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Buoyancy-driven instability of an autocatalytic reaction front in a Hele-Shaw cell

J. Martin,* N. Rakotomalala, D. Salin, and M. Bo¨ckmann
Laboratoire Fluides Automatique et Syste`mes Thermiques, Universite´s Pierre et Marie Curie and Paris Sud, CNRS UMR No. 7608,
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~Received 30 November 2001; published 20 May 2002!

An autocatalytic reaction-diffusion front between two reacting species may propagate as a solitary wave,
namely, at constant velocity and with a stationary concentration profile. Recent experiments on such reactions
have been reported to be buoyancy unstable, under certain conditions. We calculate the linear dispersion
relation of the resulting instability, by applying our recent analysis of the Rayleigh-Taylor instability of two
miscible fluids in a Hele-Shaw cell. The computed dispersion relation as well as our three-dimensional lattice
Bhatnagar-Gross-Krook~BGK! simulations fit reasonably well experimental growth rates reported previously.
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I. INTRODUCTION

Chemical reactions with autocatalytic kinetics show fa
cinating phenomena such as temporal oscillations and ch
spatial stationary Turing patterns, or propagation of sin
fronts or wave trains@1#. Among other reactions, the oxida
tion of arsenous acid by iodate, the so-called IAA reacti
has been studied as a paradigm for the simple, monost
case. In this reaction, a planar front develops between
reacted and unreacted regions, and propagates as a so
wave with a constant front velocity and a stationary conc
tration profile @2#. This is a result of the balance betwee
diffusion and chemical reaction. As the reaction produc
slightly lighter than the initial reactant solution@3–5#, as-
cending reaction fronts may be buoyancy unstable, leadin
a Rayleigh-Taylor~RT! instability @6–8#. This instability has
been investigated experimentally in tubes@3# and in Hele-
Shaw ~HS! cells @4,5# ~which consist of two parallel plate
separated by a gap of a small thicknessh).

The configuration corresponds to an unstable density
file between two miscible fluids~i.e., without any surface
tension!, of a finite extent. It has been recently studied for t
HS geometry in the absence of a reaction@9,10#. It was first
found that the transversely averaged flow in the plane of
cell can be described by a two-dimensional Navier-Stok
Darcy equation~the NSD equation, which is similar to
Brinkman’s equation!, which reduces to Darcy’s law at sma
gap thickness. It was also shown that, for a given den
difference, the strength of the instability is mitigated by m
lecular diffusion processes, by the viscous friction in the g
of the cell, and by the spatial extension of the density profi
The last two stabilizing processes enter into play when
gap widthh is smaller and the extension of the frontl r larger,
respectively, than the characteristic miscible Rayleigh-Tay
~MRT! lengthL defined below~and which involves the den
sity contrast and the viscous and molecular diffusion coe
cients@9#!.

In the presence of an IAA reaction, however, the situat
is different, due to the coupling between hydrodynamic
stability and chemical reaction. During the last decade, s
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eral two-dimensional linear analyses have been propose
model this instability of the ascending IAA reaction front
a HS geometry. The majority are based on the eikonal eq
tion @11–15#. However, this does not take into account t
extension of the density profile and has been shown to
questionable@16#. A few analyses use the full convection
diffusion-reaction~CDR! equation for the chemical wav
and Darcy’s law for the hydrodynamics@16,17# ~to be de-
noted below as the Darcy-CDR model!. Comparison of these
analyses with recent measurements@5# is not fully satisfac-
tory, however. This is particularly the case for the larg
thickness HS cells~e.g., h5900 mm), which might be at-
tributed to the failure of Darcy’s law under such condition
The NSD equation has also been used together with the
konal equation@12,14# ~the NSD-eikonal model!, but with
limited success.

The objective of the present work is to apply a more co
prehensive approach, based on our recent analysis of th
instability of miscible fluids in a Hele-Shaw cell@9#, by com-
bining the convection-diffusion-reaction of the chemical pr
cess and the NSD equation~the NSD-CDR model!. In gen-
eral, the problem involves three characteristic length sca
the thickness of the cellh, the MRT lengthL, and the chemi-
cal front width l r . The latter two are defined respectively
follows:

L5S 2r0nD

Drg D 1/3

and l r5A2D

a
~1!

where the various symbols are introduced below. The va
ity of the different models, which depends on the relati
values of these lengths, will be addressed below. In addit
we will compare the various dispersion relations with thre
dimensional ~3D! lattice Bhatnagar-Gross-Krook~BGK!
simulations to be conducted for this geometry@18,19#, as
well as with reported experimental data@5#.

II. CHEMICAL WAVES

For arsenous acid in stochiometric excess and a low
value@20#, the IAA reaction is autocatalytic in iodide, and i
kinetics can be modeled by the cubic rate lawf 5aC(C
1CS)(12C), wherea andCS.0 include the reaction rate
©2002 The American Physical Society05-1
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constants, andC is the concentration of iodide, normalize
by the initial concentration of iodate. In the absence of b
flow, the evolution of a solution initially free of iodide (C
50) toward the final reacted state (C51) obeys the
diffusion-reaction equation

]C

]t
5DnC1 f ~C! ~2!

where D is the molecular diffusion coefficient of iodide
When the reaction is initiated in a horizontal plane of a v
tical HS cell ~either by introducing some reactant or than
to an electrode@5#!, there exists a 1D traveling wave solutio
of Eq. ~2! traveling at constant velocity along thez! axis
~from theC51 to C50 regions! and given by

C~z!,t !5
1

11exp~z!2v r t !/ l r

~3!

where the velocityv r is

v r5AaD

2
~112CS!5

D

l r
~112CS!. ~4!

This is a solitary wave, with the stationary profile resulti
from a balance between diffusion and reaction@2–5,12#. As
the reaction produces a lighter reacted solution, however
upward propagating front@Eq. ~3! with an upwardsz! axis#
is buoyancy unstable. The concentration profile will gener
an RT instability, inducing nonhomogeneous fluid velocit
which will interfere with the evolution ofC due to advection.
In the following, we will study the stability of this ascendin
wave front and discuss the interplay between the chem
reaction and the instability-induced fluid velocity field.

III. LINEAR STABILITY ANALYSIS OF THE FRONT

The above-derived 1D base state consists of a mixtur
two miscible fluids of a concentration profileC(z!,t) vary-
ing along the upward vertical coordinatez! @Eq. ~3!#, thus
leading to a corresponding density profilerb(z!,t)5r0
2Dr@C(z!,t)20.5#. Here,Dr andr0 denote the difference
and the average of the densities of the reacted (C51) and
unreacted (C50) fluids. Throughout, we assume that t
kinematic viscosityn and the molecular diffusivityD are
constant in the mixture. The analysis is facilitated by cons
ering a moving coordinate system,z5z!2v r t. Denote by
r5rb1 r̃, C5Cb1C̃, and P5Pb1 P̃ the density, concen
tration, and pressure in the perturbed state. The hydrodyn
ics are described by the Navier-Stokes equations, unde
Boussinesq approximation, averaged across the gap. U
the assumption of a parabolic velocity profile in the g
~valid for large aspect ratio HS cells@11#! and negligible
nonlinear terms, this leads to the following 2D incompre
ible Navier-Stokes-Darcy equation@9,12,21#, where the pla-
nar velocityvW in the laboratory frame of reference satisfie
05160
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S r0

]

]t
2r0v r

]

]z
2hD2

h

k D vW 52¹W P1rgW

and ¹W •vW 50 ~5!

and wherek5h2/12 is the permeability of the cell. The mas
conservation of the chemical species under a dilute solu
assumption is described by the convection-diffusion-reac
equation

S ]

]t
2v r

]

]z
1vW •¹W DC5DDC1 f ~C! ~6!

whereC is gap averaged. The NSD equation was shown
describe quite accurately the full 3D problem of th
Rayleigh-Taylor instability between miscible fluids in
Hele-Shaw cell@9# ~corresponding tov r50 and f 50 in the
above two equations!.

Consider, next, the linearized forms of Eqs.~5! and ~6!,
using the relationr̃52DrC̃. Then we obtain

r0S ]

]t
2v r

]

]z
2nD1

n

k D vx52
] P̃

]x
, ~7!

r0S ]

]t
2v r

]

]z
2nD1

n

k D vz52
] P̃

]z
2 r̃g, ~8!

]vx

]x
1

]vz

]z
50, ~9!

S ]

]t
2v r

]

]z
2DD D r̃52vz

]r̃

]z
1 r̃S d f

dCD
Cb

. ~10!

For a cell width sufficiently large compared to a waveleng
the Fourier components of the disturbance with respect to
horizontal coordinatex are independent. Therefore, for a no
mal mode with wave vectork in the horizontal direction and
a corresponding growth rates(k), the vertical velocity in the
perturbed state isvz(x,z,t)5w(z)est1 ikx, and likewise for
the density, pressure, and horizontal velocity. After some c
culations, one finds that the vertical disturbancew(z) obeys
the following equation:

S s

D
1k22

v r

D

d

dz
2

d2

dz2
2

1

D

d f

dCD
3S s

n
1k22

v r

n

d

dz
2

d2

dz2
1

1

k D S k22
d2

dz2D w

5
gk2

Dnr0

drb

dz
w. ~11!

Given a concentration profileC(z), the dispersion relation
s(k) of the above equation can be obtained by various me
ods, including matched asymptotic expansions for the v
ous wave-number regimes. For convenience, we convert
~11! to dimensionless notation, by choosing the MRT leng
5-2
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L5(2r0nD/Drg)1/3 and the characteristic timeT
5L2/AnD. This selection emphasizes the symmetric r
played by viscous and molecular diffusions in the absenc
chemical reaction@9#. This leads to the dimensionless wa
vector q5kL and dimensionless growth raten5sT, based
on which Eq.~11! becomes

S qD
2 2

~112CS!

R

d

dZ
2

d2

dZ2D
3S qn

22
~112CS!

RSc

d

dZ
2

d2

dZ2D S q22
d2

dZ2D W

5
2q2

R
Cb~12Cb!W. ~12!

Here, we definedZ5z/L, W5wT/L, K5k/L2, the Schmidt
number Sc5n/D, the normalized front widthR,

R5
l r

L
5A 2D

aL2
5

D

Lv r
~112CS! ~13!

and the combinations

qD
2 5q21nASc

2
2

R2
@Cb~223Cb!1CS~2Cb21!#,

qn
25q21

n

ASc
1

1

K
. ~14!

It is notable that the Hele-Shaw effect enters through
normalized permeabilityK, which is proportional to the
square of the ratio of the two length scalesh and L. For a
given fluid (D, Sc, andr0) and a given reaction (l r and
Dr/r0) in a Hele-Shaw cell of thicknessh, the three lengths
that govern the instability areL, h, and l r ~thus defining the
parametersK andR).

It is of some interest to delineate the range of physi
parameters for which the Darcy, porous media flow regi
holds in the range of unstable wavelengths. This is the
gime of the long-wave approximation (q2K!1), which re-
quiresK!1, sinceq is of order 1. The reported experimen
correspond toK50.99,1.43,3.21, values which rule out th
use of the Darcy approximation.

IV. SIMULATIONS AND EXPERIMENTAL PARAMETERS

To ascertain the usefulness and relevance of the abov
averaging, the stability analysis results will be compared
3D lattice BGK simulations~model 3DQ19 with 19 direc-
tions @9,18,19#!, with periodic boundary conditions in th
plane of the cell (x direction!. The equations simulated ar
the 3D CDR@Eq. ~6!# in a velocity field given by the Navier
Stokes equations. A body force proportional toC is applied
to model the gravity force under the Boussinesq approxim
tion. Using as initial condition a base state whereC varies
05160
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according to Eq.~3!, we follow the time evolution of a sine
perturbation of wavelengthl. In the simulations, the MRT
length L is chosen such that, for a given gap cell, the n
malized permeability is that of the experiment. 2-D latti
BGK simulations~model 2DQ9 with nine directions! of the
NSD and CDR equations were also performed, and led
results analogous to the 3D simulations. For the sake of c
parison, 2D and 3D simulations of the growth of fronts p
turbed by random noise are analyzed as in the experime

To compare our results with the experimental data@5#, we
need the three characteristic lengths of the problem. In
IAA reaction experiments, the iodate has an initial conce
tration C05@ IO3

2# with the initial concentration of the reac
tion product~iodide I2) being zero. The value of the positiv
constant isCS50.0027. As the reaction proceeds,@ I2# in-
creases from 0 toC0 in an autocatalytic way. Thus, in ou
notation,C5@ I2#/C0 varies from 0 to 1. Since the reactio
occurs in a dilute aqueous solution, the viscosity, molecu
diffusion and densities are close to those of pure watern
5(0.9960.05)31026 m2/s, D52.0431029 m2/s, andr0
51001.9860.01 kg/m3. Also, as the thermal diffusivity is
larger than the mass diffusivity, the effect of temperature
density can be neglected@13#. Using as density difference th
valueDr5(135615)31026 kg/m3, we get the MRT char-
acteristic lengthL514565 mm. The three cell thicknesse
investigated wereh5500, 600, and 900mm, corresponding
to dimensionless permeabilitiesK50.99, 1.43, and 3.21, re
spectively. The reaction ratea must be deduced from th
velocity measured on traveling fronts,v r523.660.1 mm/s,
from which we can get the reaction widthl r5D(1
12CS)/v r586 mm, further yieldingR5 l r /L50.60 anda
52D/ l r

250.55 s21.

V. RESULTS AND DISCUSSION

As a benchmark test, the different 2D linear analyses w
compared to 3D simulations, carried out with the parame
values given above, and with a thickness corresponding
the normalized permeabilityK53.21. In the simulations,
each growth rate is measured during the early exponen
development of a one-mode sine perturbation. Therefore,
3D simulations reproduce the exact physical situation
dressed by the 2D linear analyses. The growth rates so
tained are displayed in Fig. 1~circles!, together with the
normalized dispersion curves,n5sT vs q5kL, correspond-
ing to the various models, namely, the Darcy-CDR~dot-
dashed line!, the NSD-eikonal~dashed line!, and the NSD-
CDR ~solid line! models. Both the Darcy-CDR and the NSD
eikonal models overpredict the values for the maximu
growth rate, the corresponding wave vector, and the cu
wave vector. In particular, Fig. 1 clearly shows that t
Darcy description is not valid in this range of normalize
permeabilities~whereK.1). On the other hand, the NSD
CDR dispersion curve falls very closely on the 3D simu
tion points, demonstrating that the overall physics are c
rectly captured by the gap-averaged 2D model.

Figure 2 shows that the NSD-CDR curve also compa
better with the experimental measurements~crosses! than the
NSD-eikonal model. However, it still overestimates the e
5-3
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FIG. 1. Normalized dispersion relations,n5sT vs q5kL, for
the Rayleigh-Taylor instability of an autocatalytic front with th
same parameters as in@5#: the miscible Rayleigh-Taylor lengthL
5(2r0nD/Drg)1/35145 mm, the characteristic timeT5L2/AnD,
and the dimensionless permeabilityK5h2/12L253.21, correspond-
ing to a cell thicknessh5900 mm. The curves show the numerica
solutions of the eigenvalue problem, using Darcy’s law with t
convection-diffusion-reaction equation~dot-dashed line!, the
Navier-Stokes-Darcy approximation with the eikonal equat
~dashed line!, and the NSD with the CDR equation~solid line!. The
circles are the results of 3D lattice BGK simulations of the grow
of sine perturbations.

FIG. 2. Comparison of the normalized dispersion relations,n vs
q ~lines!, with the experimental data~crosses! obtained in a cell of
thicknessh5900 mm and of dimensionless permeabilityK53.21.
Dashed and solid lines correspond to the NSD-eikonal equat
and the NSD-CDR equations, respectively. Open and full circles
the results of 3D and 2D lattice BGK simulations, respectively,
the growth of perturbed fronts.
05160
perimental values of the maximum. As this slight discre
ancy could be due to the interplay between different mo
in the experiment, 3D simulations of the evolution of inte
faces perturbed by random noise and 2D simulations ba
on the NSD equation with identical initial conditions we
performed. To determine the growth rates, the fronts so
tained were subject to the same data processing as in
experiments. The 3D~open circles! and 2D~full circles! re-
sults are displayed in Fig. 2. The two sets of data comp
fairly well with each other and with the NSD-CDR curve
thus confirming the ability of the NSD equation to accurate
model in two dimensions the 3D instability phenomeno
and suggesting that the model still applies when differ
modes act together at the interface.

Figure 3 displays the result obtained for the smallest c
gap,K50.99. The 2D simulation points~full circles! again
fall on the NSD-CDR model dispersion curve. Surprising
enough, the Darcy-CDR and NSD-eikonal models pred
almost the same dispersion curves which, however,
above both experimental and simulation points, indicat
that Darcy’s equation should not be used for this normaliz
permeability, which is still not small enough. We note th
for this cell thickness, the NSD-CDR predictions are sligh
above the experimental points. The same trend can be
ticed in Fig. 4, which displays the dispersion curves obtain
for the caseK51.43. Although the NSD-CDR model is clos
est to the experimental values, it still overestimates the m
mum growth rates.

We remark that, if this discrepancy were to be relevant
could be attributed to nonlinearity effects, for examp
caused by the finite amplitude of the experimental unsta
modes. It is also worth noticing that in both the model a
the simulations the interface is assumed to be symme
with respect to the midplane of the cell. Lack of validity o

ns
re
f

FIG. 3. Comparison of the normalized dispersion relations,n vs
q ~lines!, with the experimental data~crosses! obtained in a cell of
thicknessh5500 mm and of dimensionless permeabilityK50.99.
The lines correspond to Darcy’s law with CDR equation~dot-
dashed!, the NSD-eikonal equations~dashed!, and the NSD-CDR
equations~solid!. The circles are the results of 2D simulations
the growth of perturbed fronts.
5-4
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BUOYANCY-DRIVEN INSTABILITY OF AN . . . PHYSICAL REVIEW E 65 051605
this hypothesis could also provide an explanation for
overestimation of the observed maximum growth rate.
the other hand, the discrepancy at the maximum may no
significant, as the bars on the experimental points repre
the rms of the measurements performed on several ex
ments, rather than the actual error bars, the estimation
which is nearly impossible for this type of data processi
Moreover, the noisy nature of the experimental dispers
curves ~especially in Fig. 4,K51.43) indicates that they
should not be fully trusted, without question.

VI. CONCLUSIONS

We have extended our previous work on the linear sta
ity analysis of miscible fluids in a Hele-Shaw cell@9#, by

FIG. 4. Comparison of the normalized dispersion relations,n vs.
q ~lines!, with the experimental data~crosses! obtained in the cell of
thickness h5600 mm and of dimensionless permeability,K
51.43. The lines correspond to Darcy’s law with CDR equatio
~dot-dashed!, the NSD-eikonal equations~dashed!, and the NSD-
CDR equations~solid!.
t-
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adding a chemical reaction term to the convection-diffus
equation. The stability of the resulting chemical front, prop
gating in a vertical Hele-Shaw cell, was analyzed. We u
the Navier-Stokes-Darcy equation to describe the g
averaged 2D flow and the full convection-diffusion-reacti
equation to describe the evolution of the concentration. A
plied to the case of the IAA reaction, this analysis is found
give a better fit of both the experimental data@5# and the data
obtained by lattice BGK numerical simulations, compared
previous analyses, such as NSD-eikonal and Darcy-C
models. Moreover, within the framework of the prese
analysis, different regimes of instability can be identifie
depending on the relative values of the three lengths of
problem, namely, the MRT lengthL5(2r0nD/Drg)1/3, the
chemical front widthl r , and the cell thicknessh. As the
reported experiments correspond to the dimensionless
meabilities, K5h2/12L250.99,1.43,3.21, and R5 l r /L
50.60, the Darcy-CDR model, valid forK!1, does not
hold. This was convincingly demonstrated in the case of
thicker cell. The deviation of the experimental data from t
NSD-CDR dispersion curves is about two times smaller th
that with the NSD-eikonal model. However, the predictio
of the latter model are surprisingly good for a model th
does not account for the reaction rate and the front width
velocity. But there is little chance for these fortuitous pred
tions to hold for other chemical reaction parameters. On
contrary, the NSD-CDR model should be robust concern
changes of parameters either in geometry (h), chemistry
( l r), or fluid (L). Moreover, the 2D model could be useful
addressing the nonlinear development regime of unsta
fingers.
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