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Simulational studies of axial granular segregation in a rotating cylinder
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Discrete particle simulation methods have been used to study axial segregation in a horizontal rotating
cylinder that is partially filled with a mixture of two different kinds of granular particles. Under suitable
conditions segregation was found to occur, with the particles separating into a series of bands perpendicular to
the axis. In certain cases the band structure exhibited time-dependent behavior, including band formation,
merging and motion along the axis, all corresponding to phenomena that arise experimentally. In order to
examine how the many parameters specifying the problem affect the segregation process, simulation runs were
carried out using a variety of parameter settings, including combinations of friction coefficients not realizable
experimentally. Both segregation and desegregdfoming) were investigated, and cylinders with both ex-
plicit end caps and periodic ends were used to help isolate the causes of segregation.
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[. INTRODUCTION each band is composed exclusively of a single particle spe-
cies, with narrow transition regions separating the bands;
The properties of granular media are often very differentsegregation may also be only partial, in the sense that the
from systems governed by thermodynamics and statisticdlands are characterized by just a higher concentration of one
mechanics, and the intuition gained from these theorie§pecies or the other. Beneath the surface, segregation in the
proves to be of little help in trying to understand the mechatadial direction is also possible; in certain instances the ef-
nisms responsible for granular behavior. The propensity ofects visible at the outer surface are in fact due to an axial
noncohesive granular mixtures to segregate into individuafore of one species whose shape undulates along the axis,
species is one of the more conspicuous of these propertieand the observed bands are a consequence of this core inter-
and the fact that segregation occurs even when then there ittently extending to the outer surfa¢e3]. The band pat-
no apparent energetic or entropic advantage is what makderns can also exhibit time dependence; examples of such
such behavior so interesting. Since mixing and segregatioR€havior involve coarsening, in which narrower bands merge
are important processes, both in industry and in nature, cofSometimes very slow)yto form broader patternsl4], and
siderable effort has been invested in exploring the underlyinghe appearance of traveling wave patterns associated with
causes of these phenomena. In the absence of a genek@nd motior{15,16. The foregoing, partial catalog of obser-
theory of granu|ar matter, much of the work in this field vations combines experimental results conducted under dif-
[1-4] has been, and continues to be based on computdgrent conditions with a variety of granular materials; there is
simulation. currently no single set of experiments providing systematic
Segregation of polydisperse granular mixtures occurs in §overage of the dependence on the many parameters contrib-
variety of situations, including sheared fld®,6], vibration ~ uting to the definition of the system.
[7,8], and rotation9,10]; in the most familiar form of rota- The goal of the simulations reported in this paper is a
tion, involving a horizontal cylinder rotating about its longi- Systematic analysis of certain aspects of the axial segregation
tudinal axis, there are two modes of segregation, one radiaProblem, based on a molecular dynamics approach involving
the other axial. Although other forms of segregation havediscrete-particle models, making reference to experiment
been explored using discrete-particle simulations, the case #fhere results are available. The model used here is of a kind
axial segregation in a cylinder, with the exception of a veryroutinely employed for simulating granular flow phenomena.
limited study[11], has not been a subject of detailed inves-The degree to which such models prove capable of reproduc-
tigation. ing the behavior of real granular media provides the ultimate
The typical experiment employs a transparent horizontavalidation of this approach.
cylinder with a circular cross section, partially filled with a
mixture of two kinds of granular particles, and rotating at a
constant rate. While the most direct observations focus on
the composition of the visible surface layé0], more elabo- Recent attempts in understanding axial segregation in a
rate studies involve probing the interior using magnetic-rotating horizontal cylinder began with a series of experi-
resonance imagingMRI) technique$12,13. Under suitable mental studieg10] that considered two types of mixtures,
conditions the system is observed to segregate into bands gfass spheres and sand, and glass spheres of mixed sizes. In
alternating composition normal to the cylinder axis. Segre-experiments that started with a homogeneous binary mixture,
gation, as seen from the outside, may be so thorough thatands were observed to appear only for the glass-sand mix-
ture, suggesting that different particle sizes alone is not
enough to produce segregation, but that different degrees of
*Electronic address: rapaport@mail.biu.ac.il roughness are required as well; it was also suggested that
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segregation required the rough particles to be smaller thahardly surprising that theoretical progress has been limited.
the smooth. Bands of various widths typically developed af-The experimental results in R¢fLO] were accompanied by a
ter about 100 rotations; the narrowest bands subsequentffmplified theory that dealt with the onset of instability pro-
disappeared, leading eventually to a steady state charact ced b_y local concentration fluctuations, and the response
ized by bands with a narrow distribution of widths. The im- t0 resulting changes in the angle of repdas reflected, for

portance of particle flow at the upper free surface was estaée_xample, in the appearance of a bump where the granular

X . . . surface meets the ascending wall of the cylinder, and a de-
lished by noting that segregation ceased when this flow w. ression at the opposite descending yalomogeneity of

obstructed. Further conclusions were that segregation is Nge cross sectional composition within each band was as-
|n|t|_ated at the _cyllnder ends _but is in fact driven by concen-gmed, something subsequent MRI results failed to support.
tration ﬂuctua“ons, and the.IIT_]portance of the fact that th%ontinuum models have been deve|0ped based on one-
free surface has a characteristic curved shape rather than himensional systemg21,22 in which the dynamical vari-
ing flat. Other experimen{sl3] also considered glass sphere ables are the local concentration difference and the slope of
mixtures of different sizes and were able to achieve axiathe free surface; while such models are able to describe the
segregation; the discrepancy between these two experimentsarly phase of segregation with traveling bands and subse-
presumably a consequence of other differences in the expemuent band merging, important three-dimensional aspects of
mental conditions, has not been addressed. Further inform#le problem are absent and, contrary to experiment, the free
tion concerning the early experimental history of this phe-surface profile is assumed linear. The problem has also been
nomenon is to be found in Refgl3] and[17]. studied using a simplified cellular automata mod28],

The effects visible at the surface provide an incompleteagain assuming that the key to the behavior is what happens
description of the behavior. Use of MR12,13 facilitated ~ at the free surface.
examination of the interior, in terms of both axial and radial  There is just one existing molecular dynamibD) study
cross sections, allowing the possible role of subsurface dyef @xial segregatio11]. The system considered is small,
namics to be examined. A mixture of plastic spheres an@nly 1000 particles, and contained in a relatively short cyl-
(smalle) MRI-sensitive pharmaceutical pills was used in nder, with behavior dominated by the end walls, and no

these experiments. Even when segregation bands were O%r_ovision for rotation of the particles themselves. Partial seg-

served at the surface, beneath the surface the small particlé%gat'on was ob_sen/e(dhe f(_)rmatlon of two l_)ands in which
were found to be present along the entire length of the cylp.ne of the species had a higher concentration, separated by a

inder, and the appearance of bands of small particles at thséngle band dominated by the othebut only if the bigger

surface merely corresponded to a thickening of this interiorpag'cfle[sl\c’;frd?f;he r?lijgher one?, the ﬁpposnbe ?f thte cn;en;an
region; once the presence of the undulating axial core wad! ~el , aierent degrees of roughness put Just a single

. - - ticle size failed to produce segregation. There is another,
discovered, band merging appears to be a less dramatic evelft" . )
than would otherwisegbegthgrz:ase. Another MRI st{it8], related MD studyf24] that does not address segregation di-

in which both particle sizes were visible, found the axial corereCtly' bUt. treats v_vhat amounts to the converse problem,
of small particles to be a transient structure that eventuall pamely axial Qn‘fusmn at the. interface betwe_en initially seg-
disappeared, resulting in a state of complete axial segreg egated species. Another kind of segregation can occur at

tion. MRI has also been used in the study of the developmerﬁomparati.ve'y low rotatiqn rates, this time rgdially,_in which
of the interface between initially segregated spefie. small particles tend to migrate inwards leaving a higher con-

Another aspect of axial segregation, namely the appealc_entration of big particles on the outside; this has been mod-

ance of patterns that travel along the cylinder in an axial led in two g|men5|pn§2f5].h . |
direction, is described in Ref§l5,16], using a mixture of | Desrp])lte th‘?l bre'wtyf'o the abtl)vehsurveg/, Itis gbyndgn;y
sand and salt grains of different sizes. Only the behavior a}(ﬁelar that while significant results have been obtained that
the outer surfacgboth the free surface and the exterior sur- cip eXP'?‘” some aspects of a?<|al segregation, there is much
face in contact with the transparent cylinder walhs exam- that remains unresolved, both in regard to what actually oc-

ined, and a preferred wavelength was found that was almost''s in the system and the mechanisms underlying the phe-

independent of rotation rate. In these experiments, the pal _ort?enorg,;_Cﬁnglus;]or:hals?hexprgssecti n Rﬁﬂl Itkha; yfet il
ticle sizes extended over broad, but nonoverlapping distribu=> P€ est_a IS ﬁ whether there 'ShJLf[i a er;fg € Itn k_odaX|af
tions, and the traveling waves were found to occur only foroegregation phenomenon, or whether difterent kinds o

certain volume fractions; furthermore, if the salt grains were?.r"’anIar hmaFenaI.s.tu.nd_eré;o Zegreg_etl)tllortlhbyt/ |nvok|rk1)g altfe rna-
replaced by rounded sand particles of similar size no travel- V€ MeC an|S|t"ns, s n e‘:‘l po.‘zi' tr? da a.nunt1 ero bprp-
ing waves appeared. Details of various types of band motio esses operale concurrently, wi € dominant one being
and coarsening in a mixture of sand and glass spheres a gterm[ned by the prevailing experimental cond'mons.. I

reported in Ref[14]; the results suggest that avalanches pla)}.goeS W'th.O.Ut saying tha_\t the current state Of. experiment lim-=
an important role, and that the surface transport consistdS the ability to determine how accurately simulation repre-

mainly of the glass spheres moving across the sand, rath Fnts reality; further experimental evidence clearly needs to

than the converse. Extensions of the basic problem have al 5 obtained.

been Con_5|dered, for exgmple, cyllnders _thh axially modu- Il GRANULAR MODEL

lated radiug10], and cylinders with noncircular cross sec-

tion [20]. A variety of models have been employed in granular

Given the complexity of the experimental situation it is simulation, based on both sd#,26,27 and hard[28] par-
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ticles; though referred to as “soft,” this characterization ap-Here, ygici is the sliding friction coefficient, whose value

plies more to the continuous nature of the potential functioryepends on the species and ¢; of the particles involved.
used to oppose particle overlap during collision than to therpe static friction coefficient:“i“i sets an upper bound to the
amount of overlap itself, which is minimal. Soft particles arégliding friction proportional to|f,|; in models of this kind

used more widelyincluding her¢ because of the simpler here s no true static frictiofat best, e.g., Ref25], it can
nature of the computations involved. In addition to thispe represented by a tangential restoring force that depends on
excluded-volume repulsion force, the particles are also sulipe relative displacement occurring during contact, although
ject to dissipative forces. The interactions fall into two i should be emphasized that this is not a strictly correct
classes, those between pairs of particles, and those betweg{aans for incorporating the effects of static friction

the particles and the container walls, which, as will be shown e tranglational and rotational accelerations of the par-
below, can be trea_ted as special cases of partlgle-partlcle IRicles, a, and a; depend on sums of the above terms for all
teractions. The discussion of the model begins with theneracting pairs. Each such contribution is included by add-

excéudeqd-volume_ fo;ce.h ol | i with ing f,+fs to the totalm;a, subtracting the same quantity
nsider ir ri ranular parti Wi L~
onsidera pair of spherica’ granuiar pariaesd) from m;a;, and also subtracting; Xfs/« from bothm;d; e

diametersd; and d;, respectively. The repulsive force that dmd h — s th ticl d th
acts between particles closer than a specified ra2gkis andm;d;a;, wherem; =dy IS the particle mass and the
numerical factor in the moment of inert{for a solid sphere

S\ 12 .\ 6 K=O.2).
48| [ d; 1/d\°- L . . . :
== =5=] |, (1) Similar considerations apply to the interactions between
Fij L\ Fij 2\rjj particles and container walls. While there are alternative

methods for representing boundaries, for example, by con-
wherer;;=r;—r; is the particle separation;;=|r;;|, and the  structing explicit rough boundaries out @f large number of
effective diameter entering the interaction computations igonstrained particles with properties similar to the mobile
dij=(d;+d;)/2. This force is derived from the functional particles, or by treating them separately from the interactions
form of the Lennard-Jones potential; it acts whenergr by simply moving particles back inside if they are found to
<21’6d”- and is continuous at the cutoff poifalthough its  have crossed a boundary, the approach used here is based on
derivative is not Alternatives to this form of overlap inter- walls represented by geometrically smooth surfaces with
action that are also in routine use include functions that desimilar frictional properties to the particles themselves.
pend on the overlap either linearly or to the 3/2 po\a], The curved cylinder wall is treated as follows, assuming
but the choice of function is of little consequence as far ashe axis of the cylinder to be in thedirection. The value of
the bulk behavior is concern¢d@l]. Note that because of the d associated with the wall is unity, so thay, = (d;+1)/2
slight degree of softness, particle diameter is not preciselyeplacedd;; in the force calculations. To determine whether a
defined. . _ particle lies within interaction range of the curved boundary
ot dingushes e bieractons used o SANUAT Mvalutery (1 35 he partce s n rang i

>D/2—-2""d,, , whereD is the cylinder diameter. To evalu-

presence of dissipative forces that act over the duration Oig.'[e the forces replage, by r', = (1—D/2r,,)r., and evalu-
w Iw w

gac? collision. The first of these is a nornfeiscous damp- atef, using Eq.(1). The velocity of the cylinder wall at the
Ing force effective point of contact i€)s, where () is the cylinder

- - angular velocity and= (D/2)r;,, Xy is parallel to the direc-
fg=—yn(rij-vij)rij (2 tion of motion of the cylinder wall at the point of contact;
thus the relative velocity corresponding tg; is vj,=v;
that depends on the component of the relative velocity of the- ()s, Evaluatef, using Eq.(2); the resultingf,, contributes
particlesv;=v;—v; in the direction between the particle to . Evaluate the sliding velocity at the contact poin,
centers. The factory,, is the normal d_amping coefficient, :viw_(?i/w‘viw)i;i/w_wixri’w! and use this in an expression
assumed to _be the same for all particles. The total forc%imilar to Eq.(4) to compute the sliding friction
parallel torj; is f,=f,+f;.
Frictional damping also acts in the transverse direction at

— mi CiwW|_ s ciw ]
the point of contact of the particles. The relative transverse fs=—min(y, il ™R, ®)
velocity of the particle surfaces at this point, allowing for .
The cylinder ends can be periodic, if the goal is to avoid
NN any spurious wall effects, or capped, using walls with the
s . - diw;+ dj o . i ;

vi=vi;— (Nj- vl — —Qa7d Xrij (3) same frictional properties as the curved cylinder wall. In the
itd latter case the wall contributions are computed as follows.

First check whether the particle is in range of either of the
end walls by evaluating,,=(|r;-y|—L/2)y, whereL is the
cylinder length; ifr;,, - y>— 2., , whered,, was defined
 ee N . above, then the particle is within range. In that case the cal-
fs=—min(yg o] wClfa)os . (4 culation is as before, except thaf,=*r,,, whichever

where w; is the angular velocity of particle The sliding
friction is then
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able experimental value. In addition, reduced units are im-
plicit in Eq. (1) and in the definitions of the friction coeffi-
cients.
Most of the runs involve mixtures of particles with two
iameters, nominally 1 and 1(& reduced units but a few
eat particles of the same size. A size ratio of 1.3 is smaller
. . . han the ratios typically employed in experiment, usually in
dampmg_ coefﬁm_entyn IS an e_xgmple_ O.f the forrr_le_r, whereas the range 2—4; the reason for this choice is computational
the parﬂcle—partlcléab R-P) f;"d'ng friction coefficients for convenience, since for a larger size ratio the number of par-
identical particlesys™ and ys”, whereb ands denote big and  yicje5 in the simulation would have to be increased accord-
small particles, vary between runs, as do the_paruc_le-wal}ngw_ In most cases the cylinder angular velocidyis 0.5
(P-W) coefficients yo" and 5". For collisions involving  (radian/unit time, but a lower value of 0.1 is also used.
mixed particle types,ye*=min(32°,73) (an arithmetic or  Several values of cylinder length and diameteD are in-
geometric average could also have been usBde relative  cluded, with an aspect rati@ number sometimes quoted in
values of the static friction coefficients®®/ % and  the experimentsranging between 8:1 and 20:1. The initial
uP¥ us" are set equal to the ratio of the corresponding  state of each run consists of a cylinder uniformly filled with
values, with the larger of each pair having the fixed valueparticles arranged as an fcc lattice with a specified number
0.5. While the fact that thé>-W friction coefficients are densityp; varyingp allows the fill level of the cylinder to be
specified independently of tte-P coefficients allows situa-  adjusted. The initial particle velocities are random.
tions that might be experimentally unrealizable, such flex- Several parameters are assigned a single value: the normal
ibility might nevertheless contribute to learning more aboutdamping coefficienty,=5, gravitational acceleratiog=5
the segregation mechanisms. (the free surface slope, discussed later, depends in part on the
Other details of the simulation follow standard molecularyalue ofg), equal numbers of particles of either species, and
dynamics procedur82]. Neighbor lists are used to organize g uniform random distribution of particle diameters in the
the force computations efficiently. The translational and romarrow rangdéd—0.2d], whered is the nominal diameter of
tational equations of motion are integrated using the leapfroghe species. The integration timestepsts=5x 102 (in re-
method (there is no need to evaluate the rotational coordiquced units
nates of the particlgs Because of the heavy computations  The initial state is either mixed or segregated, and the
involved in some of the runs, parallel computing methodscylinder ends periodic or capped. The precise number of par-
based on a spatial decomposition of the system were used {@les in the systemwhich determines the fill level for a
spread the workload across several coupled processors. given cylinder sizgis determined by the packing density of
the initial stateo (whose value in most cases is ).8nd to a
IV. SIMULATION PARAMETERS Iess_er. _degree by the boundary condition.s an_d the nature of
the initial state. The total number of particlBsin the runs
A substantial number of parameters are involved in specireported here ranges from approximately 3300 to 62 200,
fying the system, and even after fixing some of them quite avhile the number of cylinder rotations covered by the simu-
few remain; in order to reduce the number of runs for differ-lation ranges from 500, adequate in some cases to establish
ent parameter combinations, typically just two values arghat segregatiorfor mixing) occurs, to as many as 38 000
considered for each parameter. What occurs for other paramequired for examining slow pattern evolutidsince the
eter combinations will not be examined, but even the presemumber of integration timesteps per rotation is/2) 6t cer-
selection offers a rich variety of phenomena; a more comiain runs are quite long
plete analysis of the multidimensional phase diagram will The selection of simulation runs described in the follow-
require substantial additional effort. Overall, there is a cering section are listed in Table I; the letter codes allow con-
tain arbitrariness in many of the parameter settings, althoughenient referencing of the runs without the need to repeat the
well-separated pairs of values have been used; some paragetual parameter settings. A variety of sliding friction coeffi-
eters are of course constrained by the nature of the modelients are considered; the four separatecoefficients are
and the demands of computational stability. Parameter comassigned values 2 or 10, but in different combinations, with
binations that hinted at more interesting behavior were studao connection between tHe-P and P-W values; the actual
ied in greater detail using larger systems and longer runs;alue combinations used appear in the table.
with so many choices available, this is a reasonable criterion

points towards the origin, argk ri><§/. Finally, the effect of

gravity is included by subtractingz from eacha, , whereg
is the gravitational acceleration.

Several friction coefficients appear in the model; some ar
fixed at a single value, while others are assigned a choice %1
values to examine their effect on the behavior. The normaj

for an initial exploratory Study. V. ANALYSIS OF RESULTS
The reduced units employed here are readily related to the o o .
corresponding physical units. Ify,p is the length unit(in A. Segregation in periodic containers
m), then the corresponding time unit isTyp One of the advantages of the simulational approach is that

~\gLup/9.8 s. For the valug=>5 used herdsee below, it permits the realization of systems that are not readily con-
the time unit become¥yp~10 %\5Lyp, Where, for con-  structed in the laboratory. In the present case, the use of
venience,Lyp is now measured in mm. The real rotation periodic boundaries rather than hard caps at the cylinder ends
frequency isQ/(27Typ)~7.10/\Lyp Hz, so for 3 mm can eliminate the possibility that segregation is due to end
particles, the frequency in runAwould be 2 Hz, a reason- effects; if segregation is indeed a consequence of fluctuations
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TABLE |. Summary or run parameters and other details; only some of the runs appear in the figures.

ID? Size, etc? Bdy.¢  Init. ¢ Friction® Rots. Bands?
L D p N b Q P,C M,S bb Ss bw SwW )
A* 128 16 0.3 4664 1.3 0.5 P M 10 2 10 2 4300 86
B* 128 16 0.3 4664 1.3 0.5 P M 2 10 10 2 5800 16-6
C 128 16 0.3 4664 1.3 0.5 P M 2 2 10 2 500 8
D 128 16 0.3 4664 1.3 0.5 P M 10 10 10 2 1500 6
E 128 16 0.3 4664 1.3 0.5 P M 10 2 10 10 1100 8
F 128 16 0.3 4664 1.3 0.5 P M 2 10 2 10 500
G 128 16 0.3 4664 1.3 0.5 P M 2 2 2 10 600
H 128 16 0.3 4664 1.3 0.5 P M 10 2 2 10 1000
I* 256 16 0.3 9416 1.3 0.5 P M 10 2 10 2 11000 16:8
J* 256 24 0.3 27392 1.3 0.5 P M 10 2 10 2 12700 146
K* 256 24 0.3 27392 1.3 0.1 P M 10 2 10 2 4000 12:6
L* 128 16 0.3 4664 1.0 0.5 P M 10 2 10 2 1600 86
M 128 16 0.3 4664 1.0 0.5 P M 2 2 10 2 3500 2
N 128 16 0.3 4664 1.0 0.5 P M 10 2 10 10 3800 2
p* 128 16 0.4 7080 1.3 0.5 P M 10 2 10 2 8100 86
Q 128 16 0.5 9828 1.3 0.5 P M 10 2 10 2 5900 6
R* 128 16 0.3 4576 1.3 0.5 C M 10 2 10 2 1700 119
S* 320 16 0.3 11704 1.3 0.5 C M 10 2 10 2 15800 1911
T 320 32 0.3 62244 1.3 0.5 C M 10 2 10 2 2500 13:9
u* 320 16 0.3 11704 1.3 0.1 C M 10 2 10 2 3600 19
V* 128 16 0.3 3390 1.3 0.5 P S 10 2 10 2 11100 2
W 128 16 0.3 3390 1.3 0.5 P S 10 10 10 10 3900
X 128 16 0.3 3346 1.3 0.5 C S 10 2 10 2 5400 2
Y* 128 16 0.3 3346 1.3 0.5 C S 10 2 10 10 38000 2-6

®Runs are denoted in the text as, e.g),; #uns shown in figures are starred.

bCyIinder lengthL and diameteD, initial filling density p, total number of particledl, big particle sizeb, angular velocity().

‘Cylinder end boundaries: periodic or capped.

dinitial state: mixed or segregated.

“Values of ys for P-P and P-W interactions, for big and small particles.

*Number of cylinder rotations.

9Number of bands formed, if anfthe space-time plots may lack the resolution to show rapidly changing transients, and not all transient
features are regarded as bands

that can appear anywhere, then axial periodicity provides the A condensed summary of the observed behavior over the
means of establishing this fact. Similarly, the availableentire run is most conveniently presented using a “space-
choices of friction coefficients provide flexibility unavailable time” plot showing local relative concentrations of the two
experimentally. species, in which the horizontal scale measures elapsed time
The first system considered herei # Table |, hasL and the vertical scale shows the position along the cylinder
=128, D=16, and a total oN=4664 particles; the aspect axis. The plot is an accumulation of snapshots taken at regu-
ratio L/D=8. The sloping free surface that rapidly forms lar intervals(roughly every 80th rotation for this riineach
crosses the centerline of the tube approximately midway besuch snapshot is represented by a narrow vertical strip in the
tween the axis and the boundafsurface profile plots are figure and shows the relative concentratiereighted by par-
shown later, in Fig. 9, for similar but larger systemshe ticle volume in a series of thin slices perpendicular to the
ratio of big and small particle diameterslis-1.3, the angu- rotation axis, with the shading indicating the actual value,
lar velocity is 2=0.5, the cylinder ends are periodic, and ranging from dark for a pure band of small particles, to light
initially the two species are randomly mixed. The sliding for a band of big particles; gray valugsot many appear
friction coefficients arey°’=12"=10, 3= yS"=2, which  here because the results focus on cases with successful seg-
means that the big particles are rougher than the small, bottegatior) indicate mixturegwithout revealing any informa-
in their interactions with each other and with the curved cyl-tion about what occurs in the radial directjoill plots are
inder wall. The run extends overy=4300 complete rota- of the same size, regardless of run duration and cylinder
tions of the cylinder. All this information is contained in length; the size of a single “pixel” in each plot is inversely
Table | and will not be detailed in subsequent cases. proportional to these two quantities. The space-time plots
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FIG. 1. Space-time plot for runA% the vertical direction corre- FIG. 3. Space-time plot for runB{L =128, ng=5800).
sponds to the axial position in the cylindéength L=128), and
time advances horizontally from left to rigtthe range is the entire  than being initiated by processes at the cylinder gnds
duration of the runng=4300 rotationy dark shading is used for Since space-time plots provide only partial characteriza-
bands of small particle€n the runs that involve mixed sizes tion of the behavior, more detailed information is extracted
by examination of actual configurations occurring during the
used here, though visually similar to those in experimentatun. Figure 2 shows three simultaneous views Af #s seen
studies[13,14,18, do not provide exactly the same informa- from above, at an angle approximately normal to the sloping
tion as the latter, which are obtained from video signals thatipper surface. The first image corresponds to what would be
record concentrations in the upper free surface of the mateseen experimentally; it is followed by two images showing
rial. In the case of near-complete axial segregation, both corthe small and big particles separatéyalogous to MRI im-
vey the same information, but if the particle distribution in aging. These images are taken from an animated sequence
the interior differs from the surface the images will have verythat allows detailed examination of the particle motion. Seg-
different meanings. regation is now seen to be essentially complete, even at the
The space-time plot for runA¢is shown in Fig. 1. Eight band centers, a result reminiscent of experinjést.
bands, four each of big and small particles, appear very Run#B, shown in Fig. 3, treats a system similar t& But
shortly after the start of the run, just as in experiment, withinwith the wall friction coefficients reversed, so that the
the first 50 rotations. Note that due to periodic wraparoundyougher, big particles experience a smoother wall and vice
bands extend across the top and bottom ends of the plotersa. This run begins by forming ten bands, which quickly
Midway through the run one of the darlsmall-particle ~ merge to eight, and midway through the run an additional
bands disappears and the adjacent light bands merge. Theerger leaves just six bands. The dark bands appear some-
resulting pattern persists for the remainder of the run. Whilevhat sharper here; this reflects the fact that the boundaries
the spacing of the bands tends to be fairly constastde between species are better defined than before, with even
from the effect of merging the band pattern as a whole fewer small particles to be found in among the big particles.
exhibits apparently random oscillatory motion in the axial A series of additional runs@—#H, for systems similar to
direction, although the fluctuations tend to be less than th&A but with different choices of sliding friction coefficients
spacing between alternate bands. The immediate conclusigin which there is no relation between tlieP and P-W
from Fig. 1 is that the simulations are indeed capable otoefficients leads to the following observations: if/ks"”

producing axial segregation, and since the boundaries are 45V segregation occurs irrespective of the relation be-

periodic the effect is a result of spontaneous symmetryween (2 and 5°%; if y2"= 5", segregation requireg>®

breaking in the initially homogeneous, axial directi@ather

""m'i

FIG. 2. Images from run 4: a view of the entire system seen
from above, followed by views of the smatlarkly shadegand big
particles separatelythe narrow stripes seen here and in similar
pictures are part of the container, whose front surface is drawn as an
open cagge FIG. 4. Space-time plot for runl#L =256, ng=11000).
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FIG. 5. Space-time plot for run¥L =256, ng=12 700). FIG. 7. Space-time plot for runk(L =256, ng=4000).

>955; if y2"<42¥, there is no segregation. While these ob-perimentally[12,13 it is the MRI-visible small particles that
servations apply only to the parameter sets examined, thegppear to concentrate near the axKigure 6 is an oblique

do suggest that if the cylinder wall exerts a stronger drag owiew of the full system, with a container whose forward
the big particles, thereby raising their preferred surface slopéaces have been removed; heaping of the rougher big par-
relative to the small, then segregation occurs, but not in thécles at the upward moving rear boundary is clearly visible.
converse case. The result from the earlier MD sty is The rotation rate is another of the parameters that can
consistent with this statement. If the wall affects both sizesaffect behavior; surface slopes will be changed, and that in
of particle equally, so that the difference in the surface proitself is enough to alter the particle flow, but in addition the
files of the species is limited to a slightly altered shape rathemotion in the interior could be different. The system in Fig.
than any marked change in the overall slope, then segreg&; run #K, corresponds to a reduced, but is otherwise
tion is only seen if the big particles are rougher. identical to # (but with fewer rotations The initial uni-

The systems studied so far have been fairly small; byformly gray region represents the mixed state, out of which
considering larger systems it is possible to encounter richethe bands emerge at similar, although not identical times.
more interesting behavior, although without any change irFigure 8 shows four simultaneous views of the system, first
the conclusions as to the dependence on the relative frictioas seen from above and below, corresponding to what would
values. The first casel#shown in Fig. 4, is similar to& but  be visible in a typical experiment, and then images of just the
with a longer cylinder; here the initial 16 bands graduallysmall and big particles that provide some indication of the
contract to eight, with the changes occurring at variousinterior organization; the ability to look inside reveals that
times. The second examplel#n Fig. 5 involves a wider there is a clear asymmetry between big and small particles
cylinder, where, after merging, only six bands remain. Hergmore so than in run &), with the big particles appearing
the bands are less sharply defined, hinting at the possibilitthroughout the core region, although on the outside there is
of interesting behavior within; when viewed from outside little hint of this behavior.

(both the upper surface and the material in contact with the The cylinder diameter in runsJ#and # is sufficiently
transparent cylinder walthe bands suggest complete segre-large for much of the free surface to be reasonably far away
gation, with just a few particles in the wrong regions, butfrom the curved wall, allowing meaningful examination of
examination of the interior reveals that while small particlesthe surface profilegprofiles for smaller diameters are more
are mostly confined to their bands, big particles are separategirongly affected by wall proximity Figure 9 shows plots of

by at best narrow gapgsee also run K below). The ten-  the axially averaged surface heights across the sy&each
dency of the big particle region not to fragment is confined tais averaged over 10 configurations separated by several rota-
an axial core that is invisible from outside; this is reminis-tions) towards the ends of the runs. The profiles in the two
cent of behavior noted in studies using MRilthough ex-

FIG. 6. Perspective view of runJ#showing surface heaping
(the cylinder ends are periodic and rotation is in a counterclockwise FIG. 8. Views of run &K from above and below showing entire
direction. system, and from above showing small and big particles separately.

061306-7



D. C. RAPAPORT PHYSICAL REVIEW E 65 061306

T

FIG. 9. Axially averaged surface heights for runk #nd #J;
symbol size indicates particle size.

cases are very different; for lowe (#K) the principal a ‘- : Y

difference between the big and small particlése former

are rougherappears near the boundaries, whereas for higher F|G. 11. Space-time plot for runB{L =128, ng=8100).
Q (#J) there is a significant difference across the entire

profile. In each case the detailed surface shape is too com- . . . . N
plex (they are neither planar nor evers® shaped to be earlier o-bservatlo.ns based on particles of dlﬁgrent sizes; if
characterized just by a dynamic angle of repose; furthermoré)N€ Particle species has both RsP and P-W sliding fric-

since the results represent axial averages they do not revel coefficients larger than the othéor if either one of

surface variation along this direction, as can be seen in Fighese coefficients is the same for both spediesn segrega-

6. tion occurs. If, on the other hand, the friction coefficients are

Rough estimates of the angles associated with these same, no axial segregation occurs even for particles of
slopes(based on a visual straight-line)fite in the approxi- different sizes; indeed an initially segregated system of this
mate range 10°—20°, less than typical granular media wherdype, run #V, mixes(see latey, so that at least some differ-
for example, values in the range 30°-36° are foih@].  ence in frictional properties is essential.

This is just one consequence of the absence of static friction, Run #° in Fig. 11 shows what happens when more par-
the other is that the static angle of repose is essentially zerticles are added, in this case almost half filling the cylinder.
so that if rotation stops the surface returns to the horizontalSegregation still occurs, although the band edges are starting
a situation very different from experiment; on the other handto blur, reflecting reduced sharpness of the interfaces be-
the frictional forces that are present in the model do produc@wveen bands. Further filling, run@ reduces the thorough-

a slope adequate for achieving segregation, so that static frigress of the segregation even more and increases the time

tion may not play an essential role here. required for the bands to appear.
In the model under study, segregation is also found to

occur for particles of identical size, provided the frictional
properties differ in a particular way. RunL# in Fig. 10, o o
shows an example of this behavior; here the particles labeled The periodic systems treated so far are useful for elimi-

big and small have the same nominal diameter, but the othdtating the potential role of end caps as nucleation regions for
details are identical to 4 (the shading just distinguishes the Segregation. However, periodic systems tend to lack longitu-
species The bands are not as sharp as before, but segregginal stability, as a result of which the entire band pattern is

tion still occurs, even if it no longer results in total exclusion fTe€ to translate along the axis, making detailed analysis of
of each species from the bands of the other. This observatioff}€ interface regions between bands more difficult. The next
with further results from runsM and #N as to which sets of Series of runs demonstrates the kind of segregation effects

friction coefficients lead to segregation, is consistent with théhat can be seen when end caps are in place; the frictional
coefficients for the end walls are the same as for the curved

wall.

The first example, R, is shown in Fig. 12. This run is
fairly short, allowing the initial band formation to be re-
solved; subsequently, one pair of dark bands merges. What is
different here is the absence of random movement of the
band pattern as a whole. The total number of bands has an
odd value(in the periodic systems it was of course always
even, and it is the big particles with the larger friction co-
efficients that occupy the end bands. The second example
#S, shown in Fig. 13, is for a longer cylinder. Here light
bands are seen merging at different times and there is an
accompanying broadening of the remaining dark bands; the
bands corresponding to the big particles are wider, and again
there is no overall motion of the band pattern. Runig an
FIG. 10. Space-time plot for runl#L =128, ng=1600). example of a system with double the diameter; as in other

B. Segregation in capped containers
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FIG. 12. Space-time plot for runR{L =128, ng=1700). FIG. 14. Space-time plot for runJ{L =320, ng=3600).

cases with a larger interior cross section, the bands are not #6Nn changes. Other sets of friction coefficients, correspond-
sharp. ing to values for which segregation was found to occur, show
The lowerQ of run #U, shown in Fig. 14, produces an Similar behavio_r, and for fI’ICtI.On coeffl.c[e_nts that do not pro-
even richer band structure. This is not such a long (inn duce segregation, such as iV the initial bands rapidly
terms of the number of rotations, although not in terms ofv@nish as the species mix. Since the periodic boundaries per-
timestepy and there is a hint that further band merging Mit €xcessive motion of the pattern as a whole, this run was
might have occurred if the run had been longer. Overallfeépeated using a capped cylinder, rux, #ith the initially
apart from stabilizing the band pattern, there is no evidencéegregated regions each occupying half the cylinder. Due to
to suggest that the end caps alter the behavior in any wayie stabilizing influence of the end caps the pattern is com-
and since band formation begins almost simultaneously dtletely stationary; again there is no hint of mixing, and par-
several distinct locations, the ends do not function as nuclelicles that do escape across the interface promptly return to

ation sites. their own region. The evidence suggests that if the bands are
sharply delineated there is no tendency for any change to
C. Absence of mixing in segregated systems occur in the pattern, and the multiple-band states that devel-

oped in initially mixed systems, such aS#nd #J, are not

The behavior of systems that are initially segregated isyecessarily accessible to systems that are initially segregated;
important for two reasons. One iS to eStab|iSh Whether thenemory Of the |n|t|a| state can apparently inﬂuence the |0ng_
conditions under which the initially segregated state persistgerm outcome of the pattern evolution process.
or disappears are consistent with the previous conclusions \Modification of the friction coefficients makes it possible
based on mixed systems. The other is to allow examinatiogy reduce the stability of the initial band pattern. Band split-
of whether, if the system showed evidence of a preferreging occurs as a result, and an example of what happens, run
segregated state organized differently from the initial state, ity (also with end capsis shown in Fig. 16. The initial state
is capable of transforming itself from one state to another. hag a single band boundary at the center of the cylinder, as in

The first example, ¥, involves a system similar toA#  #x and the run duration has been increased considerably to
with periodic boundaries, but now with an initial state in gjjow long-term behavior to be monitored. The appearance
which all the small particles are located in a band filling thegf 4 new light region in the space-time plot corresponds to
central region of the cylinder. As shown in Fig. 15, this seg-the emergence of a band of big particles in the midst of a
regated band persists throughout the run, and only its poskmajl-particle region, and its disappearance corresponds to

FIG. 13. Space-time plot for runS¢L =320, ng= 15 800). FIG. 15. Space-time plot for run\§L =128, ng=11 100).
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VI. CONCLUSIONS

The simulations described in this paper have displayed a
variety of phenomena that largely correspond to what is ob-
served experimentally. The formation of axially segregated
bands is the most basic of the effects, and the fact that seg-
regation occurs under a variety of conditions is a measure of
the success of the model. More complex aspects of the be-
havior have also been addressed briefly, including behavior
in the interior, traveling patterns, and memory effects. Even
if not all the parameter combinations examined correspond
to physically realizable systems, the fascinating pattern de-
velopment observed here merits examination in its own right,
since corresponding effects do appear in real granular sys-
tems. No attempt has been made to probe the actual mecha-
nisms involved, leaving this aspect of the problem for future

bands that form during this runMultiple band formation detailed study; clearly, as is evident from actually watching
and disappearance events occur, reminiscent of [Réf.to  the simulations in progress, both avalanches and diffusion
some extent, and at one point in the run the segregated rélay a significant role in much of what occurs, but it has yet
gions can be seen to have exchanged positions relative to th@ be established whether these processes alone are sufficient
initial state; whether this system ever settles into a stead{p account for all aspects of the behavior.
state is a matter for speculation. Although the simulations have succeeded in qualitatively
In the corresponding initially mixed case, ru #a rela-  reproducing features observed experimentally it is important
tively short run, the system segregated into eight bands; int0 reiterate possible discrepancies, the resolution of which
#Y there are intermediate states consisting of four and sif"@y help in understanding the successes and limitations of
bands. The space-time plot is unable to convey an adequat@e models used for granular simulation, as well as suggest-
impression of this fascinating behavior, which may be analoing Where additional experiments could be helpful. Two such
gous in some sense to the waves observed experimentaligsues were mentioned previously; the first is the relative
[15,16. (A rough estimate of the speed at which the bandgoughness of the big and small particles, and which species
move during the central portion of the run can be derivedshould have the higher friction coefficients, a subject on
from the gradient of the dark segment just to the right of thewhich experimen{10,13 has yet to provide an unequivocal
middle of Fig. 16. The result is approximately 1% of the answer; the second is the question of which particle species
small particle diameter per revolution; this is an order oftends to congregate near the cylinder axis, since the MRI
magnitude less than in RefL6] although it is not obvious €xperiments were able to show the locations of just one of
that the effects are the same@igure 17 shows several snap- the specieg12,13. In addition, as is the case with other
shots from the run, including the reversed band state. Rur@anular simulations, the degree to which the omission of
such as this, with complex temporal evolution, are extremeI)StatiC friction from the model adversely affects the results
sensitive to the initial conditions, and when repeated usingan only be determined empirically. Hopefully, further ex-
modified starting states are likely to exhibit different, thoughPerimental and simulational effort will help resolve these
(probably statistically similar behavior; even those runs that!SSU€s.

resulted in steady segregation patterns can have initial tran- It must be emphasized that the conclusions concerning the
sient states that depend on the initial conditions. conditions under which segregation occurs in the model ap-

ply only to the specific parameter values considered here;
crossover from segregating to nonsegregating behavior oc-
curs at intermediate parameter settings, and more extensive
exploration of the phase diagram is needed to fill in the gaps.
Furthermore, because some slowly-evolving aspects of the
behavior can be seen only over comparatively long time in-
tervals, the question of whether the patterns observed here
represent true final states, or whether the bands are long lived
but only metastabléin other words, whether or not the sys-
tem is in dynamic equilibriumalso requires further study,
although often the band patterns and the actual particle dy-
namics provided no hint that further changes ought to be
anticipated.

The analysis has focused on overall axial segregation, but
there are many other aspects that await future investigation,
some of which are likely to entail more extensive computa-
FIG. 17. Views of run # at different times. tions than employed here. Beyond what can be seen in some

FIG. 16. Space-time plot for run¥{L =128, ng=38 000).

the vanishing of the ban¢there are no new small-particle
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of the images showing internal particle organization, the is-of behavior occurring in regions near the center of the layer
sue of radial behavior, especially radial segregation, has nand close to the free surface; the ability of simulation to
been addressed; cylinders with a larger diameter may bprobe the interior, in a conceptually similar manner to MRI,

needed to properly analyze this behavior. In order to learfis a major advantage of this kind of modeling approach.
more about wavelength selection in the segregation bands, if

such preferences really exist, repeated long runs with larger
systems are needed. The full three-dimensional organization
of the particle flows can also be studied; this would provide
information on the way interfaces form and decay, the nature This work was partially supported by the Israel Science
of the internal axial and radial flows, and the different kindsFoundation.
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