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Phononic crystal with low filling fraction and absolute acoustic band gap in the audible frequency
range: A theoretical and experimental study
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The propagation of acoustic waves in a two-dimensional composite medium constituted of a square array of
parallel copper cylinders in air is investigated both theoretically and experimentally. The band structure is
calculated with the plane wave expansi®WE) method by imposing the condition of elastic rigidity to the
solid inclusions. The PWE results are then compared to the transmission coefficients computed with the finite
difference time domaitFDTD) method for finite thickness composite samples. In the low frequency regime,
the band structure calculations agree with the FDTD results indicating that the assumption of infinitely rigid
inclusion retains the validity of the PWE results to this frequency domain. These calculations predict that this
composite material possesses a large absolute forbidden band in the domain of the audible frequencies. The
FDTD spectra reveal also that hollow and filled cylinders produce very similar sound transmission suggesting
the possibility of realizing light, effective sonic insulators. Experimental measurements show that the trans-
mission through an array of hollow Cu cylinders drops to noise level throughout frequency interval in good
agreement with the calculated forbidden band.
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I. INTRODUCTION and the matrix andii) a sufficient filling factor of inclusions
[8]. In mixed solid/fluid media, the first condition is often
Elastic analogs of photonic band gap materfdkhave satisfied, particularly in the case of solid/gas combinations.
received renewed attention recently. In spite of this analogyl'he mixed systems present complex vibrational modes rang-
the so-called elastic band g&BBG) materials need further ing from longitudinal modes in the fluid to mixed-
developments in light of their potential applications in a widepolarization modes and transverse vibrations in the solid. In
range of technologies. EBG materials, also named phononi@ixed composites, the fluid can be either a condensed liquid
crystals, are inhomogeneous elastic media composed of onévater[9], Hg [10]) or a gas(air [11-17). The frequency
[2,3], two- [4,5], or three-[6,7] dimensional periodic arrays domain where the band gap occurs, scales as the ratio of an

of inclusions embedded in a matrix. These composite mediﬁﬁecwe sound velocity in the composite material to a mea-

typically exhibit stop bands in their transmission spectrasu“te?;thethpe”?fdlcgg of thenaalr:/a% ofi;ncilu3|i0r:15h;i For:tISOIIIdC\?Irr
where the propagation of sound and vibrations is strictly for>Y>€Ms, the etiective sou eloctty 1 significantly Iowe

: . e than that of solid/solid or fluid/fluid composites allowing for
b'dd‘?”- Several classe_s of EBG materials d|ff_er|ng by the[he design of acoustic band gaps in the audible frequency
physical nature of the inclusions and the matrix have bee omain without excessively large periods and inclusions

stydled. Among them one finds solid/solid, quld./fIU|d,.and sizes. In light of this observation, the mixed solid/air EBG
mixed solid/fluid composite systems. In two-dimensional

. . . - aterials show the necessary physical characteristics for use
solid/solid EBG materials composed of periodic arrays 0121S practical sound insulators.

O Do weke 202" i this paper we consicer a suare ray of copper i
g P Perp y ’ ders in an air background. The design of such mixed com-

tional mgde§ decouple:n the mlx.ed-polarlzatlon.modes WIt'})osites presents several difficulties. Theoretically, traditional
the elastic displacementperpendicular to the cylinders and approaches such as the plane wave expar®#E) method
in the purely transverse modes withparallel to the inclu-  fails to predict accurately the acoustic band structures for
sions. In contrast, only longitudinal modes are allowed insuch a mixed system. This drawback can be alleviated by
fluid/fluid composites[8]. The opening of wide acoustic imposing the condition of elastic rigidity to the solid inclu-
band gaps require$) a large contrast in physical properties sions[12,13,17. Within this condition the solid is effectively
such as density and speeds of sound, between the inclusiotreated as a fluid. Surprisingly this assumption works reason-
ably well but does not account for the chemical nati®e,
steel, W of the solid nor the geometrical differences such as
*Corresponding author. Email address: jerome.vasseur@univfilled or hollow inclusions. Here we compare the approxi-
lillel.fr mate PWE band structure with the transmission coefficients
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calculated with the finite difference time domaiRDTD) O O O O

method. The FDTD method enables us to differentiate be- Ia X

tween filled and hollow inclusions. Finally the predictions of O O O O

FDTD transmission spectra through finite size Cu/air EBG

media and the PWE band structure are compared to experi- O O O @ 7

mental measurements. We demonstrate that the filled and

hollow Cu inclusions produce very similar sound transmis- O O O O 0 Y
sions suggesting the possibility of realizing light, effective (a)

sonic insulators.

K
This paper is organized as follows. In Sec. Il, we present @ @ ©I A M

briefly the various theoretical approaches used to analyze the

band structure and the transmission of two-dimensional Cu/ @ @ @ @ X

air mixed composites. Section Ill contains the PWE and T >
FDTD theoretical results, the experimental transmission as @ @ @ KY

well as critical comparisons of the different methods. The S
conclusions of this work are drawn in Sec. IV. © ©(b @

Il. MODELS AND METHODS FIG. 1. Two-dimensional cross sections of the square array of

circular (a) filled Cu cylinders of radiu®, and(b) hollow Cu tubes

of inner radiusR; and thicknesss, in air. The Cu cylinders are
The geometry of a two-dimension@D) phononic crystal  parallel to theZ axis of the Cartesian coordinate systenX(®,,Z).

is referred to the @,X,Y,Z) Cartesian coordinates system. The lattice parametex is defined as the distance between two near-

The 2D phononic crystal comprises usually parallel inclu-est neighboring cylinders. The inset shows the two-dimensional ir-

sions infinite along th& direction and arranged periodically reducible Brillouin zone of the square arra§(Ky ,Ky) is a two-

in the XY plane. We investigate square arrdlgtice param-  dimensional wave vector.

etera) of cylinders of circular cross section. Filled cylinders

are characterized by the radius of their cross secRom{ol-

low cylinders or tubes are defined by their thicknésand

inner radiusR; . The filling factor is7(R?%/a?) for filled in-

clusions and,[ 8(6+2R;)/a?] for hollow cylinders. The

geometry of the square arrays is illustrated in Figs) &nd

1(b). For the sake of simplicity, all constitutive materials are

assumed to be elastically isotropic.

A. Model of 2D phononic crystals

ing naively the transverse velocity of sound in the fluid
equals to zero results in convergence problé&&19. To
resolve this difficulty we can make the solid part of the com-
posite rigid by assuming that its compressibility and its den-
sity are infinite. On the practical side, we replace the solid by
a fluid with equivalent longitudinal speed of the sound and
density. In comparison to air, this solid is nearly rigid. This
simplifying assumption is well justified for the metallic in-
clusions(for example, Cuin air [13,17]. It is, however in-

In the most general case of wave propagation in a solid¢apaple of differentiating between different metals and filled

solid periodic 2D inhomogeneous medium, one makes thgersys hollow inclusions since the sound waves do not pen-
assumption that the wave propagation is limited to ¥¥  gtrate the inclusions.

plane perpendicular to the cylinders. This has the effect of
decoupling the elastic displacements in ¥ plane(called

XY or mixed-polarization modesnd those parallel to th2
direction denoted modes(transverse modgg5,8]. Since The FDTD method has been extensively used with suc-
the 2D fluid/fluid phononic crystals can support only longi- cess to study the propagation of electromagnetic waves
tudinal acoustic waves, there is no need to decouple the difhrough photonic band gap materidl20-22. In recent
ferent modes and the prob|em of propagation in the Compoglears, this method has been extended to the inveStigation of
ite is much simpler than for solid$]. In the PWE method, acoustic wave propagation in inhomogeneous elastic media
the 2D periodicity in theXY plane allows one to develop the [18,19,23-2% We apply the FDTD approach to calculate
density and the elastic constants in the Fourier series. Theff€ transmission coefficients through finite thickness samples
the equations of linear elasticity become standard eigenvalu@ Phononic crystals. We limit the calculation to a strictly 2D
equations for which the size of the matrices involved de[DTD scheme, that is, th& component of the elastic dis-
pends on the number & vectors of the reciprocal lattice placement, velocity, and stress fields are set equals to zero. In

taken into account in the Fourier series. The numerical reso@dd't'on' we solve the 2D equations governing the motion

lution of the eigenvalue equations is performed along thénSide the inhomogeneous medium in tK¥ plane. TheZ

principal directions of propagation of the 2D irreducible dependence. of ang phylsic(zjil_quantity is then neglected. The
Brillouin zone of the array of inclusionsee inset in Fig. )1 wave equation to be solved is

B. PWE method: Band structure

C. FDTD method: Transmission coefficient

Numerical difficulties arise when considering mixed solid/ 20
fluid composites. While the equations of motion for solid/ p(x,y)_uzv,(; (1)
fluid composites are the same as for solid/solid systems, tak- at?
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wherep(X,Y) is the mass density; and ¢ are the displace-
ment field and the stress tensor. The components of the stre
tensor are calculated from the elastic displacement using iso
tropic Hooke’s laws with position dependent elastic coeffi-
cients G1(X,Y) and G4(X,Y). The latter elastic constant is
zero for a fluid. To calculate the transmission coefficient of a
finite size EBG composite, we construct a sample in three : 4
parts along theY direction, a central region containing the T
finite phononic crystal sandwiched between two homoge- i ]
neous regions. A traveling wave packet is launched in the
first homogeneous part and it propagates in the direction ot
increasingY across the whole sample. Periodic boundary@
conditions are applied in th¥ direction perpendicular to the
direction of propagation. Absorbing Mur’s boundary condi-
tions[26] are imposed at the free ends of the homogeneou
regions along th& direction. The incoming signal is a sinu-
soidal wave of pulsatiom, weighed by a Gaussian profile
and propagates along thédirection. In Fourier space this
signal varies smoothly and weakly in the interval 4g).
The input signal amplitude does not dependXrspace and
time are discretized with fine enough intervals to achieve
convergence of the finite difference time domain algorithm.
Further details concerning the numerical integration of the
equation of motion can be found in R¢R4]. A transmitted i
signal in the form of the component of the displacement is i
recorded at the end of the second homogeneous region ar oM T X M
integrated along the&X direction. The Fourier transform of WAVE VECTOR

that signal normalized to the Fourier transform of a signal

propagating through homogeneous material of the same na- FIG. 2. PWE results for the band structure of the longitudinal

FREQUENCY

ture as the matrix yields a transmission coefficient. modes of vibration in the periodic square array of Cu filled cylin-
ders in air. The radius of the cylindersis=14 mm and the lattice
Ill. RESULTS parameter i®=30 mm. The pointd’, X, andM are defined in the

inset of Fig. 1. The density, and the longitudinalC,, and trans-

verse,C,, speeds of sound in air and Cu, gr&"=1.3 kgn 3,
Figure 2 presents the band structure calculated with the?"=340 ms?!, and p®“=8950 kgm3, CS"=4330 ms?,

PWE method for a phononic crystal composed of a 2D periC’=2900 ms*. Absolute band gaps are represented as hatched

odic square array of Cu cylinders of radiRs-14 mm in air.  areas.

The lattice parameter is=30 mm. Calculations were per-

formed considering filled cylinders made of Cu assumed a§ers in air along the two principal directions of propagation

an infinitely rigid solid. The choice of 108% vectors of the ~ 2r€ Presented. These transmission spectra were obtained nu-

reciprocal lattice for the computation ensures convergence (ﬂnerlcally by solving the equations of motion ovef2ime

the eigenvalues over the range of frequencies studied, i_éntegration steps with each time step lasting 4 ns. The FDTD

— 45 KHz. Fi 2 sh ; v th ; ﬁamples contain six cylindrical @ncll_Jsion_s alo_ng theirec-
045 z. Figure 2 shows unambiguously the existence Oégn of propagation. The space is discretized in béthndY

A. Band structure

absolute stop bands, i.e., band gaps independent of the dire " ith hint lof 16 The locati d
tion of propagation. The largest observed absolute band gg rections with a mesh intervar o m. The location an
appears between the first and the second band and exten & W'dth_ of the first absolute bano_l gap in both dlrecthns of
from 4.2 kHz to 8.4 kHz, which lies in the audible range of Propagation compare very well with those observed in the

frequencies. When considering waves propagating in the dpand structure of I_:ig. 2. At highgr frequencie;, the locations
rectionI'X of the irreducible 2D Brillouin zone, the lower of the local gaps in thé'X direction overlap in the FDTD

bound of the local gap occurs at2.8 kHz. Other local gaps sptectrtjhmt ?hndflint ghe dPWkI)E ban(cjj _sttrrL]lctg_r €. M(_)reover Ong
appear at higher frequencies in the directions of propagatio otes that the fiat bands observed in the diSpersion curves do
I'X and'M. One also notes in both directions of propaga-nOt contribute significantly to the transmission. Along the

tion, the existence of relatively flat bands in the band struc—rM direction, the FDTD transmission spectrum and the

ture. These flat bands are usually associated with the exig—t\;\/niebagdlosct;:J(;’;;;eolsfgrstoir:ali?g(e[);gf;ﬁgérzelsglgh dFTA,m-
tence of localized states in the composite matg&al - A - ‘ S .
P 462 kHz while longitudinal vibrational modes exist in Fig. 2 in

this range of frequency. It appears that some of the vibra-

tional modes observed in the PWE dispersion curves do not
In Figs. 3a) and 3b), the computed FDTD transmission contribute to the transmission as displayed in the FDTD

coefficients through the 2D square array of filled Cu cylin-transmission spectrum. An analysis of the eigenvectors asso-

B. Computed transmission coefficients
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FIG. 4. Same as Fig. 3 but for the square array of Cu tubes of

filled Cu cylinders in air, computed with the FDTD method along inner radiusR;=13 mm and thicknes§=1 mm. Air occupies the
the directions of propagatiof@ I'X and(b) I'M. interior as well as the exterior of the hollow cylinder.

ciated with the different vibrational modes would be helpful
for an understanding of these differences between PWE an
FDTD results. In both directions of propagation, one also
observes a decrease in the amplitude of the transmltte
FDTD computed signal on increasing frequencies.

In contrast to the PWE method, the 2D FDTD scheme
allows one to distinguish between hollow inclusions and
filled cylinders. We have then computed the FDTD transmis-
sion coefficients along thEX andI"M directions of propa-
gation through a square array of Cu tubes of inner radlusZ
R;=13 mm and of thicknes§=1 mm. The lattice param- &
eter is the same as used previously and the FDTD computa?
tions were done under the same numerical conditions ag
those of Figs. &) and 3b). In particular, with a mesh inter- E
val of 10 * m the thickness of the tubes corresponds to tene
spatial discretization points. Figure&@#and 4b) present the
variation of the computed transmission coefficient as a func-
tion of frequency in the directionsX andI’M, respectively,
in the range of frequency 0—45 kHz. Except for very slight
differences these spectra are surprisingly similar to those ob3
tained with filled cylinders of the same outer radius, ir.,
=14 mm[see Figs. @) and 3b)]. This shows that in this
range of frequencies where the thickness of the tubes is verZ
much lower than the wavelength of sound and for constituen§
materials with extremely different physical characteristics I
such as Cu and air, the thickness of the inclusions does nc ool o L 1 L |
affect, the transmission of acoustic waves through 2D EBG ~ ° ¢ 2 30 40 50 60708090
materials. This theoretical observation agrees with previous FREQUENCY (kHz)
experimental results on the transmission of acoustic waves of G, 5. Transmission coefficient through a square array (

audible frequencies through square and triangular arrays o 30 mm) of Cu cylinders in water, computed with the FDTD
hollow and filled stainless steel cylinders in §ii6]. How- method along thd X direction of propagation fota) filled cylin-
ever this conclusion is quite dependent upon the choice ofers R=14 mm) and(b) hollow tubes R =13 mm and &

the materials constituting the phononic crystal. Therefore, we=1 mm). The density and the longitudinal speed of sound in water
have considered the case of two-dimensional phononic crysirep=1000 kgm 2 andC,=1490 ms'. Water occupies the in-
tals made of materials whose physical characteristics exhibierior as well as the exterior of the hollow cylinder.

lower contrast. More specifically, a lower contrast can be
tained by replacing air by water in the two-dimensional
hononic band gap material previously studied. Figure 5
ows the FDTD transmission spectra alongltixedirection
of propagation for a square array of filled Cu cylinders im-
Cmersed in watefsee Fig. §a)] or hollow Cu inclusions sur-

SMISSI
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rounded and filled with watdisee Fig. )]. The geometri- L0 e
cal parameters were the same as used previously i.e., lattic
parametea=30 mm, radiulkR=14 mm for the filled inclu-
sions, and the inner radiu],=13 mm, and the thickness
5=1 mm for the tubes. Both spectra have been compute@
. . . . . . Z 04 H
with the same numerical conditions and especially with five 5
cylinders along the direction. These spectra exhibit signifi- ~ o2 |-

cant differences in the frequency range of 0—90 kHz. On one

0.8 [

0.6 [

ISSION

. . ol b LY e L Ny L A S TTIAENG ]
hand, Fig. 5a) shows a very large gap of width 18 kHz " L . 0 e 7 s o 10 v 12 13 s 1s
centered on 25 kHz while in Fig.(5) the transmission just FREQUENCY (kHz)
depresses around this frequency. The width of this dip is also
Sma”er than that Of the gap observed |n Flga)SOn the FIG. 6. Transmission coefficient measured perpendicular to the

other hand, at higher frequencies, the transmission spect¥grtical faces of the sample made of 400 Cu tubes R;
are completely different. For example, a gap occurs aroun_13 mm andS=1 mm) arranged periodically on a square lattice
45 kHz in Fig. 8a) while the transmission for hollow inclu- a=30 mm).

sions is maximal in this range of frequency. Another notice-

able difference between the two spectra lies in the existencerepancy between measurements and theoretical predictions
of a zero of transmission at a frequency of 38 kHz in Fig.may be attributed to the divergence of the emitted acoustic
5(b). The midfrequency of this small gap depends on thesignal, i.e., the fact that the input experimental signal is not a
thickness of the hollow cylinders. Indeed a more detailedplane wave but is composed of a set of wave vectors inside a
study shows that the zero transmission frequency may beone around the incident direction. In other words, experi-
shifted by changing the thickness of the inclusion. Ourmentally, the transmission through the sample can occur in a
FDTD calculations demonstrate clearly that in the peculiacone around th& X direction. At frequencies higher than 8.8
case of Cu/water composite material, the transmission coekHz, the transmission is maximal for 9.8 kHz with an ampli-
ficient of acoustic waves is very sensitive to the thickness ofge very much lower than that at very low frequencies, i.e.,

the hollow metallic inclusion. in the range 0—3 kHz. The transmission is then strongly at-
_ tenuated and it becomes difficult to define precisely the
C. Experimental results edges of regions with noise level transmission. But these

In order to test the theoretical predictions, we have manuexperiments performed with a very usual setup validate
factured a phononic crystal composed of ax1i® square fairly well the theoretical predictions concerning the exis-
array of hollow Cu cylinders. The physical characteristics oftence of a forbidden band at audible frequencies.
the composite material were those considered in the preced-
ing sections, i.e., an inner radius of the tullys-13 mm, a IV. CONCLUSION

thickness of the hollow inclusion$=1 mm, and a period of ) ) ] )
the square latticea=30 mm. With this geometry, the filling We have investigated theoretically and experimentally the

factor of metallic inclusions is 0.094. It is worth noting that Propagation of acoustic waves in a 2D elastic band gap ma-
a similar structure built out of filled Cu cylinders would pos- terial constituted of a square array of parallel, circular, Cu
sess a filling factor of 0.684. The tubes of length 450 mm aréylinders in air. The experiments and the theoretical calcula-
embedded at one end into a thick steel plate with the othetions prove the existence of a forbidden band for frequencies
end remaining free. A speaker connected to a low frequencigs the audible regime. From a theoretical point of view, the
generator and a microphone are employed to produce an imomparison between our PWE and FDTD results have
coming signal and record the transmitted one. The transmitshown that the assumption of infinitely rigid solid made for
ted signal is detected by a tracking generator coupled to the computation of the band structure is realistic at low fre-
spectrum analyzer. The speaker and the microphone are lguencies, i.e., for frequencies lower than 10 kHz. At higher
cated 40 mm away from the sample faces. Two measurdrequencies the two theoretical methods give rather different
ments are conducted with and without the sample. The difresults especially in th€M direction of propagation of the
ference between the Fourier transforms of both temporatreducible square Brillouin zone. On the other hand, the
signals is calculated to substract any background effecEDTD method enabled us to differentiate between filled in-
Transmission was measured for acoustic waves in the awlusions and hollow tubes. Our FDTD calculations demon-
dible frequency range, perpendicular to the vertical faces o$trate undoubtedly that for frequencies in the range 0-45
the sample, i.e., along tHéX direction of propagation. The kHz, filled and hollow metallic inclusions placed in air, lead
measured acoustic transmission coefficient of Fig. 6 clearlyo very similar transmission coefficients in agreement with
shows one forbidden band between 4 and 8.8 kHz. The widtbther experimental results. In contrary, the transmission co-
of this forbidden band is slightly lower than that obtained efficient strongly depends on the thickness of the hollow
theoretically from the PWE method and the 2D FDTD inclusion when air has been replaced by water in the two-
schemd see Figs. 2, @) and 4a)]. On the other hand, the dimensional structure. From a practical point of view, the
lower and upper edges of the experimental gap appear &u/air composite material, which can be very easily manu-
frequencies slightly higher than the predicted ones. This disfactured, is a good candidate for an effective light, sonic
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