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Flexoelectric switching in a bistable nematic device

A. J. Davidson and N. J. Mottram
Department of Mathematics, University of Strathclyde, 26 Richmond Street, Glasgow G1 1XH, United Kingdom

~Received 19 November 2001; published 23 May 2002!

We present a continuum theory model of switching in a bistable nematic liquid crystal device. The bistability
of the device investigated relies on the fact that one of the cell surfaces exhibits two stable anchoring states,
that is, two surface director orientations are locally stable. Since the other surface exhibits monostable, ho-
meotropic anchoring there are two possible ground state director orientations within the cell, depending on the
director orientation at the bistable surface. We first investigate the stability of these base states and find a
critical surface anchoring strength below which only one of the states is stable. We also investigate the process
of switching between the two stable states through the application of an electric field and the presence of a
flexoelectric polarization. At high field strengths the dielectric interaction with the applied field will dominate
the flexoelectric effect and may hinder switching. We find, therefore, that awindowof possible field strengths
exists within which switching occurs.

DOI: 10.1103/PhysRevE.65.051710 PACS number~s!: 42.70.Df, 61.30.Hn, 42.79.Kr
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I. INTRODUCTION

With the dramatic increase in demand for portable el
tronic devices such as mobile phones, personal organiz
computers, and games consoles, there has recently be
significant amount of research undertaken with the aim
decrease the power consumption and thus increases the
tery lifetime, which ultimately affects the portability of suc
a device. A significant factor in such a consideration is
power consumption of the display, and considerable rese
effort has been devoted to reducing the operating volta
and minimizing the time over which a voltage must be a
plied to the liquid crystal display~LCD! commonly used in
such devices.

A significant reduction in power consumption is achiev
by using abistable display. In a bistable display, as in
monostable LCD, a layer of liquid crystal material is san
wiched between two glass or plastic substrates across w
a voltage may be applied, independently to each pixel of
display. This applied electric field may alter the molecu
configuration of the layer of liquid crystal and thus alter t
optical characteristics of the display and, usually with the
of certain optical filters, switch between a light and da
state. However, in contrast to a monostable LCD, in
bistable LCD the two molecular configurations correspo
ing to the light and dark states are locally stable when
applied voltage is removed. Therefore, power is only nee
to switch from one stable state to another, in contrast to
monostable LCD, which requires power to switch betwe
andmaintainthe light and dark states. For electronic devic
in which the image or parts of the image remain in a fix
state for some time, this would dramatically reduce the nu
ber of pixels to be addressed in one refresh cycle and co
spondingly reduce the power consumption of the device.

Possibly the most researched bistable LCD technol
has been the ferroelectric liquid crystal display@1#. Such a
display exhibits two locally stable configuration states
both of which the optic axis is contained within the plane
the cell ~and thus leads to favorable optical characteristi!
and allows fast switching between states so that video
addressing is possible. However, the shock stability of suc
1063-651X/2002/65~5!/051710~10!/$20.00 65 0517
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display can be extremely poor, with the slightest exter
pressure destroying the delicate smectic layering struc
and ruining the displayed image. In recent years alterna
bistable LCDs have been investigated in order to combat
problem@2–6#. These alternatives have all been based on
more traditional nematic LCD technologies that have be
extremely successful in the display market over the last
years. The ability to use existing production methods a
liquid crystal materials is an added bonus when conside
the cost effectiveness of such new technologies. These n
atic devices differ from the twisted and super twisted ne
atic displays commonly used in that, they usually contai
surface treatment or surface morphology, which leads to
stability. One such bistable LCD technology is the zenith
bistable device~ZBD! @5,6#, which makes use of a nonplana
substrate exhibiting a grating morphology and allows t
optically distinct director structures. The presence of
complex substrate morphology makes theoretical mode
of the ZBD display extremely difficult, and while some nu
merical modeling has been carried out to show the confi
ration of the static bistable states@5# there has been little
theoretical research into the mechanisms involved in swit
ing between these states.

In this paper we construct and investigate a model o
bistable nematic device in which one of the substrates ex
its zenithally bistable anchoring. This bistable surface allo
both homeotropic and planar anchoring, with both of the
surface states being of equal energy and locally stable. W
the opposite substrate exhibits fixed homeotropic ancho
there are, therefore, two possible director configuratio
within the device depending on the orientation of the direc
at the bistable substrate. In this paper we do not sugge
surface treatment that would produce such bistability
simply investigate the switching characteristics of such a
vice. We also propose that this model may be a good
proximation of the ZBD display described above. Our mod
does not include the exact surface morphology of the Z
display but approximates the substrate by a planar surf
which allows two alignment states, as in the ZBD display.
this approach is used as a model of the ZBD, careful con
©2002 The American Physical Society10-1
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eration must be given to the exact nature of thisapproximate
surface, and the importance of properties such as the surf
relaxation coefficient will be discussed later in this paper

In our theoretical model, the director~the unit vectorn
describing the average local alignment of molecules in
liquid crystal! at one substrate is fixed at an angle ofu
5p/2 from the horizontal~strong homeotropic anchoring!,
whereas at the other substrate a bistable surface energ
lows two stable states,u50 or u5p/2 ~as shown in Fig. 1!.
The two bistable states are, therefore, thevertical state, in
which the bistable surface of the cell is anchored homeo
pically so that the director is in thez direction throughout the
cell, and thehybrid aligned nematic~HAN! state, where the
bistable surface of the cell exhibits planar anchoring and
bulk of the cell contains a linear gradient inu from homeo-
tropic orientation (u5p/2) at the upper surface to plana
orientation (u'0) at the lower surface. In a subsequent s
tion we see that, due to the elastic distortion within the HA
state, the director at the lower surface is not exactly in
planar orientation and, therefore,u(0) is nonzero. We will
calculate the change in the director orientationu(z,t)
through the cell as switching between these two states
curs. This switching will be influenced by a variety of facto
including flexoelectricity, the voltage across the cell, t
length of time for which the voltage is applied~the pulse
length!, elasticity, viscosity, and anchoring strength.

In most nematic liquid crystal devices it is the dielect
effect that is utilized in switching between the light and da
states. That is, an applied electric field induces a molec
dipole and thus orients the molecules to align with the fi
direction. How the molecules align with the field is depe
dent on the difference in dielectric permitivities parallel (e i)
and perpendicular (e') to the long axis of the molecule. I
the difference in permitivities (De5e i2e'), the dielectric
anisotropy, is positive the molecule will align the directorn
parallel to the electric field. If the dielectric anisotropy
negative the induced dipole causesn to align perpendicular
to the field. This effect is dependent on only the magnitu
of the electric field and not the direction, and consequent
positive voltage applied to the cell will have the same eff
as a negative voltage.

FIG. 1. The simple bistable cell. The lower substrate exhib
bistable anchoring such that both theu50 andu5p/2 orientations
are stable. With fixed homeotropic anchoring at the upper subs
there exist two possible director configurations within the cell.~a!
The vertical state, whereu[p/2 throughout the cell, and~b! the
hybrid aligned nematic~HAN! state, where the director varies from
a homeotropic to planar orientation through the cell.
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From Fig. 1 we see that by applying an electric field in t
z direction it may be possible to switch from the vertical sta
to the HAN state in a negative dielectric material (De,0)
through the dielectric effect since the field will tend to orie
the director perpendicular to the field direction. For a po
tive dielectric material (De.0), switching from the HAN
state to the vertical state may be possible through the die
tric effect since the field tends to orient the director para
to the field direction. An important question is ‘‘How does a
applied electric field switch the cell in the opposite way
That is, from HAN to vertical in aDe,0 material and from
vertical to HAN in aDe.0 material. In this paper we inves
tigate the possibility that theflexoelectriceffect @7,8# may
counteract the dielectric effect and enable bistable switch
between both states.

In general a nematic liquid crystal molecule is asymm
ric, for instance, the pear-shaped molecules depicted in
2, and contains a small permanent electric dipole. When
electric field is applied to such a liquid crystal material, t
small permanent molecular dipoles will align with the fie
and in doing so induce a splayed distortion due to the m
lecular shape. For an electric field in the opposite direct
the induced distortion is reversed. Another consequenc
the molecular asymmetry and permanent dipole is that
splay distortion is induced, a macroscopic perman
dipole—the sum of the molecular dipoles—will form withi
the material. A similar effect occurs, with a correspondi
bend distortion, for bent or banana shaped molecules.
important aspect of thisflexoelectriceffect is that a positive
electric field and a negative field inducedifferentdistortions.
We will show that by utilizing the flexoelectric effect w
may switch the bistable cell in Fig. 1 between the HAN a
vertical states for both positive and negative dielectric ma
rials. Whereas previous theoretical research into the fle
electric effect has concentrated on the effects on choles
helix distortion@9# and monostable liquid crystal cells@10#,
we will consider a bistable device in which flexoelectricity
of crucial importance when switching between states.

II. THE MODEL

We intend to model the bistable device described in
preceding section using a simplified version of the nema
continuum theory of Ericksen and Leslie@11,12# in which

s

te

FIG. 2. With pear-shaped asymmetric molecules and a per
nent molecular electric dipole an applied field will induce a sp
distortion as the molecular dipole aligns along the field lines.
electric field in the opposite direction will induce a different disto
tion.
0-2
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FLEXOELECTRIC SWITCHING IN A BISTABLE . . . PHYSICAL REVIEW E 65 051710
the fluid flow is neglected while the angular motion of t
director is retained. In doing so it is necessary to construc
the free energy of the liquid crystal within the cell, whic
will be a function of the directorn(z,t) at positionz through
the cell and at timet. The free energy will contain compo
nents describing the elastic energy of director distortio
within the liquid crystal layer, an approximate electrosta
energy that will include the flexoelectricity of the materia
and the surface anchoring energy of the bistable surface

In constructing the free energy of the cell we will ma
certain simplifying assumptions in order to reduce the nu
ber of model parameters and to ensure that the resulting
ferential equations are analytically tractable. We use
common ‘‘one-constant approximation’’ for the elastic e
ergy so that the liquid crystal is assumed to be elastic
isotropic. Such an approximation may be questionable if
liquid crystal layer contained any twist distortion of the d
rector since the twist elastic constant is usually significan
smaller than the bend and splay elastic constants. Howe
since we only consider splay and bend distortion ofn we
may be confident that such an approximation leads to at l
qualitatively correct behavior.

Possibly the most significant approximation used in c
structing the free energy is in the form of the electrosta
energy. We will assume that the electric field is const
throughout the cell~and in the direction perpendicular to th
cell surfaces!, whereas, in reality, it is the displacement fie
D that is constant through the cell and the electric fi
should be calculated by solving Maxwell’s equations. W
have used such an approximation in order to simplify
governing equations and obtain analytic results for quanti
such as the critical switching field strength but we note t
such an approximation will be acceptable if the dielect
anisotropy of the liquid crystal is small. With such an a
proximation, the electric field strength may be related to
total voltage across the cell byE5V/d, whered is the thick-
ness of the liquid crystal layer. However, in this paper
will subsequently refer to the magnitude of the electric fie
E rather than the voltage applied across the cell.

These energy terms form the bulk free energy

Fbulk5E
V
FK

2
$~“•n!21~“3n!2%

2
e0De

2
~E•n!22P•EGdv, ~1!

whereV is the region of the liquid crystal within the cell. Th
first term in Eq. ~1! is the elastic energy whereK is the
isotropic elastic constant. The second term is the dielec
electrostatic energy, wheree058.854310212 C2/N m2 is
the permittivity of free space,De is the dielectric anisotropy
of the liquid crystal material, andE is the electric field across
the cell. The third term in Eq.~1! is the flexoelectric energy
whereP5e11(“•n)n1e33(“3n)3n is the flexoelectric po-
larization @8# present due to the permanent molecular dip
and molecular asymmetry described in the preceding sec

The total free energy also includes an energy term
scribing the preference for the bistable surface to exhibit
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ther of the two stable director configurations. Such a surf
energy term must exhibit energy minima at two distinct
rector configurations, the planar and homeotropic states.
simplest form of such an energy term is similar to the co
monly used Rapini-Papoular surface energy@13#, that is, a
sinusoidal function of the director orientational angle su
that the minima occur at the stable director orientations.

If the director remains within the plane of the two bistab
director configurations, we defineu as the angle between th
director and the plane of the cell surfaces so that the dire
is n5(cosu,0,sinu) as in Fig. 1. Assuming that the directo
is homogeneous in the plane of the cell and depends onl
the coordinate along the cell surface normal we may, the
fore, assume that the director angle is a function of only
distance through the cell and time,u5u(z,t).

With these assumptions the total free energy~per unit area
in the xy plane!, the sum of the bulk and surface energ
terms, is

F5E
0

d1

2 FKS ]u

]zD 2

2e0DeE2 sin2 u2~e111e33!

3E
]u

]z
sin~2u!Gdz1W0 sin2@2u~0,t !#, ~2!

whered is the thickness of the liquid crystal layer in the ce
As previously mentioned, the surface energy term in E

~2! exhibits minima atu(0,t)50 or u(0,t)5p/2, that is, the
director atz50 is planar or homeotropically anchored. Th
parameterW0 is known as the anchoring strength and is
measure of the depth of these energy minima. At this po
we note that the flexoelectric term in Eq.~2! is such that if
u.0 a positive electric field can reduce the free energy
inducing a positive gradient inu and a negative field by
inducing a negative gradient inu. A useful simplification of
the flexoelectric energy in this system can be seen by dire
integrating the flexoelectric term in Eq.~2! to obtain the
following free energy, up to an additive constant that will n
appear in the subsequent minimization of the energy:

F5E
0

d1

2 FKS ]u

]zD 2

2e0DeE2 sin2 uGdz

2
~e111e33!

4
E cos@2u~0,t !#1W0 sin2@2u~0,t !#. ~3!

Thus, the presence of flexoelectricity has effectively alte
the surface energy. The original surface ene
W0sin2@2u(0,t)# has minima at the planar,u(0,t)50, and
homeotropic,u(0,t)5p/2, surface states~see Fig. 3!. How-
ever, the flexoelectric term@2(e111e33)/4#E cos@2u(0,t)#
has a minimum atu(0,t)50 and a maximum atu(0,t)
5p/2 when (e111e33)E.0 and, conversely, a maximum a
u(0,t)50 and a minimum atu(0,t)5p/2 when (e11
1e33)E,0. Thus, when (e111e33)E.0 the flexoelectric ef-
fect destabilizes the homeotropic surface state and stabi
the planar surface state, but when (e111e33)E,0 the oppo-
site occurs.
0-3
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A. J. DAVIDSON AND N. J. MOTTRAM PHYSICAL REVIEW E65 051710
Considering the sum of these two surface energy terms
see that, if we initially assume thate111e33.0, then the
u(0,t)50 state is stable whenE.28W0 /(e111e33) and the
u(0,t)5p/2 state is stable forE,8W0 /(e111e33). For e11
1e33,0 the same effect occurs for the opposite signs of
electric field. This stabilization/destabilization of the surfa
states will be clearly seen in the subsequent analytic
numerical results. Thus, through the flexoelectric effect,
can control the stability of the surface orientation states
altering the magnitude and direction of the applied elec
field.

Using this free energy equation,~3!, and neglecting the
fluid velocity in the Ericksen-Leslie equations@11,12# we
obtain the governing equation for the director motion in t
bulk of the cell,

m
]u

]t
5K

]2u

]z2
1

e0De

2
E2 sin~2u!, ~4!

wherem is the viscosity associated with rotation of the d
rector. From variational principles, at the bistable surface
the cell (z50) we obtain the boundary condition

FIG. 3. A graphical representation of the effective surface
ergy. ~a! The bistable anchoring leads to a term with minima au
50 andu5p/2. ~b! The flexoelectric effect leads to a term th
may destabilize the homeotropicu5p/2 state for (e111e33)E.0
or destabilize the planaru50 state for (e111e33)E,0.
05171
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]u

]t
~0,t !5K

]u

]z
~0,t !22W0 sin@4u~0,t !#

2E13E sin@2u~0,t !#, ~5!

where we have defined an average flexoelectric coeffic
E135(e111e33)/2 and ms is the surface relaxation coeffi
cient. The surface relaxation coefficient is sometimes ca
the surface viscosity and may be dimensionally compare
the bulk viscosity byms5gm, where gs is a ‘‘surface
length’’ thought to be of the order of the molecular lengt
Therefore, the surface relaxation coefficient is usually c
sidered to be significantly smaller then the bulk viscos
However, as we discuss in Sec. VI, in the model of the ZB
display the effective surface relaxation coefficient may
considerably larger. At the other cell surface (z5d) we will
assume infinite anchoring in the homeotropic state so th

u~d,t !5
p

2
. ~6!

The following sections will be devoted to solving Eq.~4!
subject to the boundary conditions in Eqs.~5! and~6!. How-
ever, we can make some qualitative observations as to w
we expect to happen in such a system.

The first point to note is that the dielectric interactio
between the electric field and the director is proportiona
E2 while the flexoelectric interaction depends linearly onE.
Therefore, we may expect the flexoelectric interaction
dominate at low fields and the dielectric interaction to dom
nate at high field strengths.

With a positive dielectric anisotropy (De.0) the dielec-
tric interaction will tend to align the director with the electr
field in the z direction. Therefore, the vertical state will b
favored by the dielectric interaction and switching from t
HAN state to the vertical state should be relatively straig
forward. As long as the field strength is sufficiently high
break the planar surface anchoring and dominate any fle
electric effect it should be possible to switch to the vertic
state with a positive or negative field strength~switching is
independent of the polarity of the electric field since the
electric interaction depends onE2). We have also noted tha
for E.0 the flexoelectric term stabilizes the planar surfa
state while the homeotropic surface state is destabilized,
for E,0 the flexoelectric term stabilizes the homeotrop
surface state and destabilizes the planar surface state. T
fore, in order to switch from the vertical state to the HA
state we will need to apply a positive field, to destabilize t
homeotropic anchoring and stabilize the planar ancho
state, of a strength that is sufficiently high to break the h
meotropic anchoring but sufficiently low so that the flex
electric effect dominates the dielectric effect.

With a negative dielectric anisotropic material,De,0, a
similar effect occurs. In this case the dielectric effect tends
align the director perpendicular to the electric field. Th
switching from the vertical state to the HAN state should
possible through the dielectric effect with a sufficiently hig
positive or negative field. In a similar way to theDe.0 case

-

0-4
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FLEXOELECTRIC SWITCHING IN A BISTABLE . . . PHYSICAL REVIEW E 65 051710
switching from the HAN state to the vertical will require a
intermediate negative electric field strength.

One other point is worth mentioning at this stage. Th
exists a parameter symmetry with the above equatio
which means we need only consider positive flexoelec
coefficients,E13.0. We notice that ifE13 is replaced by
2E13 and E is replaced by2E the equations remain un
changed. This symmetry will be evident in the followin
sections.

III. STABILITY OF BASE STATES

In order for the device discussed in this paper to be u
as a bistable nematic display it is clearly necessary for
cell to exhibit two locally stable static director configuratio
states at zero field, the vertical and HAN states. The vert
state contains an undistorted director configuration,u(z)
[p/2, while in the HAN state there exists some distortion
the director rotates from the homeotropic state at the up
surface to the planar state at the lower surface, see Fig.
fact the director will not exhibit an exactly planar configur
tion at the lower surface since there exists a torque on
surface director due to the elastic distortion in the bulk of
cell. To minimize the elastic free energy the director wou
prefer to be in an undistorted configuration and thus the
rector at the lower surface feels a torque tending to alig
with the fixed homeotropic director at the upper surface
the lower surface anchoring strength is strong enough,
surface anchoring torque is sufficient to balance the ela
torque and the HAN state is maintained. However, if t
surface anchoring is too weak, the elastic torque will bre
the planar anchoring and the cell will spontaneously swi
to the vertical state.

We can see this effect by solving the time-independ
version of Eq.~4! with no applied electric field,E50, and
subject to the boundary conditions in Eqs.~5! and ~6!. The
solution of this relatively simple equation isu(z)5p/2
1@u(0)2p/2#(12z/d), whereu(0) is determined by the
equation

05u~0!2
p

2
1

2W0d

K
sin@4u~0!#. ~7!

One solution of Eq.~7! is clearly u(0)5p/2, the vertical
configuration. If we rearrange Eq.~7! we find

W0d

K
5

p22u~0!

4 sin@4u~0!#
, ~8!

which is plotted in Fig. 4. We see that there exists anot
solution such thatu(0)'0, the HAN state, ifW0 is greater
than a critical value. The third solution whereu(0) takes a
value between the planar and homeotropic state leads t
unstable director configuration and will not be conside
further. Figure 4 also indicates that as the anchoring stren
W0 tends to infinity, the director at the lower surface in t
HAN state tends to the planar configuration. Solving nume
cally for the critical point it is found that the anchorin
strength must satisfyW0.0.5758K/d to maintain a HAN
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state. An anchoring strength less than this critical value w
result in the vertical state being the only stable state and
cell would not achieve bistability.

IV. STATIC SOLUTIONS

The partial differential equation,~4!, for the dynamics of
switching in the bistable cell will later be solved numerical
however the static equilibrium configurations may be fou
analytically by solving the associated time-independ
problem foru(z),

05K
d2u

dz2
1

e0De

2
E2 sin~2u!, ~9!

where at the bistable surface of the cell (z50), we have the
boundary condition

05K
du

dz
~0!22W0 sin@4u~0!#2E13E sin@2u~0!#

~10!

and at the other cell surface (z5d)

u~d!5
p

2
. ~11!

The bulk equation~9! is the static sine-Gordon equatio
and is known to exhibit solutions involving elliptic function
@14#. The difficulty in the present situation is the complicat
boundary condition atz50, Eq.~10!. However, we may still
write down the solution of this equation in terms of an int
gration constant that must be found numerically. Solutions
Eq. ~9! are

u6~z!5
p

2
2sin21F snS 6A~2e0De!E2

Kk2
~d2z!,k D G ,

~12!

where sn(u,k) is an elliptic function defined as the invers
of the elliptic integral of the first kindF(u,k) @14# andk is
the constant function ofu(0) given by

FIG. 4. Stability of the HAN and vertical states at zero elect
field. For an anchoring strengthW0.0.5758K/d the HAN state,
whereu(0) is close to zero, is achievable. Solid line denotes sta
solutions and dashed line indicates an unstable solution.
0-5
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k25
2e0DeKE2

$2W0 sin@4u~0!#1E13E sin@2u~0!#%22e0DeKE2 sin2@u~0!#
. ~13!
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The value ofu(0) is found by numerically solving the equa
tion

u~0!5
p

2
2sin21F snS 6A~2e0De!E2

Kk2
d,k D G . ~14!

There are a couple of points to note in this solution. Fr
Eq. ~13! we see that ifDe,0 thenk2.0 and thusk is a real
number so that the argument and modulus of the ellip
function in the solution Eq.~12! are both real. However, i
De.0 it is possible thatk2,0 so thatk is an imaginary
number and thus the modulus of the elliptic function in E
~12! is imaginary. However, this does not imply an imagina
solution since the properties of elliptic functions@14# give

sn~u,ik !5
1

A11k2
sdS uA11k2,

k

A11k2D , ~15!

where sd(u,k) is the elliptic function defined in terms o
standard elliptic functions as

sd~u,k!5
sn~u,k!

dn~u,k!
. ~16!

The static solution in Eq.~12! also indicates that there ar
two possible solutions associated with the positive or ne
tive argument of the elliptic function~which we have de-
noted byu6). These two solutions,u1 andu2 , correspond
to two functions for whichdu/dz,0 anddu/dz.0, respec-
tively. While for certain parameter values one of these so
tions may satisfy both boundary condition atz50 and z
5d, for other parameter values~in our situation we will see
that this occurs whenDe,0) one of the solutions satisfie

FIG. 5. Static director configuration forDe,0. WhenE50 the
HAN and vertical states are stable. For nonzero field strengths
dielectric effect in the bulk of the cell causes a planar direc
alignment,u'0. The flexoelectric effect stabilizes the planar s
face alignmentu(0)50 for E.0 and the homeotropic surfac
alignmentu(0)5p/2 for E,0.
05171
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the boundary condition atz50 and the other satisfies th
boundary condition atz5d. In this case a composite solutio
must be constructed so that

u5H u1 for 0<z<z*

u2 for z* ,z<d,
~17!

wherez5z* is the point wheredu1 /dz505du2 /dz.
Solutions forDe,0 andDe.0 are shown in Figs. 5 and

6, respectively, for the parameter valuesK51.63
310211 N, De 565.7, d51 mm, E135431029 C/m,
W051.6331025 N/m. As discussed in the preceding se
tion, the case for negative flexoelectric coefficient,E13
52431029 C/m, would give the same static solutions f
the opposite field strengths.

For De,0, Fig. 5 shows the director configuration fo
both the stable vertical and HAN states whenE50 as well
as the director configurations for various positive and ne
tive electric field strengths. For negative field strengths
see that, as predicted in the Sec. II, theu(0)5p/2 surface
state is stabilized while the dielectric interaction in the bu
of the cell tends to align the director perpendicular to t
field, that is, in thex direction so thatu'0. For positive field
strengths theu(0)50 surface state is stabilized and aga
the bulk of the cell is aligned so thatu'0.

From Fig. 5 we would imagine that, for a positive fie
strength, if the static electric field is removed, the cell wou
relax to the HAN state. However, it is not as straightforwa
for the negative field strength case. The director atz50
would tend to relax the director configuration into the ver
cal state but the bulk of the cell is close tou50 and may
force the system to relax to the HAN state. Whether

he
r

FIG. 6. Static director configuration forDe.0. WhenE50 the
HAN and vertical states are stable. For nonzero field strengths
dielectric effect in the bulk of the cell causes a homeotropic direc
alignment,u'p/2. The flexoelectric effect stabilizes the planar su
face alignmentu(0)50 for E.0 and the homeotropic surfac
alignmentu(0)5p/2 for E,0. Therefore, for allE,0 the director
configuration is exactly the vertical stateu(z)[0.
0-6
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FLEXOELECTRIC SWITCHING IN A BISTABLE . . . PHYSICAL REVIEW E 65 051710
surface anchoring alignment or the elastic realignment in
bulk of the cell dominates after the field is removed will
further investigated when we numerically solve the dynam
equations.

For De.0, Fig. 6 shows the static equilibrium directo
configurations for various field strengths. In this case
dielectric interaction in the bulk of the cell causes the dir
tor to align with the electric field, i.e., such thatu'p/2. For
a positive field strength the flexoelectric interaction stabiliz
theu(0)50 surface state while, for a negative field streng
the flexoelectric interaction stabilizes theu(0)5p/2 surface
state. Thus, for a positive field strength there is a competi
between the bulk and surface orientation, as in theDe,0
case, and the cell may relax to either the HAN or verti
state. In contrast, the solution for all negative field streng
is simply the vertical state.

In summary, forDe,0 a positive field strength will al-
ways lead to the HAN state while a negative field stren
may lead to either the HAN state or the vertical state. F
De.0 a negative field strength will always lead to the ve
tical state while a positive field strength may lead to eith
the vertical state or the HAN state.

V. VERTICAL TO HAN SWITCHING

Before resorting to a numerical solution of Eq.~4! we can
make some analytical progress by considering the switch
from the vertical to HAN state. Since the vertical state ha
simple mathematical formu(z)[p/2 and switching to the
HAN state occurs at a threshold similar to the classi
Freedericksz transition it is possible to analytically calcul
the critical field strength for this transition using a perturb
tion expansion. To investigate the HAN to vertical switchi
in such a way would be impossible since there is no dist
threshold field so that the HAN director configuration w
distort when any nonzero field strength is applied.

For vertical to HAN switching we proceed using the sta

FIG. 7. Analytic results for the critical field strength abov
which distortion of the vertical state occurs whenDe,0. For E13

.0 the flexoelectric effect reduces the critical field strength wh
E.0 and increases the magnitude of the critical field strength w
E,0. The reverse effect occurs whenE13,0.
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versions of the bulk equation~4! and the boundary condi
tions, Eqs.~5! and ~6!, and in looking for the critical field
strength we assume that at a field strength slightly above
critical valueE5Ec1O(d), for a small parameterd!1, the
director configuration will be perturbed from the vertic
state so that

u5
p

2
2du1~z!. ~18!

Thus du1(z) is the perturbation from the vertical state, an
upon linearization Eq.~4! gives

05K
d2u1

dz2
2e0DeEc

2u1 , ~19!

the solution of which is easily found in terms of exponent
or sinusoidal functions depending on whetherDe.0 or De
,0, respectively.

The boundary conditions~5! and~6! then lead to the con-
dition that

E135
4W0

Ec

1
A2e0DeK

2 tanSA2e0De

K
EcdD

~20!

if De,0 or

E135
4W0

Ec

1
Ae0DeK

2 tanhSAe0De

K
EcdD

~21!

if De.0.
This gives us a relationship between the critical field a

the flexoelectricity as shown in Figs. 7 and 8 for the sa
parameter values used in the preceding section:K51.63
310211 N, De 565.7, d 51 mm, W051.6331025 N/m.

n
n

FIG. 8. Analytic results for the critical field strength abov
which distortion of the vertical state occurs whenDe.0. For E13

.0 the flexoelectric effect enables switching to occur whenE.0
while for E13,0 switching only occurs forE,0.
0-7
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A. J. DAVIDSON AND N. J. MOTTRAM PHYSICAL REVIEW E65 051710
For the case of a negative dielectric anisotropy~Fig. 7! with
no flexoelectricity (E1350), the critical field for positiveE
equals the critical field for negativeE and introducing flexo-
electricity breaks this symmetry so that forE13,0, switch-
ing with a positive field occurs at ahigherfield strength than
with a negative field strength. ForE13.0 switching with a
positive field occurs at alower field strength than with a
negative field strength. This behavior agrees well with
qualitative argument discussed in Sec. II. ForDe,0 the di-
electric effect alone will be able to switch from the vertic
to HAN state. However, the effect of flexoelectricity in th
situation is to stabilize the vertical state~for E13E,0) and
thus hinder switching from the vertical state, or destabil
the vertical state~for E13E.0) and thus promote switching

For a positive dielectric anisotropy~Fig. 8!, unlike the
case with negative dielectric anisotropy, only a positive fi
strength will switch the cell ifE13.0 and only a negative
field strength will switch the cell ifE13,0. With E13.0 and
a negative field strength, both the dielectric effect and
flexoelectric effect prefer, and thus the cell remains in,
vertical state. With positive field strength the dielectric effe
still favors the vertical state but the flexoelectric effect favo
the HAN state. For negativeE13 a similar argument applie
due to the parameter symmetry discussed in Sec. II.

Such a critical field strength is the value below whi
switching will not occur. As we will see in the following
section there are a variety of factors such as elastic and
namic effects as well as the exact form of the electric fi
applied ~i.e., triangular wave form or pulsed field!, which
determine whether the cell will switch to another state ab
the critical field strength determined in this section. The cr
cal field strength we have found is the threshold at whic
director distortion occurs. For the cell to switch from th
vertical to HAN state the director at the bistable surface m
pass theu(0)5p/4 position so that the transition from ho
meotropic to planar anchoring occurs. To consider the
switching of the cell we must solve the governing equatio
numerically.

VI. PULSE SWITCHING

In preceding sections, through an understanding of
competition between energy terms and analytical solutio
we have made qualitative predictions as to the behavio
the bistable nematic cell. We have proposed that, for a
terial such thatDe,0, switching from the vertical to HAN
state should be achievable withE.0 through the dielectric
interaction, but may be hindered by the flexoelectric inter
tion for E,0. Switching from the HAN to vertical state wil
be hard to achieve withE.0 since both the dielectric an
flexoelectric interactions prefer to remain in the HAN sta
It may, however, be possible to switch from the HAN
vertical state withE,0 since the flexoelectric effect wil
favor switching.

For a positive dielectric material,De.0, the opposite ef-
fect is expected. Switching from the HAN to vertical state
expected to be achievable withE,0 and less likely withE
.0. Vertical to HAN switching will be hard to achieve wit
E,0 but may be possible withE.0.
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A full investigation of the switching characteristics ma
only be attempted by solving the full nonlinear partial diffe
ential equations~4!, ~5!, and ~6!. In this section we solve
these equations using a standard numerical relaxa
method. Initially ~at t50) we set the director configuratio
in either of the two zero-field, static equilibrium states, th
is, in either the HAN or the vertical state shown in Figs.
and 6. In the model we then apply a single electric field pu
for a fixed time 0,t,tpulse during which the electric field is
taken to be a constant valueE5Epulse. The pulse timetpulse
is taken to be sufficiently long to allow the director config
ration to reach an equilibrium state, the static configurat
found analytically in Sec. IV, and then the electric field
removed so thatE50. The system is allowed to equilibriat
once again and the final state, either HAN or vertical,
recorded. Three such runs of the numerical code are il
trated in Fig. 9.

In order to investigate switching from the HAN to vertic
state for a material such thatDe,0 we have calculated the

FIG. 9. The director configuration through the cell when
pulsed electric field is applied for three different field strength v
ues. ~a! E520.2 V/mm, the flexoelectric effect is not stron
enough to destabilize the planar surface anchoring atz50 and the
cell does not switch out of the HAN state.~b! E521 V/mm, the
flexoelectric effect is strong enough to destabilize the planar sur
anchoring atz50 and the cell switches from the HAN state to th
vertical state.~c! E523 V/mm, although the flexoelectric effect i
sufficient to destabilize the planar surface orientation the dielec
effect within the bulk of the cell creates a torque on the surfa
director when the field is removed, and the cell returns to the H
state.
0-8
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FIG. 10. Switching regions for differen
flexoelectric coefficientsE13 and surface relax-
ation coefficientsms5gsm whenDe,0 and for
both vertical to HAN and HAN to vertical
switching.
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director configuration through the cell, which is initially i
the HAN state, as a field pulse is applied and then remov
Figure 9 shows the change in the director configuration a
function of time for three field strengths and the parame
values K51.63310211 N, De565.7, d51 mm, E1354
31029 C/m, W051.6331025 N/m, m50.163 N s/m2, ms
51.6331024 N s/m. According to the preceding section
such a switch between states is favored by the flexoele
interaction but not by the dielectric interaction. In Fig. 9~a! a
relatively low field, of strengthE520.2 V/mm, is applied
and the flexoelectric effect is insufficient to break the pla
surface anchoring atz50 and thus switching does not occu
In Fig. 9~b! the applied field strength (E521 V/mm) was
sufficient for the flexoelectric effect to break the planar s
face anchoring and align the director nearz50 in the ho-
meotropic state. Thus, when the field is removed, the sys
equilibriates to the vertical state and the cell has b
switched. In Fig. 9~c! a larger field strength ofE
523 V/mm is applied so that, while the surface anchori
is broken and the director close toz50 is in the homeotropic
state, the bulk of the cell is forced, through the dielect
interaction, to lie in a planar orientation. After the field
05171
d.
a
r

ic

r

-

m
n

removed att5tpulse an elastic torque between the bulk r
gion and the surface region forces the surface director b
to the planar state. The cell is forcedback to the HAN state
and the cell doesnot undergo switching. Therefore, while w
can achieve switching between the HAN and vertical sta
for De,0, it is only within a fixed range of field strengths
The extent of this switching window will clearly depend o
the choice of system parameters and we now investigate
effects of altering two of the more important parameters,
flexoelectric coefficientE13 and the surface relaxation coe
ficient ms . Figures 10 and 11 indicate how the regions
switching change with varyingE13 and ms for De,0 and
De.0, respectively, for both cases of switching, from HA
to vertical and vertical to HAN.

If we first consider the switching regions for zero surfa
relaxation coefficient we see that as indicated at the star
this section, switching from vertical to HAN state is possib
in the De,0 case@Fig. 10~a!# for E.0 andE,0. As sug-
gested in preceding sections, we see that switching fr
HAN to vertical state in theDe,0 case@Fig. 10~b!# is not
possible forE.0 while there is a region of switching fo
E,0 ~as we found in Fig. 9 when we fixedE1354
-
FIG. 11. Switching regions for different flexo
electric coefficientsE13 and surface relaxation
coefficientsms5gsm when De.0 and for both
vertical to HAN and HAN to vertical switching.
0-9
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31029 C/m). For larger values ofE13 the range of field
strengths over which switching can occur increases since
flexoelectric interaction may then dominate the dielectric
teraction at larger field strengths.

Figure 11 shows the equivalent switching regions forDe
.0. For ms50 the range of field strengths over which th
cell switches also increases as the flexoelectric coeffic
increases. It is interesting to note that in this case the reg
of switching from the vertical state to the HAN state forE
.0 @Fig. 11~a!# is smaller than the region of switching from
the HAN to vertical state forE,0 in theDe,0 case@Fig.
10~b!#. This is because the cell has a fixed homeotropic s
at the upper surfaceu(d)5p/2. The elastic energy within
the cell makes it energetically preferable to remain in
vertical state, with zero elastic energy, rather than in
HAN state, which has a nonzero elastic energy. There
switching into the vertical state is energetically favored o
switching into the HAN state and hence the smaller region
switching.

With a nonzero surface relaxation coefficient,ms

;0.01m, that is,ms is very small compared to the bulk vis
cosity m, there is very little difference in the switching re
gions as shown in Figs. 10 and 11. However, as mentione
Sec. I, if the bistable device considered in this paper
thought of as an approximate model of the zenithal bista
device, the surface is effectively modeling a region of t
real device, which includes the grating surface morpholo
and a region of liquid crystal material. Associated with th
simplified, effective surface will be an effective surface r
laxation coefficient that may be significantly closer to t
bulk viscosity. When the surface relaxation coefficient
closer in value to, or indeed the same as, the bulk visco
there are significant changes in the switching regions in F
10 and 11.

With a large surface relaxation coefficient the reorien
tion of the surface director seen in Fig. 9~c! after the field is
removed will be a slower process. Thus the director wit
the bulk has time to reorient, and instead of a final HAN st
in Fig. 9~c! the vertical state is obtained. Thus, switching
the vertical state in this situation may be preferred when
surface relaxation coefficient is included. This is seen in F
.
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10~b! where the switching region increases as the surf
relaxation coefficient is increased. Such an explanation
be given to explain all the changes in switching regions
the surface relaxation coefficient is increased in Figs. 10
11.

When the surface orientation and bulk orientation are
same when a field is applied, i.e., forE.0 whenDe,0 and
for E,0 whenDe.0, there is no torque between the bu
and surface directors and no surface director motion so
altering the surface relaxation coefficient does not effect
critical switching field strength.

VII. CONCLUSION

In this paper we have examined the effects of flexoel
tricity on switching in a one-dimensional, model bistab
cell. We have seen that for the cell to be bistable it must h
a sufficiently high anchoring strength to maintain stabili
and the strength of the field required to switch a cell fro
one state to another critically depends on the sign and m
nitude of the electric field, the magnitude of the flexoelect
coefficient, and the surface relaxation coefficient.

For De,0 both positive and negative field strength c
cause the cell to switch from the vertical state to the HA
state whereas only a specific range of negative field stren
will allow the cell to switch from the HAN state to the ver
tical state. ForDe.0 both positive and negative fiel
strength can cause the cell to switch from the HAN state
the vertical state but only a specific range of positive fie
strength will allow the cell to switch from a vertical state
a HAN state.

Diagrams such as Figs. 10 and 11 lead to a good qua
tive understanding of the switching of such a bistable dev
and it is hoped that in the future we may obtain qualitat
and quantitative agreement between our model and exp
mental results.
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