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Exact calculation of the angular momentum loss, recoil force, and radiation intensity
for an arbitrary source in terms of electric, magnetic, and toroid multipoles

E. E. Radescu and G. Vaman
Institute of Atomic Physics, P.O. Box MG-6, Bucharest, Romania

~Received 14 June 2001; revised manuscript received 18 September 2001; published 1 April 2002!

An exact calculation of the radiation intensity, angular momentum loss, and the recoil force for the most
general type of source, characterized by electric, magnetic, and toroid multipole moments and radii of any
multipolarity and an arbitrary time dependence, is presented. The results are expressed in terms of time
derivatives of the multipole moments and mean radii of the corresponding distributions. Although quite cum-
bersome, the formulas found by us represent exact results in the correct multipole analysis of configurations of
charges and currents that contain toroidal sources. So the longstanding problem in classical electrodynamics of
relating the radiation properties of a system to quantities completely describing its internal electromagnetic
structure is thereby exactly solved. By particularizations to the first multipole contributions, corrections to the
familiar formulas from books are found, mostly on account of the toroid moments and their interference with
the usual electric and magnetic ones.
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I. INTRODUCTION

While in the radiation emitted by a system there are t
families of waves~El and Ml!, the system itself is describe
by three families of multipoles~electric, magnetic, and tor
oid!. The subject of toroid moments may look somewh
unusual to some readers, although Blatt and Weisskopf@1#,
for instance, have made some remarks about multipole c
tributions coming from the induction currents~the curl of
magnetization! in the situation when multipole expansion
are carried out in connection with a magnetically polariza
medium. Zeldovich@2# was the first to note that a close
toroidal current~which cannot be reduced to a usual char
and magnetic multipole moment! represents, in fact, a certai
new kind of dipole~it selects a direction in space as th
dipoles do!. He did that in the context of the violations o
discrete space-time symmetries, when he observed th
spin 1/2 particle, for instance, might possess, besides
usual electric and magnetic dipole moments, a third kind
dipole characteristic, to which he gave the interpretation
terms of a toroidal current. Although by the Glashow-Sala
Weinberg electroweak theory every lepton and quark m
possess one such toroid dipole, the first experimental
dence of a nuclear spin-dependent contribution to ato
parity nonconservation arising on account of a nuclear to
dal dipole, came thirty years later and is actively investiga
nowadays@3#. Theoretically, in work summarized in the re
view papers@4–6#, by clarifying and generalizing Zeldov
ich’s original idea, an entire class of toroidal multipoles w
shown to be needed in order to achieve a correct and c
plete multipole parametrization of the most general type
source in both classical and quantum electrodynamics.
oidal moments were investigated in various contexts and
search areas ranging from classical electrodynamics to
ementary particles, nuclear, atomic, molecular, and s
state physics. References to previous work may be foun
the above mentioned reviews. We particularly note the
lowing: work done in connection with parity nonconserv
tion in atoms@7#, the calculation done by Ginzburg and Ts
tovich @8# for the Cherenkov radiation emitted by a classic
1063-651X/2002/65~4!/046609~47!/$20.00 65 0466
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pointlike toroidal dipole, electromagnetic properties of toro
dal solenoids@9#, toroidal electromagnetic structure of Ma
jorana fermions@10,11#, induced toroidal moments and to
oidal polarizabilities@12,13#, intrinsic toroidal moments of
certain molecules arising even in the framework of the us
parity conserving electromagnetic interaction on accoun
the intricate internal structure of the molecule@14#, work in
condensed matter physics by Dubovik and collaborat
@15#, study of the fields of moving toroid dipoles@16#, etc.
We note also our own work@17# on the toroidal moments o
the knotted linear currents.

If a system of charges and currents, besides the u
electric and magnetic~time dependent! multipole moments
does possess also time varying toroid moments and distr
tions, there will be, in general, additional contributions to t
radiation intensity, the angular momentum loss and the re
force due to the radiation of electromagnetic waves by
toroidal sources. In a recent paper@18# the classical electro-
dynamics formula for the rate of angular momentum loss
a time-dependent toroid dipole has been derived and
cussed in connection with a forced precession of the tor
dipole around a given axis. Actually the problem of the ne
~with respect to the usual electric and magnetic multip
moments and distributions! toroid contributions to the radia
tion intensity, momentum, and angular momentum lo
within classical electrodynamics, can be solved exactly
any multipole orderl, not only in the dipole case (l 51), and
we do this in the present paper. Indeed, the complete m
pole analysis of Dubovik and Tscheshkov@4,6# is used in the
present work to achieve an exact calculation of the radia
intensity, angular momentum loss, and recoil force for
most general source that includes all types of electric, m
netic, and toroid moments and distributions of any multip
larity order and an arbitrary time dependence. The results
expressed in terms of time derivatives of the mean-squ
radii of any ordern ~n50 order means the correspondin
multipole moment itself!. Although quite long, the formulas
found by us are exact results in the correct multipole analy
in the most general situation. By retaining from them on
contributions of the first multipoles, we find corrections
©2002 The American Physical Society09-1
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the familiar formulas from books, mostly on account of t
toroid moments and their interference with the usual elec
and magnetic ones.

Due to the complexity of the calculations and in order
fix notations and conventions, we have to go to much de
either in the presentation of the general formalism of Re
@4#, @6# or in the description of our own results obtained
its basis, so that this paper contains also some parts es
tially methodological, aimed to achieve a better clarity.

The paper is organized as follows: we shall continue
present in this Introduction~Sec. I! the main formulas from
Ref. @4#, with minor corrections and changes of notations,
order to have at our disposal a sound basis for the n
lengthy calculations. In Sec. II, the exact formulas for t
potentials and fields, expressed either in terms of the elec
magnetic, and toroid multipole form factors or, alternative
in terms of time derivatives of mean radii are present
Section III contains the presentation of the expressions of
fields at large distancesr, in orderO(1/r ) @andO(1/r 2) for
those combinations needed in the course of the paper#. Sec-
tions IV, V, and VI contain, respectively, the calculations
the radiation intensity, angular momentum loss, and re
force. Section VII is devoted to conclusions and a short d
cussion of the relation between our work and previous res
given in the literature. A number of appendixies are includ
to help the reader as much as possible to follow and con
the calculations.

In Ref. @4#, it has been shown that the most general d
tribution of charges and currents expressed by the ch
densityr(rW,t) and current densityW(rW,t), related by the con-
tinuity relation

]r~rW,t !

]t
1¹W • jW~rW,t !50, ~1.1!

can be completely parametrized in terms of three families
electric, magnetic, and toroid multipole form factorsQlm
(2k2,t),Mlm(2k2,t),Tlm(2k2,t) as follows:

r~rW,t !5
1

~2p!3 (
l ,m,k

~2 ik ! l
A4p~2l 11!

~2l 11!!!

3Qlm~2k2,t !Flmk~rW !, ~1.2!

jW~rW,t !5
c

~2p!3 (
l ,m,k

~2 ik ! l 21
A4p~2l 11!~ l 11!

Al ~2l 11!!!

3H kMlm~2k2,t !FW lmk
~0! ~rW !

1F1

c
Q̇lm~0,t !1k2Tlm~2k2,t !G

3FW lmk
~1 !1

1

c
A l

l 11
Q̇lm~2k2,t !FW lmk

~2 !~rW !J ,

~1.3!
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The sums overl in the equations above and throughout b
low starts atl 50 for the electric multipole form factors an
at l 51 for the magnetic and toroid ones.

The dot overQlm means derivation with respect tot.
Flmk(rW) is the system of regular solutions of the Helmho
equation,

~D1k2!Flmk~rW !50, ~1.4!

Flmk~rW !5 j l~kr !Ylm~nW !, nW 5
rW

r
, ~1.5!

j l~kr !5~2p!3/2i lJl 11/2~kr !/Akr,

wherej l andJl 11/2 are spherical and cylindrical Bessel fun
tions ~see Appendix A for conventions and properties! while
Ylm are the usual spherical harmonics. The normalizat
and completeness conditions are

E Flmk~rW !Fl 8m8k8
* ~rW !d3r 5d l l 8dmm8

~2p!3

k2 d~k2k8!,

~1.6!

(
l ,m,k

Flmk~rW !Flmk* ~rW8!5~2p!3d~rW2rW8!,

(
k

5E
0

`

k2dk, ~1.7!

Flmk~2rW !5~21! lFlmk~rW !. ~1.8!

The basis vector functionsFW lmk
(l) (rW) (l52,0,1) are solu-

tions of the vector Helmholtz equation,

~D1k2!FW lmk~rW !50, ~1.48!

FW lmk
~0! ~rW !5

i

Al ~ l 11!
¹W 3$rWFlmk~rW !%5 j l~kr !YW l lm~nW !,

~1.9!

FW lmk
~1 !~rW !5

21

Al ~ l 11!

i

k
¹W 3¹W 3$rWFlmk~rW !%

5
1

A2l 11
@Al j l 11~kr !YW l l 11m~nW !

1Al 11 j l 21~kr !YW l l 21m~nW !#, ~1.10!

FW lmk
~2 !~rW !52

i

k
¹W Flmk~rW !5

1

A2l 11
@Al j l 21~kr !YW l l 21m~nW !

2Al 11 j l 11~kr !YW l l 11m~nW !#. ~1.11!

The spherical vectors are
9-2
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@YW l l 8m~nW !#m5(
m8

Cm8
l 8

m
1

m
l Yl 8m8~nW !, m521,0,1.

~1.12!

FW lmk
(l) (rW), (l50,6) satisfy the normalization and complet

ness conditions,

E FW lmk
~l!* ~rW !•FW l 8m8k8

~l8!
~rW !d3rW5d l l 8dmm8dll8

~2p!3

k2 d~k2k8!,

~1.13!

(
l ,m,k,l

@FW lmk
~l! ~rW !# i* @FW lmk

~l! ~rW8!# j5~2p!3d i j d~rW2rW8!,

~1.14!

FW lmk
~l! ~2rW !5~21! l 1lFW lmk

~l! ~rW !, l50,6. ~1.15!

One has also

FW lmk
~1 !~rW !52

1

kAl ~ l 11!
¹W 3LW Flmk~rW !52

1

k
¹W 3FW lmk

~0! ~rW !,

~1.16!

FW lmk
~0! ~rW !5

1

Al ~ l 11!
LW Flmk~rW !52

1

k
¹W 3FW lmk

~1 !~rW !,

~1.17!

LW 52 irW3¹W . ~1.18!

FW lmk
(2) is longitudinal,

¹W 3FW lmk
~2 !~rW !50W , ~1.19!

¹W •FW lmk
~2 !~rW !5 ikFlmk~rW !, ~1.20!

while FW lmk
(0) , FW lmk

(1) are transversal,

¹W •FW lmk
~1 !~rW !5¹W •FW lmk

~0! ~rW !50. ~1.21!

So, instead ofr(rW,t), W(rW,t), one has an equivalent descri
tion of the system of charges and currents in terms of
electric, magnetic, and toroid formfactorsQlm(2k2,t),
Mlm(2k2,t), Tlm(2k2,t), which, by inversion of Eqs.~1.2!,
~1.3!, are

Qlm~2k2,t !

5
~2l 11!!!

~2 ik ! lA4p~2l 11!
E r~rW,t ! j l* ~kr !Ylm* ~nW !d3r ,

~1.22!

Qlm* ~2k2,t !5~21!mQl ,2m~2k2,t !, ~1.228!
04660
e

Mlm~2k2,t !5
2 i ~2l 11!!!

c~2 ik ! lA4p~2l 11!~ l 11!/ l

3E j l* ~kr !YW l lm* ~nW !• jW~rW,t !d3r ,

~1.23!

Mlm* ~2k2,t !5~21!mMl ,2m~2k2,t !, ~1.238!

Tlm~2k2,t !5
2~2l 21!!! Al

c~2 ik ! l 11A4p~ l 1I !

3E HAl j l 11* ~kr !YW l l 11m* ~nW !

1Al 11F j l 21* ~kr !2
4p~2 ikr ! l 21

~2l 21!!! G
3YW l l 21m* ~nW !J jW~rW,t !d3r , ~1.24!

Tlm* ~2k2,t !5~21!mTl ,2m~2k2,t !. ~1.248!

Using

Flmk~rW ! ;
r→0

4p~ ikr ! l

~2l 11!!!
Ylm~nW !, ~1.25!

the electric formfactorsQlm(2k2,t) of Eq. ~1.22! give in the
k2→0 limit the usual electric multipole moments,

Qlm~ t !5Qlm~0,t !5
A4p

A2l 11
E r lYlm* ~nW !r~rW,t !d3r .

~1.26!

Developing the formfactorsQlm(2k2,t) in Taylor series
@with respect to the first argument, (2k2)#, one gets the
mean 2n-order radii of the 2l-pole charge distribution,

Qlm~2k2,t !5 (
n50

`
~2k2!n

n!
Qlm

@n#~ t !, ~1.27!

Qlm
@n#~ t !5

dn

d~2k2!n Qlm~2k2,t !uk250 ,

r lm
2n~ t !5

2n~2l 12n11!!!

~2l 11!!!
Qlm

@n#~ t !

5
A4p

A2l 11
E r l 12nYlm* ~nW !r~rW,t !d3r . ~1.28!

To find the correct factors relating the higher-order deriv
tives of the formfactors to the multipole mean radii of va
ous orders, one uses relations of the type

dn

d~2k2!n F j l* ~kr !

kl G5
~ ir !n

2n

j l 1n* ~kr !

kl 1n . ~1.29!
9-3
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Radii of zero order (n50), i.e., the first term in Eq.~1.27!
are just the multipole moments themselves,

r lm
0 ~ t !5Qlm~k250,t !5Qlm

@0#~ t !5Qlm~ t !. ~1.30!

The same situation holds for the magnetic and toroid mu
pole form factors,

Mlm~2k2,t !5 (
n50

`
~2k2!n

n!
Mlm

@n#~ t !, ~1.31!

Mlm
@n#~ t !5

dn

d~2k2!n M lm~2k2,t !uk250 , ~1.318!

Tlm~2k2,t !5 (
n50

`
~2k2!n

n!
Tlm

@n#~ t !, ~1.32!

Tlm
@n#~ t !5

dn

d~2k2!n Tlm~2k2,t !uk250 . ~1.328!

The multipole magnetic moments are

Mlm~ t !5Mlm
@0#~ t !5Mlm~0,t !5

1

l 11

A4p

cA2l 11

3E r l@rW3 jW~rW,t !#•¹W Ylm* ~nW !d3r

52
i

c

A4p l

A~2l 11!~ l 11!
E d3rr lYW l lm* ~nW !• jW~rW,t !

~1.33!

and the toroid ones,

Tlm~ t !5Tlm
@0#~ t !5Tlm~0,t !

52
Ap l

c~2l 11!
E r l 11H YW l l 21m* ~nW !

1
2Al /~ l 11!

2l 13
YW l l 11m* ~nW !J • jW~rW,t !d3r ,

~1.34!

the radii of various 2n order are connected to the derivativ
of the corresponding formfactors by

r lm
2n~ t !5

2n~2l 12n11!!!

~2l 11!!!
Mlm

@n#~ t !

52
i

c

A4p l

A~ l 11!~2l 11!
E r 2n1 lYW l lm* ~nW !• jW~rW,t !d3r ,

~1.35!

r lm
0 5Mlm~k250,t !5Mlm

@0#~ t !5Mlm~ t !, ~1.36!

in the magnetic case and by
04660
i-

Rlm
2n~ t !5

2n~2l 12n11!!!

~2l 11!!!
Tlm

@n#~0,t !

5
21

c~2l 11!
A4p l

l 11E d3rr l 12n11F Al

~2l 12n13!

3YW l l 11m* ~nW !1
Al 11

2~n11!
YW l l 21m* ~nW !G• jW~rW,t !,

~1.37!

Rlm
0 ~ t !5Tlm~k250,t !5Tlm

@0#~ t !5Tlm~ t !, ~1.38!

in the toroid case.
Instead of the electric, magnetic, and toroid formfacto

Qlm(2k2,t), Mlm(2k2,t), Tlm(2k2,t) @as given by Eqs.
~1.22!, ~1.23!, and ~1.24!#, which are functions of two vari-
ables~the momentum transfer variable2k2 and timet! it is
useful to express equivalently this full information about t
electromagnetic structure of the system in terms of the me
square radii of various typer lm

2n(t), r lm
2n(t), Rlm

2n(t) ~electric,
magnetic, toroid!, multipolarity (l ), and orders (2n) ~a
mean-square radius of ordern50 is just the corresponding
multipole moment! given by Eqs.~1.28!, ~1.35!, and~1.37!.
All these radii are still functions of time and their derivative
of various orders with respect to time will occur in the ca
culations. Since up to numerical factors all these radii
themselves derivatives of the formfactorsQlm(2k2,t),
Mlm(2k2,t), Tlm(2k2,t) of various orders~n! with respect
to (2k2) at k250 @see Eqs.~1.278! ~1.318!, and~1.328!#, we
shall work throughout this paper with the double-supersc
quantities,Qlm

(n)(n)(0,t), Mlm
(n)(n)(0,t), Tlm

(n)(n)(0,t),

Qlm
~n!~n!~0,t !5

dn

dtn F dn

d~2k2!n Qlm~2k2,t !U
k250

G ,

~1.39!

Mlm
~n!~n!~0,t !5

dn

dtn F dn

d~2k2!n M lm~2k2,t !U
k250

G ,

~1.40!

Tlm
~n!~n!~0,t !5

dn

dtn F dn

d~2k2!n Tlm~2k2,t !U
k250

G ,

~1.41!

in which the first superscript indicates the order of derivat
with respect to (2k2) at k250, while the second, the orde
of derivation with respect to timet of the corresponding
formfactor. The relationships between these doub
superscript quantities and the derivatives~of order n! with
respect to time of the~order n! mean-square radii~which
include, forn50, multipole moments! of electric, magnetic,
and toroid type, are obviously@Eqs. ~1.28!, ~1.35!, and
~1.37!#

Qlm
~n!~n!~0,t !5

~2l 11!!!

2n~2l 12n11!!!

dn

dtn
r lm

2n~ t !, ~1.42!
9-4
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Mlm
~n!~n!~0,t !5

~2l 11!!!

2n~2l 12n11!!!

dn

dtn
r lm

2n~ t !, ~1.43!

Tlm
~n!~n!~0,t !5

~2l 11!!!

2n~2l 12n11!!!

dn

dtn
Rlm

2n~ t !. ~1.44!

For clarity purposes we stress again that the dou
superscript quantitiesQlm

(n)(n)(0,t), Mlm
(n)(n)(0,t), Tlm

(n)(n)(0,t)
are nothing else but derivatives of ordern with respect to
time t at any t of the derivatives of ordern with respect to
(2k2) taken atk250 of the corresponding electric, mag
netic, and toroid formfactorsQlm(2k2,t), Mlm(2k2,t),
Tlm(2k2,t) introduced previously. To avoid confusion
when a single superscript will sometimes occur, we shall
it inside square brackets when it means derivation
(2k2) @as in Eqs.~1.278!, ~1.318!, and ~1.328!# and inside
simple parantheses when it means derivation att.

The quantities above Qlm
(n)(n)(0,t), Mlm

(n)(n)(0,t),
Tlm

(n)(n)(0,t) give us the full information about the multipol
content of the source and it will be in terms of them that
shall express our results for the radiation intensity, angu
momentum loss by the system, and the recoil force. Altho
cumbersome, the formulas that we shall list represent e
results in the multipole analysis of the most general confi
ration of charges and currents. They allow for immedi
particularization to the first multipole contributions to th
physical quantities mentioned above, usually treated in t
books, and in this way one succeeds in obtaining cor
expressions by completing the results given there with te
~as a rule belonging to the toroid class of multipoles! that
could be of the same order of magnitude as the usual o
For the radiation intensity, angular momentum loss, and
coil force we shall give, at the end of Secs. IV, V, and V
respectively, all these contributions@up to the (1/c5) order
inclusively in the development over (1/c) powers# that, to
our knowledge, have not yet been reported.

II. POTENTIALS AND FIELDS OF A GENERAL SOURCE

To find the fields created by a most general distribution
charges and currents described by the charge densityr(rW,t)
and the current densityW(rW,t) that satisfy the continuity re
lation Eq.~1.1!,

]r~rW,t !

]t
1¹W • jW~rW,t !50,

we have to start as usual from the retarded scalarw(rW,t) and
vectorAW (rW,t) potentials

w~rW,t !5E d3rW8

rS rW8,t2
urW2rW8u

c D
urW2rW8u

, ~2.1!

AW ~rW,t !5
1

c E d3rW8

jW S rW8,t2
urW2rW8u

c D
urW2rW8u

, ~2.2!
04660
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and calculate the fields according to the well known formu

EW ~rW,t !52
1

c

]AW

]t
2¹W w~rW,t !, ~2.3!

BW ~rW,t !5¹W 3AW ~rW,t !. ~2.4!

Since we want to have the fields expressed in terms of
Dubovik-Tscheshkov electric, magnetic, and toroid formfa
tors of the source, first we have to introduce Fourier tra
forms with respect to time forr(rW,t), jW(rW,t) and their
corresponding multipole formfactors Qlm(2k2,t),
Mlm(2k2,t), Tlm(2k2,t) entering Eqs.~1.2! and ~1.3!. In
order to fix notations in the course of this paper, we have
give below the corresponding formulas.

So, one has for the charge density,

r~rW,v!5E
0

`

dt r~rW,t !sin~vt !,

r~rW,t !5
2

p E
0

`

r~rW,v!sin~vt !dv, ~2.5!

r~rW,v!5
1

~2p!3 (
l ,m,k

~2 ik ! l
A4p~2l 11!

~2l 11!!!

3Qlm~2k2,v!Flmk~rW !, ~2.6!

with

Qlm~2k2,v!5E
0

`

dt sin~vt !Qlm~2k2,t !,

Qlm~2k2,t !5
2

p E
0

`

dv Qlm~2k2,v!sin~vt !, ~2.7!

and for the current density

jW~rW,v!5E
0

`

dt jW~rW,t !cos~vt !,

jW~rW,t !5
2

p E
0

`

dv jW~rW,v!cos~vt !, ~2.8!

jW~rW,v!5
1

~2p!3 (
l ,m,k

~2 ik ! l 21
A4p~2l 11!~ l 11!

Al ~2l 11!!!

3H kcMlm~2k2,v!FW lmk
~0! ~rW !

1@Q̇lm~0,v!1k2cTlm~2k2,v!#FW lmk
~1 !~rW !

1A l

l 11
Q̇lm~2k2,v!FW lmk

~2 !~rW !J , ~2.9!

with
9-5
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Mlm~2k2,v!5E
0

`

dt cos~vt !Mlm~2k2,t !,

Mlm~2k2,t !5
2

p E
0

`

dv Mlm~2k2,v!cos~vt !,

~2.10!

Tlm~2k2,v!5E
0

`

dt cos~vt !Tlm~2k2,t !,

Tlm~2k2,t !5
2

p E
0

`

dv Tlm~2k2,v!cos~vt !. ~2.11!

Q̇lm(0,v) and generallyQ̇lm(2k2,v) are simply notations
~when the time argument is lacking, the dot obviously do
not mean time derivative! and stand for

Q̇lm~0,v![E
0

`

dt cos~vt !Q̇lm~0,t !,

Q̇lm~2k2,v![E
0

`

dt cos~vt !Q̇lm~2k2,t !,

Q̇lm~0,t !5
2

p E
0

`

dv Q̇lm~0,v!cos~vt !,

Q̇lm~2k2,t !5
2

p E
0

`

dv Q̇lm~2k2,v!cos~vt !,

Q̇lm~0,v![vQlm~0,v!,

Q̇lmS 2
v2

c2 ,v D[vQlmS 2
v2

c2 ,v D . ~2.12!

The continuity relation Eq.~1.1! reads

¹W • jW~rW,v!1vr~rW,v!50. ~2.13!

With these Fourier transforms one has to evaluate fur
the scalar potential

w~rW,t !5w~1!~rW,t !1w~2!~rW,t !, ~2.14!

w~1!~rW,t !

5
2

p E
0

`

dv sin~vt !E d3rW8r~rW8,v!

cosS v

c
urW2rW8u D

urW2rW8u
,

~2.15!

w~2!~rW,t !

52
2

p E
0

`

dv cos~vt !E d3rW8r~rW8,v!

sinS v

c
urW2rW8u D

urW2rW8u
,

~2.16!
04660
s

er

and the vector potential

AW ~rW,t !5AW ~1!~rW,t !1AW ~2!~rW,t !, ~2.17!

AW ~1!~rW,t !

5
2

pc E0

`

dv sin~vt !E d3rW8 jW~rW8,v!

sinS v

c
urW2rW8u D

urW2rW8u
,

~2.18!

AW ~2!~rW,t !

5
2

pc E0

`

dv cos~vt !E d3rW8 jW~rW8,v!

cosS v

c
urW2rW8u D

urW2rW8u
.

~2.19!

To these purposes one needs the Green’s functions.
the scalar potential case, one has~see Refs.@19#, @20#, @4#!,

ei ~v/c!urW2rW8u

urW2rW8u
5

1

4p

v

c (
l ,m

Flm~v/c!
* ~rW8!Hlm~v/c!~rW !, r .r 8,

~2.20!

cosS v

c
urW2rW8u D

urW2rW8u
52

v

4pc (
l ,m

Flm~v/c!
* ~rW8!Nlm~v/c!~rW !,

r .r 8, ~2.21!

sinS v

c
urW2rW8u D

urW2rW8u
5

v

4pc (
l ,m

Flm~v/c!
* ~rW8!Flm~v/c!~rW !,

r .r 8, ~2.22!

whereFlm(v/c) is given by Eq.~1.5!,

Flm~v/c!~rW !5 j l S v

c
r DYlm~nW !, nW 5

rW

r
, ~1.5!

while Hlm(v/c)(rW) and Nlm(v/c)(rW) are defined like
Flm(v/c)(rW), but with the spherical Bessel function of the fir
speciesj l replaced, respectively, with the spherical Hank
functionhl

(1) and the spherical Bessel function of the seco
speciesnl ~see Appendix A for conventions!,

Hlm~v/c!~rW !5hl
~1 !S v

c
r DYlm~nW !, ~2.23!

Nlm~v/c!~rW !5nl S v

c
r DYlm~nW !. ~2.24!

Hlmk andNlmk satisfy the same normalization, completene
and parity conditions as those satisfied byFlmk , Eqs.~1.6!,
~1.7!, and~1.8!,
9-6
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E Hlmk~rW !Hl 8m8k8
* ~rW !d3r 5E Nlmk~rW !Nl 8m8k8

* ~rW !d3r

5E Flmk~rW !Fl 8m8k8
* ~rW !d3r

5d l l 8dmm8

~2p!3

k2 d~k2k8!,

~2.25!

(
lmk

Hlmk~rW !Hlmk* ~rW8!

5(
lmk

Nlmk~rW !Nlmk* ~rW8!5(
lmk

Flmk~rW !Flmk* ~rW8!

5~2p!3d~rW2rW8!, (
k

5E
0

`

k2dk, ~2.26!

Hlmk~2rW !5~21! lHlmk~rW !, Nlmk~2rW !5~21! lNlmk~rW !.
~2.27!

Also one has, as forFW lmk
(l) the relations,

¹W 3NW lmk
~2 !~rW !50, ¹W 3HW lmk

~2 !~rW !50W ,

¹W •NW lmk
~2 !~rW !5 ikNlmk~rW !, ¹W •HW lmk

~2 !~rW !5 ikHlmk~rW !,
~2.278!

¹W •NW lmk
~1 !~rW !5¹W •NW lmk

~0! ~rW !50,

¹W •HW lmk
~1 !~rW !5¹W •HW lmk

~0! ~rW !50.

In the case of the vector potential it is helpful to ha
representations for the Green’s functions in terms of the b
vector functions for the vector Helmholtz equation. So,
shall use~see Refs.@19#, @20#, @4#!

ei ~v/c!urW2rW8u

urW2rW8u
5

1

4p

v

c (
l ,m

FW lm~v/c!
~l!* ~rW8!•HW lm~v/c!

~l! ~rW !, r .r 8,

~2.28!

which results from the slightly more general expression

1

3
d ik

ei ~v/c!urW2rW8u

urW2rW8u
5

1

4p

v

c (
l ,m,l

@FW lm~v/c!
~l!* ~rW8!# i

•@HW lm~v/c!
~l! ~rW !#k , r .r 8,

~2.288!

and
04660
is

cosS v

c
urW2rW8u D

urW2rW8u
52

v

4pc (
l ,m

@FW lm~v/c!
~1 !* ~rW8!•NW lm~v/c!

~1 ! ~rW !

1FW lm~v/c!
~2 !* ~rW8!•NW lm~v/c!

~2 ! ~rW !

1FW lm~v/c!
~0!* ~rW8!•NW lm~v/c!

~0! ~rW !#, r .r 8,

~2.29!

sinS v

c
urW2rW8u D

urW2rW8u
5

v

4pc (
l ,m

@FW lm~v/c!
~1 !* ~rW8!•FW lm~v/c!

~1 ! ~rW !

1FW lm~v/c!
~2 !* ~rW8!FW lm~v/c!

~2 ! ~rW !

1FW lm~v/c!
~0!* ~rW8!•FW lm~v/c!

~0! ~rW !#, r .r 8,

~2.30!

whereHW lmk
l and NW lmk

l (l50,6) are defined likeFW lmk
(l50,6)

@Eqs. ~1.9!–~1.11!#, but with hl
1 and nl instead of j l and

satisfy exactly those relations satisfied byFW lmk
(l) that are un-

affected by the replacementj l→hl
(1) , nl . So one has

S HW lmk
~0! ~rW !

NW lmk
~0!~rW !

D 5
i

Al ~ l 11!
¹W 3S rWH lmk~rW !

rWN lmk~rW ! D
5S hl

~1 !~kr !

nl~kr ! DYW l lm~nW !, ~2.31!

S HW lmk
~1 !~rW !

NW lmk
~1 !~rW !

D 52
1

Al ~ l 11!

i

k
¹W 3¹W 3S rWH lmk~rW !

rWN lmk~rW ! D ,

~2.32!

S HW lmk
~2 !~rW !

NW lmk
~2 !~rW !

D 52
i

k
¹W S H lmk~rW !

N lmk~rW ! D , ~2.33!

and

E HW lmk
~l!* ~rW !•HW l 8m8k8

~l8!
~rW !d3rW

5E NW lmk
~l!* ~rW !•NW l 8m8k8

~l8!
~rW !d3rW

5E FW lmk
~l!* ~rW !•FW l 8m8k8

~l8!
~rW !d3rW

5d l l 8dmm8dll8

~2p!3

k2 d~k2k8!, ~2.34!
9-7



t-
ar

s

e

qs

the
rs

E. E. RADESCU AND G. VAMAN PHYSICAL REVIEW E65 046609
(
l ,m,k,l

@HW lmk
~l! ~rW !# i* @HW lmk

~l! ~rW8!# j

5 (
l ,m,k,l

@NW lmk
~l! ~rW !# i* @NW lmk

~l!~rW8!# j

5~2p!3d i j d~rW2rW8!, ~2.35!

HW lmk
~l! ~2rW !5~21! l 1lHW lmk

~l! ~rW !,

NW lmk
~l!~2rW !5~21! l 1lNW lmk

~l!~rW !, l506. ~2.36!

Equations~2.29! and~2.30! can be obtained through straigh
forward calculation by separating the real and imagin
parts in Eq.~2.28!.

Using the forms given above for the Green’s function
one obtains from Eqs.~2.14!–~2.16! the scalar potential in
the form

w~rW,t !5w~1!~rW,t !1w~2!~rW,t !,

w~1!~rW,t !52
1

p3/2c E0

`

dvv sin~vt !

3(
lm

S 2 iv

c D l A2l 11

~2l 11!!!

3QlmS 2
v2

c2 ,v DNlm~v/c!~rW !,

w~2!~rW,t !52
1

p3/2c E0

`

dvv cos~vt !

3(
lm

S 2 iv

c D l A2l 11

~2l 11!!!

3QlmS 2
v2

c2 ,v DFlm~v/c!~rW !. ~2.37!

For further purposes we rewrite the expression giv
above for the scalar potential more compactly as

w~rW,t !52
1

p3/2c E0

`

dvv

3(
lm

S 2
iv

c D l A2l 11

~2l 11!!!
@sin~vt !Nlm~v/c!~rW !

1cos~vt !Flm~v/c!~rW !#QlmS 2
v2

c2 ,v D . ~2.378!

Analogously, one gets for the vector potential from E
~2.17!–~2.19!,
04660
y

,

n

.

AW ~rW,t !5AW ~1!~rW,t !1AW ~2!~rW,t !,

AW ~1!~rW,t !52
1

2p2c2 E
0

`

dvv cos~vt !

3(
l ,m

S 2 iv

c D l 21 A4p~2l 11!~ l 11!

Al ~2l 11!!!

3H vMlmS 2
v2

c2 ,v DNW lm~v/c!
~0! ~rW !

1FvQlm~0,v!1
v2

c
TlmS 2

v2

c2 ,v D GNW lm~v/c!
~1 ! ~rW !

1
Al

Al 11
vQlmS 2

v2

c2 ,v DNW lm~v/c!
~2 ! ~rW !J ,

AW ~2!~rW,t !5
1

2p2c2 E
0

`

dvv sin~vt !

3(
l ,m

S 2
iv

c D l 21 A4p~2l 11!~ l 11!

Al ~2l 11!!!

3H vMlmS 2
v2

c2 ,v DFW lm~v/c!
~0! ~rW !

1FvQlm~0,v!1
v2

c
TlmS 2

v2

c2 ,v D GFW lm~v/c!
~1 ! ~rW !

1
Al

Al 11
vQlmS 2

v2

c2 ,v DFW lm~v/c!
~2 ! ~rW !J . ~2.38!

So, with Eqs.~2.3!, ~2.37!, and~2.38! and using

¹W Flm~v/c!~rW !5 i
v

c
FW lm~v/c!

~2 ! ~rW !,

¹W Nlm~v/c!~rW !5 i
v

c
NW lm~v/c!

~2 ! ~rW !,

one finds the exact expression for the electric fieldEW (rW,t)
emitted by the most general type of source described by
electric, magnetic, and toroid multipole formfacto
Qlm(2k2,t), Mlm(2k2,t), Tlm(2k2,t) in terms of their
Fourier transforms in timeQlm(2k2,v), Mlm(2k2,v),
Tlm(2k2,v) at k5v/c,
9-8
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EW ~rW,t !5
1

p3/2E
0

`

dv(
l ,m

~2 i ! l 21S v

c D l 12 A2l 11

~2l 11!!!
@sin~vt !NW lm~v/c!

~2 ! ~rW !1cos~vt !FW lm~v/c!
~2 ! ~rW !#QlmS 2

v2

c2 ,v D
2

1

2p2c E0

`

dv(
lm

~2 i ! l 21S v

c D l 11 A4p~2l 11!~ l 11!

Al ~2l 11!!!
H @sin~vt !NW lm~v/c!

~2 ! rW1cos~vt !FW lm~v/c!
~2 ! ~rW !#

3
Al

Al 11
vQlmS 2

v2

c2 ,v D1v@sin~vt !NW lm~v/c!
~0! ~rW !1cos~vt !FW lm~v/c!

~0! ~rW !#MlmS 2
v2

c2 ,v D
1@sin~vt !NW lm(v/c)

~1 ! ~rW !1cos~vt !FW lm~v/c!
~1 ! ~rW !#FvQlm~0,v!1

v2

c
TlmS 2

v2

c2 ,v D G J . ~2.39!
ti
in

an

y

c

y

e
q

ith

the
The analogous expression for the magnetic fieldBW (rW,t)
can be obtained from Eq.~2.38! by simply taking the curls of
the functionsNW lm(v/c)

(l) (rW), FW lm(v/c)
(l) (rW). Using

¹W 3FW lmk
~2 !~rW !5¹W 3NW lmk

~2 !~rW !50,

¹W 3FW lmk
~0! ~rW !52

v

c
FW lmk

~1 !~rW !, ¹W 3FW lmk
~1 !~rW !52

v

c
FW lmk

~0! ~rW !,

¹W 3NW lmk
~0!~rW !52

v

c
NW lmk

~1 !~rW !, ¹W 3NW lmk
~1 !~rW !52

v

c
NW lmk

~0!~rW !,

one finds the following exact expression for the magne
field BW (rW,t) emitted by the most general type of source
terms of the Fourier transforms of the electric, magnetic,
toroid formfactors:

BW ~rW,t !5
1

2p2 E
0

`

dv(
l ,m

~2 i ! l 21S v

c D l 12

3
A4p~2l 11!~ l 11!

Al ~2l 11!!!
H @2sin~vt !FW lm~v/c!

~1 ! ~rW !

1cos~vt !NW lm~v/c!
~1 ! ~rW !#MlmS 2

v2

c2 ,v D
1@2sin~vt !FW lm~v/c!

~0! ~rW !1cos~vt !NW lm~v/c!
~0! ~rW !#

3FQlm~0,v!1
v

c
TlmS 2

v2

c2 ,v D G J . ~2.40!

The exact formulas for the electric field Eq.~2.39! and for
the magnetic field Eq.~2.40! express without any ambiguit
the way in which the multipole content of the source~speci-
fied by the electric, magnetic, and toroid multipole formfa
tors! reflects itself in the fields created.

The expressions of the fieldsEW (rW,t), BW (rW,t) given in Eqs.
~2.39! and ~2.40! we shall work with have been derived b
means of the well known procedure@Eqs. ~2.3! and ~2.4!#
from the retarded scalar and vector potentialsw(rW,t), AW (rW,t)
defined by Eqs.~2.1! and~2.2! and calculated in terms of th
electric, magnetic, and toroid multipole formfactors as in E
04660
c

d

-

.

~2.37! @or Eq. ~2.378! and Eqs.~2.38!#. Some comments on
the last equations may still be in order in connection w
gauge invariance questions. Our potentialsw(rW,t), AW (rW,t) as
given by Eqs.~2.37! and ~2.378! and Eqs.~2.38! do satisfy
the Lorenz condition

¹W •AW ~rW,t !1
1

c

]w~rW,t !

]t
50. ~2.41!

This can be immediately checked again with the aid of
relations

¹W •NW lmk
~0! ~rW !50, ¹W •NW lmk

~1 !~rW !50, ¹W •NW lmk
~2 !~rW !5 ikNlmk~rW !,

k5
v

c
,

when one finds

¹W •AW ~1!~rW,t !5
1

2p2c2 E
0

`

dvv2 cos~vt !

3(
l ,m

S 2 iv

c D l A4p~2l 11!

~2l 11!!!

3QlmS 2
v2

c2 ,v DNlm~v/c!~rW !,

¹W •AW ~2!~rW,t !52
1

2p2c2 E
0

`

dvv2 sin~vt !

3(
l ,m

S 2 iv

c D l A4p~2l 11!

~2l 11!!!

3QlmS 2
v2

c2 ,v DFlm~v/c!~rW !,
9-9
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1

c

]w~1!~rW,t !

]t
52

1

p3/2c2 E
0

`

dvv2 cos~vt !

3(
l ,m

S 2
iv

c D l A~2l 11!

~2l 11!!!

3QlmS 2
v2

c2 ,v DNlm~v/c!~rW !,

1

c

]w~2!~rW,t !

]t
5

1

p3/2c2 E
0

`

dvv2 sin~vt !

3(
l ,m

S 2 iv

c D l A~2l 11!

~2l 11!!!

3QlmS 2
v2

c2 ,v DFlm~v/c!~rW !.

Therefore, one has separately

¹W •AW ~1!~rW,t !1
1

c

]w~1!~rW,t !

]t
50, ~2.42!

¹W •AW ~2!~rW,t !1
1

c

]w~2!~rW,t !

]t
50, ~2.43!

and the Lorenz condition Eq.~2.41! for AW (rW,t)5AW (1)(rW,t)
1AW (1)(rW,t) andw(rW,t)5w (1)(rW,t)1w (2)(rW,t) is verified.

So the gauge in which our expressions forw, AW are writ-
ten down is the Lorenz gauge established by the Lorenz c
dition Eq. ~2.41!. To evidentiate the gauge freedom still le
after satisfying the Lorenz condition, we display below
more general form of the potentials than the one given
Eqs. ~2.37! and ~2.38!, with which we could have perfectly
worked as well as from which the same fieldsEW , BW as in Eqs.
~2.39! and ~2.40! would have resulted, both forms for th
potentials@i.e., Eqs.~2.37! and ~2.38! on one side and Eqs
~2.44! and ~2.45! below, on the other# being gauge equiva
lent,

w8~rW,t !5w8~1!~rW,t !1w8~2!~rW,t !,

w8~1!~rW,t !52
C1

p3/2c E0

`

dvv sin~vt !(
l ,m

S 2 iv

c D l A2l 11

~2l 11!!!

3QlmS 2
v2

c2 ,v DNlm~v/c!~rW !,

w8~2!~rW,t !52
C2

p3/2c E0

`

dvv cos~vt !

3(
l ,m

S 2 iv

c D l A2l 11

~2l 11!!!
QlmS 2

v2

c2 ,v D
3Flm~v/c!~rW !; ~2.44!

AW 8~rW,t !5AW 8~1!~rW,t !1AW 8~2!~rW,t !,
04660
n-

n

AW 8~1!~rW,t !52
1

2p2c2 E
0

`

dvv cos~vt !

3(
l ,m

S 2 iv

c D l 21 A4p~2l 11!~ l 11!

Al ~2l 11!!!

3H vMlmS 2
v2

c2 ,v DNW lm~v/c!
~0! ~rW !

1FvQlm~0,v!1
v2

c
TlmS 2

v2

c2 ,v D GNW lm~v/c!
~1 ! ~rW !

1
C1Al

Al 11
vQlmS 2

v2

c2 ,v DNW lm~v/c!
~2 ! ~rW !J ,

AW 8~2!~rW,t !5
1

2p2c2 E
0

`

dvv sin~vt !

3(
l ,m

S 2 iv

c D l 21 A4p~2l 11!~ l 11!

Al ~2l 11!!!

3H vMlmS 2
v2

c2 ,v DFW lm~v/c!
~0! ~rW !

1FvQlm~0,v!1
v2

c
TlmS 2

v2

c2 ,v D GFW lm~v/c!
~1 ! ~rW !

1
C2Al

Al 11
vQlmS 2

v2

c2 ,v DFW lm~v/c!
~2 ! ~rW !J . ~2.45!

Indeed, the new potentialsw8(rW,t), AW 8(rW,t) given by Eqs.
~2.44! and~2.45! @and moreover, their two components sep
rately specified by the superscripts~1!, ~2!, w8(1),(2)(rW,t),
AW 8(1),(2)(rW,t)# are related to the old onesw(rW,t), AW (rW,t)
@with their componentsw (1),(2)(rW,t), AW (1),(2)(rW,t)# given by
Eqs.~2.37! and~2.38! through the following gauge transfor
mation:

w8~1!~rW,t !5w~1!~rW,t !2
1

c

]L~1!~rW,t !

]t
,

AW 8~1!~rW,t !5AW ~1!~rW,t !1¹W L~1!~rW,t !, ~2.46!

w8~2!~rW,t !5w~2!~rW,t !2
1

c

]L~2!~rW,t !

]t
,

AW 8~2!~rW,t !5AW ~2!~rW,t !1¹W L~2!~rW,t !, ~2.47!

w8~rW,t !5w~rW,t !2
1

c

]L~rW,t !

]t
, AW 8~rW,t !5AW ~rW,t !1¹W L~rW,t !,

~2.48!

L~rW,t !5L~1!~rW,t !1L~2!~rW,t !, ~2.49!

with
9-10
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L~1!~rW,t ![
1

2p2c2 E
0

`

dvv cos~vt !

3(
l ,m

S 2 iv

c D l 21 A4p~2l 11!

~2l 11!!!

3vQlmS 2
v2

c2 ,v D ic

v
~C121!Nlm~v/c!~rW !,

~2.50!

L~2!~rW,t ![
1

2p2c2 E
0

`

dvv cos~vt !

3(
l ,m

S 2
iv

c D l 21 A4p~2l 11!

~2l 11!!!

3vQlmS 2
v2

c2 ,v D ic

v
~C221!Flm~v/c!~rW !.

~2.51!

Equations~2.46!–~2.49! can be checked again immediate
by noting that

NW lm~v/c!
~2 ! ~rW !52

ic

v
¹W Nlm~v/c!~rW !,

FW lm~v/c!
~2 ! ~rW !52

ic

v
¹W Flm~v/c!~rW !.

Since

~D1k2!Nlm~v/c!~rW !50, ~D1k2!FW lm~v/c!~rW !50,

S k5
v

c D ,

the gauge functionsL (1), L (2), L5L (1)1L (2), satisfy the
wave equation

S D2
1

c2

]2

]t2DL~1!~rW,t !50, S D2
1

c2

]2

]t2DL~2!~rW,t !50,

~2.52!

S D2
1

c2

]2

]t2DL~rW,t !50. ~2.53!

The new potentialsw8(rW,t), AW 8(rW,t) @as well as their two
componentsw8(1),(2)(rW,t), AW 8(1),(2)(rW,t) separately# satisfy
again the Lorenz condition

¹W •AW 8~1!~rW,t !1
1

c

]w8~1!~rW,t !

]t
50, ~2.54!

¹W •AW 8~2!~rW,t !1
1

c

]w8~2!~rW,t !

]t
50, ~2.55!
04660
¹W •AW 8~rW,t !1
1

c

]w8~rW,t !

]t
50. ~2.56!

Therefore, the new potentialsw8(rW,t), AW (rW,t) from Eqs.
~2.44! and ~2.45! are more general than the old ones fro
Eqs.~2.37! and~2.38! and are gauge equivalent to them; bo
forms of the potentials satisfy the Lorenz condition but in t
new onesw8, AW 8 the remaining gauge freedom after the L
renz condition that has been satisfied is explicitly display
through the two remaining real arbitrary constantsC1 , C2 .
The old potentialsw, AW of Eqs.~2.37! and~2.38! are obtained
as particular cases from the new onesw8, AW 8 of Eqs.~2.44!
and ~2.45! for

C15C25C51. ~2.57!

Equation~2.57! fixes the gauge in which the potentialsw,
AW are given in Eqs.~2.37! and ~2.38!. Another convenient
gauge would have been the Coulomb one, correspondin
the choice

C15C25C50, ~2.58!

when the potentialsw9, AW 9 satisfy the conditions

w9~rW,t ![0, ¹AW 9~rW,t !50. ~2.59!

Due to their gauge equivalence discussed before, all th
forms of the potentials lead obviously to the same fie
EW (rW,t), BW (rW,t) and since we have worked here only wi
these fields, all the results obtained in this paper are ga
invariant, as they must.

III. FIELDS AT LARGE DISTANCES

In order to calculate the radiation intensity, angular m
mentum loss, and recoil force we need to obtain from
exact expressions of the electric and magnetic fields E
~2.39! and ~2.40! formulas expressing the behavior of th
fields at large distances. Next we shall calculate the fie
EW (rW,t) andBW (rW,t) to orderO(1/r ). To that purpose, we us
the following asymptotical behavior of the spherical Bes
functions j l(vr /c), nl(vr /c) ~see Appendix A for conven-
tions and definitions! for r→`, to O(1/r ):

j l S v

c
r D;4p i l

sinS v

c
r 2 l

p

2 D
v

c
r

,

nl S v

c
r D;24p i l

cosS v

c
r 2 l

p

2 D
v

c
r

,
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j l 11S v

c
r D;24p i l 11

cosS v

c
r 2 l

p

2 D
v

c
r

,

nl 11S v

c
r D;24p i l 11

sinS v

c
r 2 l

p

2 D
v

c
r

,

j l 21S v

c
r D;4p i l 21

cosS v

c
r 2 l

p

2 D
v

c
r

,

nl 21S v

c
r D;4p i l 21

sinS v

c
r 2 l

p

2 D
v

c
r

, ~3.1!

in order to find theO(1/r ) expressions of the veector func
tionsFW im(v/c)

(l) (rW), NW im(v/c)
(l) (rW) (l50,61) entering the fields:

FW lm~v/c!
~0! ~rW ! ;

O~1/r ! 4p i l

A2l 11

sinS v

c
r 2 l

p

2 D
v

c
r

YW l lm~nW !,

FW lm~v/c!
~1 ! ~rW ! ;

O~1/r ! 4p i l 21

A2l 11

cosS v

c
r 2 l

p

2 D
v

c
r

3@AlYW l l 11m~nW !1Al 11YW l l 21m~nW !#,

FW lm~v/c!
~2 ! ~rW ! ;

O~1/r ! 4p i l 21

A2l 11

cosS v

c
r 2 l

p

2 D
v

c
r

3@AlYW l l 21m~nW !2Al 11YW l l 11m~nW !#;

~3.2!

NW lm~v/c!
~0! ~rW ! ;

O~1/r !

2
4p i l

A2l 11

cosS v

c
r 2 l

p

2 D
v

c
r

YW l lm~nW !,
04660
NW lm~v/c!
~1 ! ~rW ! ;

O~1/r ! 4p i l 21

A2l 11

sinS v

c
r 2 l

p

2 D
v

c
r

3@AlYW l l 11m~nW !1Al 11YW l l 21m~ n̄!#;

NW lm~v/c!
~2 ! ~rW ! ;

O~1/r ! 4p i l 21

A2l 11

sinS v

c
r 2 l

p

2 D
v

c
r

3@AlȲ l l 21m~nW !2Al 11Ȳll 11m,~nW !#;

~3.3!

nW 5
rW

r
.

So, on the basis of Eqs.~2.39! and~2.40!, the electric and
magnetic fieldsEW (rW,t),BW (rW,t) evaluated at large distances
order O(1/r ), in terms of the multipole formfactors
Mlm(2v2/c2,v), Tlm(2v2/c2,v) and the electric multi-
pole momentsQlm(0,v), are

EW ~rW,t ! ;
O~1/r !S 2

2

pcD 1

r E
0

`

dv(
l ,m

v l 11

c1

3
A4p~2l 11!~ l 11!

Al ~2l 11!!!
•H 2 iM lmS 2

v2

c2 ,v D
3sinS vt2

v

c
r 1 l

p

2 DYW l lm~nW !

1FQlm~0,v!1
v

c
TlmS 2

v2

c2 ,v D G
3cosS vt2

v

c
r 1 l

p

2 D
3F Al

A2l 11
YW l l 11m~nW !1

Al 11

A2l 11
YW l l 21m~nW !G J ,

~3.4!

BW ~rW,t ! ;
O~1/r !S 2

2

p D 1

r E
0

`

dv

3(
l ,m

v l 11

cl 11

A4p~2l 11!~ l 11!

Al ~2l 11!!!

3H MlmS 2
v2

c2 v D sinS vt2
v

c
r 1 l

p

2 D
3F Al

A2l 11
YW l l 11m~nW !1

Al 11

A2l 11
YW l l 21m~nW !G
9-12
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1 i FQlm~0,v!1
v

c
TlmS 2

v2

c2,v D G
3cosS vt2

v

c
r 1 l

p

2 DYW l lm~nW !J . ~3.5!

EW (rW,t) and BW (rW,t) as given above verify the transversali
condition in the wave zone,

rW

r
3EW ~rW,t !5BW ~rW,t !. ~3.6!

At this point, our aim is to get rid of the integral overv
and we can do that by introducing the double-supersc
quantities from Eqs.~1.39!–~1.44!, which are, up to num-
bers, time derivatives~the second superscript! of the multi-
pole mean-square radii of any type~electric, magnetic, tor-
oid! and order~marked by the first superscript!. We consider
first the magnetic fieldBW (rW,t) as given by Eq.~3.5! and treat
separately contributions of the terms withl 5even andl
5odd to the sum overl.

In the l 5even case,l 52k (k51/2,k5 integer), with the
Fourier transformations Eqs.~2.7!, ~2.10!, and~2.11! one has

v l 11MlmS 2
v2

c2 ,v D
5~21! l/211E

0

`

dt8Mlm
~ l 11!S 2

v2

c2 ,t8D sin~vt8!,

v l 11Qlm~0,v!5~21! l/2E
0

`

dt8Qlm
~ l 11!~0,t8!cos~vt8!,

~3.7!

v l 12TlmS 2
v2

c2 ,v D
5~21! l/211E

0

`

dt8Tlm
~ l 12!S 2

v2

c2 ,t8D cos~vt8!,

where the~single! superscript denotes the order of derivati
with respect to the second~time! argument of the formfac-
tors. Using

sinS vt2
vr

c
1 l

p

2 D5~21! l/2 sinS vt2
vr

c D ,

cosS vt2
vr

c
1 l

p

2 D5~21! l/2 cosS vt2
vr

c D , ~3.8!

in Eq. ~3.5!, and then Eqs.~3.7!, one gets contributions to
BW (rW,t) from terms containing, e.g.,
04660
t

E
0

`

dvv l 11MlmS 2
v2

c2 ,v2D sinS vt2
vr

c D
5

~21! l/211

2 E
0

`

dvE
0

`

dt8Mlm
~ l 11!S 2

v2

c2 ,t8D
•cosS vt82vt1

vr

c D . ~3.9!

Now developing the (l 11) derivative ~with respect to
time! of the magnetic formfactor under the integrals in term
of the ~essentially! magnetic radii, i.e., developing as in Eq
~1.31!,

Mlm
~ l 11!S 2

v2

c2 ,t8D5 (
n50

` S 2
v2

c2 D n

n!
Mlm

~n!~ l 11!~0,t8!,

one introduces the double-superscript quantit
Mlm

(n)( l 11)(0,t8) defined in Eq.~1.40! and succeeds so to tak
both integrals~over t8 and overv! in Eq. ~3.9! and express
the result in terms of a Taylor series,

E
0

`

dvv l 11MlmS 2
v2

c2 ,v D sinFvS t2
r

cD G
5~21! l/211

p

2 (
n50

`
1

n!c2n Mlm
~n!~ l 12n11!S 0,t2

r

cD .

~3.10!

To get Eq.~3.10!, use has been made of the relation

E
0

`

v2n cosFvS t82t1
r

cD Gdv5~21!npd~2n!S t82t1
r

cD .

~3.11!

Analogously, one finds

E
0

`

dvv l 11Qlm~0,v!cosFvS t2
r

cD G
5~21! l /2

p

2
Qlm

~0!~ l 11!S 0,t2
r

cD , ~3.12!

E
0

`

dvv l 12TlmS 2
v2

c2 ,v D cosFvS t2
r

cD G
5~21! l /211

p

2 (
n50

`
1

n!c2n Tlm
~n!~ l 12n12!S 0,t2

r

cD ,

~3.13!

which completes the calculation of thel 5even part of
BW (rW,t) in O(1/r ).

In the l 5odd case@ l 52k11,k5( l 21)/25 integer# the
analysis goes on the same lines, with only minor modifi
tions, which compensate themselves, so that the final re
for BW (rW,t) at large distances@O(1/r )# remains the same, ir
9-13
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respective of whetherl is even or odd in the sum overl. In
the wave zone, the electric fieldEW (rW,t) can be computed
from BW (rW,t) as

EW ~rW,t !52
rW

r
3BW ~rW,t !. ~3.14!

So, we obtain the following expressions for the elect
and magnetic fields at large distances in orderO(1/r ) ex-
pressed in terms of the double derivatives of the formfact
where the first superscript indicates the order of derivat
with respect to the first argument of the formfactor at ze
value of this argument, while the second superscript in
cates the order of derivation with respect to the second a
ment. @i.e., in terms of the double-superscript quantities
troduced in Eqs.~1.39!–~1.44!, which are, up to numbers
time derivatives~the second superscript! of the multipole
mean-square radii~electric, magnetic, and toroid! of any or-
der ~the first superscript!#,

EW ~rW,t ! ;
O~1/r ! 1

r (
lm

1

cl 11

A4p~2l 11!~ l 11!

Al ~2l 11!!!

3H 2Qlm
~0!~ l 11!S 0,t2

r

cD
3F Al

A2l 11
YW l l 11m~nW !1

Al 11

A2l 11
YW l l 21m~nW !G

2 i (
n50

`
1

n!c2n Mlm
~n!~ l 12n11!S 0,t2

r

cDYW l lm~nW !

1
1

c (
n50

`
1

n!c2n Tlm
~n!~ l 12n12!S 0,t2

r

cD
3F Al

A2l 11
YW l l 11m~nW !1

Al 11

A2l 11
YW l l 21m~nW !G J ,

~3.15!

BW ~rW,t ! ;
O~1/r ! 1

r (
lm

1

cl 11

A4p~2l 11!~ l 11!

Al ~2l 11!!!

3H 2 iQlm
~0!~ l 11!S 0,t2

r

cDYW l lm~nW !

1 (
n50

`
1

n!c2n Mlm
~n!~ l 12n11!S 0,t2

r

cD
3F Al

A2l 11
YW l l 11m~nW !1

Al 11

A2l 11
YW l l 21m~nW !G

1
i

c (
n50

`
1

n!c2n Tlm
~n!~ l 12n12!S 0,t2

r

cDYW l lm~nW !J ,

~3.16!
04660
s,
n
o
i-
u-
-

rW

r
3EW ~rW,t ! 5

O~1/r !

BW ~rW,t !.

We stress again that the double-superscript quant
Qlm

(n)(n)(0,t), Mlm
(n)(n)(0,t), Tlm

(n)(n)(0,t), have been defined
through Eqs.~1.39!–~1.44! @in the equations above they ap
pear, of course, at the retarded time (t2r /c)#, which, for
clarity purposes, we give again here:

Qlm
~n!~n!~0,t !5

dn

dtn F dn

d~2k2!n Qlm~2k2,t !U
k250

G ,

~1.39!

Mlm
~n!~n!~0,t !5

dn

dtn F dn

d~2k2!n M lm~2k2,t !U
k250

G ,

~1.40!

Tlm
~n!~n!~0,t !5

dn

dtn F dn

d~2k2!n Tlm~2k2,t !U
k250

G .

~1.41!

For the calculation of the angular momentum loss by
system in Sec. V one needsnW EW , nW BW , nW 3EW , nW 3BW , (nW
5rW/r ) at large distances. We shall first see to orderO(1/r )
what the results are and sincenW EW ,nW BW turn out to be vanish-
ing in this order, we shall evaluate furthernW EW andnW BW to the
nextO(1/r 2) order to get the relevant first nonvanishing co
tributions.

For the time being, let us confine ourselves to the fi
orderO(1/r ). Regardless of approximations one has

nWFW lm~v/c!
~0! ~rW !5nWNW lm~v/c!

~0! ~rW !50,~nW 5rW/r !, ~3.17!

since (YW l lm) r50, while for the~1!, ~2! superscripts, using

@Yll 1 lm~nW !# r52
Al 11

A2l 11
Ylm~nW !,

@Yll 2 lm~nW !# r5
Al

A2l 11
Ylm~nW !,

one has

nWFW lm~v/c!
~1 ! ~rW !5

Al ~ l 11!

~2l 11! F2 j l 11S v

c
r D1 j l 21S v

c
r D GYlm~nW !,

~3.18!

nWFW lm~v/c!
~2 ! ~rW !5

1

~2l 11! F l j l 21S v

c
r D

1~ l 11! j l 11S v

c
r D GYlm~nW !, ~3.19!
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nWNW lm~v/c!
~1 ! ~rW !5

Al ~ l 11!

~2l 11! F2nl 11S v

c
r D

1nl 21S v

c
r D GYlm~nW !, ~3.20!

nWNW lm~v/c!
~2 ! ~rW !5

1

~2l 11! F lnl 21S v

c
r D

1~ l 11!nl 11S v

c
r D GYlm~nW !. ~3.21!

Therefore, using the asymptotical behavior toO(1/r ) of j l
andnl ~see Appendix A!, one gets

nWFW lm~v/c!
~1 ! ~rW ! ;

r→`

O~1/r !

0, ~3.22!

nWFW lm~v/c!
~2 ! ~rW ! ;

r→`

O~1/r !

24p i l 11

cosS v

c
r 2 l

p

2 D
v

c
r

Ylm~nW !,

~3.23!

nWNW lm~v/c!
~1 ! ~rW ! ;

r→`

O~1/r !

0, ~3.24!

nWNW lm~v/c!
~2 ! ~rW ! ;

r→`

O~1/r !

24p i l 11

sinS v

c
r 2 l

p

2 D
v

c
r

Ylm~nW !.

~3.25!

With Eqs. ~2.39!, ~2.40! one sees that indeed to ord
O(1/r ) one has

rW

r
EW ~rW,t ! ;

r→`

O~1/r !

0, ~3.26!

rW

r
BW ~rW,t ! ;

r→`

O~1/r !

0. ~3.27!

Now, by looking to the expressions of the fieldsEW (rW,t),
BW (rW,t) to O(1/r ) @Eqs.~3.4! and~3.5!#, one sees that to find
nW 3EW , nW 3BW to the same 1/r order, one needs the vecto
products betweennW 5rW/r and the appearing vector spheric
harmonics. With the unit vectors:eW r5nW 5rW/r , eW u , eWw , one
has
04660
eW r3YW l lm~nW !5eWw~YW l lm!u2eW u~YW l lm!w

5 i
A2l 11

Al 11
FYW l l 21m2eW r

Al

A2l 11
YlmG

5 i
A2l 11

Al
FYW l l 11m1eW r

Al 11

A2l 11
YlmG ,

~3.28!

since

~YW l lm!u5 i
A2l 11

Al 11
~YW l l 21m!w5 i

A2l 11

Al
~YW l l 11m!w ,

~YW l lm!w52 i
A2l 11

Al 11
~YW l l 21m!u52 i

A2l 11

Al
~YW l l 11m!u .

Eliminating the terms witheW rYlm in Eqs.~3.28!, one gets

nW 3YW l lm~nW !5 i
Al 11

A2l 11
YW l l 21m~nW !1 i

Al

A2l 11
YW l l 11m~nW !.

~3.29!

Also, one has

eW r3YW l l 11m~nW !5eWw~YW l l 11m!u2eW u~YW l l 11m!w

5 i
Al

A2l 11
YW l lm~nW !, ~3.30!

since

~YW l l 11m!u5 i
Al

A2l 11
~YW l lm!w ,

~YW l l 11m!w52 i
Al

A2l 11
~YW l lm!u ,

and, analogously,

eW r3YW l l 21m~nW !5 i
Al 11

A2l 11
YW l lm~nW !. ~3.31!

Using the vector products of Eqs.~3.29!–~3.31!, one finds
the following general relations expressingnW 3FW lm(v/c)

(l) (rW),

nW 3NW lm(v/c)
(l) (rW) (nW 5eW r5rW/r ,l50,6):

nW 3FW lm~v/c!
~0! ~rW !5 j l S v

c
r D F i

Al 11

A2l 11
YW l l 21m~nW !

1 i
Al

A2l 11
YW l l 11m~nW !G , ~3.32!
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nW 3FW lm~v/c!
~1 ! ~rW !5

i

~2l 11! F l j l 11S v

c
r D

1~ l 11! j l 21S v

c
r D GYW l lm~nW !,

~3.33!

nW 3FW lm~v/c!
~2 ! ~rW !5

iAl ~ l 11!

~2l 11!
F j l 21S v

c
r D

2 j l 11S v

c
r D GYW l lm~nW !, ~3.34!

nW 3NW lm~v/c!
~0! ~rW !5nl S v

c
r D F i

Al 11

A2l 11
YW l l 21m~nW !

1 i
Al

A2l 11
YW l l 11m~nW !G , ~3.35!

nW 3NW lm~v/c!
~1 ! ~rW !5

i

~2l 11! F lnl 11S v

c
r D

1~ l 11!nl 21S v

c
r D GYW l lm~nW !,

~3.36!

nW 3NW lm~v/c!
~2 ! ~rW !5

iAl ~ l 11!

~2l 11!
Fnl 21S v

c
r D

2nl 11S v

c
r D GYW l lm~nW !. ~3.37!

Now, using the larger behavior of the spherical Bess
functions to order 1/r , one finds from Eqs.~3.32!–~3.37!
above the desired asymptotical behavior@to O(1/r )# of the
vector productsnW 3FW lm(v/c)

(l) (rW), nW 3NW lm(v/c)
(l) (rW) (nW 5rW/r ):

nW 3FW lm~v/c!
~0! ~rW ! ;

O~1/r ! 4p i l 11

A2l 11
@Al 11YW l l 21m~nW !

1AlYW l l 11m~nW !#

sinS v

c
r 2 l

p

2 D
v

c
r

,

~3.328!

nW 3FW lm~v/c!
~1 ! ~rW ! ;

O~1/r !

4p i lYW l lm~nW !

cosS v

c
r 2 l

p

2 D
v

c
r

,

~3.338!
04660
nW 3FW lm~v/c!
~2 ! ~rW ! ;

O~1/r !

0; ~3.348!

nW 3NW lm~v/c!
~0! ~rW ! ;

O~1/r !

2
4p i l 11

A2l 11
@Al 11YW l l 21m~nW !

1AlYW l l 11m~nW !#

cosS v

c
r 2 l

p

2 D
v

c
r

,

~3.358!

nW 3NW lm~v/c!
~1 ! ~rW ! ;

O~1/r !

4p i lYW l lm~nW !

sinS v

c
r 2 l

p

2 D
v

c
r

,

~3.368!

nW 3NW lm~v/c!
~2 ! ~rW ! ;

O~1/r !

0. ~3.378!

With the aid of the Eqs.~3.328!–~3.378! given above, one
finally obtains the desired asymptotical behavior at large d
tances, in order O(1/r ), of the vector product
(rW/r )3EW (rW,t) of the electric field, in terms of the electric
magnetic, and toroid formfactors

rW

r
3EW ~rW,t ! ;

O~1/r !

2
4

Ap

1

r E0

`

dv(
i ,m

v l 11

cl 11

3
Al 11

~2l 11!!! Al
HAl 11MlmS 2

v2

c2 ,v D
3sinS vt2

v

c
r 1 l

p

2 DYW l l 21m~nW !

1AlM lmS 2
v2

c2 ,v D
3sinS vt2

v

c
r 1 l

p

2 DYW l l 11m~nW !

1 iA2l 11FQlm~0,v!1
v

c
TlmS 2

v2

c2 ,v D G
3cosS vt2

v

c
r 1 l

p

2 DYW l lm~nW !J . ~3.38!

Similarly, one finds for the vector product ofnW with the
magnetic fieldBW at larger in orderO(1/r ) the expression:
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rW

r
3BW ~rW,t ! ;

O~1/r !

2
4

Ap

1

r E0

`

dv(
i ,m

v l 11

cl 11

Al 11

~2l 11!!! Al

3H iA2l 11MlmS 2
v2

c2 ,v D
3sinS vt2

v

c
r 1 l

p

2 DYW l lm~nW !2FQlm~0,v!

1
v

c
TlmS 2

v2

c2 ,v D GcosS vt2
v

c
r 1 l

p

2 D
3@Al 11YW l l 21m~nW !1AlYW l l 11m~nW !#J . ~3.39!

Now we shall use Eqs.~3.38! and ~3.39! to find the cor-
responding expressions fornW 3EW , nW 3BW to orderO(1/r ) in
terms of the double-superscript quantitiesQlm

(n)(n)(0,t),
Mlm

(n)(n)(0,t), Tlm
(n)(n)(0,t) @Eqs.~1.39!–~1.41!#, just as we did

in going from Eqs.~3.4! and ~3.5! to Eqs.~3.15! and ~3.16!
in the case ofEW , BW @orderO(1/r )#. One finally finds

rW

r
3EW ~rW,t ! ;

O~1/r ! 2iAp

r (
l ,m

1

cl 11

A~2l 11!~ l 11!

Al ~2l 11!!!

3F2Qlm
~0!~ l 11!S 0,t2

r

cD1 (
n50

`
1

n!c2n11

3Tlm
~n!~ l 12n12!S 0,t2

r

cD GYW l lm~nW !1
2Ap

r

3(
lm

(
n50

`
1

n!cl 12n11

Al 11

Al ~2l 11!!!

3Mlm
~n!~ l 12n11!S 0,t2

r

cD @Al 11YW l l 21m~nW !

1AlYW l l 11m~nW !#, ~3.40!

rW

r
3BW ~rW,t ! ;

O~1/r ! 2Ap

r (
l ,m

Al 11

Al ~2l 11!!!

3F 1

cl 11 Qlm
~0!~ l 11!S 0,t2

r

cD
2 (

n50

`
1

n!cl 12n12 Tlm
~n!~ l 12n12!S 0,t2

r

cD G
3@Al 11YW l l 21m~nW !1AlYW l l 11m~nW !#

1
2iAp

r (
lm

(
n50

` A~2l 11!~ l 11!

Al ~2l 11!!!

1

n!cl 12n11

3Mlm
~n!~ l 12n11!S 0,t2

r

cDYW l lm~nW !. ~3.41!
04660
With these formulas we end our considerations restric
to the orderO(1/r ) and evaluate in the next, 1/r 2 order,nW EW ,
nW BW . So, we shall find the first nonvanishing contributions
these quantities, since inO(1/r ) they are zero@Eqs. ~3.26!
and~3.27!#. To this purpose, one needs the next terms in
asymptotical behavior of the spherical Bessel functions
compared with Eqs.~3.1!. We shall use

j l~x! ;
x→`

O~1/x2!

4p i l

sinS x2 l
p

2 D
x

12p i l l ~ l 11!

cosS x2 l
p

2 D
x2 ,

nl~x! ;
x→`

O~1/x2!

24p i l

cosS x2 l
p

2 D
x

12p i l l ~ l 11!

sinS x2 l
p

2 D
x2 ,

~3.42!

which follow from the development

Jl 11/2~x!5A 2

px H sinS x2 l
p

2 D (
k50

@ l/2#
~21!k~ l 12k!!

~2k!! ~ l 22k!! ~2x!2k

1cosS x2 l
p

2 D
3 (

k50

@~ l 21!/2#
~21!k~ l 12k11!!

~2k11!! ~ l 12k21!! ~2x!2k11J ,

and the relations

j l~x!5~2p!3/2
i l

Ax
Jl 11/2~x!,nl~x!5~2p!3/2

i l

Ax
Nl 11/2~x!,

Nl 11/2~x!5~21! l 21J2 l 21/2~x!.

With Eqs.~3.42! one has toO(1/r 2) (nW 5nW /r ),

nW •FW lm~v/c!
~1 ! ~rW !;24p i l 11Al ~ l 11!

sinS v

c
r 2 l

p

2 D
v2

c2 r 2

Ylm~nW !,

nW •FW lm~v/c!
~2 ! ~rW !

;F 24p i l 11

cosS v

c
r 2 l

p

2 D
v

c
r

12p i l 11~ l 21 l 12!

sinS v

c
r 2 l

p

2 D
v2

c2 r 2
G Ylm~nW !,
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nW •NW lm~v/c!
~1 ! ~rW !;4p i l 11Al ~ l 11!

cosS v

c
r 2 l

p

2 D
v2

c2 r 2

Ylm~nW !,

nW •NW lm~v/c!
~2 ! ~rW !

;F24p i l 11

sinS v

c
r 2 l

p

2 D
v

c
r

22p i l 11~ l 21 l 12!

cosS v

c
r 2 l

p

2 D
v2

c2 r 2
G Ylm~nW !.

~3.43!

So, from Eqs.~2.39! and ~2.40! and Eqs.~3.43! above,
one finds the desired leading contributions tonW •EW andnW •BW
in O(1/r 2),

rW

r
•EW ~rW,t ! ;

O~1/r ! 4

r 2p1/2E
0

`

dv

3(
l ,m

~ l 11!A2l 11

~2l 11!!! S v

c D l

3FQlm~0,v!1
v

c
TlmS 2

v2

c2 ,v D G

3sinS vt2
v

c
r 1 l

p

2 DYlm~nW !, ~3.44!

rW

r
•BW ~rW,t ! ;

O~1/r !

2
4

r 2p1/2E
0

`

dv(
l ,m

~ l 11!A2l 11

~2l 11!!! S v

c D l

3MlmS 2
v2

c2 ,v D cosS vt2
v

c
r 1 l

p

2 D
3Ylm~nW !. ~3.45!

To have the corresponding expressions ofnW •EW andnW •BW to
O(1/r 2) in terms of time derivatives of radii@i.e., in terms of
the double-superscript quantitiesQlm

(n)(n)(0,t), Mlm
(n)(n)(0,t),

Tlm
(n)(n)(0,t) defined by Eqs.~1.39!–~1.41!#, one has again to

use Eqs.~3.10!–~3.13! and consider separately thel 5even
and l 5odd contributions to the sum overl. One finally finds
04660
rW

r
•EW ~rW,t ! ;

O~1/r ! 2p1/2

r 2 (
l ,m

~ l 11!A2l 11

~2l 11!!! cl FQlm
~0!~ l !S 0,t2

r

cD

2 (
n50

`
1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G
3Ylm~nW !, ~3.46!

rW

r
•BW ~rW,t ! ;

O~1/r 2!

2
2p1/2

r 2 (
l ,m

~ l 11!A2l 11

~2l 11!!! cl

3F (
n50

`
1

n!c2n M lm
~n!~ l 12n!S 0,t2

r

cD GYlm~nW !.

~3.47!

At this point we end the analysis of the large distan
behavior of the fields; we have at our disposal all the qu
tities necessary for the further calculation of the angular m
mentum loss, recoil force, and the radiation intensity in ter
of the multipole content of the most general type of sour

IV. RADIATION INTENSITY

Here we calculate the radiation intensity~for a general
distribution of charges and currents! in the case of the mos
general time variation of the sources, in terms of quantit
of the typeMlm

(n)( l 1q)(0,t2r /c) whereMlm stands for any
multipole form factorQlm(k2,t), Mlm(k2,t), Tlm(k2,t) and
the first superscript denotes the~n! derivative with respect to
(2k2) at k250, while the second superscript denotes t
( l 1q) derivative with respect tot at t2r /c.

We have first to evaluate the Poynting vector

SW 5
c

4p
~EW 3BW !, ~4.1!

and express the radiation intensity as the surface integra
the radial component ofSW , Sr , over a sphere of large radiu
r @21#,

I 5r 2E dVSr5
cr2

4p E dV~EW 3BW !r . ~4.2!

The result should be essentiallyr independent, of course
The electric and magnetic fields.EW (rW,t), BW (rW,t) need to be
evaluated to orderO(1/r ) and the corresponding formula
are those of Eqs.~3.15! and ~3.16!.

One needs to evaluate the surface integral over ther com-
ponent of the vector,
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EW 3BW 5
4p

r 2 (
l ,m,l 8,m8

1

cl 1 l 812

A~2l 11!~ l 11!~2l 811!~ l 811!

AlAl 8~2l 11!!! ~2l 811!!!
H 2 i (

n50

`
1

n!c2n Mlm
~n!~ l 12n11!YW l lm2Qlm

~0!~ l 11!

•F Al

A2l 11
YW l l 11m1

Al 11

A2l 11
YW l l 21mG1

1

c (
n50

`
1

n!c2n Tlm
~n!~ l 12n12!F Al

A2l 11
YW l l 11m1

Al 11

A2l 11
YW l l 21mG J

3H (
n850

`
1

n8!c2n8
Ml 8m8

~n8!~ l 812n811!F Al 8

A2l 811
YW l 8 l 811m81

Al 811

A2l 811
YW l 8 l 821m8G

2 iQl 8m8
~0!~ l 811!YW l 8 l 8m81

i

c (
n850

`
1

n8!c2n8
Tl 8m8

~n8!~ l 812n812!YW l 8 l 8m8J . ~4.3!
o

ra
tic
s

for
tric,

e
nts
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ith

ua-

but

ole
The argument of the vector spherical harmonicsYW is nW
5rW/r . The surface integration in Eq.~4.2! over the vector
products of spherical vector harmonicsYW l l 8m have been per-
formed by reducing them to scalar products ofYW l l 8m , when
the integral can be taken immediately. So, using formulas
the type

~YW l 8 l 8m83YW l l 11m!r52 i
Al

A2l 11
YW l 8 l 8m8•YW l lm , ~4.4!

~YW l 8 l 811m83YW l l 21m!r5 i
Al 8

A2l 811
YW l 8 l 8m8•YW l l 21m ,

~4.5!

and

E dV~YW l l 11m3YW l 8 l 8m8!r52 i ~21!m
Al

Al 11
d l l 8dm,2m8 ,

~4.6!

E dV~YW l l 21m3YW l 8 l 8m8!r52 i ~21!m
Al 11

A2l 11
d l l 8dm,2m8 ,

~4.7!

one gets for the intensity of radiation the following gene
formula in terms of the derivatives of the electric, magne
and toroidal form factors~with respect to both argument
2k2 and t!, in which the (1/c) powers in front of various
contributions are explicitly evidentiated,

I 5(
l ,m

1

c2l 11

~ l 11!

l ~2l 21!!! ~2l 11!!! H UQlm
~0!~ l 11!S 0,t2

r

cD U2

2(
n

1

n!c2n11FQlm
~0!~ l 11!S 0,t2

r

cDTlm
~n!~ l 12n12!* S 0,t2

r

cD
1Qlm

~0!~ l 11!* S 0,t2
r

cDTlm
~n!~ l 12n12!S 0,t2

r

cD G
1 (

n,n8

1

n!n8!c2n12n8 FMlm
~n!~ l 12n11!S 0,t2

r

cD

04660
f

l
,

3Mlm
~n8!~ l 12n811!* S 0,t2

r

cD1
1

c2 Tlm
~n!~ l 12n12!S 0,t2

r

cD
3Tlm

~n8!~ l 12n812!* S 0,t2
r

cD G J . ~4.8!

Equation~4.8! above expresses the radiation intensity
a most general type of source, characterized by the elec
magnetic, and toroid multipole formfactorsQlm(2k2,t),
Mlm(2k2,t), Tlm(2k2,t), for an arbitrary time dependenc
of the latter, in terms of their derivatives at both argume
@see Eqs.~1.39!–~1.41!#, which are nothing else but time
derivatives~up to numerical known factors! of the mean-
square radii of the multipole distributions of various typ
and order@see Eqs.~1.42!–~1.44!#. Equation~4.8! exploits
exactly and fully the multipole content of the source, for
arbitrary time dependence, in the calculation of the intens
of radiation emmited by that source.

We recall that the first superscript indicates the order
derivation with respect to the first argument,2k2, of the
formfactor, while the second, the order of derivation w
respect to the second argument,t. All terms appearing in Eq.
~4.8! are real, being equal to their complex conjugates. Eq
tion ~4.8! of the radiation intensityI is obviously positive
definite also, as better seen from the following equivalent
more compact form in which it can be written:

I 5(
l ,m

1

c2l 11

~ l 11!

l ~2l 21!!! ~2l 11!!! FUQlm
~0!~ l 11!S 0,t2

r

cD
2

1

c (
n

1

n!c2n Tlm
~n!~ l 12n12!S 0,t2

r

cDU2

1U(
n

1

n!c2n Mlm
~n!~ l 12n11!S 0,t2

r

cDU2G . ~4.88!

From the above formula, one recovers easily in the dip
case (l 51,n5n850), the known expressions~@4,6#!, for the
radiation intensities in the case of the electric dipole,

I 5
2

3c3 dẄ 2, ~4.9!
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the magnetic dipole:

I 5
2

3c3 mẄ 2, ~4.10!

and the toroid dipole:

I 5
2

3c5 tẆ̈ 2. ~4.11!

But to the order (1/c5) there are other contributions too
and from the general expression Eq.~4.8! we can straightfor-
wardly derive the correct formula for the radiation intens
valid to the order (1/c5) inclusively in terms of the lower
electric, magnetic, and toroid multipole quantities. It is

I 5
2

3c3 dẄ 21
2

3c3 mẄ 22
4

3c4 dẄ tẆ̈1
2

3c5 tẆ̈ 21
2

15c5 mẄ • r̄Ẅ̈ 2

1
1

5c5 Q̇̈ab
2 1

1

20c5 ṁ̈a,b
2 . ~4.12!

The lower multipoles appearing above are those of A
pendix C. For convenience, we recall thatdW , mW , tW are the
electric ~charge!, magnetic, and toroid dipoles,r̄W 2 the first
mean-square radius of the magnetic dipole distributi
Qa,b , ma,b the electric and magnetic quadrupole momen
We note also that~summation over repeated indicies is u
derstood!

Q̇̈ab
2 [ Q̇̈abQ̇̈ab5 Q̇̈xx

2 1 Q̇̈yy
2 1 Q̇̈zz

2 12Q̇̈xy
2 12Q̇̈xz

2 12Q̇̈yz
2

52~ Q̇̈xx
2 1 Q̇̈yy

2 1 Q̇̈xy
2 1 Q̇̈xz

2 1 Q̇̈yz
2 1 Q̇̈xxQ̇̈yy!,

ṁ̈ab
2 [ṁ̈abṁ̈ab5ṁ̈xx

2 1ṁ̈yy
2 1ṁ̈zz

2 12ṁ̈xy
2 12ṁ̈xz

2 12ṁ̈yz
2

52~ ṁ̈xx
2 1ṁ̈yy

2 1ṁ̈xy
2 1ṁ̈xz

2 1ṁ̈yz
2 1ṁ̈xxṁ̈yy!,

where the relations

Qxx1Qyy1Qzz50, Qi j 5Qji ,

mxx1myy1mzz50, mi j 5mji ,

have been used. OurQab is (1/6)Dab of Ref. @21#.
We note that by working with the fields only to the (1/c3)

order, in Ref.@21# are lost not only terms given by the toro
dipole @the third and fourth in Eq.~4.12!#, but also the fifth,
amounting to radiation on account of the interference
tween the magnetic dipole moment and the mean-squar
dius of the magnetic dipole distribution.

V. ANGULAR MOMENTUM LOSS

We consider an arbitrary system of charges and curr
described by the charge densityr(rW,t) and the current den
sity W(rW,t) that satisfy the continuity relation

]r~rW,t !

]t
1div jW~rW,t !50
04660
-

,
.

-
ra-

ts

for all rW and t.
We have to evaluate, using the electric and magn

fields of the sourceEW (rW,t), BW (rW,t) at large distances, the
angular momentum loss by the source per unit time@21#

dMW

dt
5 lim

r→`

r 3

4p E dV@~nW •EW !~nW 3EW !1~nW •BW !~nW 3BW !#.

~5.1!

The integration has to be done over a spherical surface
large radiusr and the limit r→` must subsequently be
taken. As it is well known from textbooks~see, e.g., Ref.
@21#!, Eq. ~5.1! is derived by taking into account that th
total angular momentum lost by the system per unit time
just the flux of angular momentum of the radiation fie
through a spherical surface of large radiusr:

dMi

dt
5E « i jkxjsklnldS, dS5r 2dV, nW 5

rW

r
, ~5.2!

wheres i j is the three-dimensional Maxwell stress tensor,

s i j 5
1

4p FEiEj1BiBj2
1

2
d i j ~E21B2!G . ~5.3!

Applying Eq.~5.1! to the radiation fields at large distance
one cannot, however, take the fields only to the 1/r order,
since in this ordernW •EW 5nW •BW 50 and the integrand vanishe
One can use the fieldsEW and BW to O(1/r ) only to get the
factorsnW 3EW and nW 3BW in Eq. ~5.1!. The longitudinal com-
ponentsnW EW andnW BW appear on account of contributions of th
next orderO(1/r 2) and it is so that the integral in Eq.~5.1! is
of order O(1/r 3) and the distancer essentially disappear
from the result, as it must. The expressions ofnW 3EW , nW 3BW to
orderO(1/r ) and those fornW EW , nW BW to orderO(1/r 2) in terms
of the multipole content of the source, i.e., in terms of tim
derivatives of all the electric, magnetic, and toroid mea
square radii of the corresponding distributions, have b
obtained in Sec. III, Eqs.~3.40! and ~3.41! and Eqs.~3.46!
and ~3.47!, respectively.

The contributions of the electric and magnetic fields to
angular momentum loss as given by Eq.~5.1! will be con-
sidered separately,

dMW

dt
5

dMW ~el!

dt
1

dMW ~mag!

dt
, ~5.4!

with

dMW ~el!

dt
5 lim

r→`

r 3

4p E @~nW •EW !~nW 3EW !#, ~5.5!

dMW ~mag!

dt
5 lim

r→`

r 3

4p E @~nW •BW !~nW 3BW !#. ~5.6!

The contribution of the electric field will be dealt wit
first. With Eqs.~3.40! and ~3.46!, we have then to calculate
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dMW ~el!

dt
5 lim

r→`

r 3

4p
~JW 21JW 11JW0!, ~5.7!

where

JW 25
2Ap

r 2 H(
l ,m

~ l 11!A2l 11

~2l 11!!! cl FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G J
3

2Ap

r H (
l 8m8n8

1

n8!cl 812n811

l 811

Al 8~2l 811!!!

3Ml 8m8
~n8!~ l 812n811!S 0,t2

r

cD J
3E dVYlm~nW !YW l 8 l 821m8~nW !, ~5.8!

JW 15
2Ap

r 2 H(
l ,m

~ l 11!A2l 11

~2l 11!!! cl FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G J
3

2Ap

r H (
l 8m8n8

1

n8!cl 812n811

l 811

Al 8~2l 811!!!

3Ml 8m8
~n8!~ l 812n811!S 0,t2

r

cD J
3E dVYlm~nW !YW l 8 l 811m8~nW !, ~5.9!

JW05
2Ap

r 2 H(
l ,m

~ l 11!A2l 11

~2l 11!!! cl FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G J 2iAp

r

3H (
l 8m8

1

cl 811

A~2l 811!~ l 811!

Al 8~2l 811!!!

3F2Ql 8m8
~0!~ l 811!S 0,t2

r

cD
1(

n8

1

n8!c2n811
Tl 8m8

~n8!~ l 812n812!S 0,t2
r

cD G J
3E dVYlm~nW !YW l 8 l 8m8~nW !. ~5.10!
04660
As it is seen from the Eqs.~5.8!–~5.10! above, the dis-
tancer drops out from the expression Eq.~5.7! of the electric
part of the angular momentum loss per unit time, as it mu

The integrals over the solid angle still remaining in Eq
~5.8!–~5.10! can be simply evaluated with the aid of th
Cartesian components of the spherical vectorsYW l l 8m ( l 8
5 l ,l 85 l 61) ~expressed in terms ofYlm! given in Appendix
D and the usual normalization relations

E dVYlm~nW !Yl 8m8
* ~nW !5d l l 8dmm8 ,

E dVYlm~nW !Yl 8m8~nW !5~21!md l l 8dm,2m8 .

The needed integrals then are

E dVYlm~nW !YW l 8 l 8m8~nW !

5eW xF ~21!m

2
A~ l 1m!~ l 2m11!

l ~ l 11!
d l l 8dm,2m811

1
~21!m

2
A~ l 2m!~ l 1m11!

l ~ l 11!
d l l 8dm,2m821G

1eW yF i ~21!m

2
A~ l 1m!~ l 2m11!

l ~ l 11!
d l l 8dm,2m811

2
i ~21!m

2
A~ l 2m!~ l 1m11!

l ~ l 11!
d l l 8dm,2m821G

1eW zF ~21!m11
m

Al ~ l 11!
d l l 8dm,2m8G , ~5.11!

E dVYlm~nW !YW l 8 l 821m8~nW !

5eW xF2
~21!m

2
A~ l 2m11!~ l 2m12!

~ l 11!~2l 11!

3d l ,l 821dm,2m811

1
~21!m

2
A~ l 1m11!~ l 1m12!

~ l 11!~2l 11!
d l ,l 821dm,2m821G

1eW yF2
i ~21!m

2
A~ l 2m11!~ l 2m12!

~ l 11!~2l 11!

3d l ,l 821dm,2m811

2
i ~21!m

2
A~ l 1m11!~ l 1m12!

~ l 11!~2l 11!
d l ,l 821dm,2m821G

1eW zF ~21!mA~ l 1m11!~ l 2m11!

~ l 11!~2l 11!
d l ,l 821dm,2m8G ,

~5.12!
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E dVYlm~nW !YW l 8 l 811m8~nW !

5eW xF2
~21!m

2
A~ l 1m21!~ l 1m!

l ~2l 11!
d l ,l 811dm,2m811

1
~21!m

2
A~ l 2m21!~ l 2m!

l ~2l 11!
d l ,l 811dm,2m821G

1eW yF2
i ~21!m

2
A~ l 1m21!~ l 1m!

l ~2l 11!

3d l ,l 811dm,2m811

2
i ~21!m

2
A~ l 2m21!~ l 2m!

l ~2l 11!
d l ,l 811dm,2m821G

1eW zF2~21!mA~ l 2m!~ l 1m!

l ~2l 11!
d l ,l 811dm,2m8G .

~5.13!

In this way one finds the desired result for the elect
field contribution to the rate of the angular momentum l
by the system through radiation of electromagnetic wav
Writing separately the contributions ofJW 2 , JW 1 , JW0 to
dMW el/dt according to Eq.~5.7! as

dMW ~el!

dt
5S dMW ~el!

dt
D ~JW2!

1S dMW ~el!

dt
D ~JW1!

1S dMW ~el!

dt
D ~JW0!

,

S dMW ~el!

dt
D ~JWa!

5 lim
r→`

r 3

4p
JW a ,~a!52,1,0, ~5.78!

one has

S dMW ~el!

dt
D

x

~JW2!

5
1

2 (
l ,m,n8

~21!m11~ l 12!

~2l 11!!! ~2l 13!!!

3
1

n8!c2l 12n812FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G
3FA~ l 2m11!~ l 2m12!

3Ml 11,12m
~n8!~ l 12n812!S 0,t2

r

cD
2A~ l 1m11!~ l 1m12!

3Ml 11,212m
~n8!~ l 12n812!S 0,t2

r

cD G , ~5.14!
04660
t
s.

S dMW ~el!

dt
D

y

~JW2!

5
1

2 (
l ,m,n8

i ~21!m11~ l 12!

~2l 11!!! ~2l 13!!!

3
1

n8!c2l 12n812FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n1 l Tlm
~n!~ l 12n11!S 0,t2

r

cD G
3FA~ l 2m11!~ l 2m12!

3Ml 11,12m
~n8!~ l 12n812!S 0,t2

r

cD
1A~ l 1m11!~ l 1m12!

3Ml 11,212m
~n8!~ l 12n812!S 0,t2

r

cD G , ~5.15!

S dMW ~el!

dt
D

z

~JW2!

5 (
l ,m,n8

~21!m~ l 12!

~2l 11!!! ~2l 13!!!

A~ l 1m11!~ l 2m11!

n8!c2l 12n812

3FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G
3Ml 11,2m

~n8!~ l 12n812!S 0,t2
r

cD ; ~5.16!

S dMW ~el!

dt
D

x

~JW1!

5
1

2 (
l ,m,n8

~21!m11~ l 11!

~2l 21!!! ~2l 11!!!

1

n8!c2l 12n8

3FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G
3FA~ l 1m21!~ l 1m!Ml 21,12m

~n8!~ l 12n8!S 0,t2
r

cD
2A~ l 2m21!~ l 2m! Ml 21,212m

~n8!~ l 12n8!S 0,t2
r

cD G ,
~5.17!
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S dMW ~el!

dt
D

y

~JW1!

5
1

2 (
l ,m,n8

i ~21!m11~ l 11!

~2l 21!!! ~2l 11!!!

1

n8!c2l 12n8

3FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G
3FA~ l 1m21!~ l 1m! Ml 21,12m

~n8!~ l 12n8!S 0,t2
r

cD
1A~ l 2m21!~ l 2m! Ml 21,212m

~n8!~ l 12n8!S 0,t2
r

cD G ,
~5.18!

S dMW ~el!

dt
D

z

~JW1!

5 (
l ,m,n8

~21!m11~ l 11!

~2l 21!!! ~2l 11!!!

A~ l 2m!~ l 1m!

n8!c2l 12n8

3FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G
3Ml 21,2m

~n8!~ l 12n8!S 0,t2
r

cD ; ~5.19!

S dMW ~el!

dt
D

x

~JW0!

5
i

2 (
l ,m

~21!m~ l 11!

l ~2l 21!!! ~2l 11!!!

1

c2l 11FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G
3HA~ l 1m!~ l 2m11!F2Ql ,12m

~0!~ l 11!S 0,t2
r

cD
1(

n8

1

n8!c2n81 l
Tl ,12m

~n8!~ l 12n812!S 0,t2
r

cD G
1A~ l 2m!~ l 1m11!F2Ql ,212m

~0!~ l 11!S 0,t2
r

cD
1(

n8

1

n8!c2n811
Tl ,212m

~n8!~ l 12n812!S 0,t2
r

cD G J ,

~5.20!
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S dMW ~el!

dt
D

y

~JW0!

5
1

2 (
l ,m

~21!m~ l 11!

l ~2l 21!!! ~2l 11!!!

1

c2l 11FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n1 l Tlm
~n!~ l 12n11!S 0,t2

r

cD G
3HA~ l 1m!~ l 2m11!F2Ql ,12m

~0!~ l 11!S 0,t2
r

cD
1(

n8

1

n8!c2n81 l
Tl ,12m

~n8!~ l 12n812!S 0,t2
r

cD G
2A~ l 2m!~ l 1m11!F2Ql 212m

~0!~ l 11!S 0,t2
r

cD
1(

n8

1

n8!c2n81 l
Tl ,2m

~n8!~ l 12n812!S 0,t2
r

cD G J ,

~5.21!

S dMW ~el!

dt
D

z

~JW0!

5(
l ,m

i ~21!mm~ l 11!

l ~2l 21!!! ~2l 11!!!

1

c2l 11FQlm
~0!~ l !S 0,t2

r

cD
2(

n

1

n!c2n11 Tlm
~n!~ l 12n11!S 0,t2

r

cD G
3F2Ql ,2m

~0!~ l 11!S 0,t2
r

cD
1(

n8

1

n8!c2n811
Tl ,2m

~n8!~ l 12n812!S 0,t2
r

cD G .

~5.22!

It is worth noting that the magnetic-type multipole m
ments and radii of the system contribute todMW (el)/dt
~through interferences with the electric and toroid coresp
dents! only through the JW 6-pieces @Eqs. ~5.14!–~5.19!#,
while they are absent from theJW0 piece@Eqs.~5.20!–~5.22!#,
in which only interferences of the type~electric
1toroid!3~electric1toroid! are there.

The evaluation of the magnetic-field contribution to t
angular momentum loss, given by Eq.~5.6!, goes entirely on
the same line as in the electric field case, so we skip o
details and give directly the lengthy result, but splittin
however, the long expression in a slightly different mann
as before, by evidentiating perhaps more suggestively
various types of interferences. So one has
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dMW ~mag!

dt
5S dMW ~mag!

dt
D

M ,M

1S dMW ~mag!

dt
D

M ,Q1T
~5.23!

where the subscriptM, M indicates interferences between t
magnetic type multipole radii themselves, while the subsc
M, Q1T indicates interferences between magnetic a
electric1toroid type radii,

S dMx
~mag!

dt D
M ,M

52
i

2 (
l ,m,n,n8

~21!m~ l 11!

l ~2l 21!!! ~2l 11!!!

A~ l 1m!~ l 2m11!

n!n8!c2l 12n12n811

3Mlm
~n!~ l 12n!S 0,t2

r

cD Ml ,12m
~n8!~ l 12n811!S 0,t2

r

cD
2

i

2 (
l ,m,n,n8

~21!m~ l 11!

l ~2l 21!!! ~2l 11!!!

A~ l 2m!~ l 1m11!

n!n8!c2l 12n12n811

3Mlm
~n!~ l 12n!S 0,t2

r

cD Ml ,212m
~n8!~ l 12n811!S 0,t2

r

cD ,

~5.24!
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t
d

S dMy
~mag!

dt D
M ,M

5
1

2 (
l ,m,n,n8

~21!m~ l 11!

l ~2l 21!!! ~2l 11!!!

A~ l 1m!~ l 2m11!

n!n8!c2l 12n12n811

3Mlm
~n!~ l 12n!S 0,t2

r

cD Ml ,12m
~n8!~ l 12n811!S 0,t2

r

cD
2

1

2 (
l ,m,n,n8

~21!m~ l 11!

l ~2l 21!!! ~2l 11!!!

A~ l 2m!~ l 1m11!

n!n8!c2l 12n12n811

3Mlm
~n!~ l 12n!S 0,t2

r

cD Ml ,212m
~n8!~ l 12n811!S 0,t2

r

cD ,

~5.25!

S dMz
~mag!

dt D
M ,M

5 i (
l ,m,n,n8

~21!mm~ l 11!

l ~2l 21!!! ~2l 11!!!

1

n!n8!c2l 12n12n811

3Mlm
~n!~ l 12n!S 0,t2

r

cD Ml ,2m
~n8!~ l 12n811!S 0,t2

r

cD ;

~5.26!
S dMx
~mag!

dt D
M ,Q1T

5
1

2 (
l ,m,n

~21!m

~2l 21!!! ~2l 11!!!

1

n!cl 12n Mlm
~n!~ l 12n!S 0,t2

r

cD

3H ~ l 12!A~ l 2m11!~ l 2m12!

~2l 11!~2l 13!
FQl 11,12m

~0!~ l 12! S 0,t2
r

cD
cl 12 2 (

n850

` Tl 11,12m
~n8!~ l 12n813!S 0,t2

r

cD
n8!cl 12n813

G
2

~ l 12!A~ l 1m11!~ l 1m12!

~2l 11!~2l 13!
FQl 11,212m

~0!~ l 12! S 0,t2
r

cD
cl 12 2 (

n850

` Tl 11,212m
~n8!~ l 12n813!S 0,t2

r

cD
n8!cl 12n813

G
1~ l 11!A~ l 1m21!~ l 1m!FQl 21,212m

~0!~ l ! S 0,t2
r

cD
cl 2 (

n850

` Tl 21,12m
~n8!~ l 12n811!S 0,t2

r

cD
n8!cl 12n811

G
2~ l 11!A~ l 2m21!~ l 2m!FQl 21,212m

~0!~ l ! S 0,t2
r

cD
cl 2 (

n850

` Tl 21,212m
~n8!~ l 12n811!S 0,t2

r

cD
n8!cl 12n811

G J , ~5.27!
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S dMy
~mag!

dt D
M ,Q1T

5
i

2 (
l ,m,n

~21!m

~2l 21!!! ~2l 11!!!

1

n!cl 12n M lm
~n!~ l 12n!S 0,t2

r

cD

3H ~ l 12!A~ l 2m11!~ l 2m12!

~2l 11!~2l 13!
FQl 11,12m

~0!~ l 12! S 0,t2
r

cD
cl 12 2 (

n850

` Tl 11,12m
~n8!~ l 12n813!S 0,t2

r

cD
n8!cl 12n813

G
1

~ l 12!A~ l 1m11!~ l 1m12!

~2l 11!~2l 13!
FQl 11,212m

~0!~ l 12! S 0,t2
r

cD
cl 12 2 (

n850

` Tl 11,212m
~n8!~ l 12n813!S 0,t2

r

cD
n8!cl 12n813

G
1~ l 11!A~ l 1m21!~ l 1m!FQl 21,12m

~0!~ l ! S 0,t2
r

cD
cl 2 (

n850

` Tl 21,12m
~n8!~ l 12n811!S 0,t2

r

cD
n8!cl 12n811

G
1~ l 11!A~ l 2m21!~ l 2m!FQl 21,212m

~0!~ l ! S 0,t2
r

cD
cl 2 (

n850

` Tl 21,212m
~n8!~ l 12n811!S 0,t2

r

cD
n8!cl 12n811

G J , ~5.28!

S dMz
~mag!

dt D
M ,Q1T

5 (
l ,m,n

~21!m

~2l 21!!! ~2l 11!!!

1

n!cl 12n Mlm
~n!~ l 12n!S 0,t2

r

cD

3H 2
~ l 12!A~ l 1m11!~ l 2m11!

~2l 11!~2l 13!
FQl 11,2m

~0!~ l 12!S 0,t2
r

cD
cl 12 2 (

n850

` T11,2m
~n8!~ l 12n813!S 0,t2

r

cD
n8!cl 12n813

G
1~ l 11!A~ l 2m!~ l 1m!FQl 21,2m

~0!~ l ! S 0,t2
r

cD
cl 2 (

n850

` Tl 212m
~n8!~ l 12n811!S 0,t2

r

cD
n8!cl 12n811

G J . ~5.29!
o
in

ed

or

h

th
So we have completed the calculation of the angular m
mentum loss per unit time. The electric field contribution
Eq. ~5.4! is given by Eqs.~5.78! and Eqs.~5.14!–~5.22!,
while the contribution of the magnetic field in Eq.~5.4! is
given by Eqs.~5.23!–~5.29!. The results have been express

by giving formulas for the Cartesian components ofdMW /dt.
Ellaborating still a little bit these results and writing them f

the spherical components of the vectordMW /dt, they can be
put in a more compact form in terms of known Clebsc
Gordan coefficients.

So, in spherical components (m521,0,11), one finally
obtains for the angular momentum loss per unit time
following general expression:
04660
-

-

e

dMm

dt
5(

l ,m

~21!m11

~2l 21!!! ~2l 11!!!

1

c2l

3F l 12

2l 11

Al 11

A2l 13
C m1m,2m,m

l 11,1,l A

1~ l 11!Al ~2l 21! C m1m,2m,m
l 21,1,l B

1
i

c
~ l 11!

Al 11

Al
C m1m,2m,m

l ,1,l CG ,

~5.30!
whereA, B, C stand for
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A5(
n8

1

c2n812n8!
@Qlm

~0!~ l !Ml 11,2m2m
~n8!~ l 12n812!

2Mlm
~n8!~ l 12n8!Ql 11,2m2m

~0!~ l 12! #

1 (
n,n8

1

c2n12n813n!n8!
@Mlm

~n8!~ l 12n8!Tl 11,2m2m
~n!~ l 12n13!

2Tlm
~n!~ l 12n11!Ml 11,2m2m

~n8!~ l 12n812!#, ~5.31!

B5(
n8

1

c2n8n8!
@Qlm

~0!~ l !Ml 21,2m2m
~n8!~ l 12n8!

2Mlm
~n8!~ l 12n8!Ql 21,2m2m

~0!~ l ! #

1 (
n,n8

1

c2n12n811n!n8!
@Mlm

~n8!~ l 12n8!Tl 21,2m2m
~n!~ l 12n11!

2Tlm
~n!~ l 12n11!Ml 21,2m2m

~n8!~ l 12n8!#, ~5.32!

C52Qlm
~0!~ l !Ql ,2m2m

~0!~ l 11!1(
n8

1

c2n11n!
@Qlm

~0!~ l !Tl ,2m2m
~n!~ l 12n12!

1Tlm
~n!~ l 12n11!Ql ,2m2m

~0!~ l 11!#

2 (
n,n8

1

c2n12n8n!n8!
FMlm

~n!~ l 12n8!Ml ,2m2m
~n8!~ l 12n811!

1
1

c2 Tlm
~n!~ l 12n11!Tl ,2m2m

~n8!~ l 12n812!G . ~5.33!

The connection with the Cartesian components is as usu

dM1

dt
52

1

&
S dMx

dt
1 i

dMy

dt D ,

dM~2 !

dt
5

1

&
S dMx

dt
2 i

dMy

dt D ,

dM~0!

dt
5

dMz

dt
. ~5.34!

The argument of all the double-superscript quantit
Qlm

(n)(n) , Mlm
(n)(n) , Tlm

(n)(n) @which up to numerical factors ar
just time derivatives of the multipole electric, magnetic, a
toroid radii of the system, see Eqs.~1.42!–~1.44!# is t
2r /c. We recall for convenience the definitions of th
double-superscript quantities in terms of the correspond
multipole electric, magnetic, and toroid form facto
@Eqs.~1.39!–~1.41!#:

Qlm
~n!~n!~0,t !5

dn

dtn F dn

d~2k2!n Qlm~2k2,t !U
k250

G ,

Mlm
~n!~n!~0,t !5

dn

dtn FU dn

d~2k2!n Mlm~2k2,t !U
k250

G ,
04660
ly,

s

g

Tlm
~n!~n!~0,t !5

dn

dtn F dn

d~2k2!n Tlm~2k2,t !U
k250

G ,

and their relationship with the multipole charge~electric!,
magnetic, and toroid mean-square radii@respectively,r lm

2n(t),
r lm

2n(t), Rlm
2n(t)# of various orders~zero order means just th

corresponding multipole moment itself! @Eqs.~1.42!–~1.44!#:

Qlm
~n!~n!~0,t !5

~2l 11!!!

2n~2l 12n11!!!

dn

dtn
r lm

2n~ t !,

Mlm
~n!~n!~0,t !5

~2l 11!!!

2n~2l 12n11!!!

dn

dtn
r lm

2n~ t !,

Tlm
~n!~n!~0,t !5

~2l 11!!!

2n~2l 12n11!!!

dn

dtn
Rlm

2n~ t !.

All these radii express exactly the multipole content of t
most general type of source. They characterize comple
the system; in this paper, their time dependence is left a
trary.

At this point, a comment on the time dependence in
formulas obtained for the angular momentum lost per u
time by the system through radiation may be in order~as a
matter of fact, this comment holds also for the calculation
the recoil force, radiation intensity, etc.!. The question is that
apparently~i.e., rigourously, from the mathematical point o
view! the evaluation of the limitsr→` like the one in Eq.
~5.1! might rise some delicate problems, since the fieldsEW ,BW
under the integral are by definition solutions of the Maxw
equations that are zero at infinity. But in principle one m
evaluate the angular momentum lost per unit time by
system through a sphere of arbitrary radiusr,

dMW ~rW,t !

dt
5

r 3

4p E dV@~nW •EW !~nW 3EW !1~nW •BW !~nW 3BW !#.

~5.18!

It is practically hard to do that in the vicinity of the
source, so one does it for larger but not just in the limitr
→`; one must still have non-negligible terms of order 1/r 3

from the integral to compensate ther 3 in front of it. That is
why, in general, one may speak ofdMW (r ,t)/dt as a function
of r. One should remember that the argument of the radi
the final result fordMW /dt is t2r /c. This means that if an
observer at a distancer 1 from the source measures the ang
lar momentum that flows through the surface of radiusr 1
during the time intervalT and other observer situated at th
distancer 2.r 1 does the same thing and starts measuring
the retarded time~when the waves reached him!, after the
same time intervalT he will find the same answer as the fir
observer. That is whydMW /dt, the recoil force, etc., still de-
pend~unessentially! on r through the retarded timet2r /c in
the argument of the radii from the final result.

We shall exploit the above general formulas Eqs.~5.30!–
~5.33! by writing down the expression of the angular m
mentum loss correct up to terms of 1/c5 in the development
9-26
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over 1/c powers. For contact with relations given in the l
erature, we have come back to Cartesian components an
the corresponding connections with the spherical com
nents for the first multipole moments and radii given in A
pendix C. We find

dMa

dt
5C~QQ!1C~MM !1C~QM!1C~QT!1C~MT!

1C~TT!, ~5.35!

where the various diagonal and interference~electric, mag-
netic, and toroid! contributions are

C~QQ!52
2

3c3 «a i j ḋi d̈ j2
2

5c5 «a i j Q̈b i Q̇̈b j , ~5.36!

C~MM !52
2

3c3 «a i j ṁim̈j2
1

5c5
S 2

1

3
«a i j m̈ir j

2̇̈̄

1
1

3
«a i j ṁir j

2̈̈̄1
1

2
«a i j m̈b i ṁ̈b j

D , ~5.37!

C~QM!52
1

5c4 ~ ṁ̈a i ḋi1m̈a i d̈i22Q̇̈a i ṁi22Q̈a i m̈i !,

~5.38!

C~QT!5
2

3c4 «a i j ḋi ṫ̈ j1
2

3c4 «a i j ẗ i d̈ j , ~5.39!

C~MT!52
1

15c5 ~2 ẗ̈a i ṁi12 ṫ̈a i m̈i23ṁ̈a i ẗ i23m̈a i ṫ̈ i !,

~5.40!

C~TT!52
2

3c5 «a i j ẗ i ṫ̈ j . ~5.41!

In the expressions above, dots mean time derivatives,
argument of the multipole quantities involved ist2r /c, and
di is the electric~charge! dipole moment,Qi j is the electric
quadrupole moment,mi the magnetic dipole moment,r i

2 the
first mean-square radius of the magnetic dipole distributi
mi j the magnetic quadrupole moment,t i the toroid dipole
moment, t i j the toroid quadrupole moment. All these fir
usual multipole quantities are listed for convenience in A
pendix C together with their corresponding spherical-ba
analogs. Reordering the above formulas in powers of 1/c one
has

dMa

dt
52

2

3c3 «abg~ ḋbd̈g1ṁbm̈g!1
1

c4 F1

5
~2ṁ̈abḋb

2m̈abd̈b12Q̇̈abṁb12Q̈abm̈b!1
2

3
«abg~ ḋb ṫ̈g

1 ẗbd̈g!G2
1

5c5 F1

3
~2 ẗ̈abṁb12 ṫ̈abm̈b23ṁ̈ab ẗb
04660
use
-

he

,

-
is

23m̈ab ṫ̈b!1«abgS 2Q̈dbQ̇̈dg1
10

3
ẗb ṫ̈g1

1

3
ṁbrg

2̈̈̄

2
1

3
m̈brg

2̄
[

1
1

2
m̈dbṁ̈dgD G

1S terms of higher order than
1

c5D . ~5.42!

All the time derivatives~dots! of the multipole quantities
appearing in the Eqs.~5.42! above, as said before, have
argumentt2r /c. We mention that in the expression of th
rate of the angular momentum lossdMW /dt calculated in Ref.
@21# ~the Problem 2 at the end of Paragraph 72, the 19
Russian edition! only the first term of our Eq.~5.42! is given,
while Eq.~5.42! completes the result given in Ref.@21# with
the remaining contributions of order 1/c3 ~of magnetic type!,
of order 1/c4 ~which include a toroid dipole piece! and of
order 1/c5 ~which also include toroid pieces, this time a
pearing not only the toroid dipole moment, but the toro
quadrupole moment as well!.

VI. RECOIL FORCE

The recoil force is the momentum lost by the system
unit time, i.e., the flux of momentum taken off from th
system by radiation of electromagnetic waves@21#,

Fi5E s i j njdS, dS5r 2dV, nW 5
rW

r
. ~6.1!

s i j is the three-dimensional Maxwell stress tensor given
Eq. ~5.3! and the integration has to be done over a sphere
large radiusr.

A system that emits electromagnetic radiation suffers th
the recoil force

FW 5 lim
r→`

H 2
r 2

4p E dVFEW ~EW •nW !1BW ~BW •nW !2nW
~EW 21BW 2!

2
G J ,

nW 5
rW

r
. ~6.2!

We need the electric and magnetic fieldsEW andBW to order
O(1/r ). To this order the fields are transversal,

EW •nW 50, BW •nW 50,

and we have to calculate

FW 52
r

8p E dVrW~EW 21BW 2!, ~6.3!

i.e.,

Fx52
r

8p E dVx~EW 21BW 2!, ~6.4!

Fy52
r

8p E dVy~EW 21BW 2!, ~6.5!
9-27
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Fz52
r

8p E dvz~EW 21BW 2!, ~6.6!

for r→`, with EW and BW ;O(1/r ), so thatr in front of the
integrals will finally drop from the result, as it must.

Our aim is to evaluate the recoil force in terms of t
multipole content of the source in the most general situat
i.e., for all types of source’s multipoles~electric, magnetic,
toroid!, any multipolarity order and an arbitrary time depe
dence of the quantities involved. This means that we wan
express the recoil force in terms of~essentially! the time
derivatives of the system’s various multipole radii, i.e.,
terms of the double-superscript quantities defined in E
~1.39!–~1.41! @which are related to the radii as in Eq
~1.42!–~1.44!#. To this purpose, as it is seen from Eqs.~6.2!–
~6.6! above, one needs only theO(1/r ) multipole content of
the fieldsEW ,BW as given by Eqs.~3.15!, ~3.16! of Sec. III. The
calculation, however, is tedious and we shall give here o
the main steps and final results, presenting nonetheless s
times certain details about technicalities that involve so
lengthy expressions and relegating to appendixes for s
other formulas. The calculation goes as follows:

Step~1!. Since the fieldsEW ,BW in orderO(1/r ), given by
Eqs.~3.15! and ~3.16!, satisfy

rW

r
3EW ~rW,t ! 5

O~1/r !

BW ~rW,t !,

one has

EW 2~rW,t !5BW 2~rW,t !,

and Eqs.~6.4!–~6.6! mean that one has to calculate~larger,
nW 5rW/r !,

Fx52r 2
&

4A3p
E dV@Y121~nW !2Y11~nW !#BW 2~rW,t !, ~6.7!

Fy52r 2i
&

4A3p
E dV@Y11~nW !1Y121~nW !#BW 2~rW,t !, ~6.8!
04660
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Fz52r 2
1

2A3p
E dVY10~nW !BW 2~rW,t !, ~6.9!

i.e., one has to find the surface integrals

I 15E dVY11~nW !BW 2~rW,t !, ~6.10!

I 215E dVY121~nW !BW 2~rW,t !, ~6.11!

I 05E dVY10~nW !BW 2~rW,t !. ~6.12!

Then the recoil force will be, in the Cartesian basis

Fx52r 2
&

4A3p
~ I 212I 1!, ~6.13!

Fy52r 2
&

4A3p
~ i I 211 i I 1!, ~6.14!

Fz52r 2
1

2A3p
I 0 , ~6.15!

and in spherical basis

F1152
1

&
~Fx1 iF y!52

r 2

2A3p
I 1 , ~6.16!

F215
1

&
~Fx2 iF y!52

r 2

2A3p
I 21 , ~6.17!

F05Fz52
r 2

2A3p
I 0 . ~6.18!

Step~2!. We start considering the integralI 1 of Eq. ~6.10!.
One has to evaluate it withBW (rW,t) under the integral as given
by Eq. ~3.16!, i.e., one has to calculate the lengthy expre
sion
I 15
1

r 2 E dVY11~nW !H (
l ,m

1

cl 11

A4p~2l 11!~ l 11!

Al ~2l 11!!!
F (

n50

`
1

n!c2n M lm
~n!~ l 12n11!S 0,t2

r

cD
3S Al

A2l 11
YW l l 11m~nW !1

Al 11

A2l 11
YW l l 21m~nW !D 2 iQlm

~0!~ l 11!S 0,t2
r

cDYW l lm~nW !1
i

c (
n50

`
1

n!c2n Tlm
~n!~ l 12n12!S 0,t2

r

cD
3YW l lm~nW !G J •H (

l 8m8

1

cl 811

A4p~2l 811!~ l 811!

Al 8~2l 811!!!
F 1

n8!c2n8
Ml 8m8

~n8!~ l 812n811!S 0,t2
r

cD S Al 8

A2l 811
YW l 8 l 811m8~nW !

1
Al 811

A2l 811
YW l 8 l 821m8~nW !D 2 iQl 8m8

~0!~ l 811!S 0,t2
r

cDYW l 8 l 8m8~nW !1
i

c (
n850

`
1

n8!c2n8
Tl 8m8

~n8!~ l 812n812!S 0,t2
r

cDYW l 8 l 8m8~nW !G J .

~6.19!

So, to findI 1 , one splits it into six types of different pieces and calculates them separately,
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I 15I 1
MM1I 1

QQ1I 1
TT1I 1

QM1I 1
TM1I 1

QT . ~6.20!

We give here only the expression ofI 1
MM , the other pieces having the obvious corresponding form

I 1
MM5 (

l ,m,l 8,m8
(
n,n8

1

cl 1 l 812n12n812

4pA~ l 11!~ l 811!

n!n8!Al l 8~2l 11!!! ~2l 811!!!
Mlm

~n!~ l 12n11!Ml 8m8
~n8!~ l 812n811!

3FAl l 8E dVY11YW l l 11m•YW l 8 l 811m812Al ~ l 811!E dVY11YW l l 11m•YW l 8 l 821m81A~ l 11!~ l 811!

3E dVY11YW l l 21m•YW l 8 l 821m8G . ~6.21!
ut
ha

e
oe
3

-
-
d

n

Eq.
From now on we shall drop the arguments (0,t2r /c) andnW
in the spherical vector functions when unnecessary.

Step ~3!. It is seen that essentially one has to comp
many surface integrals over products of three spherical
monics, which can be performed in terms of 3j Wigner co-
efficients with the aid of the formula@22#,

E dVYl 1m1
~nW !Yl 2m2

~nW !Yl 3m3
~nW !

5
A~2l 111!~2l 211!~2l 311!

A4p
S l 1 l 2 l 3

0 0 0D
3S l 1 l 2 l 3

m1 m2 m3
D . ~6.22!

In this section, unlike our procedure in Secs. IV and V wh
we used in the calculations the usual Clebsch-Gordan c
ficients, we preferred to work with the more symmetricalj
Wigner symbols@22#. We recall the known relationship,

S l 1 l 2 l 3

m1 m2 m3
D 5~21! l 12 l 22m3

1

A2l 311
Cm1,m2,2m3

l 1,l 2,l 3 .

~6.228!

The Cartesian components ofYW l l 8m(nW ) that enter the expres
sions of the fields Eqs.~3.15! and ~3.16!, and hence the ex
pression to be evaluated and which have to be expresse
terms of the usual spherical harmonicsYlm(nW ) through 3j
symbols, are given for convenience in Appendix D. So, o
finds

I 1
MM5

1

r 2 (
l ,n,n8

~21! l

c2l 12n12n811

3
8l ~ l 11!A3p l

n!n8! ~2l 11!!! ~2l 21!!! A~2l 21!~2l 11!

3(
m

Mlm
~n!~ l 12n11!Ml 21,212m

~n8!~ l 12n8!S l l 21 1

m 212m 1D

04660
e
r-

n
f-

in

e

1
1

r 2 (
l ,n,n8

~21! l 11

c2l 12n12n813

3
4~ l 12!~2l 214l 11!A3p

n!n8! ~2l 11!!! ~2l 13!!! A~ l 11!~2l 11!~2l 13!

3(
m

Mlm
~n!~ l 12n11!Ml 11,212m

~n8!~ l 12n812!S l l 11 1

m 212m 1D ,

~6.23!

and analogous expressions for all the other pieces in
~6.20!,

I 1
QQ5

1

r 2 (
l ,m

~21! l

c2l 11

2A3p~ l 11!

~2l 21!!! ~2l 23!!! Al ~2l 21!~2l 11!

3(
m

Qlm
~0!~ l 11!Ql 21,212m

~0!~ l ! S l l 21 1

m 212m 1D
1

1

r 2 (
l ,m

~21! l 21

c2l 13

3
2A3p~ l 12!

~2l 21!!! ~2l 11!!! A~ l 11!~2l 11!~2l 13!

3(
m

Qlm
~0!~ l 11!Ql 11,212m

~0!~ l 12! S l l 11 1

m 212m 1D , ~6.24!

I 1
TT5

1

r 2 (
l ,n,n8

~21! l

n!n8!c2l 12n12n812

3
2A3p~ l 11!

~2l 21!!! ~2l 23!!! Al ~2l 21!~2l 11!

3(
m

Tlm
~n!~ l 12n12!Tl 21,212m

~n8!~ l 12n811!S l l 21 1

m 212m 1D
1

1

r 2 (
l ,n,n8

~21! l 21

n!n8!c2l 12n12n814
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3
2A3p~ l 12!

~2l 21!!! ~2l 11!!! A~ l 11!~2l 11!~2l 13!

3(
m

Tlm
~n!~ l 12n12!Tl 11,212m

~n8!~ l 12n813!S l l 11 1

m 212m 1D ,

~6.25!

I 1
QM5

4i

r 2 (
l ,n

~21! l 21

n!c2n12l 12

A3p~ l 11!~2l 11!

lAl ~2l 11!!! ~2l 21!!!

3(
m

Ql ,212m
~0!~ l 11!Mlm

~n!~ l 12n11!S l l 1

212m m 1D ,

~6.26!

I 1
TM5

4i

r 2 (
l ,n,n8

~21! l

n!n8!c2n12n812l 13

3
1

~2l 11!!! ~2l 21!!!

A3p~ l 11!~2l 11!

lAl

3(
m

Tl ,212m
~n8!~ l 12n812!Mlm

~n!~ l 12n11!S l l 1

212m m 1D ,

~6.27!

I 1
QT5

4

r 2 (
l ,n8

~21! l 11

n8!c2n812l 12

~ l 11!

~2l 21!!! ~2l 23!!!

3
A3p

Al ~2l 11!~2l 21!
(
m

Qlm
~0!~ l 11!Tl 21,212m

~n8!~ l 12n811!

3S l l 21 1

m 212m 1D 1
4

r 2 (
l ,n8

~21! l

n8!c2n812l 14

3
~ l 12!

~2l 21!!! ~2l 11!!!

A3p

A~ l 11!~2l 11!~2l 13!

3(
m

Qlm
~0!~ l 11!Tl 11,212m

~n8!~ l 12n813!S l l 11 1

m 212m 1D .

~6.28!

So, one completes the calculation of the integralI 1 from Eq.
~6.10!.

Step~4!. The integralI 21 , Eq. ~6.11!, is calculated from
the result obtained above forI 1 , Eqs.~6.20!, ~6.23!–~6.28!,
using the obvious relation

I 2152I 1* , ~6.29!

and the properties under complex conjugation of the dou
superscript quantitiesQlm

(n)(n) , Mlm
(n)(n) , which are of the type

Mlm
~n!~n!* 5~21!mMl 2m

~n!~n! , etc., ~6.30!
04660
e-

following from the same properties of the whole electr
magnetic, and toroid formfactors Qlm(2k2,t),
Mlm(2k2,t),Tlm(2k2,t) they are originating from@see Eqs.
~1.228!–~1.248!#. One changes thenm→2m ~the summation
over m remains again from2 l to l because of symmetry!
and one uses the known relation@22#

S j 1 j 2 j 3

m1 m2 m3
D 5~21! j 11 j 21 j 3S j 1 j 2 j 3

2m1 2m2 2m3
D ,

~6.31!

for the appearing 3j symbols, to get finally the expression o
I 21 we are looking for, which is entirely similar to the on
for I 1 given above~with the expected due changes in th
indices and 3j symbols!.

Step~5!. One computes in the same way the integralI 0 of
Eq. ~6.12!. The result is

I 05I 0
MM1I 0

QQ1I 0
TT1I 0

QM1I 0
TM1I 0

QT , ~6.32!

where

I 0
MM5

1

r 2 (
l ,m,n,n8

~21! l

n!n8!c2n12n812l 11

3
8l ~ l 11!A3p l

~2l 21!!! ~2l 11!!! A~2l 21!~2l 11!

3Mlm
~n!~ l 12n11!Ml 21,2m

~n8!~ l 12n8!S l l 21 1

m 2m 0D
1

1

r 2 (
l ,m,n,n8

~21! l 11

n!n8!c2n12n812l 13

3
4~2l 214l 11!~ l 12!A3p

~2l 11!!! ~2l 13!!! A~ l 11!~2l 11!~2l 13!

3Mlm
~n!~ l 12n11!Ml 11,2m

~n8!~ l 12n812!S l l 11 1

m 2m 0D ,

~6.33!

I 0
QQ5

1

r 2 (
l ,m

~21! l

c2l 11

2A3p~ l 11!

~2l 21!!! ~2l 23!!! Al ~2l 21!~2l 11!

3Qlm
~0!~ l 11!Ql 21,2m

~0!~ l ! S l l 21 1

m 2m 0D 1
1

r 2 (
l ,m

~21! l 21

c2l 13

3
2A3p~ l 12!

~2l 21!!! ~2l 11!!! A~ l 11!~2l 11!~2l 13!

3Qlm
~0!~ l 11!Ql 11,2m

~0!~ l 12!S l l 11 1

m 2m 0D , ~6.34!
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I 0
TT5

1

r 2 (
l ,m,n,n8

~21! l

n!n8!c2l 12n12n812

3
2A3p~ l 11!

~2l 21!!! ~2l 23!!! Al ~2l 21!~2l 11!

3Tlm
~n!~ l 12n12!Tl 21,2m

~n8!~ l 12n811!S l l 21 1

m 2m 0D
1

1

r 2 (
l ,m,n,n8

~21! l 21

n!n8!c2l 12n12n814

3
2A3p~ l 12!

~2l 21!!! ~2l 11!!! A~ l 11!~2l 11!~2l 13!
04660
3Tlm
~n!~ l 12n12!Tl 11,2m

~n8!~ l 12n813!S l l 11 1

m 2m 0D ,

~6.35!

I 0
QM5

4i

r 2 (
l ,m,n

~21! l 11

n!c2n12l 12

A3p~ l 11!~2l 11!

lAl

3
1

~2l 21!!! ~2l 11!!!
Ql ,2m

~0!~ l 11!Mlm
~n!~ l 12n11!

3S l l 1

2m m 0D , ~6.36!
al the

e result
ic,
I 0
TM5

4i

r 2 (
l ,m,n,n8

~21! l

n!n8!c2l 12n12n813

A3p~ l 11!~2l 11!

lAl

1

~2l 21!!! ~2l 11!!!
Tl ,2m

~n8!~ l 12n812!Mlm
~n!~ l 12n11!S l l 1

2m m 0D ,

~6.37!

I 0
QT5

1

r 2 (
l ,m,n8

~21! l 11

n8!c2l 12n812

4A3p~ l 11!

Al ~2l 21!~2l 11!

~ l 11!

~2l 21!!! ~2l 23!!!
Qlm

~0!~ l 11!Tl 21,2m
~n8!~ l 12n811!S l l 21 1

m 2m 0D
1

1

r 2 (
l ,m,n8

~21! l

n8!c2l 12n814

4A3p~ l 12!

A~ l 11!~2l 11!~2l 13!

~ l 12!

~2l 21!!! ~2l 11!!!
Qlm

~0!~ l 11!Tl 11,2m
~n8!~ l 12n813!S l l 11 1

m 2m 0D .

~6.38!

Step~6!. With I 1 , I 21 , I 0 of Eqs.~6.10!–~6.12! calculated we have ended this part of the work and have at our dispos
recoil force according to Eqs.~6.13!–~6.15! or Eqs.~6.16!–~6.19!.

Now we list the final expression of the recoil force for the most general configuration of charges and currents. Th
is expressed in the spherical basis (m521,0,11) with the aid of 3j -symbols, in terms of derivatives of the system’s electr
magnetic, and toroid formfactors. The order of derivation with respect to the momentum transfer (2k2) is specified by the first
superscript, while the order of time derivatives is given by the second superscript.

Fm5@Q,Q#1@M ,M #1@T,T#1@Q,M #1@Q,T#1@M ,T#, ~6.39!

@Q,Q#5(
l

~21! l 11

c2l 11

~ l 11!

~2l 21!!! ~2l 23!!! Al ~2l 21!~2l 11!
(
m

S l l 21 1

m 2m2m m DQlm
~0!~ l 11!Ql 21,2m2m

~0!~ l !

1(
l

~21! l

c2l 13

~ l 12!

~2l 21!!! ~2l 11!!! A~ l 11!~2l 11!~2l 13!
(
m

S l l 11 1

m 2m2m m DQlm
~0!~ l 11!Ql 11,2m2m

~0!~ l 12! , ~6.40!
@M ,M #5 (
l ,n,n8

~21! l 11

n!n8!c2l 12n12n811

3
4l ~ l 11!Al

~2l 21!!! ~2l 11!!! A~2l 21!~2l 11!

3(
m

S l l 21 1

m 2m2m m D
3Mlm

~n!~ l 12n11!Ml 21,2m2m
~n8!~ l 12n8!
1 (
l ,n,n8

~21! l

n!n8!c2l 12n12n813

3
2~ l 12!~2l 214l 11!

~2l 11!!! ~2l 13!!! A~ l 11!~2l 11!~2l 13!

3(
m

S l l 11 1

m 2m2m m D
3Mlm

~n!~ l 12n11!Ml 11,2m2m
~n8!~ l 12n812! , ~6.41!
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@T,T#5 (
l ,n,n8

~21! l 11

n!n8!c2l 12n12n812

3
~ l 11!

~2l 21!!! ~2l 23!!! Al ~2l 21!~2l 11!

3(
m

S l l 21 1

m 2m2m m DTlm
~n!~ l 12n12!Tl 21,2m2m

~n8!~ l 12n811!

1 (
l ,n,n8

~21! l

n!n8!c2l 12n12n814

3
~ l 12!

~2l 21!!! ~2l 11!!! A~ l 11!~2l 11!~2l 13!

3(
m

S l l 11 1

m 2m2m m DTlm
~n!~ l 12n12!Tl 11,2m2m

~n8!~ l 12n813! ,

~6.42!

@Q,M #522i(
l ,n

~21! l

n!c2l 12n12

A~ l 11!~2l 11!

~2l 21!!! ~2l 11!!! lAl

3(
m

S l l 1

2m2m m m DQl ,2m2m
~0!~ l 11!Mlm

~n!~ l 12n11! ,

~6.43!

@Q,T#52(
l ,n8

~21! l

n8!c2l 12n812

3
~ l 11!

~2l 21!!! ~2l 23!!! lAl ~2l 21!~2l 11!

3(
m

S l l 21 1

m 2m2m m DQim
~0!~ l 11!Tl 21,2m2m

~n8!~ l 12n811!

12(
l ,n8

~21! l 11

n8!c2l 12n814

3
~ l 12!

~2l 21!!! ~2l 11!!! A~ l 11!~2l 11!~2l 13!

3(
m

S l l 11 1

m 2m2m m DQlm
~0!~ l 11!Tl 11,2m2m

~n8!~ l 12n813! ,

~6.44!

@M ,T#522i (
l ,n,n8

~21! l 11

n!n8!c2l 12n12n813

3
A~ l 11!~2l 11!

~2l 21!!! ~2l 11!!! lAl
(
m

S l l 1

2m2m m m D
3Tl ,2m2m

~n8!~ l 12n812!Mlm
~n!~ l 12n11! . ~6.45!
04660
The summations are to be taken form52 l ,...,1 l ; l
51,2,...; n, n850,1,2,... . The appearing 3j symbols are
those from Ref.@22#, related to the usual Clebsch-Gorda
coefficients as follows:

S j 1 j 2 j 3

m1 m2 m3
D 5~21! j 12 j 22m3~2 j 311!21/2Cm1,m2,2m3

j 1, j 2, j 2 .

The Cartesian components of the recoil forceFx , Fy , Fz
are related toFm (m521,0,1) by Eqs.~6.16!–~6.18!,

F1152
1

&
~Fx1 iF y!, ~6.168!

F215
1

&
~Fx2 iF y!, ~6.178!

F05Fz . ~6.188!

From the general expression ofFm (m521,0,1) one
finds easily the expression of the recoil force exact up to
1/c5 order inclusively,

Fa52
2

3c4 «abgd̈bm̈g2
1

5c5 m̈abm̈b

2
2

5c5 Q̇̈abd̈b2
2

3c5 «abgm̈b ṫ̈g , ~6.46!

In the formula above,a, b, gP(x,y,z) and summation
over repeated indices is understood, as always in this pa
The electric, magnetic, and toroid dipole momentsdW , mW , tW,
and the electric and magnetic quadrupole momentsQab ,
mab are those from Appendix C. Note that ourQab is Qab
51/6Dab from Ref.@21#. Our Eq.~6.46! completes the resul
given in Ref.@21# ~in the Problem 2 at the end of the Par
graph 71, the 1988 Russian edition!; indeed, by working with
the fields correct only up to the (1/c3) order, in this refer-
ences one misses two terms of order (1/c5) @the second and
the fourth terms in Eq.~6.46!# and only the first~of order
1/c4! and the third~of order 1/c5! are appearing. It seem
interesting to us that besides contributions coming from
usual electric and magnetic multipoles, the recoil force, st
ing already to the 1/c5 order, receives a contribution comin
from the less usual toroid dipole moment@the last, fourth
term in Eq.~6.46!#,

FW magnetic toroid52
2

3c5 mẄ 3 tẄ
˙
.

Looking at Eq.~6.46! one sees that this magnetic-toro
interference is to be considered on the same footing with
third (1/c5) term ~computed in Ref.@21#! and the second
(1/c5) term ~missed in Ref.@21#!.

VII. CONCLUSIONS AND DISCUSSION

The main conclusion of this paper is that for the mo
general configuration of charges and currents~including tor-
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EXACT CALCULATION OF THE ANGULAR MOMENTUM . . . PHYSICAL REVIEW E65 046609
oidal current structures, which in other approaches are ei
unproperly treated or partly lost through approximations! de-
scribed by the charge densityr(rW,t) and the current density
W(rW,t) satisfying only the continuity relation, the radiatio
intensity as well as the rates of momentum and angular
mentum loss through radiation, within classical electrod
namics, can be calculated exactely for any time depende
of the sources.

We did that calculation with the aid of the multipole d
composition of Ref.@4# in which, by the introduction of a
third family of multipoles, the toroid ones, one achieves
complete parametrization ofr(rW,t), W(rW,t) ~without any ap-
proximation! in terms of quantities, which at least, in prin
ciple, do have a direct physical significance. The final res
are expressed~through quite long formulas, we admit, bu
exact! in terms of time derivatives of the system’s elect
~charge!, magnetic, and toroid mean square radii~of various
orders! and are obtained for an arbitrary time dependence
the latter. The exact formula for the radiation intensity
given by Eq.~4.8! @or Eq. ~4.88!#, the one for the angula
momentum loss is expressed by Eqs.~5.30!–~5.33! and the
one for the recoil force by Eqs.~6.39!–~6.45!. Although quite
long ~which is understandable in view of their generality!, all
these equations represent exact results in the correct m
pole analysis of configurations of charges and currents
include toroidal sources. One immediate bonus from th
expressions comes by particularizing them to the contri
tions of the first multipoles. Then corrections to the pre
ously known familiar formulas are found, mostly on accou
of the toroid moments and their interference with the us
electric and magnetic ones, to the best of our knowledge
yet reported. Such corrections@to the order (1/c5) inclu-
sively# are given, e.g., in Eq.~5.42! for the angular momen
tum loss and in Eq.~6.46! for the recoil force.

Finding an exact multipole analysis was a longstand
problem in electrodynamics and confusions have arised
the past due to the different number of independent qua
ties required for a complete characterization of the sour
on one side and of their radiation fields on the other si
Indeed, sources should be described by three classes of
tipoles while the radiation they emit is described by only tw
classes, the usual El and Ml waves. This reduction occur
account of the additional restrictions on the scalar and ve
potentials w, AW , which, apart from the Lorenz conditio
¹W •AW 1]w/]t50 ~the analog of the continuity relation forr
and jW, ¹W • jW1]r/]t50! are still subject to gauge invarianc
constraints, whiler and jW are not. This problem has bee
fully solved in Ref.@4# and in this context the exact resul
obtained in our work bring yet another support to the cla
fication of this matter of principle. The toroid multipole
introduced in Ref.@4# turn out to be indispensable in gettin
the closed formulas for the angular momentum loss, re
force, and radiation intensity for an arbitrary source deriv
and presented here.

We mention also that our Eqs.~5.30!–~5.33! include not
only an exhaustive generalization of a previous result c
cerning the angular momentum loss by a radiating tor
dipole @18# to any 2l-toroid multipole, but furnishes also ex
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act formulas for contributions coming from interferences b
tween various toroid multipoles and the usual electric a
magnetic ones.

Our work goes far beyond the multipole analysis p
sented for pedagogical purposes in certain chapters or p
graphs of the known books on classical electrodynamics,
cluding the marvellous books by Jackson@24# or Landau and
Lifschitz @21#, which served over decades to the formation
so many physicists and certainly will continue to do this.

Since for the present research aims some new elem
are necessary, we find it useful to shortly give here so
explanatory remarks concerning the relations between
work and the presentations related to it in such textbook

Our Eqs.~4.12!, ~5.42!, and ~6.46! being different from
those by Landau-Lifschitz~Ref. @21#!, next we shall show
why and where the toroid moments are lost in this treat
Since the radiation emitted by the first element of the tor
family of multipoles, the toroid dipole, comes along with th
radiation emitted by, e.g., the electric quadrupole, we refe
the Paragraph 71 ‘‘Quadrupole and magnetic-dipole rad
tion’’ of Ref. @21# and use below the notations and numb
ing of the equations from there.

Developing the integrand in the previous Eq.~66.2! that
expresses the retarded vector potential,

AW 5
1

cR0
E jW t81•rW•nW /cdV ~66.2!

in powers overrW•nW /c (t85t2R0 /c,nW 5RW 0 /R0) and keeping
only the first two terms, the authors found

AW 5
1

cR0
E jW t8dV1

1

c2R0

]

]t8
E ~rW•nW ! jW t8dV.

Setting jW5rvW and going to point charges, they got

AW 5
1

cR0
( evW 1

1

c2R0

]

]t ( evW ~rW•nW !, ~71.1!

where the summation is over the charges and the indext8 is
here and further omitted. Now, with the relation

vW ~rW•nW !5
1

2

]

]t
rW ~nW •rW !1

1

2
vW ~nW •rW !2

1

2
rW ~nW •vW !

5
1

2

]

]t
rW ~nW •rW !1

1

2
@~rW3vW !3nW #,

they have got forAW the expression

AW 5
dẆ

cR0
1

1

2c2R0

]2

]t2 ( erW~nW •rW !1
1

cR0
~mẆ 3nW !,

~71.2!

where dW is the electric dipole moment an
mW 51/2c(e(rW3vW ) is the magnetic dipole moment of the sy
tem. Now comes the first questionable point. To work out
9-33
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expression ofAW from their Eq.~71.2!, the authors used thei
Eqs.~66.3! for the fieldsHW andEW .

HW 5
1

c
AẆ 3nW , EW 5

1

c
@~AẆ 3nW !3nW #, ~66.3!

which is valid only in the plane-wave approximation whe
HW andEW arestrictly perpendicular and both strictly perpe
dicular on nW , by adding to the right-hand side rhs of E
~71.2! a term proportional tonW on account of the fact that th
fields HW , EW would not be affected by this operation, an
forming so the electric quadrupole moment@in their notation
Dab5(e(3xaxb2dabr 2)#. So they find

AW 5
dẆ

cR0
1

1

6c2R0

]2

]t2 ( e@3rW~nW •rW !2nW r 2#1
1

cR0
~mẆ 3nW !,

wherefrom they got their final form for the vector potentia

AW 5
dẆ

cR0
1

1

6c2R0
DẄ 1

1

cR0
~mẆ 3nW !, ~71.3!

with DW being the vector of componentsDa5Dabnb ~sum-
mation over repeated indices understood!. It is with this form
of AW that the authors finally found@using again Eqs.~66.3!
for the fields valid only in the plane-wave approximatio#
their form of the fields,

HW 5
1

c2R0
H ~dẄ 3nW !1

1

6c
~DẄ 3nW !1@~mẄ 3nW !3nW #J ,

~71.4!

EW 5
1

c2R0
H @~dẄ 3nW !3nW #1

1

6c
@~DẄ 3nW !3nW #1~nW 3mẄ !J .

Up to this point, everything would be all right if the consid
erations were limited to the fields: indeed, one has contri
tions to them coming, among others, from the electric qu
rupole moment of the system. But with these fields, o
starts calculating next physical quantities that arequadratic
in fields, such as the radiation intensity,

I 5
2

3c3 dẄ 21
1

180c5 DẆ̈ ab
2 1

2

3c2 mẄ 2, ~71.5!

immediately next and the recoil force

Fa52
1

c4 H 1

15c
DẆ̈ abdẄ b1

2

3
~dẄ 3mẄ !aJ ,

in the second problem at the end of the same Paragraph
And that is not permissible, and it is here that the toro
dipole moment contribution, among others, get lost.

The rhs of the last two expressions, forI andFa , contain
pieces correctly computed, however, these pieces are no
whole result, but only part of it, in the same sense as fr
the first-order expansions of two functionsf (x)5a1bx
04660
-
-

e

71.

the

1¯ , g(x)5c1dx1¯ , one cannot get the expansion
the productf (x)g(x) correct to thesecondorder in x, but
only to the first. To have the second order off (x)g(x) one
has to have the expansions off (x), g(x) valid to second
order also; otherwise one loses terms. Next, we shall sh
simply how one must proceed in order to get the full con
bution to the rhs of the relations forI andF in the last two
equations, thus bringing the Landau-Lifschitz results foI
andF in full agreement with ours. One has first to get wh
is missing toAW as given by Eq.~71.3!, then to give up the
plane-wave approximations Eqs.~66.3! for the fields and to
compute them correctly from the basic formulas,

EW 52
1

c

]AW

]t
2¹W w, HW 5¹W 3AW ,

in terms of both the vector and thescalarpotentialw. So we
shall recover our expressions Eqs.~4.12!, ~5.42!, and~6.46!
obtained in our general approach, but this time within t
procedure of Landau-Lifschitz@21#, by completing it with
what is missing. And what is missing is the consideration
the next term in the initial development ofAW in powers of
rW•nW /c, together with an analogous treatment of the sca
potentialw. We do it now in the same spirit as in the Landa
Lifschitz treatment, with only minor algebarical complica
tions due to the new (rW•nW /c)2 term.

So, starting from Eq.~66.2! and the corresponding one fo
the scalar potentialw and keeping also the next term i
rW•nW /c, one gets

AW 5
1

cR0
E jW t8dV1

1

c2R0

]

]t8
E ~rW•nW ! jW t8dV

1
1

2c3R0

]2

]t82 E ~rW•nW !2 jW t8dV,

w5
1

R0
E r t8dV1

1

cR0

]

]t8
E ~rW•nW !r t8dV

1
1

2c2R0

]2

]t82 E ~rW•nW !2r t8dV

1
1

6c3R0

]3

]t83 E ~rW•nW !3r t8dV,

and so, for point charges, instead of Eq.~71.1! one must
consider

AW 5
1

cR0
( evW 1

1

c2R0

]

]t ( evW ~rW•nW !

1
1

2c3R0

]2

]t2 ( e~rW•nW !2vW , ~71.18!

w5
1

R0
( e1

1

cR0

]

]t ( e~rW•nW !1
1

2c2R0

]2

]t2 ( e~rW•nW !2

1
1

6c3R0

]3

]t3 ( e~rW•nW !3,
9-34
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and instead of the equation preceding Eq.~71.3! one should
use here

AW 5
dẆ

cR0
1

1

6c2R0

]2

]t2 ( e@3rW~nW •rW !2nW r 21nW r 2#

1
1

cR0
mẆ 3nW 1

1

2c3R0

]2

]t2 ( e~nW •rW !2vW ,

w5
1

R0
Q1

1

cR0
~nW •dẆ !1

1

2c2R0

]2

]t2

3( e~rW•nW !21
1

6c3R0

]3

]t3 ( e~rW•nW !3,

~Q5total charge!.
Then, in order to evaluate the last terms in the abo

equation forAW containing (nW •rW)2 one has to use the follow
ing algebrical identity in the vectorsnW , rW, vW ~which can be
checked directly by anyone!:

~nW •rW !2va52«abg

nbnl

3
@~rW3vW !gr l1~rW3vW !lr g#

1
nang

5
@r g~rW•vW !22r 2vg#2

1

5
@r a~rW•vW !

22r 2va#1
na

5
nW •F r 2vW 12rW~rW•vW !

1
nlnm

3 H vbFdabS r lr m2
r 2

5
dlmD1dbl

3S r ar m2
r 2

5
damD1dbmS r ar l2

r 2

5
dalD G

2
2

5
~rW•vW !~r adlm1r ldam1r mdal!J ;

it serves to put in evidence the contributions of the vario
new lower multipoles:

magnetic quadrupole moment

mgl5
1

3c ( e@~rW3vW !gr l1~rW3vW !lr g#,

toroid dipole moment

tg5
1

10c ( e@r g~rW•vW !22r 2vg#,

first mean-square radius of the electric dipole charge dis
bution

r d
2̄W5( er2rW,

S r d
2̄Ẇ5( e@r 2vW 12rW~rW•vW !# D ,
04660
e

s

i-

electric octupole moment

Qalm5
1

6 ( eF r ar lr m2
1

5
r 2~r adlm1r ldam1r mdal!G

S Q̇alm5
1

6 ( eH vbFdabXr lr m2
r 2

5
dlmC

1dblXr ar m2
r 2

5
damC1dbmXr ar l2

r 2

5
dalCG

2
2

5
~rW•vW !~r adlm1r ldam1r mdal!J D .

So the pieces lost in the Paragraph 71 of Ref.@21# due to
the omission of the]2/]t2 terms in Eqs.~71.18! are

1

2R0c3

]2

]t2 E d3r ~nW •rW !2 j a~rW,t8!

5
1

2R0c3

]2

]t2 ( e~nW •rW !2va

52
«abg

2R0
3c2 ~RW 0!b~RW 0!lm̈gl1

~RW 0!a~RW 0!g

R0
3c2 ẗg

2
1

R0c2 ẗa1
~RW 0!a

10R0
3c3 RW 0•r d

2Ẇ̈1
~RW 0!l~RW 0!m

R0
2c3 Q̇̈alm .

Also note that the last two terms ofw are

1

2R0c2

]2

]t2 E d3r ~nW •rW !2r~rW,t8!

5
1

2R0c2

]2

]t2 ( e~nW •rW !2

5
nanb

R0c2 Q̈ab1
1

6R0c2 r̈ q
~2! ,

1

6R0c3

]3

]t3E d3r ~nW •rW !3r~rW,t8!

5
1

6R0c3

]3

]t3 ( e~nW •rW !3

5
nanbng

R0c3 Q̇̈abg1
1

10R0c3 nW • r d
2̄Ẅ
˙

.

The correct form of the vector and scalar potentials, the
fore, are~coming back from now on to the notations of o
paper for the observation pointRW 0→rW!,
9-35
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Aa~rW,t !5
1

rc
ḋa2

1

r 2c
~rW•mẆ !a1

r b

r 2c2 Q̈ab

1
r a

6r 2c2 r̈ q
~2!2

«abg

2r 3c2 r br dm̈gd1
@rW3~rW3 tẄ !#a

r 3c2

1
r a

10r 3c3 rW •r d
2Ẅ
˙

1
r br g

r 3c3 Q̇̈abg ,

w~rW,t !5
1

r
Q1

1

r 2c
rW •dẆ 1

r ar b

r 3c2 Q̈ab1
1

6rc2 r̈ q
~2!

1
r ar br g

r 4c3 Q̇̈abg1
1

10r 2c3 rW •r d
2Ẅ
˙

.

The argument of all the multipoles above is (t2r /c).
Consequently the fields,EW , HW , are

Ha~rW,t !52
1

r 2c2 ~rW3dẄ !a1
1

r 3c2 @rW3~rW3mẄ !#a

2
«abgr br d

r 2c3 Q̇̈gd1
r ar br gṁ̈bg

2r 4c3 1
~rW3 tẄ

˙
!a

r 2c3

2
r bṁ̈ab

2r 2c3 2
«abgr br dr z

r 4c4 Q̇̈gdz

1S terms of higher order than
1

rc4D ,

Ea~rW,t !52
1

rc2 d̈a1
r a

r 3c2 ~rW•dẄ !2
r b

r 2c3 Q̇̈ab1
r ar br g

r 4c3

3Q
[

bg1
1

r 2c2 ~rW3mẄ !a1
«abg

2r 3c3 r br dṁ̈gd

1
@~rW3 tẄ

˙
!3rW#a

r 3c3

1S terms of higher order than
1

rc3D .

Comparing our Eqs.~71.48! with Eqs.~71.4! of Ref. @21#,
one sees that new multipole contributions appear, includ
that of the toroid dipole, which have to be considered on
same footing with, e.g., the one of the electric quadrup
moment.EW , HW , are no more the fields of a plane wave but
a spherical wave. They are the correct ones as against t
of Eqs. ~71.4! obtained in Ref.@21# in the plane-wave ap
proximation. Note that to the order 1/r in distancenW •EW ,
nW •HW are still vanishing, but to the next 1/r 2 order@appearing
in the correct formulas above in what has been named
~terms of higher order than 1/rc3! in the equation forEW and
as ~terms of higher order than 1/rc4! in the equation forHW #

are not (nW •EW Þ0,nW •HW Þ0). To get the above correct expre
04660
g
e
e
f
se

as

sions forHW , EW , we calculated them starting from both th
retarded scalar and vector potentials developed inrW•nW /c to
the right order, while in Ref.@21# one has used only the
vector potential developed one order less inrW•nW /c and the
plane-wave approximation Eqs.~66.3!, which is insufficient.

So one loses in Paragraph 71 of Ref.@21# the toroid dipole
moment alongside with other ‘‘normal’’ lower multipole con

tributions~such asmgl , r d
2̄W !, which could be~depending only

on the internal dynamics of the system! of the same order of
magnitude as the electric quadrupole moment contribu
already retained.

Calculating the radiation intensity, recoil force, and ang
lar momentum loss with the above fields, obtained within
framework of Paragraph 71 of Ref.@21# amended by a cor-
rect handling of all the necessary multipole terms, one rec
ers exactly the corresponding results from our paper,
tained by us by particularizing our exact results obtained i
general context to the lower multipole contributions.

In Paragraph 72 of Ref.@21# ‘‘The radiation field at near
distances,’’ one goes indeed outside the plane-wave appr
mations, one calculates~approximately! the now contributing
longitudinal componentsnW •EW , nW •HW , but one limits now
from the start the considerations only to the electrical dip
radiation, thus giving up from the start the radiation comi
from higher source’s multipoles. And so one does the sa
also for the calculation of the angular momentum loss p
sented in problem 2 at the end of Paragraph 72.

To summarize, what is the lesson following from th
above considerations? The lesson is that in order to h
correct expressions forI, Fa , dMW /dt one has to calculate th
fields EW , HW accurately enough in a region as close to t
source as needed, in order to avoid losing competing ter
The same also holds for the treatment presented by Jac
@24#, where the ‘‘radiation field’’ is considered and studied
relation to the sources but the toroidal moments and ra
hidden in Eqs.~9.167! and~9.168! are afterwards lost in the
long wavelength approximation. In our paper the fields giv
by our Eqs.~2.39! and ~2.40! are exacteverywhereoutside
the sources and correctly related to them, while those par
the fields that remain in the 1/r order in distance forr→`
@as given by our Eqs.~3.4! and~3.5!# are similar to the ones
considered by Jackson. A warning in this respect on man
lating with the fields in the wave zone has been long a
given by Blatt and Weisskopf Ref.@1#, Appendix B ‘‘Multi-
pole radiation,’’ Sec. IV. ‘‘The sources of multipole radiation
multipole moments,’’ in the footnote 1 that warrants to
cited here wholly:

1It follows from this derivation that the angular mo-
mentum is contained everywhere in the field, not
merely in the near zone, as asserted by Heitler~36!.
This can be seen most simply by imagining that the
field was emitted during the short timeDt. The field
then spreads out like a spherical shell, and the angula
momentum contained in the field initially has to stay
within that expanding shell.
We can write~3.2! in the form
9-36



-

ts

ap

e

de

e

de

ot
a
le

en
e

nl

s

a

rm
e
e

-

-

we
-

he

EXACT CALCULATION OF THE ANGULAR MOMENTUM . . . PHYSICAL REVIEW E65 046609
G5~4pc!21E @~rW•HW !EW* 2~rW•EW* !HW #dV

1complex conjugate.

Heitler’s argument is based on the fact that the fields
are transverse in the wave zone. However, this trans
versality is not complete. EitherEW or HW or both have
radial components proportional tor 22, so that either
(rW•EW ) or (rW•HW ) or both are proportional tor 21, giving
a finite contribution to the integral even in the wave
zone.

People seem to have paid little attention to this.
Next we shall show explicitly where the toroid momen

and radii are hidden in the treatment given in Ref.@24# and
how are they subsequently lost in the long wavelength
proximation.

We do this by carefully analyzing the multipole amplitud
of the electric radiationaE( l ,m) given by Eq.~9.167! or Ref.
@24#. We set the magnetizationMW 50 in Eq. ~9.167! of Ref.
@24#, because in our work we have onlyr and jW in vacuum
~unlike Ref. @24# where one hasr, jW and the magnetization
MW !, which does not restrict the generality since we can
scribe a medium as well. So, we rewrite here Eq.~9.167! of
Ref. @24# for MW 50,

aE~ l ,m!5
4pk2

iAl ~ l 11!
E d3rYlm* ~u,w!H r

]

]r
@r j l~kr !#

1
ik

c
~rW• jW ! j l~kr !J , ~7.1!

where the Bessel functionsj l(kr) appearing above are thos
of Ref. @24#, which differ from ours by a factor of@4p i l #21,

j l
Ref. @24#5 j l

@ this paper#
•

1

4p i l . ~7.2!

Our aim is to show the important fact that the amplitu
aE( l ,m) as given by Eq.~7.1! in terms ofr and jW ~without

any magnetizationMW ! contains twoindependent parts, the
usual one related to the charge distributionr and another one
coming from the toroidal sources, more precisely from b
the toroidal moments and the corresponding toroidal me
square radii, i.e., coming from the whole toroid multipo
formfactor Tlm(2k2,t). In Ref. @24#, only the first part is
considered and related to the electric multipole mom
Qlm(0,t) while the second one is slighted in the long wav
length approximation as being of a higher order ink.

First, we note that the toroidal moments are hidden o
in the middle (rW• jW) term of Eq.~9.167! of Ref. @24# @i.e., in
the second term of Eq.~7.1! above# since the toroid moment
are related to the current densityjW and not to the charge
densityr. However, the middle (rW• jW) term in Eq.~9.167! of
Ref. @24# contains also the nonradiating electric mean-squ
radii, as it is seen from Eq.~1.3! of this paper~expressing the
04660
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correct multipole expansion of the current densityjW!. The
nonradiating part from the (rW• jW) term ~the middle term in
Eq. ~9.167! of Ref. @24# or the second term in Eq.~7.1!
above! is exactly compensated by parts of the first te
r ]/] r@r j l(kr)#. Here, for simplicity, we shall substantiat
what we have said above only in the simpler dipole casl
51, but the conclusions will be valid for anyl. The point is
that in the harmonic approach developed in Ref.@24#, the
appearing factors ofk multiplying r in Eq. ~9.167! @or in its
transcription~7.1! above forMW 50#, complicate the picture
because in the harmonic case one has

r~rW,t !5r~rW !e2 ivt, v5kc, ~7.3!

and, therefore,r is related in this case, to its time de
rivative ṙ

r5
i

v
ṙ5

i

kc
ṙ, ~7.4!

and in turn, by the continuity relation

ṙ1¹W • jW50 ~7.5!

~expressing the charge conservation!, one has, in the har
monic case considered in Ref.@24#, the following connection
betweenr and jW:

r52
i

kc
¹W • jW. ~7.6!

Therefore, thek factors in Eq.~9.167! of Ref. @24# or Eq.
~7.1! above are tricky and one should be careful. Now
start analyzing in detail the dipole (l 51) case and see con
cretely what happens.

So writing Eq.~7.1! for l 51, m50 and using Eq.~7.4!
one has

aE~ l 51,m50!5
4pk

&c
E d3rY10* H ṙ

]

]r
@r j 1~kr !#

1k2~rW• jW ! j 1~kr !J . ~7.7!

Setting in Eq.~7.7! above the concrete expressions of t
spherical functionY10* and of the Bessel functionj 1(kr),

Y10* 5
1

2

)

Ap

z

r
, ~7.8!

j 1~kr !5
sinkr

k2r 2 2
coskr

kr
~7.9!

and calculating further]/]r @r j 1(kr)#, one finds
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aE~ l 51,m50!5A6p
k

c E d3r
z

r H ṙF 1

kr
cos~kr !2

1

k2r 2

3 sin~kr !1sin~kr !G
1k2~rW• jW !F 1

k2r 2 sin~kr !2
1

kr
cos~kr !G J .

~7.10!

Developing now the trigonometric functions in series,

sinx5x2
x3

3!
1

x5

5!
2

x7

7!
1¯ ,

cosx512
x2

2
1

x4

4!
2

x6

6!
1¯ ,

and retaining only terms to the orderk5 inclusively, one finds
for the first square bracket in the rhs of Eq.~7.10!,
u
ey

t

q
t.
th

04660
F 1

kr
cos~kr !2

1

k2r 2 sin~kr !1sin~kr !G
5

2

3
kr2

2

15
k3r 31

1

140
k5r 51¯ , ~7.11!

and for the second square bracket in the rhs of Eq.~7.10!,

F 1

k2r 2 sin~kr !2
1

kr
cos~kr !G

5
1

3
kr2

1

30
k3r 31

1

840
k5r 51¯ . ~7.12!

Inserting these developments into the rhs of Eq.~7.10! and
retaining only terms to the orderk5 inclusively, one finds for
aE( l 51,m50),
aE~ l 51,m50!5A6p
k

c E d3r
z

r H ṙ
2

3
kr2 ṙ

2

15
k3r 31 ṙ

1

140
k5r 51k2~rW• jW !

3
1

3
kr2k3~rW• jW !

1

30
k3r 31k2~rW• jW !

1

840
k5r 5J 1¯ . ~7.13!
we

xt
Taking outside a general factor ofk2 one gets further:

aE~ l 51,m50!5A6p
k2

c H 2

3 E d3r ṙz2
2

15
k2E d3r ṙr 2z

1
k2

3 E d3r ~rW• jW !z1
k4

140E d3r ṙr 4z

2
k4

30E d3r ~rW• jW !r 2zJ 1¯ . ~7.14!

The second and the fourth integrals in the rhs of Eq.~7.14!
above represent the first- and the second-order mean-sq
radii of the electric dipole distributions, respectively. Th
are exactly compensated by the same radii appearing in
third and fifth integrals containing (rW• jW).

Now we want to put in evidence inside the rhs of E
~7.14! quantities with known well defined multipole conten
We observe that the first integral inside the braces from
rhs of Eq.~7.14! is just ḋz , i.e., the time derivative of thez
component of the electric dipole moment,

dW 5E rrWd3r , ~7.15!

so

E d3r ṙz5ḋz , ~7.16!
are

he

.

e

where

ḋz52 ivdz . ~7.17!

Since the next two integrals, containingṙ, in the rhs of Eq.
~7.14! cannot be related to electric multipole moments,
shall use the continuity relation Eq.~7.5! and shall putṙ
52¹W • jW into them. By part integration we put these ne
two integrals containingṙ into the form

E d3r ṙr 2z52E d3r ~¹W • jW !r 2z5E d3r jW•¹W ~r 2z!

5E d3r jW•~2zrW1kW r 2!5E d3r @2z~rW• jW !1r 2 j z#,

~7.18!

and

E d3r ṙr 4z52E d3r ~¹W • jW !r 4z

5E d3r jW•¹W ~r 4z!

5E d3rr 2 jW~4zrW1kW r 2!

5E d3rr 2@4z~rW• jW !1r 2 j z#. ~7.19!
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Returning to the expression Eq.~7.14! for aE( l 51,m50),
and inserting the expressions from the rhs of Eqs.~7.18! and
~7.19! into it, one finds

aE~ l 51,m50!5A6p
k2

c H 2

3
ḋz1k2F2

2

15 E d3r „2z~rW• jW !

1r 2 j z…1
1

3 E d3r ~rW• jW !zG
~1!

1k4F 1

140
d3rr 2

„4z~rW• jW !

1r 2 j z…2
1

30E d3r ~rW• jW !r 2zG
~2!

J .

~7.20!

The first square bracket in the rhs of Eq.~7.20! is

@¯#~1!5
2

30E d3r @z~rW• jW !22r 2 j z#, ~7.21!

while the second one is

@¯#~2!5
2

33280E d3r @3r 2 j z22~rW• jW !z#. ~7.22!

Inserting the rhs of Eqs.~7.21! and~7.22! into the rhs of Eq.
~7.20! one finally finds for them50 component of the elec
tric dipole coefficientaE( l 51,m50) considered in Ref.@24#
and usually used in the literature, the following form in term
of quantities with well defined multipole content:

aE~ l 51,m50!5
2A6p

3

k2

c H 2 ivdz1k2
1

10E d3r @z~rW• jW !

22r 2 j z] 1k4
1

280E d3r @3r 2 j z

22~rW• jW !z#J 1¯ . ~7.23!

Indeed, in Eq.~7.23! above, the formerly hidden toroida
contributions have made their appearance and all the no
diating electric mean-square radii coming from both the fi
~r! term and the second (rW• jW) term in Eq.~7.1! have exactly
canceled, as it must: the first integral in the rhs of Eq.~7.23!
is just thez component of the toroidal dipole moment,

tW5
1

10c E @rW~rW• jW !22r 2 jW#d3r , ~7.24!

while the second integral expresses just the~radiating! first
mean-square radius of the toroid dipole distribution in
Cartesian basis,

R2W5
1

28c E d3rr 2@3r 2 jW22rW~rW• jW !# ~7.25!
04660
ra-
t

e

~see Appendix C for the relation between the spherical
Cartesian expressions of the lowest order multipoles con

ered in our paper, as well as for a discussion ofR2̄W expressed
in the Cartesian basis!. The exact cancellation of the firs
mean-square radii of the electric dipole in the rhs of E
~7.14! can be easily seen noting the identity,

E d3rz~rW• jW !52ctz1
2

5
~r d

2̇̄!z , ~7.26!

wherer d
2W is the first mean-square radius of the electric dip

distribution,

r d
2W5E d3rrr 2rW.

Similarly one can see the exact cancellation of the seco
order mean-square radius of the electric dipole distributio

So finally it is seen thataE( l 51,m50) can be expresse
as

aE~ l 51,m50!5
2A6p

3

k2

c F2 ivdz1k2ctz1
k4c

10
~R2̄!zG

1~ terms of higher order thank4!.
~7.27!

Noting the relations between the spherical and Cartes
components of the toroidal dipole moment and the first t
oidal dipole radius given in Appendix C,

tz5T10,Rz
252~R2! l 51,m50 , ~7.28!

as well as Eqs.~1.37! expressing the numerical factors ente
ing the connections between the derivatives of the formf
tors and the mean-square radii,

Rlm
2n~ t !5

2n~2l 12n11!!!

~2l 11!!!

dn

d~2k2!n

3Tlm~2k2,t !uk250 , @Eq. ~1.37!#

which in our case (l 51,m50,n51) becomes

R10
2 ~v!510

d

d~2k2!
T10~2k2,v!uk250 , ~7.29!

one can write the coefficientaE( l 51,m50) in the form

aE~ l 51,m50!5
2A6p

3

k2

c
@2 ivQ10~0,v!

1k2cT10~2k2,v!]. ~7.30!

The same kind of relation holds also in general, for anyl,

aE~ l ,m!5
2A6p

3

k2

c
@2 ivQlm~0,v!1k2cTlm~2k2,v!#.

~7.31!
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E. E. RADESCU AND G. VAMAN PHYSICAL REVIEW E65 046609
Qlm(0,v) are the~complex! Fourier components of the elec
tric multipole moments andTlm(2k2,v) the ~complex! Fou-
rier components of the toroidal form factors considered
our paper. We recall that fork250, the form factors
Tlm(2k2,v) reduce to the toroid momentsTlm(0,v). Unfor-
tunately, in Ref.@24# the toroidal contribution in Eq.~7.31! is
lost as being of a higher order ink, when making the ap-
proximations that lead to the electric multipole coefficient
Eq. ~9.169!.

So, from Eq.~7.31! it is seen that the electric multipol
coefficientaE( l ,m) from Eq. ~7.1! contains two different in-
dependent pieces, the electric moment and the also radia
toroidal formfactor. Both these pieces are independent fr
the third term of Eq.~9.167! from Ref. @24# related to the
magnetizationM ~which leads there to the so called ‘‘in
duced electric moments’’Qlm8 !. The El radiation coming
from the toroidal moment is two orders inv higher that the
one from the electric moment and shifted in phase withp/2.
To disentangle the radiation coming from the toroidal for
factor from the one coming from the corresponding elec
moment one needs a spectral analysis of the radiation
noted in Ref.@4#, one may also extract the toroidal momen
and radii by flowing an electric current through the sourc

To have the fields exact everywhere outside the sou
and subsequently exactly calculate the physical quantitieI,

Fa , dMW /dt that are quadratic in the fields~what we did in
this paper!, one needs first acompleteparametrization of the
sources in terms ofindependentmultipole parameters, up to
the ultimate ones, the multipole radii of various types~elec-
tric, magnetic, toroid!, any multipolarityl and any order. To
our knowledge, such a multipole parametrization is the o
from Refs.@4,5# which essentially~with some minor errors
corrected in our paper! has been used by us to find correc
I, Fa , dMW /dt. There are mathematical rules that must
obeyed if one wants exact results, but which may be dive
may be disagreeable, and even disputable on their econ
cal aspect. The point is that here, nevertheless, is somet
more. There is a physical subtlety that makes our appro
unavoidable: the magnetic and toroid mean-square rad
various ordersdo radiate, while the electric~charge! radii do
not. Only the electric radius of order zero~i.e., the electric
moment! of any multipolarity does radiate. One of the ma
virtues of the multipole analysis given in Refs.@4#, @5# was to
achieve not only an exact mathematical expansion ofr(rW,t),
jW(rW,t) ~related by]r/]t1¹ jW50! into a complete set of in-
dependent multipole parameters~the radii!, but to do this in
such a way as to disentangle properly, without any appro
mation, thenonradiating electric radii from the radiating
magnetic and toroid ones. That is why wehad to go to radii
and not restrict ourselves to multipole moments as in m
textbooks, including Jackson’s, not because of unneces
mathematical arguments, but because here physics is
volved with its powerful demands; and rewards, perhap
e.g., the somewhat easy way of solving the not so triv
problem of the arbitrary time dependence of the sources

Some of the final results of this work have been repor
in Ref. @25#.
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APPENDIX A: CONVENTIONS FOR BESSEL
AND HANKEL FUNCTIONS

The cylindrical Bessel functions of first species are

Jn~x!5S x

2D n

(
j 50

`
~21! j

j !G~ j 1n11! S x

2D 2 j

.

For n5m5 integer: J2m(x)5(21)mJm(x). The cylindrical
Bessel functions of second species are

Nn5
Jn~x!cos~np!2J2n~x!

sin~np!
.

Cylindrical Hankel functions are

Hn
~6 !~x!5Jn~x!6 iNn~x!.

Spherical Bessel functions of first species are

j l~x!5~2p!3/2i l
Jl 11/2~x!

Ax
.

Spherical Bessel functions of second species are

nl~x!5~2p!3/2i l
Nl 11/2~x!

Ax
.

Spherical Hankel functions are

hl
~6 !~x!5 j l~x!6 inl~x!,

j l~x!54p i l~2x! l S 1

x

d

dxD
l sinx

x
;

nl~x!524p i l~2x! l S 1

x

d

dxD
l cosx

x
.

Low and highx behavior:

j l~x! ;
x→0

4p i l
xl

~2l 11!!!
; j l~x! ;

x→`

4p i l

sinS x2
lp

2 D
x

;

nl~x! ;
x→0

24p i l
~2l 21!!!

xl 11 ; nl~x! ;
x→`

24p i l

cosS x2
lp

2 D
x

;

hl
~6 !~x! ;

x→`

74p i l 11
e6 i ~x2~ lp/2!!

x
.

One has

d

dz
j l~z!5

i

2l 11
@ l j l 21~z!1~ l 11! j l 11~z!#,

j l~z!5
iz

2l 11
@ j l 21~z!2 j l 11~z!#.
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APPENDIX B: WORKING FORMULAS

We list below some working formulas often used in th
paper@22#:

¹W 3@f~r !YWl lm#5 i S d

dr
2

1

r Df~r !
Al

A2l 11
YW l l 11m

1 i S d

dr
1

l 11

r Df~r !
Al 11

A2l 11
YW l l 21m ,

¹W 3@f~r !YWl l 11m#5 i S d

dr
1

l 12

r Df~r !
Al

A2l 11
YW l lm ,

¹W 3@f~r !YWl l 21m#5 i S d

dr
2

l 21

r Df~r !
Al 11

A2l 11
YW l lm ,

¹W @f~r !Ylm#52
Al 11

A2l 11
S d

dr
2

l

r Df~r !YW l l 11m

1
Al

A2l 11
S d

dr
1

l 11

r Df~r !YW l l 21m .

APPENDIX C: CONNECTION BETWEEN SPHERICAL
AND CARTESIAN COMPONENTS OF THE FIRST

MULTIPOLES

Since, in this paper, we have completed some formu
given in known books with contributions coming from th
toroid family of multipoles ~previously either simply not
considered or neglected as small corrections or someti
obscurely included in so called ‘‘retardation effects,’’ w
give below in the first relevant cases the connections
tween the spherical~as used in this paper! and the~usually
employed! Cartesian components of the first multipoles.

1. Electric (charge) dipole: For the electric multipole mo-
ments we have used

Qlm~ t !5
A4p

A2l 11
E r lYlm* S rW

r D r~rW,t !d3r .

With

dW 5E r~rW,t !rWd3r ,

one has

Q105dz , Q115
1

&
~2dx1 idy!, Q1215

1

&
~dx1 idy!.

2. Magnetic dipole: For the magnetic multipole momen
we had

Mlm~ t !52
i

c

A4p l

A~2l 11!~ l 11!
E d3rr lYW l lm* S rW

r D jW~rW,t !.
04660
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With

mW 5
1

2c E d3r @rW3 jW~rW,t !#,

one has

M115
1

&
~mx2 imy!,

M12152
1

&
~mx1 imy!,

M1052mz .

3. Toroid dipole: The toroid multipole moments were de
fined as

Tlm52
Ap l

c~2l 11!
E r l 11FYW l l 21m* S rW

r D
1

2

~2l 13!

Al

Al 11
YW l l 11m* S rW

r D G jW~rW,t !d3r .

With

tW5
1

10c E @rW~rW• jW !22rW2 jW#d3r ,

one has

T1152
1

&
~ tx2 i t y!,

T1215
1

&
~ tx1 i t y!,

T105tz .

4. Electric (charge) quadrupole: For l 52

Q2m~ t !5
A4p

A5
E d3rr 2r~rW,t !Y2m* S rW

r D .

With

Qi j 5
1

2 E r~rW,t !S r i r j2
1

3
d i j rW

2Dd3r ,

one has

Q225
A6

2
~Qxx22iQxy2Qyy!,

Q2225
A6

2
~Qxx12iQxy2Qyy!,
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Q215A6~2Qxz1 iQyz!, Q2215A6~Qxz1 iQyz!,

Q2053Qzz.

5. Magnetic quadrupole: For l 52,

M2m~ t !52
i

c

A8p

A15
E d3rr 2YW 22m* S rW

r D jW~rW,t !.

With

mi j 5
1

3c E d3r @~rW3 jW ! i r j1~rW3 jW ! j r i #,

one has

M215A3

2
~mxz2 imyz!, M22152A3

2
~mxz1 imyz!,

M2252
A6

4
~mxx22imxy2myy!,

M22252
A6

4
~mxx12imxy2myy!,

M2052
3

2
mzz.

6. Toroid quadrupole: For l 52,

T2m~ t !52
A2p

5c E r 3FYW 21m* S rW

r D1
2&

7)
YW 23m* S rW

r D G jW~rW,t !d3r .

With

t ik5
1

28c E @4r i r k~rW jW !25r 2~r i j k1r kj i !12r 2~rW jW !d ik#d3r ,

one has

T2152
&

)
~ txz2 i t yz!, T2215

&

)
~ txz1 i t yz!,

T225
1

A6
~ txx22i t xy2tyy!, T2225

1

A6
~ txx12i t xy2tyy!,

T205tzz.

7. Electric (charge) octupole: For l 53,

Q3m~ t !5A4p

7 E d3rr~rW,t !r 3Y3m* S rW

r D .

With

Qikl~ t !5
1

6 E d3rr~rW,t !F r i r kr l2
1

5
r 2~r idkl1r kd i l 1r ld ik!G ,
04660
one has

Q30515Qzzz,

Q3152
15)

2
~Qzzx1 iQyyy1 iQxxy!,

Q32523A15

2
~Qzzz12Qyyz1 i2Qxyz!,

Q3352
3A5

2
~Qxxx23Qyyx1 iQyyy2 i3Qxxy!,

Q3,2m5~21!mQ3m* .

8. Magnetic octupole: For l 53,

M3m~ t !52
i

c
A3p

7 E d3rr 3YW 33m* • jW~rW,t !.

With

mi jk5
15

2c E d3r F r i r j~rW3 jW !k1r i r k~rW3 jW ! j1r j r k~rW3 jW ! i

1
d i j

5
~rW3rW3rW3 jW !k1

d ik

5
~rW3rW3rW3 jW ! j

1
d jk

5
~rW3rW3rW3 jW ! i G ,

one has

M3052
1

12
mzzz,

M315
1

8)
~mzzx1 imyyy1 imxxy!,

M325
&

8A15
~mzzz12myyz1 i2mxyz!,

M335
1

24A5
~mxxx23myyx1 imyyy2 i3mxxy!,

M3,2m5~21!mM3m* .

9. Electric (charge) hexadecapole: For l 54,

Q4m~ t !5
2Ap

3 E d3rr~rW,t !r 4Y4m* S rW

r D .

With
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qiklm~ t !52E d3rr~rW,t !F r i r kr l r m2
1

7
r 2(d ikr l r m1d i l r kr m

1d imr kr l1dklr i r m1dkmr i r l1d lmr i r k)

1
1

35
r 4~d ikd lm1d i l dkm1d imdkl!G ,

one has

Q405
35

16
qzzzz,

Q4152
7A5

8
~qxzzz2 iqyzzz!,

Q425
7

8
A5

2
~qxxzz2qyyzz2 i2qxyzz!,

Q4352
A35

8
~qxxxz23qxyyz1 iqyyyz2 i3qxxyz!,

Q445
35A70

32
~qxxxx26qxxyy1qyyyy1 i4qxyyy24qxxxy!,

Q4,2m5~21!mQ4m* .

10. First mean-square radius of the charge: For l 50,

m50,r 00
2 ~ t !5E d3rr 2r~rW,t !.

With the Cartesian definition

r q
~2!~ t !5E d3rr 2r~rW,t !,

one has

r q
~2!~ t !5r 00

2 ~ t !.

11. First mean-square radius of the electric (charge) d
pole: For l 51,

r 1m
2 ~ t !5A4p

3 E d3rr 3r~rW,t !Y1m* S rW

r D .

With the Cartesian definition

r d
2W ~ t !5E d3rrWr 2r~rW,t !,

one has

r 10
2 5~r d

2!z ,

r 11
2 52

1

&
@~r d

2!x2 i ~r d
2!y#,
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r 121
2 5

1

&
@~r d

2!x1 i ~r d
2!y#.

12.First order mean-square radius of the magnetic dipo
distribution: For l 51,

r1m
2 5

1

ic

A2p

)
E d3rr 3YW 11m* S rW

r D • jW~rW,t !.

With

r i
25

1

2c
« i jkE d3rr 2r j j k~rW,t !,

S r2W5
1

2c E d3rr 2~rW3 jW ! D ,

one has

r10
2 52rz

2,

r11
2 5

1

&
~rx

22 iry
2!,

r121
2 5

1

&
~2rx

22 iry
2!.

13. First mean-square radius of the toroidal dipole: For
l 51,

R1m
2 ~ t !52

A2p

3c E d3rr 4F1

7
YW 12m* S rW

r D
1

1

2&
YW 10m* S rW

r D G• jW~rW,t !,

and in the Cartesian basis it results for the first mean-squ
radius of the toroid dipole distribution the form

R2W ~ t !5
1

28c E d3rr 2$3r 2 jW~rW,t !22rW@rW• jW~rW,t !#%.

Note that the square bracket multiplyingr 2 under the integral
above is not the toroid dipole density in the Cartesian ba
In the electric and magnetic cases this particularity for ra
in the Cartesian basis does not occur.

One has

Rz
252R10

2 ,

Rx
25

1

&
~R11

2 2R121
2 !,

Ry
25

i

&
~R11

2 1R121
2 !.
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14. First mean-square radius of the electric (charg
quadrupole: For l 52,

r 2m
2 ~ t !5A4p

5 E d3rr 4r~rW,t !Y2m* .

With

r i j
~2!~ t !5

1

2 E d3rr 2S r i r j2
1

3
d i j r

2D r~rW,t !,

one has

r 20
2 53r zz

~2!,

r 21
2 52A6~r xz

~2!2 i r yz
~2!!,

r 22
2 5A3

2
~r xx

~2!2r yy
~2!22i r xy

~2!!,

r 2,2m
2 5~21!m~r 2m

2 !* .

APPENDIX D: CARTESIAN COMPONENTS OF Y¢ l l 8m

„ l 8Ä l ,lÁ1…

The vector spherical harmonicsYW l l 8m(nW ) (nW 5rW/r ) are de-
fined in the spherical basis as

@YW l l 8m~nW !#m5(
m8

Cm8,m,m
l 8,1,l Yl 8m8~nW !, m521,0,11,

in terms of the usual spherical harmonicsYl 8m8 and the
Clebsch-Gordan coefficients. Since we used them ex
sively in the course of this work, we list below the expre
sions of the Cartesian components ofYW l l 8m ( l 85 l ,l 61),

~YW l lm!x52
c1

&
Yl ,m211

c3

&
Yl ,m11 ,

~YW l lm!y52
ic1

&
Yl ,m212

ic3

&
Yl ,m11 ,

~YW l lm!z5c2Yl ,m ,

where

c152
A~ l 1m!~ l 2m11!

Al ~2l 12!
,

c25
m

Al ~ l 11!
,

c35
A~ l 2m!~ l 1m11!

Al ~2l 12!
,

04660
n-
-

~YW l l 21m!x52
c1

&
Yl 21,m211

c3

&
Yl 21,m11 ,

~YW l l 21m!y52
ic1

&
Yl 21,m212

ic3

&
Yl 21,m11 ,

~YW l l 21m!z5c2Yl 21,m ,

where

c15
A~ l 1m21!~ l 1m!

A2l ~2l 21!
,

c25
A~ l 2m!~ l 1m!

Al ~2l 21!
,

c35
A~ l 2m21!~ l 2m!

A2l ~2l 21!
.

~YW l l 11m!x52
c1

&
Yl 11,m211

c3

&
Yl 11,m11 ,

~YW l l 11m!y52
ic1

&
Yl 11,m212

ic3

&
Yl 11,m11 ,

~YW l l 11m!z5c2Yl 11,m ,

where

c15
A~ l 2m11!~ l 2m12!

A~2l 12!~2l 13!
,

c252
A~ l 1m11!~ l 2m11!

A~ l 11!~2l 13!
,

c35
A~ l 1m11!~ l 1m12!

A~2l 12!~2l 13!
.

In the calculation of the recoil force~Sec. VI! use has
been made of the Cartesian components ofYW l l 8m expressed
with the aid of the 3j Wigner symbols, rather than Clebsch
Gordan coefficients as above, so we give below for con
nience the equivalent relations as well:

~YW l lm!x5~21! l 1m21A2l 11

3F2
1

&
S l 1 l

m21 1 2mDYl ,m21

1
1

&
S l 1 l

m11 21 2mDYl ,m11G ,
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~YW l lm!y5~21! l 1m21A2l 11

3F2
i

&
S l 1 l

m21 1 2mDYl ,m21

2
i

& S l 1 l

m11 21 2mDYl ,m11G ,

~YW l lm!z5~21! l 1m21A2l 11S l 1 l

m 0 2mDYl ,m ;

~YW l l 21m!x5~21! l 1mA2l 11

3F2
1

&
S l 21 1 l

m21 1 2mDYl 21,m21

1
1

&
S l 21 1 l

m11 21 2mDYl 21,m11G ,

~YW l l 21m!y5~21! l 1mA2l 11

3F2
i

&
S l 21 1 l

m21 1 2mDYl 21,m21

2
i

&
S l 21 1 l

m11 21 2mDYl 21,m11G ,

~YW l l 21m!z5~21! l 1mA2l 11S l 21 1 l

m 0 2mDYl 21,m ;

~YW l l 11m!x5~21! l 1mA2l 11

3F2
1

&
S l 11 1 l

m21 1 2mDYl 11,m21

1
1

&
S l 11 1 l

m11 21 2mDYl 11,m11G ,

~YW l l 11m!y5~21! l 1mA2l 11

3F2
i

&
S l 11 1 l

m21 1 2mDYl 11,m21

2
i

&
S l 11 1 l

m11 21 2mDYl 11,m11G ,

~YW l l 11m!z5~21! l 1mA2l 11S l 11 1 l

m 0 2mDYl 11,m .

We recall that the 3j symbols are related to the Clebsc
Gordan coefficients as follows@22#:

S j 1 j 2 j 3

m1 m2 m3
D 5~21! j 12 j 22m3

1

A2 j 311
Cm1,m2,2m3

j 1, j 2, j 3 .
04660
APPENDIX E: COMPONENTS OF Y¢ l l 8m „ l 8Ä l ,lÁ1…
IN SPHERICAL CORDINATES

In Appendix D, we have listed the Cartesian compone
of YW l l 8m ( l 85 l ,l 61) we have worked with. Here we sha
give the components ofYW l l 8m in the spherical coordinates~r,
u, w! and, by using some recursion formulas, put them int
slightly different form that provides some relations betwe
various such components with (l 85 l ,l 61) that we have
used in the calculations. One has in terms of Legendre a
ciated functionsPl

m(cosu),

~YW l lm!r50,

~YW l lm!u5
~21!m11

2
A ~2l 11!~ l 2m!!

4p l ~ l 11!~ l 1m!!

3@~ l 1m!~ l 2m11!~cosu!Pl
m21~cosu!

1~cosu!Pl
m11~cosu!12m~sinu!

3Pl
m~cosu!#eimw,

~YW l lm!w5
i ~21!m21

2
A ~2l 11!~ l 2m!!

4p l ~ l 11!~ l 1m!!
@~ l 1m!

3~ l 2m11!Pl
m21~cosu!2Pl

m11~cosu!#eimw;

~E1!

~YW l l 21m!r5
~21!m

2
A ~ l 2m!!

4p l ~ l 1m!!
@~ l 1m!~ l 1m21!

3~sinu!Pl 21
m21~cosu!2~sinu!Pl 21

m11~cosu!

12~ l 1m!~cosu!Pl 21
m ~cosu!#eimw,

~YW l l 21m!u5
~21!m

2
A ~ l 2m!!

4p l ~ l 1m!!
@~ l 1m!~ l 1m21!

3~cosu!Pl 21
m21~cosu!2~cosu!Pl 21

m11~cosu!

22~ l 1m!~sinu!Pl 21
m ~cosu!#eimw,

~YW l l 21m!w5
i ~21!m

2
A ~ l 2m!!

4p l ~ l 1m!!
@~ l 1m!

3~ l 1m21!Pl 21
m21~cosu!1Pl 21

m11~cosu!#eimw;

~E2!

~YW l l 11m!r5
~21!m

2
A ~ l 2m!!

4p~ l 11!~ l 1m!!
@~ l 2m11!

3~ l 2m12!~sinu!Pl 11
m21~cosu!

2~sinu!Pl 11
m11~cosu!22~ l 2m11!

3~cosu!Pl 11
m ~cosu!#eimw,
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~YW l l 11m!u5
~21!m

2
A ~ l 2m!!

4p~ l 11!~ l 1m!!
@~ l 2m11!

3~ l 2m12!~cosu!Pl 11
m21~cosu!

2~cosu!Pl 11
m11~cosu!12~ l 2m11!

3~sinu!Pl 11
m ~cosu!#eimw,

~YW l l 11m!w5
i ~21!m

2
A ~ l 2m!!

4p~ l 11!~ l 1m!!
@~ l 2m11!

3~ l 2m12!Pl 11
m21~cosu!1Pl 11

m11~cosu!#eimw.

~E3!

Note that ourPl
m is (21)m the Pl

m from @23#. Using the
following recursion formulas for the Legendre associa
functionsPn

m(x),

Pn
m12~x!22~m11!

x

A12x2
Pn

m11~x!1~n2m!

3~n1m11!Pn
m~x!50,

xPn
m~x!2Pn11

m ~x!1~n1m!A12x2Pn
m21~x!50,

~2n11!xPn
m~x!5~n2m11!Pn11

m ~x!1~n1m!Pn21
m ~x!,

A12x2Pn
m11~x!5

~n1m!~n1m11!

~2n11!
Pn21

m ~x!

2
~n2m!~n2m11!

~2n11!
Pn11

m ~x!,

A12x2Pn
m21~x!5

1

~2n11!
Pn11

m ~x!2
1

~2n11!
Pn21

m ~x!,

one can bring Eqs.~E1!–~E3! to the useful form

~YW l lm!r50,

~YW l lm!u5
~21!m21

2
A ~ l 2m!!

4p l ~ l 11!~2l 11!~ l 1m!!

3$ l @~ l 2m11!~ l 2m12!Pl 11
m21~cosu!

1Pl 11
m11~cosu!#1~ l 11!@~ l 1m!

3~ l 1m21!Pl 21
m21~cosu!1Pl 21

m11~cosu!#%eimw,

~YW l lm!w5
i ~21!m21

2
A ~2l 11!~ l 2m!!

4p l ~ l 11!~ l 1m!!
@~ l 1m!

3~ l 2m11!Pl
m21~cosu!2Pl

m11~cosu!#eimw;

~E4!
04660
d

~YW l l 21m!r5~21!mA l ~ l 2m!!

4p~ l 1m!!
Pl

m~cosu!eimw,

~YW l l 21m!u5
~21!m

2
A ~ l 2m!!

4p l ~ l 1m!!
@2~ l 1m!

3~ l 2m11!Pl
m21~cosu!1Pl

m11~cosu!#eimw,

~YW l l 21m!w5
i ~21!m

2
A ~ l 2m!!

4p l ~ l 1m!!
@~ l 1m!

3~ l 1m21!Pl 21
m21~cosu!1Pl 21

m11~cosu!#eimw;

~E5!

~YW l l 11m!r52~21!mA~ l 11!~ l 2m!!

4p~ l 1m!!
Pl

m~cosu!eimw,

~YW l l 11m!u5
~21!m

2
A ~ l 2m!!

4p~ l 11!~ l 1m!!
@~ l 2m11!

3~ l 1m!Pl
m21~cosu!2Pl

m11~cosu!#eimw,

~YW l l 11m!w5
i ~21!m

2
A ~ l 2m!!

4p~ l 11!~ l 1m!!
@~ l 2m11!

3~ l 2m12!Pl 11
m21~cosu!1Pl 11

m11~cosu!#eimw.

~E6!

From Eqs.~E4!–~E6! one can immediately derive rela
tions of the type

~YW l lm!u5
i

A2l 11
@Al ~YW l l 11m!w1A111~YW l l 21m!w#,

~YW l l 21m!u5 iA l 11

2l 11
~YW l lm!w ,

~YW l l 11m!u5 iA l

2l 11
~YW l lm!w ,

2Al ~YW l l 21m!w1Al 11~YW l l 11m!w50, ~E7!

which we have used in the calculations.
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