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Theory of critical enhancement of photorefractive beam coupling
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We develop the idea of critical enhancement of the photorefractive response near the threshold of parametric
excitation of space-charge wavgke spatial subharmonictaking into account the vectorial character of beam
coupling and a fairly strong broadening of the nonlinear resonance owing to light absorption. The results of our
calculations are a description of the measurable characteristics of critical enhancement and optimization of the
experimental conditions for detection of anomalously high amplification gain factors in cup&i®j, crys-
tals.
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[. INTRODUCTION with the quality factor of the SCWQ . Within the above
development, the optical processes were expected to serve

Most of the known nonlinear effects in photorefractive merely for visualization of SCWs by means of Bragg diffrac-
media are caused by the optical photorefractive nonlinearitytion.
whose main constituents are charge separation under light Recently, it was foundi22] that joint action of the mate-
and diffraction on a corresponding index replica. Amongrial and optical nonlinearities can result in qualitatively new
these effects are spatial amplification, phase conjugation, opptical effects having as a common root the critical enhance-
tical oscillations, pattern formation, soliton propagation, andment of the photorefractive response. This critical enhance-
others[1-3]. The nonlinearity of the material equations for ment is distinguished by the feasibility of making the photo-
the light-induced space-charge field plays here a secondafgfractive response(and the relevant optical effegts
role, if any. arbitrarily strong by approaching the subharmonic generation

The generation of spatial subharmonics in fast photore;hreshold.con.tr.olled by the mater_lal nonllneanty: The main
fractive materials—detected first in cubic,B$i0,, crystals  1d€@ Of this critical enhancement is to use the pliancy of the
[4—6] and found therf7—9] in the other representatives of subharmonic gratingnear the threshold of the instabilitior

the sillenite family (Bi,TiO and Bi,GeOy) and in the its efficient excitation. Note that the optical scheme proposed
2 20 2 0.

semiconductor CdTe—has been recognized as a fundamen A [22] is basically the same as that investigated earlier

henomenon caused fully by the material nonlinearity. Thi 3,24 in an attempt to explain the subharmonic generation
b T y oy : nty. 1 y pure optical mechanisms. Omission of the terms relevant
conclusion is based not only on theoretical con5|derat|on§

. . . o the material nonlinearity in the initial equations did not
[10_.13 but also on firm experimental evident4, 19. allow Refs.[23,24] to demoynstrate critical e?Ihancement.

It is well established nowadgysee[z,ll_,lﬁ,lj' gnd ref—_ Unfortunately, the model considered [i82] is too illus-
erences ther_e}rthqt subharmonic generation d“”T‘Q optical trative; it does not include two important attributes of the
two-wave mixing is caused by 'parametrlc instability of the otorefractive nonlinearity in cubic crystals expected to be
f_undamental spac_e-charg(_e grating, recorded by two COhereﬁgpropriate for detection and utilization of critical enhance-
light beams, against excitation of weakly da.mped SPaC€hant. Correspondingly, it is not capable of describing the
.chargg'we}veiSCWs). The necessary precoqd|t|pn for this expected observable characteristics of this phenomenon and
instability is either application of a dc electric fiek, to- the optimization of the experimental conditions.
gether with the introduction of a small frequency detunihg

b h b licati ¢ il i The first of the above mentioned attributes is attenuation
etween the pump beams or application of a rapidly oscillatys he (orq] light intensityl, because of light absorption.

ing ac field. IfK is the fundamental grating Vect@he dif- Since the subharmonic eigenfrequemylz is proportiona]
ference between the light wave vecl)(m;en the wave vector g lo, the resonance conditiof =2wg, can be satisfied
of the parametrically excited SCW /2, its eigenfrequency only within a relatively thin layer of the crystal. Hence, the
is wgp, and the condition for parametric resonance readsritical enhancement can deteriorate and the resonant optical
O =2wgp. characteristics are subjected to a nonuniform broadening
The development of subharmonic theory based on th§25,26. The second attribute is the vectorial character of
idea of parametric excitation of SCW4$8,19 has allowed beam coupling in cubic photorefractive crystf®,2§. In
an explanation of a number of distinctive features of thecontrast to strongly anisotropic materigél&e LINbO3), the
subharmonic generatidri4,15,20,2] The notion of space- polarizations of the interacting light waves change strongly
charge waves has given new additional into the knowrbecause of the linedpptical activity and field-induced bire-
mechanisms of dc and ac enhancement of the fundamentiingence and nonlinear(vectorial diffraction) optical ef-
grating[2,3] by identifying the relevant enhancement factor fects.
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cient. Therefore wx=wk(z) and the exact equality)

=4 wg cannot be satisfied in the whole crystal. To justify the
above assumption of the proximity of the subharmonic reso-
nance in the whole crystal, we have to restrict ourselves to
the case of weak absorptioad<1, whered is the crystal
thickness. This inequality is not very restrictive for critical
enhancement. In particular, it does not mean that we ignore
the uniform broadening of the resonance. This effect can still
be strong in our theory because the width of the resonance is
considerably smaller thany (see below.

We can now turn to the relations describing excitation of
the space-charge field. Lek and ey, be the envelopes of
the space-charge field harmonics oscillating as[i¢Xg

FIG. 1. Wave vector diagram for the critical enhancement. The—()t)] and expi(Kx—Qt)/2], respectively, andy,a;,a, be
grating vectorkK =k,—k, is parallel to the applied fiel@,; the  the vectorial amplitudes of the light waves 0,1,2 normalized
wave vectork, is parallel to the propagation axis to \, so that|a;|?+|a,|?=1 within the undepleted pump

approximation. Then, using the results [df1,18 and the

The present paper aims for an extended analysis of thequality Q~2wy,, we can write down the following gov-
observable characteristics of critical enhancement by takingrning equation for the subharmonic amplituglg, :
into account the above attributes. This includes formulation

of a vectorial model of critical enhancement incorporating [I+ Yrptiokp—1Q/2]ek,
the effects of spatial inhomogeneitgec. 1), an analytical _ e e =,
treatment of this modéiSec. 1), numerical characterization =ilwkpl (2exek,—a0-a; —ay-a3). (1)

of the critical spatial amplificatiofSecs. IV and V, and
discussion of experimental issues relevant to the detection dfhe left-hand side shows the typical features of a forced
the effect under stud¢Sec. V). wave oscillation. The first term on the right-hand side de-
scribes the parametric coupling between the fundamental
amplitudeey andey,, caused by the material nonlinearity; it
IIl. BASIC RELATIONS is responsible for the subharmonic generation. The last two
A schematic diagram for critical enhancement which isterms account for the linear excitation of the subharmonic

not much different from that of22] is presented in Fig. 1. 9rating by the wave pairs 0,2 and 1,0. Note that the products

Two pump waves with wave vectoks and k,, frequency 0 a3 andél-_ég are nothing else than the half values of the
detuned byQ), propagate symmetrically near taexis in a Ilght_contra_st induced t_)y these pairs; thgy do not suffe_r_from
cubic crystal appropriate for subharmonic generation. The)t/he linear light absorption. At the same time, the c.oefflc[ents
produce a light intensity grating with the grating vector ~ Y/2 and v, decrease as explz) because of the intensity

O ) ) ) ) ) ’ attenuation. Further, we expresg through the pump con-
=k, —k, moving with velocityQ)/K in the x direction and

trastm=2a,-a% . SinceQ~4wy is far from wy, the exci-

also a corresponding grating of light-induced space charge%. : S R
L = tation of the fundamental grating is not resonant; using Eq.
In addition to the pump waves, a weak central wave Wlth(23a) of [11] we haveeKzr%/G. Tghis relation holds truegas q

wave vectok,, detuned by(}/2, travels along the axis. For  ong as the unit pump contrast and the fundamental ampli-
convenience, we have sfit|=(k; 5),; the small deficit of  tudeey remain fairly small.
the wave vectorA (the Bragg mismatohwill be treated In steady state, resolving E€L) with respect toey/, and

within the envelope approximation. Thus we can say that theaking into account the pump intensity attenuation, we obtain
wave pairs 0,1 and 2,0 both contribute to the buildup of the

subharmonid&/2 grating moving with the same velocity as o)
the K grating. The last important element shown in the dia- k="

gram is a dc electric fieléo applied in thex direction. This

field facilitates charge separation and makes the space-charge R

waves weakly dampefdL1]. +aj -
We assume now thatl~4wx=2wg,, Where wyg

«lo/KEy is the frequency of the SCW with wave vectgr - P L

and|, is the total pump intensity11]. This means that we Here Q=[Qy;+i5(2)]" " is a complex resonant factoé,

are not far from the parametric resonance for excitation of=1— 2 exp(@2)/4wy(0) is the dimensionless distance to the

the subharmoni&/2, not far from the linear resonance for subharmonic resonan¢gs(z)|<1], £=|mQ|/3 is the ratio

excitation of the subharmonic by the wave pairs 0,1 and 2,0pf the pump contrast to its threshold value at a given fre-

and far from the fundamental resonan@ehere Q~wy).  quency detunings, and the asterisk means complex conju-

The pump intensityt, decreases with the propagation coor- gation. As seen from E2), the subharmonic amplituds,

dinate as expf«z), wherea is the light absorption coeffi- tends to infinity when the threshold paramegeapproaches

. 2

R imN* N
al_?Q a,
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1. This feature, crucial for the effect under study, expressesmitted, we haver,=0.5qcos{, v;=qsin{, and vy=
mathematically the pliancy of the subharmonic grating men--0.5q cos.
tioned in the Introduction. It is clearly seen from the expres- The cases

sion for Q that the effect of frequency detuning becomes .

important for| 6| ~Qy5<1. At =0 we have the minimum {=0 (K|[Eq|[001])

threshold value of the contrast,,=3/Qx,. The complex

vectorial wave amplitudesaloyl,2 in Eq. (2) are generally and

slowly varying functions of the propagation coordinate
In our next step, we obtain the governing equation for the

amplitudeay(z). This amplitude is changing because of sev-correspond to the so-called longitudin@l) and transverse
eral factors. First, we should keep in mind the change owingT) optical configurations. Most of the subharmonic experi-
to the Bragg mismatciA (see Fig. 1 Second, it changes ments have been performed in thgeometry and only a few
because of optical activity and the optical anisotropy inducedn the T configuration. Omission of the elasto-optic contribu-
by the applied field. The above linear-optical effects changeions is well justified for these cases. It is worth noting that

the direction ofa,. Third, and this is the most important, it the directions[001] and [001] cannot be distinguished in
changes because of diffraction of the pump beams from thphotorefractive experiments, nor can the positive and nega-
subharmonid/2 grating. This diffraction is also vectorial in tive signs ofr ;. However, by 180° rotations of the sample
cubic crystals, it is accompanied by a change of the polararound the propagation axis we can always reverse the signs
ization state. The progress made during recent years in def x; ;andvg s

scription of vectorial coupling in cubic photorefractive crys-  The coupling parameter, characterizes the scalar part of
tals [26,28 allows us to describe the above processes in aliffraction (with no polarization changgsvhereas the vector
general and compact form. Within the paraxial approxima-; js responsible for the vectorial part of the interaction, gen-
tion, when only thex,y components of the light amplitudes era|ly changing the polarization state. The limit of scalar

are present, we have fag coupling corresponds to the equality=0; it can never be
realized in cubic photorefractive crystals. The opposite situ-
A ation, vo=0, where the vectorial character of the beam cou-

(=712 (K|EoL[001])

(9,~1A—ik 0)ag pling is strongest, occurs in thecase.
) LA . The pump amplitudeélvzin Eq. (3) cannot be set equal to
=iEo(vo+v- o) (ka1 + €x282). (3 their input values because of the changes owing to the linear

and nonlinear effects. The linear effe¢tgptical activity and
the field-induced anisotropyre the same for them as for the

central beam. As for the effect of beam couplingi)_tfh, it

< can be neglected under fairly weak restrictions on the crystal
vectors, vy is a real known scalar parameter, amd thickness. The point is that coupling via tKegrating (see
:((}1,(}2,(}3) is the set of Hermitian sigm@aul) matrices  Fig. 1), is weak because this grating is driven far from reso-
[29]. The scalar products in Eq3) are understood in the nance {)—wx=3wy> vy). For any reasonable crystal pa-

5 rameters, the above accepted inequalitgg<<1 justifies
on omission of the relevant diffraction terms. As for the effect of
The termi k- o describes the linear-optical properties while pump depletion owing to diffraction from the subharmonic
the terms of the right-hand side account for the above merk/2, it can be made negligible by using a sufficiently weak
tioned processes of vectorial diffraction. The absorption coinput central beam. Under the assumptions made, the pump
efficient does not enter E¢3) because of our normalization amplitudesilzobey Eq.(3) with zero right-hand side, which

of the light amplitudes ta/l yxexp(—az/2). The use of ther  ¢an easily be solvef28].

matrices greatly simplifies operations with 2D vectorial am- gy substitutingey, given by Eq.(2) into Eg.(3), one can

plitudes; see, e.g[28,30. arrive at a closed equation fa. We make, however, one

The coefficientsky 5, vys, and vo, dependent on the .\, o0 in the simplification of the initial equations by
electro-optical properties of the crystal, can be calculated fob erforming the unitary transformation

any particular optical configuratiof28,31. If we restrict
ourselves to th¢110] (or [110]) crystal cut, which corre-
sponds to all known experiments on subharmonic generation,
the componentsk; ;3 can be presented in the form; e S -
=(E, sin¢,k3=—0.5qE, cos¢, where( is the angle between =[cogkz)+ik (k-0)sin(kz)]-bo1,  (4)
the grating vectoK and the[001] axis,q=mn%r /N, nis ) - - -
the refractive index, ant, is the electro-optic constant. The O the amplitudesy ; > 10 by, 2 wherex=|x|. _
coefficientsyg ; 3 generally include not only the electro-optic _ For the new pump amplitudes we havgb, =0, i.e.,
but also elasto-optic contributiof32,33); the latter are often b, (z)=b; {0)=a; 0). In other words, these new pump
of minor importance. With the elasto-optic contributions amplitudes equal the input values of the old ones.

Here x=(«xy,p,x3) (p is the rotatory power and »
=(v1,0,v3) are certain known real three—dimensiomaD)

conventional meaning, e.gx-o=(k10q+ Ky0p+ k303).

50'12= quiZI:' (;) 60‘112
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Transformation of the equation f@}o is somewhat more of the Singularity. First of all these are the frequency detun-
3 ing Q) and the pump contrast, (or Wy). The quality factor

RS Qk/» depends on the applied fiel, and the grating vector
not commutate with¢- o. Using Eq.(2) for ex;», assuming K. Some representative examples of this dependence are
that the input polarizations of the pump beams are the samegjven in Sec. IV. The othefnoncritica) variable experimen-
and measuring the phase of the central beam from the haiél parameters are the polarizations of the input beams, the
sum of the input pump phase® (+ ®,)/2, we obtain finally input phase of the central beafh,, and also the crystal
thicknessd. The mismatchl is also a noncritical parameter;

difficult because the operater o on its right-hand side does

e Eo =~ - =, = it is expressed by and the wavelength, A=\K?/16mn.
(9;=1A)bo=— 1_52[(b0' €5)(Q"Wo—iQ"+imo|Q[&) The material parameters relevant to the effect in question are
€€g,N,r41,p, and alsax, N;, andu 7. The last three param-
+i(5’5 'éo)(|b|§— MeQ")](vo+ R 5)50. eters, which are most important, vary from sample to sample

and furthermore the absorption coefficienand the rotatory
(50  power p may depend strongly on the wavelength[3].
Some representative examples of the choice of the experi-

where Wp= |511(_0)|2— |a,(0)|? is the relative intensity dif-  mental parameters for BSIO,, crystals are given in Sec. IV.
ference of the input pump beanthe pump difference mg

=(1-W}5)2is the input pump contrasé, is the input unit IIl. THE SIMPLIFIED VECTORIAL MODEL
polarization vector of the pump, o o )
It is important that for sufficiently thin crystals the effects

Q' =ReQ)=Qp(1+ 6°Q%,) 1, of spatial inhomogeneity in Eq(5) become negligible
whereas the critical optical nonlinear effects remain quite
Q"=Im(Q)=— 5Q§/2(1+ 52Q§/2)*1, (6) strong. As seen from Eq6) for h and the expression faf,
the spatial inhomogeneity becomes negligible whed
h=v—2 sif(xz)[ v—n(n-»)]+(NX v)sin(2x2), <Q.Z/lg< 13, pd<1, andqEqd=mn’r ;,Eqd/N<1. In this
_ o limit h=v, wx=wk(0), andtherefores=(Q —4wy)/dwy
§=mo|Q[/3, andn=«/«. . do not depend orz, so that the parameter® and &
In this way, we got rid of the linear term- o in Eq. (3)  =m,|Q|/3 [see Eqs(6)], are also constant. The difference

and explicitly expressed the coefficients in the right-hand,etween the amplitudeﬁ;(z) andé(z) is likewise negligible
side of the governing equation via the input parameters. Thg, ihe |imit of a thin crystal.

parar_neterﬁ and ¢ are functions OfZ_ b.ecause of Iight.ab- With spatially uniform coefficients, the vectorial govern-
sorption, and the dependenb¢z) originates from optical  ing equation(5) admits an analytical treatment. Multiplying
activity. No input phases enter the coefficients of 5. it by e and setting €% -ay), (€o-a%)xexp(2), we obtain

The use of the amplitudésinstead ofa does not produce  after simple algebraic calculations a quadratic equation for
much trouble in calculating the observable characteristics behe rate of spatial amplificatiofthe incrementI". Solution
cause the unitary transformatio@) changes neither the of this equation gives two branches of the increment,
wave intensities nor the scalar product$ag(z)|?

=bo(2)|%, ay(z)-a3(z2)=b4(2)-b5(2), etc. The input I.=f,+\g>—f2 @)
values of theb amplitudes coincide with those of the ampli-
tudesa. with
The most important element of E@5) is, indeed, the — =,
presence of the critical factor (1£%) 1 on the right-hand f=— vEo,Q"Wo

side, which ensures an infinite growth of the rate of spatial
amplification in the vicinity of the threshold of subharmonic
generation. If we sef=0 in Eq.(5), we return to the model —

of zero materjal_nonlinearity._As irR2], the amplitu_de oj the fo=A— ioz(moﬂ@ -0, ®)
central beanma, is coupled with the complex conjugaag , 1-

which is the fingerprint of a parametric optical process. How-

ever, the vectorial character of the interaction and the effect 7Eo 5 N
of spatial inhomogeneity complicate the mathematical treat- g=- 2(§|Q| —mQ"),
ment of the problem. 1-¢

It is useful to list and comment on the parameters affect- _ .o
ing the critical enhancement. The variable experimental pawhere the real quantity=vo+ v- s is an effective coupling
rameters can be separated into critical and noncritical. Theonstant and, is the Stokes vector with three real compo-
critical variable parameters are those that enter the expresents[34] characterizing the input polarization state of the
sion  for &=meQy/3(1+ Q2,69 2 with $=1  pump. For linear polarization these components are ex-
—[Q exp(@2)/4wk(0)] and, therefore, define the proximity pressed by the input polarization anglg; if it is measured
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from the [001] axis, then §g)1=Sin2py, (S)>=0, (So)s
=C0S 2p,. For circular input pump polarizationsg); s
=0, (sg),==1.

Equations(7) and (8) are our generalization of the rel-
evant expressions of the scalar mof2®] to the vectorial
case. They include the polarization and orientation depen-
dences of the increment and also its dependence on the
frequency detunind). Note that the incremerf does not
depend on the input polarization and phase of the centra
beam.

The quantitiesI" . are real forgzzfg and complex for
g2<f§ when the square root in E¢7) becomes imaginary.
The inequalitygz<f§ is satisfied for a relatively large mis-
matchA, i.e., essentially for off-Bragg diffraction to the cen-
tral beam. In what follows, we refer to the regions of variable
parameters wherg®>f3 andg?<f2 as the Bragg and off-
Bragg regions, respectively. When approaching the singular-
ity £(Q2,Wy)—1, the square root always becomes positive,
whereas the deficih becomes unimportant and diffraction
becomes Bragg-like. — 1%

Near the singularity (6:1—&<1) Eq. (7) is strongly
simplified. One of the branches, which is of our main inter- —
est, tends ta-© whené— 1, and the second branch remains :« 100
finite. The positive value of the singular branch Corresponds;

200

to the inequalityvEqW,<O0; in this case

3EOW0( V0+ ; §0)
Mol (14 6°Q%,») Y%~ (Qy/oMo/3)1

©)

In turn, the inequality7W0E0<0 can always be satisfied by

changing either the sign &%, or the sign ofv; the last one
can be inverted by a 180° rotation of the sample around th
z axis. Note that invertinde, changes the sign abx . The

cases:TE0<O,W0>O andvEy>0,W,<0 are not equivalent.

o

50

25

FIG. 2. Dependence of RE(.) on the frequency detuning for

®y,=4, |vEo|=3.5 cm'!, andA=20.7 cm! for several values
of the pump differenc&V,. The casesa) and(b) correspond to the
combinations v>0W,<0 and »<OW,>0, respectively. The

The second choice is best for critical enhancement becausgshed lines are plotted for the lower branch of the increment,

the nonlinear correction to the wave numlbgris negative
here; it compensates for the mismatdh and facilitates
Bragg diffraction. In experiment, the sign @, can be op-
timized by reversing the pump ratio.

The absolute value of the effective coupling constant

=g+ v- Sy depends on the input pump polarization and als

on the choice of the optical configuration. To characterize the
polarization dependence, we mention that the Hermitian op-

erator v- o possesses two mutually orthogonal real unit

eigenvectore., such that ¢-o)e.==*ve. . If we set the
pump polarization vectog, equal toe. theny=vy* ». Cor-
respondingly, the maximum and minimum values| gf are
|vo|+|v| and|vg|—|»|. For both the longitudinal and trans-
verse optical configurationty|a, €quals the same value
|q|=|#mnqr 41/\|. The optimum pump polarization is linear;
for the longitudinal geometry the optimum polarization angle
¢p, measured fromp001], is 90° and for the transverse case
it is £45°. A circular pump polarization turns the scalar

producty- s, to zero.

(o]

I'_(Q); the dots mark the points of singularity for, (€2).

The main critical parameters entering K@) are the de-
tuningQ and the pump differencéd/,. Figure Za) shows the
functions REI.(Q)] for Qgp=4, A=20.7 cm?, vE,
3.4 cm ! (see the next section for more detgiland sev-
ral negative values &/y. Each of the dependencEs. ({)

generally possesses two bifurcation points whelg?—fg
=0. Before the bifurcation, i.e., in the off-Bragg regions, the
rootsI', andI'_ are complex conjugate to each other and
the values of R, (Q)]=Rg I _(Q)] are rather small. Af-

ter the bifurcation, i.e., in the Bragg regions, the increments
are real and the upper branth (Q) goes up rapidly with
decreasing distance to the resonaffee- 4wy|.

Below threshold, |Wy|>0.66 (my<0.75), the whole
resonant region is available for our theory. The dependence
I', (Q) is characterized here by an asymmetric and fairly
wide peak centered atwk . Its height tends to infinity for
|Wo|—0.66. For mg>m,,=0.75 our theory is applicable
only to the frequency wings,|3|> (m3—ma )Y/ for smaller

e
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distances the central beam appears without any seed. Wheerformed with this material. Its main optical and photore-
approaching the boundary of the permitted frequency regiorfractive characteristics are well described in the literature
the increment” ; (}) grows infinitely. The branch’_(€), [3,27]. Below we specify the relevant material characteris-
shown by dotted lines, does not exhibit any singularity. Thetics, estimate the corresponding model parameters, analyze
end of each dotted line corresponds to the singular point fofhe applicability of the simplified vectorial model, and con-
the corresponding solid line. Without the critical enhance-sider the range of variable experimental parameters feasible
ment, the maximum expected value Bfdoes not exceed for detection of the critical enhancement.
Qo vEo|=13 cm L. As representative material parameters of BSO crystals we
Figure 2b) shows the dependences[Re ()] for vE,  choose ee,=56, n=2.6, p=38.6 deg/mm=6.74 cm ?,
=-3.4 cm ! and W,>0. This case is not the best for r,=4.51 pm/V, N;=10"° cm 3, ur=(1-6)x10"’
Bragg diffraction. With the other parameters remaining thecn?/V, anda=1-2 cmi . The pump wavelength we set
same, the value of RE  (Q,|W,|)] is smaller here than the equal to 514 nm; this value is most typical of subharmonic
one in the previous case, the bifurcation points are closer texperiments.
4wy, and they correspond to larger values of the increment. With these figures we estimatig|=7n3|r,,|/\=4.85
The singular behavior remains, however, essentially th@( 10_4 V_l_ Correspondingw’ the rate of Spatia| Change of
same. ) ) _ the light amplitudes owing to the field-induced anisotropy
With our analysis of the properties (_)f_the mcrer_nent COM-—gEg, (measured in cmY) is estimated as
pleted, it is usiafuleto present an explicit expression for the:0_4850 kV/cm. It becomes comparable with or larger than
projectionag=€g - ao. Within the simplified model we have the rate of rotation of the polarization plane owing to optical
activity (=6.74 cm 1) only for E,=15 kV/cm. Therefore

1 - . the conditionkd<<1 is equivalent to the restriction on the
=~ Z\/TTZf{[ao(o)(f_rﬁ_ igag (0)]e" + crystal thicknessl<1.5 mm for the fieldE,=<15 kV/cm.
9 2 In the longitudinal geometry we have for the parameters
—[ag(0)(f—T_)—iga%(0)]e'-2, (10) vo13 Characterizing the optical nonlinearityo=0q/2, v,

=0, andvsz=—@/2. For linear input pump polarization we

wheref="f,—if,. In the case when the increments are realobtain herev=0.5q(1— cos 2p); the value|v|ma,=1q| cor-
and exp(I'. —I'_)zZ]>1 (which is always attainable in the responds to the polarization anglepy=m/2, i.e.,
Bragg region, the term proportional to exp(.z) dominates élyz(O)L[Om]. In the transverse geometry the scalar part of
in Eg. (10). When approaching the off-Bragg region 8f  the beam coupling is absenty=0; furthermore,v;=q and
(see Fig. 2, the second exponent becomes important. As §,,=0. Here we haver=qsin2g, for linearly polarized
result_, the d_epend'end:ao(ﬂ)|2 experlenf:es some Jerks near , mp beams so that the value=|q| corresponds tapo=

the bifurcation pointsee also Sec. V; the spatial growth ° 1 \ote that we have deliberately used the sigin the

herTeh|s not always rpoln;)totnlc a_ndés 1”8“ gzxpongnual_. di T case. The point is that the elasto-optic contributiong to
€ preexponential factors in @0) depend periodi- make it slightly(by =13%) larger tharg (see[28] and ref-
cally (with a period ofw) on the phase of the central beam . . — .
®.. Their effect orla| i K for the critical enh erences therejnWith this accuracy, the value|..=|d| is

o- Their eriec %d a0|| IS very wea for: ecn +|ca hen ar;]ce- the same for th& andT cases, so that the data of Fig. 2 are
ment except in the close vicinity of the poifiy where the  ohjicapie to both these optical configurations, and the cho-
factor before the exponent exp(z) turns to zero. This value  ga value ofq| is a good estimate for BSO crystals.
of the phase, unwanted JOF amplification, is given b?p:z Next we need to characterize the subharmonic quality fac-
=m+®,+dy+arctanyg”—f5/f;), whered, ; are the in-  tor Qy,. Figure 3 shows the depender@g), on E, and the
put values of the phase for the pump beams 1,2. The coinchalf pump anglin air) 6, for two representative values of
dence of the input phasé, with the unwanted valu®;  the ur product. One sees that the conditiQp,>3 is sat-

can only be occasional. isfied within a fairly wide range oE, and 6. The larger is
Fluctuations of the input phases can wash out the dip in.7, the wider is this region and the higher is the attainable
the dependence of the amplification factor ®g. value of the quality factor. FOEy=1.5-2 kV/cm, where

Lastly, we note that with the optimized pump polarization Q,,,<3, subharmonic generation is not expected. At the
vector e, only the projection of the amplitude, to e, is ~ same time, increasing, above 7—8 kV/cm gives no real
subject to spatial amplification. The optimum input polariza-gain for the quality factor. Four=<10"" cn?/V subhar-
tion of the central beam here is indeed the same as the punponic generation becomes impossible. For the same value of
polarization. Q> the deficitA =\K?/16an can acquire two different val-
ues; the smaller of them is expected to be preferable for
critical enhancement. In what follows we use the valiye
=7 kV/cm in our numerical calculations.

Cubic crystals of Bj,SiO, (BSO) belonging to the point If we take a=1-2 cm'! and Qk,=5, the inequality
group 23 are perhaps the best choice for detection of thed<Qg,§ givesd<1-2 mm, which is not far from the re-
critical enhancement. Most of the subharmonic experimentsstriction imposed by optical activity. In this way, for samples
including the most precise ond44,15,35,3% have been considerably thinner than 1 mm, the simplified vectorial

IV. MODEL CHARACTERISTICS OF Bi 1,Si0,o CRYSTALS
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FIG. 3. Contour plotQx,=const on theK,E, plane for ¢,
=56 andN=10' cm™3; the casega) and (b) correspond tqur
=3x10"7 and 6x10 7 cn?/V, respectively.

model is justified, whereas for the thicknesgonsiderably FIG. . 4 Pependence of the gain factorG
larger than 1 mm the negative effects of optical activity and= log,d |ag(d)|?/|a0(0)|?] on O for d=1 mm, 6,=1.2°, Qup
the light absorption are expected to be strong. =4, and other accepted parameters of BSO crystals. The (@ses

In estimating an optimum crystal thickness for experi-and (b) refer to the combinations>0,W,<0 and »<0Wy>0,
ments regarding critical enhancement, it is necessary to kedfspectively. The solid lines are plotted on the basis of(Epand
in mind that the use of crystals considerably thinner than {he dashed ones correspond to the simplified model._ For .aII these
mm makes it somewhat difficult to apply an electric field 9raPhs we haveny<my,. The two dot-dashed gray lines in the
sufficient to achieveQy,=3. This brings Us to the conclu- cages(a) a_nd (b} were obtained without taking account of the ma-
sion thatd=1 mm should be the best choice for experiment.te'rIaI nonlinearity.

The last argument in favor of this choice is the assertion that R
the noncritical mechanisms of spatial amplification remain€ction of the vectob,(z). However, the dependence of the
fairly weak ford=1 mm and cannot be a reason for misin- vectorh uponz [which is mostly due to optical activity; see
terpretation of the experimental data. Any strong amplifica£q. (6)] also changes the direction 65(2). In this way, the

tion effect can unambiguously be referred here to the criticalectorial problem under study can by no means be reduced
enhancement. to a scalar one beyond the framework of the simplified

The simplified vectorial model is not expected to be reli-model. Numerical simulation is here the main tool for a
able ford=1 mm:; it has to be supplemented by numericalquantitative characterization of the critical enhancement. Be-
calculations on the basis of Eq$) and (6). low we shall see the difference between the simplified and
exact solutions for critical enhancement in BSO crystals.

We start from an analysis of the gain factds
=logy |bo(d)[?/|bo(0)[*1=logsd [ag(d)|*/|ag(0)|?]. The
solid lines in Fig. 4 show the dependenGg()) for the
The dependence of the detuniaguponz tends to dete- |ongitudinal — geometry |§||§0||[001]), d=1 mm, «

riorate the resonance and to make the spatial profilogf =1 cm %, Qy,=4, Eo=7 kVicm, A=20.7 cm* (0,
nonexponential, but this dependence does not affect the di=1.2°), ur=3%x10 " cn?/V, and several representative

V. MODELING OF CRITICAL ENHANCEMENT IN BSO
CRYSTALS
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values of the pump intensity differend&,. All the input - r - r T T T 1

polarization vectors are chosen to be perpendicul&0€d] ) _\"p=0’ o=0
which is optimum for the simplified model. The subfigures 1 a=0

(@ and (b) correspond to the casep>0Wy<0 and q L 2 a=1cm’
<0W,>0; the first case is expected to be preferable for— | 3 a=1.7cm"

Bragg diffraction. The dashed lines exhibit the results ob-%
tained within the simplified model and the two dot-dashed >
curves show the dependencg()) for Wy= £0.7 with the f’p
material nonlinear terms omitted. = 2
One sees from Fig. 4 that the light absorption and optical &
activity make the critical spatial amplification noticeably
weaker but they do not suppress it. As expected, the ampli
fication remains stronger in the ca&® (q>0,W,<0). Be-
low the threshold |W,| = y1—mZ>0.66) it is characterized . ) . . ) .
by a frequency peak growing dramatically with increasing 02.0 25 3.0 35 40 45 5.0
mo. It is remarkable that numerically high values of the gain Ve, (0)
are obtained already with the contragj considerably lower
thanm,=0.75. For example, we have almost three orders of FIG. 5. Gain factorG versusQ for ur=6x10"" cm?/V, 6,
magnitude amplification fomy/m,=0.7 (Wy|=0.85) in  =1°, A=13.7 cm ' [see Fig. 23)], and p,=90°. The curves 1,
Fig. 4(a) and more than two orders of magnitude in Figp)4 2. 3, and 4 correspond ta=0, 1, 1.7, and 2.5 ci, respec-
Above threshold If,>3/4 or |W,|<0.66) our theory is ap- tvely.
plicable only to the frequency wings of the peak; compare
with the data presented in Fig. 2. We do not show the corre- Next we consider the dependence of the gain factor on the
sponding wings to avoid overflow of the drawings. propagation coordinate. Within the simplified model this
The positions of the frequency maxima in Fig. 4 aredependence is almost linear in the Bragg region when
shifted toward zero as compared to those found within theex(I', —I"_)z]>1. In our analysis we extend the propaga-
simplified model. This shift is fully due to light absorption tion distance tad=2 mm. The dependenc&z) in Fig. 6
(see also beloyv Some jerks in the frequency dependencesare plotted for thél configuration,e,=45°, and five repre-
of the gain factofsee, e.g., the two upper left wings in Fig. sentative combinations ¢ andW,. The other parameters
4(b)] originate from bifurcation of the functioi(2) (com-  are the same as for Fig(a&. The curves 1, 2, and 3 refer to
pare Fig. 2. In other words, each such jerk is a fingerprint of the left wing, the center, and the right wing of the frequency
the transition between off-Bragg and Bragg regimes of dif-peak forw,= — 0.8 which is quite similar to the correspond-
fraction. The effects of spatial inhomogeneity usually toing peak of Fig. 4a). The curves 4 and 5 refer to the left and
smooth out the jerk$as in Fig. 4a)] but sometimes they right wings of a bigger pealwith Wy=—0.7).
make them even more pronounced.
The regularities shown in Fig. 4 for tHe geometry are .
essentially the same for thE case if the 90° value of the 1 W;=08

4 g=25cm’

2
polarization anglep, is replaced by a-45° value. The only [ 2o (0)=31 —
perceptible difference is &13% increase of the peak am- °r 5 W.e08 2
plitudes because of the above mentioned elasto-optic contri— | ;yf,,K(o)=3,73 ]
bution to v;. “r 5 i

| 3 w=08

Increasing quality factorQg,, lifts up the resonance oy (0)mt 2

curves and makes the resonance narrower and more stron
affected by the spatial inhomogeneity. The solid lines 1, 2,
and 4 in Fig. 5 exhibit the dependencg(()) for the

w

(@]
log 4 [ 1(2) / 10

L-configuration, d=1 mm, Qx;,=6, Wy=—0.95 (mq 4 gﬁ(')o;;
=0.31), and four different values of the light absorption co- {03
efficient. The other relevant parameters correspond to Fig ! 5 W,=07

2(b). The dashed peak is plotted for the simplified model, /e, (0)=4.35
a=p=0. The line 1 ¢=0) shows that optical activity no- 00 . v . » . 1'5 . ~o

ticeably decreases the amplitude but does not change th
peak profile; the resonant value Qfand the shoulder on the
right wing are essentially the same as for the dashed line. fig. 6. Dependence(z) for the transverse geometry ang
Increasinger shifts the peak toward zero, decreases its am=45°_ The curves are plotted for the following combinations\if
plitude, increases the width, and washes out the shouldesind Q/w,(0): 1(-0.8,3,1), 2(-0.8,3.74), 3¢-0.7,4.2), 4
Note thatm,/m,=0.625 for the chosen parameters, i.e., we(—0.7,3.1), and 5€0.7,4.35). The other parameters are the same
stay rather far from the singularity. as for Fig. 4a).

z [mm]
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FIG. 7. Spatial dependence of the gain factor for the points 1, 2,

3, and 4 in Fig. 4b). FIG. 9. Dependenc&(¢y) for d=1 mm in theL geometry.

The graphs 1 and 2 are plotted for the peak values(@®) in Fig.

. 4(a) corresponding t&W,= —0.85 and— 0.8, respectively, and the
Forzsl mm the dlependenc@(.z) a,r? not very differ- curves T and 2 refer to the same peak values obtained within the
ent from those prescribed by the simplified model, althougrgimp"ﬁed model.

the tendency to saturatioftaused mostly by the light ab-

sorption is clearly seen for curves 3 and 5 representing thédragg region(points 1 and 2 the spatial dependence be-
right wings. Optical activity here decreases the gain factor bfgomes nonmonotonic in contrast to the Bragg redjaints

no more than 20%. The extension of the propagation dis3 and 4. o o
growth. This saturation is predominantly due to optical ac-Staté of the central beam is different from that of the pump
tivity. In a slightly relaxed form, this saturation is also beams because of the changing directiom(@). To charac-
present in thel case. A smaller negative effect of optical terize this difference, we have calculated the param@ger
activity is caused here by the occurrence of the isotropic part |bg(d) - by (d)|/|bo(d)||b1(d)|, which can be considered

of the beam coupling characterized by the scalar parameteys the cosine of the angle between the complex vedtgrs
vo. The effect of saturation indeed leads to strong distortions, 4 51 (50 and 51)_ For identical and mutually orthogonal

of the frequency peaks @((2) for d=2 mm. polarizations it equals 1 and 0, respectively. For the solid

Some peculiarities in the cogrdmate dependence of thgnes in Fig. 4 we have found that the value ©f, ranges,
gain factor can occur in the case<0Wy>0 where bifur-  depending orf2 andW,, between 1 and 0.8. In other words,
cation of the dependend&(()) occurs at rather high values at the output the polarization of the central beam is not much
of the incremenfsee Fig. 20)]. Figure 7 shows the depen- different from the pump polarization. At the same time, the
dencel'(z) for four points marked in Fig. @). In the off-  jerks of G({2) in Fig. 4 are accompanied by even sharper
jerks inCyy(Q). These are due to the effect of optical activ-
ity but not of light absorption. Two representative examples
of the frequency dependence Gf; are shown in Fig. 8.
With increasing gain facto® the values ofCy, tend to de-
crease, i.e., the polarization changes become more pro-
nounced.

Lastly, we consider the effect of the input polarization on
the critical enhancement. The solid lines 1 and 2 in Fig. 9
show the dependence of the gain factor on the polarization
angle ¢, (the same for all beamdor two peak values of
G(Q) in Fig. 4@). The corresponding dotted line$ and 2
illustrate the same polarization dependence within the sim-
plified model. In the last case, the optimum anglgis in-
deed 90°. For the solid lines, the maximum is shifted to
=74° owing to the effect of optical activity. A similar result
occurs for nonresonant values of the frequency detuning. In-
creasing crystal thickness makes this shift more pronounced.

1.00 . L . L . L

0.95 4

Cﬂl

0.90 1

W,=0.75

0.85 4 o

2 ' 3 ' 4 ' 5
Q/ 0 (0)
o VI. DISCUSSION
FIG. 8. Dependence of the degree of the polarization changes
for the central beanCg;, onQ for the curves of Fig. &) plotted
for Wy=0.85 and 0.75.

In our opinion, the analytical and numerical results pre-
sented give an extensive view of the expected characteristics
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of the critical enhancement and allow us to give quite defiportant for thin crystals; the andT geometries are expected
nite recommendations for the detection of this phenomenoto give similar results for the critical enhancement. In the
in BSO crystals. geometry the negative effect of optical activity is somewhat
Most of the BSO samples for which subharmonic generaweaker than in thd case. On the other hand, tiieconfigu-
tion has been reported seem to be excessively thick for deation allows one to test the sample for subharmonic genera-
tection and investigation of the critical enhancement. Theion in the absence of optical coupling4,15.
optimum thicknesgl is expected to be around 1 mm. The  The vectorial character of beam coupling in cubic crystals
negative effects of light absorption and optical activity aregives an additional handle to verify the properties of critical
moderate or small here; the competitive nonlinear opticaenhancement. The optimization of the linear input polariza-
effects are rather weak, whereas the effect under study i$on (¢=90° and=*=45° for theL andT case} has to be
strong and controllable. easy to accomplish. The use of circularly polarized pump
Reduction of the thickness of the sample implies shrink-beams, making the beam coupling isotropic, also looks at-
ing of its transverse dimensions. Such a miniaturization otractive for experiment; for thé case it should give an ap-
the sample facilitates application of a proper dc fi@d-8  proximately two times smaller gain whereas for thgeom-
kV/cm for BSO crystals and additionally allows the pump etry the decreasing factor has to be much higher.
intensity to be increased to make the crystal response time Antireflection coats are desirable for forward amplifica-
shorter. Both these features are valuable for applications. tion experiments. In the absence of such coats, the opposite
As our calculations show, operation below the subharcrystal faces could serve as a cavity for optical oscillation.
monic generation thresholthy<my,=3/Qk,, offers clear Detection of an anomalously low threshold for such an os-
advantages for studies of the critical amplification. Thecillation can be considered as an alternative possibility for
whole frequency range is allowable here for measurementsdentification of the critical enhancement.

By scanning th&) dependence of the gain fact@; one can Above we have considered the dc technique for critical
expect to see a dramatic increase of its peak value with thenhancement. Since the subharmonics can be generated un-
contrastm, incrementally approachingy, from below. der an ac field(with no frequency detuning critical en-

The value ofm,, can be optimized by varying the pump hancement is expected also in this case. The theoretical de-
half angle 6, within the range of 1°-4° forE,  scription of this effect is more difficult as compared to the dc
=5-8 kV/cm. To choose the optimum signs of the couplingcase because of the necessity to take into consideration the

constantr and the pump differencéV,, one can make a higher spatial harmonics,i2 3K, etc.[37,38.
180° rotation of the sample around the propagation axis and
reverse the input pump ratiq(0)/1,(0). For thetransverse
geometry the adjustment of the sign ofcan also be per-
formed by a 90° rotation of the input polarization plane for ~We have developed a theory of the critical enhancement
the pump beams. of the photorefractive response in cubic crystals by taking
To distinguish the critical enhancement from the usualfinto account the real attributes of this phenomenon—the
two-wave coupling amplification, one can block the weakesfonuniform broadening of the resonance owing to light ab-
pump beam. Strong drops in the gain will prove unambigusorption and the vectorial character of beam COUpIing. It is
ously an anomalous strength of the initial effect and theshown that despite the above complications there is a wide
prime role of coupling of the subharmorko2 to the funda- range of possibilities to achieve extremely high values of the
mental grating formed by the pump beams. spatial amplification in thin crysta_tls by approachmg from_
Since operation below threshold is preferable for criticalPelow the threshold of subharmonic generation. Our analyti-
enhancement experiments, it is not necessary to attain valuég/ and numerical results have allowed us to optimize the
of the quality factorQ, substantially larger than the mini- conditions for detection of the critical enhancement in BSO
mum value of 3. This means, in turn, that the necessarﬁrys"’fﬂs gnd to predict its mai_n obs_ervable fea_tures, including
restriction on the material parametess and N, is rather ~ Polarization, spectral, and orientation properties.
liberal, Nur=36¢e€y/e. For crystals of the sillenite family,
BSO, Bi,Ti0,, and Bi,GeO,, this gives roughlyur
=107 cn?/V, which is certainly within the range of varia-
tion of the mobility-lifetime product. Financial support from INTAS and Deutsche Forschungs-
The choice of the optical configuration is not really im- gemeinschatft is gratefully acknowledged.

VII. CONCLUSIONS
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