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Up and down cascades: Three-dimensional magnetic field model
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In our previous works we already have proposed a two-dimensional model of geodynamo. Now we use the
same approach to build a three-dimensional self-excited geodynamo model that generates a large scale mag-
netic field from whatever small initial field, using the up and down cascade effects of a multiscale turbulent
system of cyclones. The multiscale system of turbulent cyclones evolves in six domains of an equatorial
cylindrical layer of the core. The appearance of new cyclones is realized by two cascades: a turbulent direct
cascade and an inverse cascade of coupling of similar cyclones. The interaction between the different domains
is effected through a direct cascade parameter which is essential for the statistics of the long-life symmetry
breaking. Generation of the secondary magnetic field results from the interaction of the components of the
primary magnetic field with the turbulent cyclones. The amplification of the magnetic field is due to the
transfer of energy from the turbulent helical motion to the generated magnetic field. The model demonstrates
a phase transition through the parameter characterizing this energy transfer. In the supercritical domain we
obtain long-term intervals of constant polarishrong and quick reversals; relevant time constants agree with
paleomagnetic observations. Possible application of the model to the study of the geometrical structure of the
geomagnetic fieldand briefly other planetary fielfiss discussed.
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[. INTRODUCTION effect of a turbulent small scale motion on a large scale mag-
netic field is estimated through a mean field theory and is
The magnetic field of the Earth is a natural phenomenorshown to generate a large scale secondary magnetic field (
that has been widely used in practical human life from veryeffec). This mechanism is characterized by a scalar field
ancient times, but whose origin and mechanism are not confin the corg, which is generally givera priori in the so-
pletely clear up to now. Our knowledge of the properties ofcalled nearly axisymmetric dynamo modgl8—13. Re-
the geomagnetic field comes from paleomagnetic datd  cently, stochastic geodynamo models based on the mean field
very precisg and recent observations that are preciseapproach also appeargti].
enough, but encompass a very short period in the geological A third approach consists in the building of impressive
time scale. Some features of the field are however well esnumerical codes to solve directly the relevant magnetohydro-
tablished. At the Earth’s surface it is for the main part, mosigynamic equations, which has given rather spectacular re-

of the time, equivalent to the magnetic fi.elt_j of a dipole lo- g jts (see, e.g.[15] for a review. Nevertheless, in all the
cated at the center of the Earth whose axis is not far from th?nodels constructed so fd6—24, the numerical values

axis of the Earth’s rotation. Taken in average over a few,
thousands years, this dipole is aligned along the rotation axi
Paleomagnetic data show that the dipole changes its polari
from time to time, completing the so-called polarity rever-
sals. The durations of reversats the order of 18 years are

iven to the parameters are not relevant for the core. For
xample, the Ekman number, which measures the importance
tgf viscous effects, is never taken smaller than A &hereas
the value relevant for the core is probably 18 So, hyper-
short compared with the durations of constant polarity, re~ Iscosity Is introduced in most of the models. The Same pro-
ferred to as chronérom 1¢° to 10° years. The amplitude of ~C¢€dure is most often applied to thermal and magnetic diffu-
the magnetic field exhibits strong temporal variations during;“"t'es (whose ratios to the kinematic viscosity are measured
chrons, but never remains close to zero for a long time Y the Prandtl and magnetic Prandtl numbentroducing the
the geological senge ;o-c_alled hyperdlf_fuswlues. This procedure, hoyveyer essen-
It is generally believed that the geomagnetic field is thefial in the numerical work, to enhance the dissipation of
result of a dynamo process in the metallic fluid core of thehigher spectral components of the fields, which cannot be
planet. A lot of theoretical works and numerical simulationsresolved numerically, is hard to justify theoreticaftyonsid-
have been devoted to the construction of models of this proering that some kind of turbulent viscosity in the core re-
cess. Let us quote only three of the different approacheduces the gap, but this viscosity would probably be highly
considered in recent times. anisotropic[25]). And unfortunately the effect of hypervis-
First, simple analog models, such as the disk dynamaeosity or hyperdiffusivities on the larger scale solution is
[1-3], leading to a few coupled differential equations, havedifficult to accesge.g.,[18,26,27).
been considered. It is interesting to note that most of the numerical models
Second, there have been several attempts to model th@oduced in the last few years succeed@eden with Ekman
effect on a magnetic field of a small scale turbulent motion innumbers close to 0)lin producing an external field domi-
the core fluid. In some models, in particular, R¢#-7], the  nated by an axial dipolar component, and even, in some
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cases, reversals of the dipolgdthough computations are not ~ Physical assumptions entering the general construction of
carried out long enough to allow any statisjicshis would  the model are presented in Sec. Il. Section Il contains a
lead to an optimistic view about the models capturing essenstep-by-step description of the evolution of the system of
tial features of the geomagnetic field generation, should notyclones. The evolution of the magnetic field is described in
the generation mechanisms in the models be so differenBec. IV. The choice of the parameters of the modeling and
“some models generate the magnetic field by chaotic mothe results are presented in Sec. V. Possible extensions of the
tions inside the cylinder tangent to the inner ctay.,[16]), model and the physical sense of the obtained results are dis-
others by chaotic motions outside this cylinfi2t,22; some cussed in Sec. VI.
propose a giantr effect in columnar structures comparable
to nonmagnetic convection rol(g.g.,[28,29 or [20]); some
stress the role of boundary layets.g.,[30]) in the field Il. BASIC ASSUMPTIONS
generation while others artificially suppress them
[19,21,22,3]).” Busse’s statement “the impression currently ~ In order to construct a model of a self-excited three-
in vogue that the problem of the origin of the Earth’s mag-dimensional geodynamo we adopt some assumptions about
netic field had been solved is overly optimisti€31] still the processes taking place in the liquid core of the Earth, and
holds even now. This is not, of course, to question the imimake some simplifications concerning the geometrical prop-
portance of numerical codes that meet an increasing successties of the volume where the geomagnetic field is gener-
but the present status of the geodynamo problem does nated. Some of our simplifications may be strong, and the
preclude efforts along different ling8,14). discretization used in the model is rather rough; nevertheless,
The application of hierarchical cascade models to thave try to construct quite a general model where all effects
simulation of the magnetic field started witB2], where the and results are easily understandable.
idea of thea effect was combined with an inverse cascade of As a basis of our model we use again a multiscale system
the small scale turbulence. The model developg@®8} pro-  of cyclones governed by both a usual direct turbulent cas-
duced long-life breaks of symmetry in a basically symmetriccade and an inverse cascade due to electromagnetic coupling;
multiscale turbulent model because of the coworking of bothn [33] this system was shown to produce amplification and
direct and inverse cascades. Interacting with a constant prpolarity reversals of the secondary magnetic field. The
mary magnetic field, the system of cyclones of the modepresent three-dimensional construction naturally realizes a
generates a secondary magnetic field; the breaks of symmeelf-exited dynamo model as [i834], but now each compo-
try of the cyclones system give rise to periods of time whement of the magnetic field interacts with the system of cy-
the secondary magnetic field keeps a constant sign, whictlones in such a way as to produce a secondary magnetic
are the chrons of the model. [134], the model was made field contributing to the two components orthogonal to itself,
similar to an autoexcited dynamo; there is no longer anyand so on.
preexisting primary field. Model83,34] give rather realistic We consider that we construct our model in an equatorial
pictures of the evolution of the geomagnetic figth geo- symmetric band of the core; this allows us to neglect the
logical time scales but they are rather two dimensioni@D)  spherical form of the Earth while conserving axial symmetry
in nature(although with a hint of 3D and no localization is  with respect to the axis of rotation. The main idea of the
possible inside the dynamo volume. We will not repeat fur-space discretization consists in subdividing the considered
ther here the general considerations concerning the geodjayer into several domains in each of which it is possible to
namo anda effect [33,34], but will make a step forward choose a local basis of coordinates with ¥axis normal to
from a two-dimensional model of the turbulent motion in thethe core surface, thé axis tangential to the core surface, and
liquid core to a three-dimensional model of multiscale turbu-the Z axis parallel to the Earth’s rotation axis. This approach
lence. allows us to consider each of these domains separately and to
The present work uses the principle of the two-sides casaeglect in each of them the change of the normal to the core
cade model of33]; we apply it to a three-dimensional sys- surface. The global magnetic field is then built as the vector
tem of three-dimensional cyclones, although again discreetum of the local magnetic fields generated in the same way
in space. A three-dimensional additional magnetic field isn each of the local domains.
generated at each time by the interaction of the magnetic The idea of discretization is transferred from the space
field existing at this time and the multiscale system of cy-volume to the type of cyclones. Although the orientation of
clones. The evolution of the cyclones has features similar t8D cyclones in a 3D space may be quite arbitrary, we con-
those encountered in the previous mode8,34], but the sider only 12 basic kinds of cyclones determined by the ori-
mechanism of the interaction of the cyclones with the magentation of the motion with respect to the local basis axes.
netic field is different. Each componeriin a Cartesian The continuous evolution of the state of cyclones is repre-
frame of the local magnetic field interacts with the systemsented by two discrete states, ag#3], and the stochastic
of cyclones and makes a contribution to the two other comiransition from the first to the second state is also d88].
ponents of the field. The system can become autoexcited, and The model we develop in the following uses a rather ab-
we can investigate which kind of condition determines thestract and schematic representation of a developed turbu-
amplification process, the dipolar geometry, and the charadence in the core and also an abstract mechanism of magnetic
teristics of the evolution of the generated magnetic fieldfield generation. A comparison with detailed magnetohydro-
which displays long-life chrons and quick reversals. dynamics(MHD) computations as the ones recalled in the
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hQQ is a factor determining essentially the projection of the
local axisX™® on the globalX axis; h{) corresponds to the
projection of they® onto X; h{¥ to the projection o&® on

Y, hg,'g to the projection off¥) on'Y. For symmetry reasons
the hj; depend ord the same way for ak.

The evolution ofH will be considered in the following

L . . . and compared to the observations.
Introduction is not straightforward, although the basic idea is Remark The number of sectors, has been chosen equal

the same: fluid motiorthere a schematic multiscale helical . o
to six as the result of a compromise: not to make the com-

motion with up and down cascadeand a magnetic field : | hv whil : h ibl
(which we represent in each domain by a vectdr putations too lengthy while conserving as much as possible
(H,.Hy H.), the largest scale component of an actuallythe symmetries (_)f the equatorial cylllndncal layer. The value
muXIt’iscya{Ieri'eld can interact in such a way as to give long of this compromise has been tentatively checkeat how-
ever by full computations the behavior of the model is not

constant polarity time intervals and reversals of the resultin%i nificantly chanaed fon>6. and it would remain qualita-
field. Magnetic field generation and electromagnetic interac: 9 y g ' q

. ; : . - “tively unchanged fon=4.
tion of cyclones are images of, respectively, the induction
equation and the Lorentz force. One can also say that we
build a mechanism for transferring energy from the cyclonic
motion to the magnetic field, the transfer depending on the A multiscale turbulence is assumed to exist in the liquid
scale of the cyclone. We intend to make the correspondenasore of the Earth. Interaction of localized vortices has been
between MHD and our abstract model clearer in a dedicategtudied in[35—39. The study of the MHD of a helical flow
paper. can be found irf40]; fully developed MHD turbulence has
been considered iM1,42. We adopt here a more phenom-
enological point of view. The turbulence generates a multi-
scale system of cyclones in each domain. Due to the axial
The considered volume of liquid core of the Earth is sub-symmetry of the Earth we postulate the same statistical prop-
divided in six domains defined by their sections in the equaerties of the turbulence in all six domains. Each cyclone is
torial plane(Fig. 1). As said above, each domain has a localdetermined by its direction of motion and its orientation of
coordinates systemX(®, Y™ zM)y with the Z¥ axis paral- rotation. In order to simplify the model, only cyclones di-
lel to the Earth’s rotation axis, the X axis normal to therected along the basis axes are considered: in each domain
surface of the core and the Y axis tangential to this surfacéhe motionof a cyclone is parallel to one of the three axes of
(Fig. 1). We characterize the magnetic field in each donkain the local basis X¥,Y®,z(): we denote cyclones moving
by a vectorH® (referred to below as the magnetic field alongX, Y, Z asA,, Ay, andA,, respectively. The motion
vector ofkth domain), which is decomposed into the vector of a cyclone can be positive or negative with respect to the
sum of its three orthogonal components in the local basis: direction of the axis; theotation of the cyclone will be con-
sidered positive or negative depending on the sign of the
HO=H+HP +HY, (D rotation \i/)vith respect togits translgtidrigr?t-handed ongienta-
tion is taken as positiye(Fig. 2). Eventually, 12 kinds of
cyclones (4x 3) are considered in each domain. The size of
a cyclone is determined by its scale levetl,... L as
follows:

FIG. 1. Local basis in a domain of the Earth.

B. Turbulence and cyclones

A. System of interacting domains

wherek=1,...,6 is theindex of the domain, and coordi-
nates oH{ H{¥ andH in the local basigof kth domain
are (HX,0,0), (OHX,0), and (0,a4¥), respectively.
The magnetic fieldH, of a domain is, of course, not con- S(|)=Sop', (3)
fined in this domain. LeP be a point of the rotation axis at
distanced from the Earth’s center, and consider the total fieldwherep>1; the size of a cyclone grows with its leviel
H (resulting from the contribution of the 6 domajret P. The temporal evolution of cyclones is schematically ex-
Choosing a global Cartesian fram¢ Y, Z (Z is again  pressed by two possible statestrong or weak A cyclone
along the rotation ax)sH,, H,, H, being the components always appears in the strong state and can be disintegrated
of H, it becomes (disappearonly in the weak state.
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Appearance of new cyclones
A
T_ Y
b MRSy

Coupling of strong cyclones (inverse cascade)

b -]

Relaxing of strong cyclones
T B o
\‘_ -

Annihilation of adjacent cyclones

CT) f:i;' - ('}_‘,

FIG. 2. Different kinds of cyclones relevant to tBeaxis of the
local basis.

Desintegration of cyclones (direct cascade)
The evolution of the system of cyclones is governed by
five independent processésig. 3, see als$33]).
(1) Turbulent appearance of new strong cyclones at all - ?— -~ N é)
levels of the systenidirect cascade . <« -
(2) Coupling of strong cyclones of the same kind at level —
I and generation of a new cyclone of the same kind at higher gig_ 3. pifferent steps of the evolution of cyclones. Strong cy-

level | +1 (inverse cascade clones are plotted by solid lines; weak cyclones are plotted by
(3) Relaxing of strong cyclones: the strong state of cy-dashed lines. Arrows show directions of the cyclone’s motion and
clones changes into the weak state. rotation.

(4) Annihilation of close cyclones of different kinds:
strong cyclones become weak, weak cyclones disappear.

(5) Disintegration of weak cyclones and generation of
new cyclones of the same kind at all inferior levédsrect

(2) Cyclones with motion along theth axis A,(l) (r
=X,Y,2) interact with the two componenﬁg‘) orthogonal

cascadp to ther axis (n#r,n=x,y,z).
(3) The generated secondary magnetic field vedtdf) ,
C. Interactions between the system of cyclones and the is orthogonal to both the direction of the cyclone motion
magnetic field and the vector componeit¥) this cyclone interacts with

An helical motion in the core produces an electric currenM™ I =X,y,Z; M#n, m#r, n#r).

when a primary magnetic field is present. This current, in (4 The amplitude of the generated secondary magnetic

turn, generates a secondary magnetic field that adds to tield vector component,H®|, grows with the size of the

primary one. This is the mechanism working in theeffect  cyclone A,(l) [determined by its level, Eq. (3)] and the

where, however, only small scale helical motions are considamplitude of the primary magnetic field vector component

ered. The extension to our schematic multiscale flow is noy gk)

straightforward; but we stick, in the present paper, to a rather (5) The direction of the generated secondary magnetic

abstract formalism. As the magnetic field vectet&) are (K)
field vector componerit-l is positive or negative depend-

discretized along the three orthogonal components, it is eas the Kind of loneh (1 d the directi ¢ th

to describe the interaction between turbulent cyclones an g on the kind o .cyc one\, (1) an ek)lree ion of the

H®, as well as the secondary magnetic field generation. Ba2fimary magnetic field vector componeirf? (Fig. 4).

sic ideas and assumptions are as follows. So, each cyclone interacts with two of the three compo-

(1) Cyclones in thekth domain interact only with the nents of the local magnetic field in the considered domain
local magnetic field Vectong(k) (n=x,y,2), and the second- and contributes to the two components of the secondary
ary magnetic field generated is also added to the local maghagnetic field orthogonal to its direction of motion.
netic field of this domain. Any influence of other domains is  In turn, as in[34], the existing local magnetic field reacts
neglected at this step. on the intensity of coupling, relaxing and annihilation, due to
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A+ —+ Cyclones of kindA; at levell appear with intensity;(l)
z - A defined by Eq(4), (here we denote bythe axisx, y, or z).
. &
—>HV H AN —’Hy . .
X B. Coupling of strong cyclones of the same kind
NE e A Appearance of a new cyclone at the higher lelell
= -H L z from two strong cyclones of the same kind at leVés re-
H, X H ferred to as acoupling (Fig. 3). Two kinds of coupling are
—> —

assumed: coupling of pairs akighborcyclones, coupling of
isolated cyclones. We denote the intensity of coupling as
. a,(l,t) for adjacent cyclones ang,(I,t) for isolated cy-

A, clones ¢ denotes the directior, y, or z, | is a scale levelt
At = eene- - is the time. The intensity of coupling is in both cases taken
H H proportional to the square of the electric current density, den-

H ! * . sity which is itself proportional to the corresponding compo-
x A, nent of the present magnetic field; so the intensities of cou-
N = oo - pling depend on the square of the local magnetic field
é\ —H H components as follows.
y X
H
X 1. Coupling of neighbors
FIG. 4. Interaction between vector componeritg® (r e - 2 2 |
=Xx,Y,z) of the local magnetic field with cyclones of different a(l,) ={1—exd aO(HY+H2)]}M’
kinds.
ay(l,t)={1—exi — ag(HZ+ H) T} 4!, 6)
the effect of the electromagnetic attraction or repulsion of the > 12 |
electric currents associated with the cyclones. a (1) ={1—exd — ao(Hi+Hy)Jju

The scaling parameter (0<u<1) expresses a lower
probability of coupling for larger cyclonesyy is a given
In this section we give a detailed description of all of the dimensional constant.
steps of the cyclones evolution. The main principles are the

Ill. EVOLUTION OF CYCLONES

same as if33]; there are, however, some changes due to the 2. Coupling of isolated cyclones
three-dimensional approach. B 2 2

As all six domains are similar, we describe the system for (L) ={1-exd —yo(Hy+H)I}g, ™
one particular local domain without indicating its number, 5 o |
dropping index k); however, we do keep in mind that the Yy, ={1-exd — yo(Hx+H)1}g', 8
local magnetic field, basis vectors, and cyclones are different
in the different domains. Constant parameters, on the con- YL, ={1—exd — yo(H; +H))1}d'. 9
trary, are generally assumed to be the same for all the do- . ) .
mains (otherwise it will be specified The scaling parametag has the same meaning asin

Eq. (6), yo is a given dimensional constant.

We assume that the new cyclones generated by the cou-
pling appear first at free placéwithout neighborgs the ap-
Cyclones randomly appear at all levels of the system bepearence of a new isolated cyclone is favored with respect to

cause of the multiscale turbulence f|C(\WIg 3) The full the appearence of a new pair of adjacent Cyc|([66$
developed turbulence is assumed to be isotropic at low scales

I<L,, but to present anisotropy at higher scalgs<|<L;
turbulence at high scales is oriented along the Earth’s rota-

tion axis. The intensity of turbulent appearance of cyclones is _ ﬁt_rong cyclones areelaxing into the weak statéFig. 3)
with intensity

A. Turbulent appearance

C. Relaxing of strong cyclones

ex(=¢ey()=e,()=apn', <Ly,
x( y z 07 0 D(1)= Doﬁl, 10
ex()=g,(1)=0, LosIsL, 4 , , ,
wheres<1 is a scaling parameter that expresses the increas-

e,(N=a,7,, Lo<I<L. ing stability of cyclones with level.

Continuity atl=L, implies D. Annihilation of adjacent cyclones

L We assume that in the case two adjacent cyclones attract
i) _ (5)  each other due to the electromagnetic force, but cannot

a,=a
z 0y, couple because of their different directions of motion, they
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destroy one another with a probability proportional to theof motion are along the local axes+r, with a contribution
square of the corresponding component of the magnetic fieldo the magnetic field componengs#r, q# m. This interac-
This process is referred to as taenihilation (Fig. 3). Anni-  tion requires a transfer of energy from the existing magnetic
hilation means transition to the weak state for a strong cyfield; therefore we assume a loss of intensity of the compo-
clone, and disappearance for a weak cyclone. Just as tmentH, proportional to bottH, and a global characteristics
intensity of coupling, the intensity of annihilation is written of the cyclonesD,. This characteristi®, is the sum of

as follows: characteristic&) (A) for all the kinds of cycloned\ interact-

SX(I,t)={1—exp[—So(H§+H§)]}a', ing with the magnetic field componeht, : it gives

S/l ={1-exg—Sy(HZ+HA T}, (1D D=2 U(A,0+ 2 UML),
y z
S, ={1-ex — Sy(HZ+ H)) J}o. -
Dy(t)=AE U(Ax,t)+; U(A,,t), (14)
E. Disintegration of weak cyclones(direct cascade § ’
Weak cyclones disintegrate with the following intensity: D)= U(A,, D)+ U(A,,b).
Ay Ay

B(1)=Bob". (12
We write U(A) as a weighted sum of the numbers of cy-
As a result, new cyclones of the same kind appear at alkklones of kindA and levell, the weight of the cyclones
lower levels of the systerFig. 3) with the intensity increasing with their scale level. The difference between con-
tributions of strong and weak cyclones is taken into account

- through two parametetst andh™, it is

K(A,I,t)=1—ex4 —FO}\E [B(AN, 1) +W(B, (AN,t)

=I+1 L
UA D= [h*N* (A1) +h N (A,1,)]x. (15)
+B(A,>\,t))]¢“}, (13) Ak
The scaling parametey>1 leads to a larger contribution of
whereB(A,\,1) is the density of disintegrated cyclones of Nigh scale levelsN™(A.1,t) andN™(A,l,t) denote, respec-
type A at level A at timet. The number of disintegrated UVElY: theé number of strong and weak cyclones of type

e ) - P
cyclonesB(A,N,t)N(\) [variableN()\) is the total possible and level, w¢|gh_t|_ng c_onsta_ntb _andh are normalized in
number of cyclones coexisting at level is a Poissonian Order to avoid difficulties with high-level systemk {<):

random variable of parameteB(I)W(A,\,t—1), where

L -1

W(A,\,t) denotes the number of weak cyclones of typat h*=hg >N (16)
level N at timet—1. The contributions of cyclones disinte- =1
grating in the two neighbor domaif&—1 andk+ 1(mod . .
6)], denotedB, (A,\,t) andB_(A,\,t), are taken into ac- o |
count with weightw. Interaction of cyclones in different do- h™=ho ;1 X (17
mains is realized via the just described process of disintegra-
tion and controlled by the parameterthat is very essential  Gains due to the interaction with cyclon&here are two
for the synchronous evolution of the model. additive contributionsA! and Aj to the component, be-

cause of the interaction of the two componeHtsandHj,

IV. EVOLUTION OF THE LOCAL MAGNETIC FIELDS respectively, (# j #r) with cyclones. The additive contribu-

tion Al may be positive or negative depending on the orien-

We. consider the difffare.nt processes contribqting to th‘%ation of the cyclone with respect to th#h axis and on the
evolution of the magnetic field, and model them in terms ofSign of the component;. We determine the sign of the

losses and gains of the local magnetic field vectfs. Let contributionAl from a matrixI’ of +1. The componerit’iAJ'

us consider a vector componeif”) (r=x, y or z) in thekth _ he sian of th Ut H .
local domain and describe which processes contribute to jgd!ves the sign of the contribution to the componerr # i

evolution in the time intervalit,t+1]. ¢_j) reSL_JIting from the interaction of a cycl_one_,- of_ Kin,
Dissipation.We assume that the magnetic field strengthVith the ith component of the local magnetic fielBig. 4).
permanently decreases because of Ohmic dissipation, déUSt as the losB described above, the additive contribution
noted asA, proportional to the actual strength of the mag-A! is proportional to the suntU(A;) defined by Eq.(15),
netic field itself. The dissipation being isotropic, we assumevhich counts the cyclones of kind; characterized by a
that all components of the magnetic field are multiplied bymotion directed alongth axis.
(1—A) for each time step of the modeling. The additive termA! contains two contributions: a trans-
Losses due to the interaction with cyclon€se magnetic  fer of energy fromH; to H, due to the interaction dfl; with
field componentH, interacts with cyclones whose directions cyclones, proportional tbl;, and a transfer of kinetic energy
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from the motion of cyclones tbl, . The second contribution 15
also depends ohl; because the transfer of energy from the
motion is the result of the interaction between the magnetic
field and cyclones, and it is zero when the intensity of the
magnetic field is zero. For large values of the magnetic field
intensity, the contributiomA! to the magnetic field cannot
increase faster thad; (otherwise an unlimited growth of the
magnetic energy would be possipla saturation mechanism 0 200000 400000 600000 800000 1000000
is necessary. On the other hand, when the magnetic field is 5 7] lime
weak, the increase of the field energy is mainly governed by = ]
the transfer of kinetic energy from the system of cyclones.
This last condition suggests the way the kinetic energy trans- £
ferred from the cyclones to the magnetic field can depend 0n° >
H;: we take it proportional toyH; (this choice is rather B

-15
arb|trar)b Finally we assume the following expression for L L L L
Al - 0 200000 400000 600000 800000 1000000
i 15 — time

Af’=; UA OVKHA D) +HoHi()[TY, 18 & 5

j e OMWMMWWHMMMWMM_
g 5
>

where 0<k<1 is a dimensionless constant that governs the :

Amplitude

pon

loss of energy during the transfer from the comporénto 15 : : : : :

H,; Hy is a constant determining the transfer of the kinetic ! ! ! ! !
L 0 200000 400000 600000 800000 1000000

energy of cyclones to the magnetic field and has the same time

dimension asH;. When the magnetic field intensityl; is ]
strong enough the quantity below the square root in(E§).
is determined by its first terrkH?, and therefore the contri-
bution Al is proportional to theH;, as said above.

Finally the expression of the variation of the local mag-
netic field components fromto t+1 gives 5

Y-component
o o,
L | |

~ 0 200000 400000 600000 800000 1000000
Hy(t+1)=H(t)(1-A)[1-Dy(t)]+AJ+A], time

FIG. 5. Evolution of the mean magnetic field in the case of

_ _ R z X
Hy(t+1)=H,()(1-A)[1-D,()]+A+AL, (19 small values oH,.

Ha(t+1)=H,(1)(1-A)[1- D) ]+ AL+ AJ. field has to be much larger than the other two components.
Second, the real geomagnetic field has long periods of con-
V. RESULTS stant polarity while its changes of polarity are relatively fast;

we expect such a behavior for the magnetic fielcbf our
In previous sections we have written the equations govmodel.

erning the evolution of our model. The results presented be-
low are obtained from a random simulation of these equa-
tions; in other words we are considering a stochastic process
whose mean values are governed by the proposed equations.At first view it could be thought that the model, contain-

The detailed registration of the evolution of the magneticing many free parameters, would give any behavior of the
field of the Earth covers less than 150 years. However thgystem one might wish. But we never vary all the param-
evolution of the amplitude of, essentially, the axial dipolareters; on the contrary we choose for most of them reasonable
part of the field can be reconstructed from paleomagnetiwalues, which are afterwards kept constant, after only check-
data, which are in fact time averaged. In order to better coming that the results are stable with respect to small variations
pare our model with paleomagnetic data we also average iof these parameters. In any case, changing the parameters
time the magnetic field vectdt: we look at the evolution of always carries a clear physical meaning, which can be dis-
the vectorH(t,) defined as the mean value of the vectorcussed in relation with the system behavigee belovy. Not-
H(t) over the time interval t{—T,t,). In the simulations withstanding, not to arbitrarily restrict the model, we have
below T=100. written the equations in a general form.

There are two features of the geomagnetic field that we We fix the parameters using a few simple principles. First,
wish to reproduce in our model. First, the main part of thewe get from the first simple mod¢B3] information about
real geomagnetic field is its axial dipolar component; inthe values that allow to obtain long-term symmetry break-
terms of our model, th& component of the global magnetic ings. The investigations of this previous model indeed

A. Choice of numerical values of parameters
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FIG. 6. Evolution of the mean magnetic field in the case of high
values ofH,. -200 4
. ) -300 —|
showed that, in order to obtain these long-term symmetry =
breakings, some conditions must be fulfilléel) the intensi- -400 T ' I . |
ties of the inverse or direct cascades must not get too small 3800000 4000000 4200000
(b) the intensity of the appearance of the turbulence must not time
be too small or too large compared to the inverse of the (b)
lifetime of cyclones(nevertheless, for a fixed lifetime of cy- 90 —
clones, a range of two orders of magnitude is still admissible i
for the turbulence intensifyComing to the present model, it 75 —
also transpires that a nonzero influence coeffiorehetween i
the different domaingsee Eq(13)] is required. Taking a set
of reasonable values of the system parameters, we descritg
however quite a general case of model behavior. 8
T
B. Phase transition throughH %
The value ofH, governs the possibility to amplify the
magnetic field using the energy of the turbulent helical mo-

tion when the intensity of the local magnetic field is close to
zero. In this case indeed the main term in the square root o [ |

the right-hand side of Eq(18) is yVHo[H;[. When Hy is 3800000 4000000 4200000
small, the amplitude of the generated field is close to zero, time

?nd long Chrpn$|ntervals of constant p0|a”1}d0 n'Ot appear FIG. 8. Temporal evolution of the amplitude) of the mean
in the evolution of theZ component of the fieldFig. 5). magnetic field and the ang(b) between the vector of the field and

WhenHy is large enough th& component of the field is  the Z axis. High values of the angle correspond to the low absolute
generally ten times larger than the two other componentsalues of the amplitude.
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FIG. 9. Density functions of the distribution of angles between
the mean magnetic field vectbr and theZ axis for different values
of the parameteH,: Hy=1, curve 1;H,=10, curve 2;H,=15,
curve 3;Hy=20, curve 4;H,=50, curve 5.

(Fig. 6). The evolution of theZ component is then character-
ized by long-life intervals of constant polaritghrons, with
quick changes of polarityreversalg (Fig. 6). A high inten-
sity magnetic field can be generated from arbitrarily low ini-
tial values(as in the 2D model 0f34]). So, the two basic

properties of the real geomagnetic field evolution are suc-

cessfully reproduced.

A phase transition from the first stat€ig. 5) to the sec-
ond one(Fig. 6) occurs around a critical valud§" of the
parameteH . Let us consider the ratit1,|/Hg as a function
of Hy where|H,| is the amplitude of th& component of the
mean magnetic field vectdt defined above. It is cledsee
graph(1) of Fig. 7] thatH, increases stepwise, by more than
an order of magnitude wheH, passe#§ . In both phases,
Ho<Hg as well asHy>Hg', the ratio|H,|/H is constant,

PHYSICAL REVIEW E 65 061105
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FIG. 10. Evolution of the amplitudé) and the angl€b) of the
mean magnetic field vectdt in the case of isotropic turbulence.

malized distribution function ford values tends toward a
very sharply peaked function whety, grows(Fig. 9). Let us
consider the 5% quantile of the distribution function. This
quantity also presents a phase transition in the same interval
the amplitude didFig. 7, curve 1. For overcritical values of

Ho the generated field is close to a dipolar field parallel to

which means that the amplitude of the resulting field is prothe 7 axis for 95% of time(the probability of having angle
portional to the energy transfer from the turbulent motion toy— 14 is larger than 0.95 for aty>H.,).

the magnetic fieldFig. 7, curve L
Let us calculate the anglé between the magnetic field
vectorH and itsZ componentH, :

H|

VHEO +HI(D)+HA(D)

cog A(t))= (20

When the magnetic field of the model is axial dipoldr,
reduces to itsZ component;f value is an estimate of the
relative intensity of the ndiaxial)dipole component of the
generated magnetic field.

Looking at the temporal evolution of the angldor large

VI. DISCUSSION

The present work is a step forward in our construction of
a self-excited three-dimensional model of the geomagnetic
field. It is well known that the magnetic field of the Earth is
mainly axial dipolar. This axial symmetry was assumed in
the construction of the first mode[83,34], and conditions
for long-life symmetry breaké&chrong were obtained. In the
present model we use a more general 3D construction and
find that the axial symmetry introduced in the system of
turbulent cycloneglinked with the Earth’s rotationresults

Hy (Fig. 8), it appears that the generated field is close to itsunder certain conditions in an axial symmetry of the gener-
Z component inside a chron but may be quite far from itated field.

during a reversal or an excursi¢Rig. 8). Inside a period of
constant polarity the mean value 6fis about 7°. The nor-

The present model conserves the basic achievement of the
previous oneq33,34: it generates a magnetic field with
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long-life breaks of symmetry, reproducing the behavior ofbulence in the mode{the situation might be different for
the magnetic field of the Earth during geological times. other planets We intend to refine the construction of the
The generalization from 2D to 3D model adds an addi-model to be able to better simulate the geometric properties
tional necessary condition for long-life symmetry breaksof the real geomagnetic field.
(long constant polarity intervglsto occur: the transfer of Modelization of the magnetic field of celestial bodies
kinetic energy from the system of cyclones to the magneticshould not be limited to the Earth’s case. The departures of
field has to be strong enough. It is evident that in a dissipathe magnetic field of the giant planets from the field of an
tive self-excited system we have to assume some source akial centered dipole can be quite large. Jupiter’s field is rich
energy in order to obtain a nontrivial stationary behavior;in harmonies (multipoleg; Uranus’s dipole is strangely
transfer of kinetic energy from the motion of cyclones seemshifted from the planet center and its direction far from the
quite natural. The level of this transfer appears to be essentiabtation axis one; on the contrary Saturn’s field is surpris-
not only to the generation of a nonzero magnetic filed, buingly close to the field of an axial centered dipole. Consid-
also to the polarity changes of its dipole component. Symering Earth-like planets, it is quite likely that Mercury has a
metry breaks in the 3D model are conditioned by a highdynamo functioning in its metallic core, while Mars and Ve-
enough activity of three basic processes: the direct cascadeus have not. Mars magnetic field, which is known in some
the inverse cascade, and the energy transfer. The influence détail [43,44), is a fossil field like the Moon one. Recently
the up and down cascades was derived in the 2D model; ithe Galileo mission brought spectacular and unexpected re-
the 3D model we obtain a phase transition governed by theults about the magnetic fields of Jupiter’s satellitesy.,
intensity of the energy transfer from the system of turbulen{45-49). Ganymede and lo have intrinsic magnetic fields
cyclones to the generated magnetic field. (although lo’s field might be generated by magnetoconvec-
The present model has a schematic construction and dé&en in the Jovian background magnetic field, whereas an
scribes the evolution of cyclones in a cylindrical layer ratherautoexcited dynamo in a metallic core is the preferred
than in a spherical volume. It allows, however, to estimatemechanism for Ganymedg48]. The variety of histories,
the influence of the model characteristics on the relationshigompositions, and situations of the planets and moons feeds
between the analog axial dipole and nondipole componentdynamo modeling with new constraints and questions. For
of the generated field. For example, it was shown that amxample, it has been suggested that as a consequence of the
isotropic turbulencéwhen the turbulence is isotropic at all ambient Jovian field the Ganymede dynamo cannot undergo
levels even the highest onéeads to long-life periods of reversals; this is easy to look at in the frame of the above
weak intensity of thez component of the fieldFig. 10. As  model. All these observations should feed further reflections
paleomagnetic data do not reveal such a behavior of the geabout the general considerations at the basis of the present
magnetic field, we have to assume an anisotropy of the tumodel.
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