@18#, if one wanted
to utilize the one-component system, is ‘‘...it has been fou
convenient to average out those variables which are no
primary interest, or those about which very little is know
As a result, the effective potential becomes a function of
thermodynamic state of the system.’’ To provide an indic
tion of what the volume term entails we write down th
complete Hamiltonian for the system ofNp colloidal par-
ticles of surface chargeZp anduZpuNp5Nc neutralizing uni-
valent counterions in the presence ofNs5N11N2 symmet-
ric salt particles also of unit valency. The Hamiltonian for t
system thus may be written symbolically as

Hsystem5Kp1Kc1K11K21Vpp1Vpc1Vp11Vp21Vcc

1Vc11Vc21V12 , ~1!

whereK j is the kinetic energy of thej th particle andVjm is
the potential of interaction between thej th andmth particles,
where the appropriate summation over all particles is
plicit in the notation. One can summarize these contributi
to the reduced Helmholtz free energy per unit volume as

b
A

V
5Ā5Āid1Ābc1Āss1Āps1Āpp

elec, ~2!
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where b51/kBT ~kB is the Boltzmann constant andT the
absolute temperature!, Āid is the ideal contribution,Ābc is the
hard core contribution,Āss is the added electrolyte contribu
tion, Āps is the contribution of the ion cloud about the pare
macroion, andĀpp

elec is the macroion-macroion contribution
The precise form of all the terms is not important for t
present discussion. The terms that are relevant are the
wise electrostatic interactionĀpp

elec, the electrolyte interaction

term Āss, and the term responsible for driving the spinod
instability Āpc @1#. The pairwise interaction between th
macroions is assumed to be the screened Coulomb form

Āpp
elec5

lB

2 (
i 51

Np

(
j 5 i
j Þ i

Np

ninjZiZjF~kai !F~kaj !
exp~2kr i j !

r i j

5
lB

2 (
i 51

Np

(
j 51
j Þ i

Np

ninjZiZjBi j
elec, ~3!

wherek is the screening parameter. The functionF(kam) is
a model-dependent function for themth macroion of radius
am and number concentrationnm . For example,F(kam)
51 results in the Yukawa form of the pair interaction. Th
macroion-microion contribution to the Helmholtz free ener
is

Āps52
2kZp

2lBnpf ~kap!

3
>2

2kZp
2lBnp

3
, ~4!

where f (x)5(3/x3)@ ln h(11x)2x1(x2/2)#. Finally, the
microion-microion contribution is

Āss52
k3

12p
. ~5!
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The approach to the calculation of the phase diagram i
equate the chemical potentials of all relevant species and
pressure of the coexisting phases. In the present notation
prescription set forth by van Roij, Dijkstra, and Hansen@3#
for the equilibrium between the two regions~1! and ~2! is
given by their Eq.~67! for the chemical potentialsm j and
pressureP,

mp~np
~1! ,ns

~1!!5mp~np
~2! ,ns

~2!!,

ms~np
~1! ,ns

~1!!5ms~np
~2! ,ns

~2!!, ~6!

P~np
~1! ,ns

~1!!5P~np
~2! ,ns

~2!!,

where the chemical potentials are obtained from the stan
thermodynamic relationships by their Eq.~68!,

mp5S ]Ā~np ,ns!

]np
D

ns

,

ms5S ]Ā~np ,ns!

]ns
D

np

, ~7!

P5npmp1nsms2Ā~np ,ns!.

The screening parameter is given by

k254plB~2Zs
2ns1Zc

2uZpunp!. ~8!

It is crucial for the VT theories that the screening parame
contain contributions from both the added electrolyte and
counterions released by the macroions, for it is only if t
form given by Eq.~8! does the role of the screening param
eter become clear in the determination of ‘‘phase’’ boun
aries. The screening parameter is the thread that connect
Helmholtz free energies to the microion concentrations fr
the added electrolyte and the counterions from the ma
ions.

II. RELATIONSHIP OF THE VT MODEL
TO THE DERJAGUIN-LANDAU-VERWEY-OVERBEEK

„DLVO … THEORY

Verwey and Overbeek present in their monumental w
~@19#, p. 58! arguments for the omission of the contributio
of the charging of the macroion~chemical work cancels this
work! and the added electrolyte~ions appear in neutralizing
numbers!, which leads to their conclusion: ‘‘The very simp
result is that we find the total free energy of the double la
if only we calculate theelectricwork necessary to discharg
stepwise all ions of thesolution,’’ where they have used ital
ics to emphasize that the electrostatic energy is localize
the solution phase of the system. The resulting pair potentia
in the DLVO theory is

Āpp
elec5

lB

2 (
l 51

Np

(
j 51
j Þ1

Np

nlnjZiZj

exp~kai !

~11kai !

exp~kaj !

~11kaj !

exp~2kr i j !

r i j
.

~9!
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Another feature of the DLVO theory is the definition ofk. As
pointed out by Verwey and Overbeek~@19#, pp. 197 and
198!, ‘‘The double layer theory, however, shows that th
thickness is determined by the electrolyte concentration
the sol medium, far from any particle, and is, therefore,
dependent of the sol concentration~in dilute sols!.’’ In other
words the screening parameter in the DLVO theory is giv
in the present notation, by

kDLVO
2 54plB~2Zs

2ns!. ~10!

To emphasize this difference between the DLVO and
models we rewrite Eq.~8! as

kVT
2 54plB~2Zs

2ns1Zc
2uZpunp!5kDLVO

2 1kc
2. ~11!

III. RELATIONSHIP OF THE VT MODEL
TO THE SOGAMI-ISE THEORY

The Sogami-Ise@20# ~SI! theory is a linearized theory
based on the Poisson equation in which the macroions
well as the microions contribute to the electrical potential
is of value to the later discussion to summarize the m
steps in the SI theory to emphasize that the microions pla
major role in their theory.

In their formal expressions only the counterion ions a
present, and only the counterion distribution is assumed to
of the Boltzmann type. In the present notation the Pois
equation in the SI theory is

¹2^c~r !&>2
4p

« S (
m51

Np

Zmqenm~r !1 (
i 51

uZpuNp

Ziqeni ,o

2 (
i 51

uZpuNp

Zi
2qe

2ni ,o^c~r !& D . ~12!

Rearrangement with obvious substitutions of parame
gives their Eq.~8! @20#,

«~¹22kc
2!^c~r !&>24p (

m51

Np

Zmqenm~r !

24p (
i 51

uZpuNp

Ziqeni ,o . ~13!

They then proceed to shift the potential to eliminate the s
ond term on the right-hand side of Eq.~13!, viz., in our
notation their Eq.~9! is

^c~r !&5^f~r !&1
4p

« (
i 51

uZpuNp

Ziqeni ,o , ~14!

which results is a Poisson equation for the charge den
involving only the macroions,

«~¹22kc
2!^f~r !&>24p (

m51

Np

Zmqenm~r !, ~15!
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which they refer to as a ‘‘true charge density’’ in their E
~12!,

2
«

4p
¹2^c~r !&>2

«kc
2

4p
^f~r !&1(

i 51

Np

Zlqeni~r !, ~16!

where 2(«kc
2/4p)^f(r )& represents the charge density

the counterions. The claim of the SI theory is that the dis
butions of the macroions and the counterions are mutu
interactive, and that the ‘‘effective interaction’’ between t
macroions ismoderatedby the small ions.

As in the case with the VT theories, the Helmholtz fr
energy of interaction between the macroions appears
form of a screened Coulomb interaction, whose prec
mathematical form in the SI paper forĀpp

elec is

Āpp
elec5

lB

2 (
i 51

Np

(
j 51
j Þ1

Np

ninjZiZj

sinh~kai !

kai

sinh~kaj !

kaj

3
exp~2kr i j !

r i j
. ~17!

Hence the only difference between the VT and the SI th
ries at this point is the definition ofF(kam). The next step is
the controversial step that has generated many papers
the past two decades. Sogami and Ise laid claim that
proper pairwise interaction between the macroionsshould be
the Gibbs free energy and not the Helmholtz free ene.
They then proceeded to use as their fundamental expres
Eq. ~26!, which in the present notation is

Ḡpp
elec5F(

i
ni ,oS ]Āpp

elec

]ni ,o
D 1(

m
ZmS ]Āpp

elec

]Zm
D G . ~18!

According to Sogami and Ise@20# the first term in the square
brackets represents the chemical potential of the small i
as also given in the VT theories via Eq.~7!. The second term
is defined by Sogami and Ise as being the contribution of
‘‘immobile ions’’ to the macroions. From the mathematic
form of the pair interaction given by Eq.~17! and the defi-
nition of kc , it is noted thatnm andZm always appears as
product. What necessarily follows is the operator iden
Zm(]/]Zm)5nm(]/]nm). Hence we may rewrite Eq.~18! as

Ḡpp
elec5F(

i
ni ,oS ]Āpp

elec

]ni ,o
D 1(

m
nmS ]Āpp

elec

]nm
D G . ~19!

If one isolates the application of Eq.~7! to the Helmholtz
free energy of the macroion pair interaction, then one obta
the mathematical form of Eq.~19!. Hence the formalism of
the VT theories contain as a subset of expressions th
equations.

Let us focus on the general expression for the Helmh
free energy of the macroion pair interaction given by Eq.~3!.
A key feature of Eqs.~7! and ~19! is that the set of concen
tration variables in the VT and SI theories dictate that deri
tives must be taken of the screening parameter as well a
preexponential factors. The contributions of the macroio
06140
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appear in two locations, in the prefactor and the screen
parameter, whereas that of the added electrolyte appear
once: in the screening parameter. Consider first the der
tives of the generalized form of the screening parameter

k5S 4plB(
a

Za
2naD 1/2

, ~20!

where the Greek subscript denotes all of the ions regard
of origin. It follows directly that

(
a

naS ]k

]na
D5

k

2
. ~21!

We write for the Gibbs free energy associated with the g
eralized form of the Helmholtz free energy of the pairwi
interaction given by Eq.~3!,

Ḡpp
elec5(

m
nmS ]App

elec

]nm
D 1(

a
naS ]App

elec

]na
D

5
lB

2 (
i 51

Np

(
j 51
j Þ i

Np F(
m

nmS ]ninjZiZjBi j
elec

]nm
D

1(
a

naS ]ninjZiZjBi j
elec

]na
D G . ~22!

At this point we have to keep the bookkeeping straight,
the counterions can be expressed either in terms of the m
roion concentrations, as in the VT theories and given by
~11!, or in terms of the ion concentration such asni ,o in Eq.
~12!. To simplify matters, we chose to group the releas
counterions from the macroions as part of thea notation, so
that under ‘‘salt-free’’ conditions Eqs.~18! and~19! survive.
It is further noted that in Eq.~22! the value ofm is restricted
to the valuesm5 i or m5 j . Hence we may partition Eq.~22!
to obtain

Ḡpp
elec5

lB

2 (
i 51

Np

(
j 51
j Þ i

Np FZiZjBi j
elec(

m
nmS ]ninj

]nm
D

1ninjZiZj(
a

naS ]Bi j
elec

]na
D G

5
lB

2 (
i 51

Np

(
j 51
j Þ i

Np H 21
1

2 F kai

Fi~kai !
S ]Fi~kai !

]kai
D

1
kai

F j~kaj !
S ]F j~kaj !

]kaj
D G2

kr i j

2 J ninjZiZjBi j
elec,

~23!

where we have changed the variable fromk to ka in the
application of Eq.~21!. It is now evident that the attraction
term 2kr i j arises solely from the Yukawa screened Co
lomb form exp(2krij). We now draw the important conclu
sion that any model employing a repulsive screened C
lomb pair potentialmust result in an attractive term in the
2-3
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KENNETH S. SCHMITZ PHYSICAL REVIEW E65 061402
calculation of the chemical potential when standard therm
dynamic relationships are employed.

IV. RELATIONSHIP OF THE VT MODEL
TO THE LANGMUIR MODEL

In 1938 Langmuir posted his objections to using poten
energy curves for the calculation of the free energy of
system@21#. These criticisms are given as the following fa
tors @21#.

~a! No direct account is taken of the thermal agitatio
which by itself would tend to cause the colloid particles a
the ions to be dispersed throughout the liquid giving an
motic pressurep5(nkT.

~b! The attraction between the charged micelles and
ion atmosphere of the opposite sign, which extends throu
out the intervening liquid, is ignored or neglected although
exceeds the repulsive force between the micelles.

~c! The electric charges on the micelles are assumed t
constant, whereas they must be, in general, dependent o
concentration of the micelles.

Factor ~a! is a direct consequence of using the Poiss
Boltzmann equation. On the basis of factor~a! it was con-
cluded that thermal agitation was not a repulsive force. F
tor ~b! was represented in terms of an ionic crystal
alternating charge, thus giving rise to anattractive force be-
tween particles. Hence factors~a! and ~b! give a net attrac-
tion between all of the particles in the micellar system. T
dilemma at this stage is to find a way to diminish the el
trostatic term. This can be achieved in two ways: find
source of a repulsion or decrease the charge on the mice
The latter possibility is factor~c!. It was envisioned that a
the concentration of the micelles~of positive charge! in-
creased, the effective charge decreased until a stable situ
occurred between the two phases. A parallel was drawn
tween the colloidal system and tungsten filaments in equ
rium with cesium.

The micellar system was partitioned into two regions b
semipermeable membrane. In one region, the ‘‘dense’’
gion, the membrane was compressed to such an extent
the particles were envisioned as being so close that the
extensive overlap of the ion clouds. Since thej potential for
all of the particles on both sides of the membrane is to
main constant, the charge on the micelles engaged with o
lapping ion clouds must change. The other region, the ‘
lute’’ region, was treated as if it were a Debye-Hu¨ckel fluid.
Langmuir then addressed the situation of highly charged
celles, in which there was a sheath of counterions with
exclusion of coions. Thus in the ‘‘dilute’’ region the micell
was treated as a ‘‘point ion’’ of a fictitious charge dictated
the counterions in the surrounding ‘‘sheath.’’ In the parlan
of the VT theories, this represents the ‘‘dressed macroi
composed of the macroion and its charge neutralizing co
terions.

The stage is now set to ‘‘squeeze’’ the micelles in t
dense phase to the point that counterions in the fluid betw
the macroions are forced to decrease. Since thej potential
for these micelles now in closer proximity must be the sa
06140
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as in the dilute phase, the charge on the micelles must
crease. Further squeezing of the micelles results in the w
phase having thej potential to match that of the individua
micelles in the dilute phase.

Langmuir then employed two different approximations
the Debye-Hu¨ckel theory: point charges and finite size ion
It is not necessary to review both, for the point charge
proximation will suffice. The pressureP for the dilute phase
is then given by Eq.~15! in the textbook by McQuarrie@22#,

P5kBTF(
j

nj2
~p!1/2

3 S lB(
j

Zj
2nj D 3/2G

5kBTS (
j

nj2
k3

24p D . ~24!

The first term on the right-hand side of Eq.~24! is the ideal
pressure from the micelles and the microions. The sec
term is the electrostatic pressure as given by Eqs.~15! and
~16! on page 337 of McQuarrie@22#,

bPelec52
k3

24p
s~ka!>2

k3

24p
, ~25!

where the last expression is forka→0.
Van Roij, Dijkstra, and Hansen@3# dismissed the theory

of Langmuir @21# on the basis that his arguments were on
‘‘qualitative,’’ and based on the Debye-Hu¨ckel approxima-
tion for osmotic pressure. This statement was probably ba
on the treatment of the ‘‘dressed’’ micelle as a point cha
in the Langmuir model and therefore included in the scre
ing parameter. The electrostatic pressure defined by Eq.~25!
is also obtained from the VT formulation and the express
for Āss defined by Eq.~5! and used in Eq.~7!,

Ḡss2Āss5nsS ]Āss

]ns
D 2Āss52

k3

24p
5bPss

elec. ~26!

Therefore the VT theories are in concert with the model
Langmuir with the identityPss

elec5Pelec in Eq. ~25!. Hence
the mathematical expressions of theL theory are a crucial
part of the VT theory and play the role of the volume term
in effecting a phase separation. The primary difference
regard to the physical model is that in the Langmuir theo
the macroions are treated as point charges that contri
directly to the screening parameter, which we may symb
cally write in terms of the simple ion~s! and the ‘‘point
macroion’’ ~p! contributions,

kL
254plBZs

2ns14plBZp
2np5ks

21kp
2. ~27!

SinceZp@Zs one can ignore the small ion contribution s
thatkL is proportional tonp

1/2, hence the pressure in Eq.~24!
could be written as@21#

P'3np22np
3/2. ~28!

For small values ofnp the pressure increased asnp and at a
higher value ofnp the pressure varied as2np

3/2. A similar
2-4
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argument was put forth by van Roij and Hansen@1# as the
‘‘essence’’ of the term responsible, for the spinodal instab
ity is based onk'np

1/2 just as in the Langmuir model. An
important difference is the origin of the factornp , which in
the case of van Roij and Hansen’s theory is fromkc for
which the counterion concentration isnc5uZpunp .

Many cite Verwey and Overbeek as proving the Langm
model to be incorrect~pp. 195–199 of@19#!. Verwey and
Overbeek pointed out thatk is, by definition in the DLVO
model, independent of the macroion concentration since i
determined far from the macroions, i.e.,k5kDLVO'ns

1/2 for
all values ofns andnp . However, the argument put forth b
Verwey and Overbeek is applicable for either the Langm
model or the VT theories, since both models exhibit aPelec

that is proportional to2np
3/2 in the appropriate range. There

fore if one accepts the argument of Verwey and Overb
that the Langmuir model is incorrect then one must a
accept the argument to also show that the VT theories
incorrect. On the other hand if one accepts the precepts o
VT theories then one cannot eliminate the Langmuir mo
as contributing to a viable mechanism for phase separatio
highly charged macroions.

V. PARTITIONING OF THE MICROIONS—PARALLELS
WITH THE HAMILTONIAN FOR THE VALENCE
BOND AND MOLECULAR ORBITAL THEORIES

The valence bond and molecular orbital theories of el
tronic structures differ only in the manner in which th
Hamiltonian of the system is partitioned. In a similar w
theories on the phase separation in colloidal systems also
a result of how the microions are partitioned. To examine
more detail the significance of the counterions in the prob
we look at the usual approach for the Poisson-Boltzm
equation with the potential̂c(r )& at some pointr in the
solution. The general expression, including the macro
density, is

¹2^c~r !&52
4p

« (
m51

Np

Zmqenm~r !2
4p

« (
j 51

2Ns1Nc

Zjqenj~r !,

~29!

where the microion summation encompasses the added
trolyte and the free counterions. According to renormali
tion theories a certain number of the counterions release
the macroions are associated with the macroions to red
the macroion charge to an effective chargeZeff @23,24#

¹2^c~r !&52
4p

« (
m51

Np

Zeffqenm~r !2
4p

« (
j 51

2Ns1Nc*

Zjqenj~r !,

~30!

whereNc* 5Nc2^Nc&b Np is the number of free counterions
^Nc&b is the average number of bound~charge neutralizing!
counterions, andZeff5Zp1Zc^Nc&b . We now express the mi
croion contribution as a Boltzmann distribution
06140
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4p

« (
j 51

2Ns1Nc*

Zjqenj~r !5
4p

« (
j 51

2Ns1Nc*

Zjqenj ,0

3exp@2bZjqe^c~r !&#. ~31!

This Boltzmann factor is then expanded and the terms
lected,

4p

« (
j 51

2Ns1Nc*

Zjqenj ,0 exp@2bZjqe^c~r !&#

5
4p

« (
j 51

Nc*

Zjqenj ,024plB (
j 51

2Ns1Nc*

Zj
2nj ,0̂ c~r !&

5qD2~kDH
2 1kc

2!^c~r !&, ~32!

whereqD is a previously introduced Donnan term@25# and
does not contain added electrolyte contributions due to e
trical neutrality of these components. The Poisso
Boltzmann equation for the mean potential is now expres
as

¹2^c~r !&52
4p

« (
m51

Np

Zeffqenm~r !2qD1~kDH
2 1kc

2!

3^c~r !&. ~33!

We have thus partitioned the counterions to function a
partial neutralization of the macroion charge to the value
Zeff a Donnan contribution as manifested in the uniform d
tribution of excess counterions, and those that are free to
distributed throughout the system and contribute to
screening parameter.

The reason that the macroions do not appear in the ca
lation of the screening parameter, as employed by Langm
is that the macroions do not exhibit a Boltzmann distributio
It is for this reason that the Langmuir proposal to treat
macroions as point charges is incorrect. However, the co
terions do appear in the total screening parameter in ac
dance with the VT and SI theories, and therefore the ob
tion by Verwey and Overbeek to the Langmuir model
incorrect. That is, the counterions that make up the termkc
are in the vicinity of the macroion and are identified with t
electric double layer. The SI theory is limited to the count
ions only, thuskDH50 in their model. Neither the DLVO nor
VT theories explicitly consider the Donnan termqD ,
whereas this term is explicit in the SI theory as shown in E
~12! and is the shift in the potential in Eq.~14!.

VI. DISCUSSION

The primary thrust of this study is on themathematicsof
the volume-term theories, the Langmuir model, and
Sogami-Ise pair potential as applied to the experimental
servations of heterogeneous distributions of colloidal p
ticles suspended in a continuum medium. The one param
that serves as a thread connecting these three views on
loidal systems is the screening parameterk and its subse-
2-5



n
he

e
th
n
th
nt
el
r

t
t
he
o
in
g

-
p
ha
sly
e
e
p

r
tr

o
n

s
en

n
a

he
e
o

v-
ne
ne
e

ne

ex
io

truc-
the
ng
ons.
del
ns

der.
that
een

eing

an
se.
ion
-
me

and
lies
be
ular

st

es in

he
the

and

p-

the
he

ch

ude
mi-
be
ion.
le in

gel,

KENNETH S. SCHMITZ PHYSICAL REVIEW E65 061402
quent contribution in the calculation of the chemical pote
tial contribution of the microions for the two phases in t
system.

In regard to the VT and SI theories, both have a modifi
form of the Yukawa screened Coulomb expression of
Helmholtz free energy of interaction between the macroio
Regardless of the fully charged species that comprise
screening parameter, the calculation of the chemical pote
using standard, and well-established thermodynamic r
tionships as given by Eq.~7!, we have the general result fo
the exponential part of the pair potential,

(
i

ni S ] exp~2kr mn!

]ni
D52

kr mn

2
exp~2kr mn!, ~34!

where the sum is over all of thei fully charged species tha
contribute to the screening parameter. It is this term tha
responsible for the attraction when converting from t
purely repulsive Helmholtz free energy to the chemical p
tential, which was identified with the Gibbs free energy
both the VT and SI models. In regard to the VT and Lan
muir theories, both the ‘‘ideal particle’’ contribution~repul-
sive part! and the microion-microion contributionĀss ~the
attraction part! are included in the calculation of the Helm
holtz free energy. Such a combination gives rise to a com
tition between a repulsive part and an attraction part t
drives the spinodal instability of the system. As previou
mentioned, the contribution of the macroions to the scre
ing parameter in the Langmuir model is due to the treatm
of the microions as point particles, whereas in the VT a
proach the counterion contribution is expressed in terms
the macroion concentration.

The apparent importance of the screening paramete
dictating the presence or absence of a heterogeneous s
ture of the colloidal suspension presents a conundrum
view of the underlying philosophy behind volume-term the
ries. This philosophy, as given in the Introduction by mea
of the quote by Grimson and Silbert@18#, is to average out
those variables which aredeemed unimportantand thus re-
duce the system to the one component that is thought to
important. This is what is done for the microions in the sy
tem, with the macroions being the effective one compon
Nonetheless it is the unimportant microion componentthat is
the driving force behind the spinodal instabilitythat leads to
a phase separation@1–5#. Apparently van Roij, Dijkstra, and
Hansen@3# might have been aware of this paradox when o
considers their statement, in reference to the fluid-gas ph
transition, as providing no indication as to whether t
macroion-macroion interaction is attractive or repulsiv
‘‘This seemingly surprising result is a direct consequence
the reduction of the initial multicomponent problem, invol
ing mesoscopic coions and counterions, to a one-compo
system of dressed polyions interacting via effective scree
forces....’’ An unstated implication whose spirit is within th
bounds of this comment is that themathematical formresult-
ing from the compression of the equations to a o
component system gives rise to a phase separation.

The experimental observation is that, under certain
perimental conditions, the colloidal particles in a suspens
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appear to conjugate together to form a heterogeneous s
ture. Such behavior is indicative of a negative change in
free energy. We have thus far refrained from identifyi
physical processes with specific mathematical expressi
In line with the above theories the key to any physical mo
for macroion congregation is the disposition of the microio
as manifested in the screening parameterk.

Both the VT and SI theories calculatek on the basis of a
fixed volume, and treat the solvent as a passive bystan
However, the sizes of the simple ions are comparable to
of water, so there must be some exchange of solvent betw
the two regions as the dense and void regions are b
formed. Michaeli, Overbeek, and Voorn@26# showed that the
entropy of the mixing of solvent and small counterions c
contribute significantly to the stability of the separated pha
To illustrate the importance of the solvent, consider a reg
in the system of volumeV* which contains macroions, coun
terions, added electrolyte, and solvent particles. This volu
is a mathematical construct, so it remains fixed before
after the phase separation, but is chosen such that it
within the boundaries of the ‘‘dense’’ phase that is soon to
created. The volume is expressed in terms of the molec
volumesȳ j of the j th species,

V* 5Npȳp1Ncȳc1N1ȳ11N2ȳ21Noȳo. ~35!

Since this volume, by definition, is fixed, the following mu
hold:

ȳpdNp1 ȳcdNc1 ȳ1dN11 ȳ2dN21 ȳodNo50. ~36!

Upon phase separation the number of macroions increas
V* since this is in the zone of the dense phase. HencedNp
and alsodNc are positive numbers, the latter reflecting t
assumption of a ‘‘dressed’’ macroion. In accordance with
results of the VT theoriesdN1 anddN2 are negative num-
bers in order to maintain a constant pressure in the dense
sparse regions. We now cast Eq.~36! into the form

ȳodNo>2~ ȳ11 ȳ2!dN12~ ȳp1uZpu ȳc!dNp . ~37!

One can further simplify this expression by making the a
proximationȳ1> ȳ2> ȳo with the result

dNo522 dN12S ȳp

ȳo
1uZpu DdNp . ~38!

Assuming that the radius of the macroion is 50 nm and of
solvent is 0.2 nm, the ratio of molecular volumes is on t
order of ȳp / ȳo>1.63107, which means thatuZpu may be
neglected as it is usually on the order of 103. The result is
that '83106 ions of each charge must exchange with ea
macroion that enters the volumeV* if dNo50. Since the
number of solvent molecules is several orders of magnit
larger than the added salt of molar concentration in the
cromolar range, it is more probable that the solvent will
displaced than the salt, upon formation of the dense reg

There are other reasons that the solvent may play a ro
phase separation. Raman scattering measurements@26,27#
indicate three water structures in gels: free, inside the
2-6
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and attached to the polyelectrolyte gel. Also, Raman sca
ing indicates that water is structured around flexible po
electrolytes@28,29#. Quesada-Pe´rez, Callejas-Ferna´ndez, and
Hidalgo-Álvarez @30# reported that the presence of differe
alcohols results in ordered structures with different beh
iors. The solvent may therefore affect the microion distrib
tions in ways not contained within the context of simp
theories. Even as an inactive component, the accumulatio
macroions and associated counterions in the ‘‘dense’’ ph
must necessarily affect the activity of the water. Consider
integrated expression of the Helmholtz free energy,

A5Q2PV2TS1(
j

m jnj , ~39!

where Q is the heat. We now differentiate this expressio
substitute the second law identitydQ5T dS, and group the
results to obtain the usual thermodynamic expression fordA,

dA52S dT2P dV1(
j

m jdnj ~40!

and the Gibbs-Duhem relationship

052V dP1(
j

njdm j . ~41!

If we now restrict Eq.~41! to the electrostatic componen
only and include the solvent as one of the components as
a dielectric medium, we have for the reduced pressure,

bdPelec5b(
i

njdm̄ j
elec1bnodm̄o

elec

5(
j

njd ln~aj
elec!1nod ln~ao

elec!. ~42!

The electrostatic pressure of the system has its origin in
change in the chemical potential, or activity, of the electri
components upon the formation of the heterogeneous
pension. According to the grand canonical Monte Ca
simulations of Delville@31#, the electrical component to th
pressure is negative. The reduced electrical pressure b
on the VT approach is given by the equationbPelec5Ḡelec

2Āelec. As given in Eq.~26! the electrostatic pressure for th
salt gives the inequalitybPss

elec,0. This means that the sa
solution is intrinsically unstable and it is the random moti
of the ions that offset this tendency for the ions to form pa
and higher order aggregates. It is also true that the elect
pressure calculated for theĀps

elec term is also negative, viz.,

bPps
elec52

kZp
2lBnp

3
52

kkp
2

12p
, ~43!

wherekp is defined in Eq.~27!. It is a curious feature of Eq
~43! that in the ionic strength region for which the counte
ons dominate in the calculation of the screening parame
we have the proportionalitybPps

elec'np
3/2, as proposed in the

Langmuir and VT models but for different reasons. The sim
larity of Eq. ~43! with Eq. ~25! is interpreted in terms of the
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instability of the total macroion-microion system. The ele
trostatic pressure for the screened Coulomb pair interac
between the macroions is likewise found to be

bPDLVO-VT
elec 5 (

i 51

Np21

(
j . i

Np F11
y2

11y
2

yxi j

2 G ninjZiZjlB

ap

3Fexp~y!

11y G2 exp~2yxi j !

xi j
. ~44!

In contrast to the results forbPss
elec andbPps

elec, the value for
bPDLVO-VT

elec can be either negative~large values ofyxi j ! or
positive ~small values ofyxi j !. Since the negative contribu
tion arisessolely from the screening parameter, the attractive
nature of this term may be interpreted in a manner paralle
that for bPss

elec and bPps
elec. Because of the tendency of

collection of particles of opposite sign to congregate,
screening ions must therefore modulate the repulsive
dency between the macroions of like charge. Based on
work of Delville the inequalitybPss

elec1bPps
elec1bPDLVO-VT

elec

,0 must hold for the macroion-rich region of the heterog
neous suspension. Within the context of the VT formalis
this means that the positive electrostatic pressure that m
arise from the macroion-macroion term does not outwe
the negative pressures generated by the microions.

There is some ambiguity as to exactly what constitutes
spinodal instability and the resulting phase separation.
problem is that the phase separation in the VT approac
virtually oblivious to the presence of interactions betwe
pairs of macroions. As previously noted@3# the simulations
of the phase diagram were insensitive to even thesignof the
macroion-macroion interaction and were only slightly a
fected if there were not interactions at all between the m
roions@36#. Hence the system effectively is an ‘‘independe
particle’’ system. We draw a parallel with adsorption is
therm expressions for independent binding sites. Exactly
same mathematical expression is obtained for anN-particle
system each with one binding site and a one-particle sys
with N binding sites. It is suggested that the VT expressio
are equally applicable for the formation ofN microphases
centered about each of theN macroions, or two macrophase
in which the dense phase houses all of theN macroions@32#.
Recent BD simulations on a cluster of seven macroions
dicate that the added salt is totally expelled from the clus
and that the counterions are drawn into the cluster@32,33#.
This distribution of microions indicates that the Donnan p
tential may also be assigned to the boundaries of the clu
itself, with the formation of a ‘‘superdouble layer’’ as prev
ously suggested@34#. In this regard the physical mechanis
for phase separation and stability is that the very large e
tric field for the collection of macroions results in a redist
bution of microions such that the counterions are shared
macroions to form a cluster with a concomitant exclusion
the coions to the exterior solvent~void region!, thereby set-
ting up a double layer about the cluster. The exclusion of
coions as a result of their interaction with the highly charg
macroion cluster is a critical part of the mechanism, a
2-7
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clustering or phase separation may not occur in the ideal
salt-free system. A similar conclusion was drawn by Die
Barbosa, and Levin@35#.

VII. CONCLUSION

The Sogami-Ise and Langmuir views of the stability
colloidal suspensions have been shown to be a subset o
holistic volume-term formalism for colloid stability. Th
common thread between these theories is the screening
rameter, which must include the added electrolyte and co
terions contributions to bridge microion and macroion co
centrations that define the thermodynamic state of
system. The picture that emerges from the VT formalism
that the heterogeneous structure is composed of a macr
dense region with the expulsion of salt to the external v
region. It has also been demonstrated that the ‘‘attrac
tail’’ in the macroion-macroion chemical potential is a ne
s.

n

T

.
H

06140
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the
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essary result of using the screened Coulomb form of
Helmholtz pair interaction. Hence this attractive tail is eith
a real effect or an artifact of the screened Coulomb form
the pair interaction. If the effect is real then its origin lies
the change in the activities of the electrical components co
prising the heterogeneous region of the suspension. If
latter is true, then conclusions drawn from the use of
preaveraged screened Coulomb form of electrical inter
tions must be suspect.
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