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Theory of wave propagation along a waveguide filled with moving magnetized plasma
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Making use of the transformation of constitutive relations for electromagnetic waves and the transformation
of the wave vector in Minkowski space, we have worked out the theory of wave propagation along a wave-
guide filled with moving magnetized plasnidMPW). The dispersion equations of the wave propagation in a
circular MMPW are given in this paper, along with a detailed discussion of their behaviors. Numerical
calculations show that there are many interesting and important features of the wave propagation along an
MMPW compared with that in a stationary magnetized plasma-filled wavedMe&\V).
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[. INTRODUCTION the moving media and those developed in earlier publica-
tions[1-7] for stationary media.
Wave propagation in a waveguide filled with magnetized
plasma(MPW) has been one of the most important topics in Il. BASIC EQUATIONS
microwave plasma electronics over the past 30 years. A num-

ber of papers addressing various aspects of this important Belovy, we use two c_oordlnate systems to descnbe_a
. waveguide filled with moving plasma, the laboratory coordi-
problem have been publishé¢di—7]. However, only a small

. ) nate systenirest framé and the plasma coordinate system
r)umber of paper:§8—15] have prevpusl_y appeared N the moving frame. Physical quantities in the rest frame are des-
literature addressing wave propagation in a waveguide fille

, i 4 , nated by symbols without primes, while those in the mov-
with moving magnetized plasm@MPW). Gould and Triv- g frame are designated by primed symbols. Waves in the

elpiece were among the first to study this topic in their treat'moving magnetized plasma may be described using Max-
ment of wave propagation along a moving electron bgIn  wel's equations, writing the cold-plasma dielectric tensbr
Their Study, hOWeVer, was nonrelatiViStiC, and the magneti(;n the moving frame. Assuming that the p|asma is moving in
field was assumed to be uniform and infinite. Kong andthe z direction with a uniform velocity,= vye,, and further
Cheng investigated the theory of guided wave propagatiodssuming that the wave propagation has the usual temporal
along moving medi#10] by using the constitutive transfor- and spatial behavior given by ejpt—jk,2), we have in
mation. In their paper, Kong and Cheng analyzed the probmoving frame

lem for moving, anisotropic media in terms of the Maxwell-

Minkowski formulation of coupled wave equations, building g1 —Jey O

on the earlier work of Du and Compt¢f3] for the isotropic e'=s| j&5 &1 O, 1)
case. These latter authors correctly incorporated the recogni- ,

tion of Shiozawa[14] and Daly[12] that analysis of the 0 0 €3

electromagnetic wave modes in such a medium would be

12 1 er2
equivalent to the well-known relativistic Lorentz transforma- r—1— § T § r—1— g2
. . . . . €1 121 €2 12 € § ’
tion of the field four-vectors in classical electrodynamics 1-7 1-
[17]. This recognition, along with the appropriate application ' s
of conductive boundary conditions, greatly simplifies the g,zzwpe T,zzwce @)
connection between the constitutive relations of the medium w'? w'?

as seen in the moving and stationary frames; in fact, the ) ]

become identical in form. Kong and Cheng’s analysis of theVlaxwell's equations lead to the following coupled wave

cylindrical and rectangular waveguide problems was in-quations for Eand H, [1,2,8:

tended only to arrive at expressions for the cutoffs in non-

dispersive )r/nedia. P (Vi*+a')E;=b'H;
Our recent work on magnetized plasma-filled waveguides (Vi?+c)H,;=d'E,

[1,2] indicated a reemergence of interest in this problem,

requiring sets of solutions for the complete dispersion equalere

tions for (rapidly) moving media. This paper will give such

an analysis, following Kong and Cheng to provide a full

analytical treatment in the linear, cold-plasma regi(8ecs. , 2, 2 12 12y s

Il and II), along with a numerical analysis of the hybrid, or ¢'=—k; "+ w noeoler” —ex ) ey,

mixed, modegSec. IV) that arise, showing a series of figures L L

to illustrate the differences between the dispersion curves for d'=jk wegeses/e; . 4

©)

a'=(—k;’+ w’uoeosy)esle], b'=—jkjopmesyle;,
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A convenient approach for solving the coupled wave equa- ) , [E;
tions (3) follows a procedure reviewed by Gre€r], origi- (Vi%+p15 ( H ,) =0, (6)
nally outlined by Allis, Buchsbaum, and Bef48] which z
leads to the following decoupled equations: where
E' 12 _ 1 ’ ’ ’ "2 /N I TAR Y}
1Ay (ot N2 (et A z|_ p15=3{(a’+c')x[(a'+c')*~4(a’'c’'—b'd")]"3.
[VI"+(a'+c")Vi+(a'c’'—b'd")] HJ 0. (5) R
Factoring Eq.(5), we get The transverse field components can be written as
' 1 L2 ’ 1,12 ’ 12 2 . 12 '
E :F(_JKZK Vth_kzkg eZXVIEZ_(“’:"LOkg ViH; +joucK e, xXViH,),
L ®)
H{zﬁ(kgzwsosgvtE;—jwso(siK'2—sgkéz)esztE;—jk;K'thH;—k;kéZerVtH;,
|
0 g2l S } (13)
t__ - ]
D’2=K’4—ké4, K'2=w’uoeqe; — k2, kézzwz,uoaosé vl & —lg
© and where
and where, once again, the prime indicates that the physical
guantity is referenced to the moving frame. . (1-p?) o 1 1202
Analysis of the propagation of electromagnetic waves €1 =71,/ 22— 52557 (1~ €18 )er+e2"B],
. . . . - : o [( e18%) —&,°B"]
(light) in a relativistically moving dielectric medium is given
in detail in Ref.[17]. Application of the 44 Lorentz trans- )
formation matrix[L] to the conjugate field four-vectors leads , (1-p9) ,
to a simple relationship connecting the constitutive equations 82_[(1—8132)2—8334] ‘2
for the moving and the stationary media. It also shows that
the transformation of the field four-vectors for motion in the .
z direction is equivalent to a simple rotation in the plane. 3~ fa (14)
This behavior will be discussed in detail below. Thus for the
moving plasma, we similarly Lorentz transform the dielectric . (1-B?) (1—s! 69
; ; = - ; —& ;
tensor(1) into the laboratory framérest frame according to M1 [(1—e,8%)%— 822,34] 1B
Y
(K jo')=[L][k jo]. PP SR ol Y (15
[(1-¢e18%)%—e,°BY]
Using a similar transformation of constitutive relations -1
[10,12,13, we get the following matrix forms: Ka= %
D=e*E+& Hy, 10 £g=e2,
B=p*-H-& E, [(e1=D)(1-818°) + B%,%] (16)
where [(1-&18%)%—ey°B]
and
ey —je3 O
e =gl Jes &1 O, (12) - wp
€17 - 1
0 0 & VT Ao ko) - wll
2
, W,HWee
; = 1
ui —jmz; O ©2 y(w—kcvo)[(w—kzvo)z—w(z:e]’ (7
M=ol 1H3 w7 0, (12) - w?
0 0 uy £37 Y(w—Kyvg)?
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where B is the relativistic speed ratiayg/c, vy is the

Fitzgerald-Lorentz contraction factor {18%) "2 and w,?

and w2 are the electron plasma frequency and the electrongx =jeqcy k2e%,BE

cyclotron frequency, respective[20]. g
Equation(10) yields the dielectric tensor for the moving

plasma, along with associated magnetic permeability and

chiral tensors, which may have strong effects on wave propa- N . &9 v % . 5 1

gation in an MMPW. Using Maxwell's equations for the Keon| Koy 83b§_ k/J“leSbE_ka/’“leC%b?

transformed electromagnetic wave field, from E¢&0)— + —

(17), and defining four parametera¥, b*, c*, andd* to 2 Mlbglb)

simplify the algebra, we arrive at coupled wave equations for g ,8z

E, and H, that are similar in form with those in the rest Kt o ok :

. E1ne

frame: (k,+ kgﬁ)('%b—;b%_ k§§gsgb—k28§b—g)

(V2+a*)E,=b*H,, - A— A
(18 (52— Mlbslb)
(VZ+c*)H,=d*E,, o p?
a* =k uipe3p 19
. kég ., ke preds Solving Eq.(18) in laboratory frame, we get
(kz+kéEB) M2b83b7_ﬂlb83b7_sz

4 2 EZ
Vit(a*+c*)Vi+(a*c* —b*d*) H =0 (20
z

2 KT8 1
&g~

ﬁZ
¢ and
kM’zcb( kﬂgbsib‘?gb_ ks;bfgg_ kzsgbgg)
+ * * ] 2 * 2 EZ _
( 2 /J“lbglb) (Vi+pi2| y |=0 (21
&y~ 7 z
g B
where the form of the constants can be written
b*=juecy K’u3pBE , 1
piz=3{(a*+c*)*[(a* +c*)?~4(a*c* —b*d*)]V3.
(22)

The transverse field components can be found in ternts, of

+ &9 kﬂfbﬂngSb)
andH,,

(k,+ kfﬁ)( Kuzpéégt kzMSbB 52

2 K168 1
(fg_ G )

1 _ :
¢ Bi= g {— [K* (ko + KBE) — kg *kpBEg] VB, + [K* %k g
* * % 9 * K * K D
kM2b<kM3b82bF_ a1 g —kkzM3b81bE2) ,
— kg (kT kBE) & X ViE,+[K* 2o puou3,

52— M’Ibszb | *2 * ; * ex2 * [ %2
9 B2 —kg “ouopnip] ViHz+jopo(wipK* <= uspks 9)e,
c* =k2ul ek, X VH,}, (23

g kg * 8*
(kﬁkfﬁ)(uébszbf—usbsfbg—kz“; “’)

1
Ht:—D* {weo(—K*2e5,+ kg 2eX ) VE,— jweg(K* 23,
( 2 M’fb(?fb)

o2 —&5pKs 2 € X VE,~ [K*2(jk,+ jk B€)
. . . €o KuTpu3pedy — ik kBEGIVH,+ (K* 2k,
kegp| Kuzpééqt+ kzﬂsbﬁ 72 oo
- "B | RGP KBE) XV H), 24
2 M1
( g B2 ) where
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R, lc=20 Ro.lc=40 v=01% Rw,/c=20 Rw, fe=40 v=04

FIG. 1. The influence of plasma drift velocity on dispersion characteristics for four choices of plasma drift veloatitfixed values of
electron density Rw,/c=2.0) and magnetic fieldRw./c=4.0): (8 »=0.1c; (b) »=0.2; (c) v=0.4c; (d) »=0.8

Ill. CIRCULAR CYLINDRICAL WAVEGUIDE FILLED

D* =K* 4__ k* 4
9’ WITH MOVING MAGNETIZED PLASMA  (MMPW)

In a circular cylindrical MMPW, we have
K*2=[K*(eTouip T e3pmdy) — (KBEG = (K, +kBE)?], y

E;=AnIm(PIr)+BmIm(p3r)

*2__ |20 ok % * ok o\ 2
kg "=k (elpuint e3pi1p) —2(KKBEKBEG. (25 H,=AhTIn(pir)+Byh3Jdn(p3r), @

Thus for propagation in an MMPW, we can arrive at someWhere
conclusions without further calculatiofit) The TM and TE

model cannot exist independently; they are always coupled

to produce the hybrid modes HE and EH, just as it happens

for MPW case[1,2]; (2) Egs. (21)—(25) show that the line The dispersion equations can be obtained by using the
w=w,=(w5+ )2 no longer represents a cutoff as it does boundary conditions

a* — * 2
hjzz%. (28)

for the MPW. The dispersion curves of the wave propagation =R
may cross the linew=wy, which is not possible for an o
MPW. Instead, the general critical line in an MMPW is de- E.=0 (29)
termined by the denominator of E(1) £
EOZO.
2 _ . . .
§g—mier=0. (260 substituting Eq(27) into Eq. (29), we get
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Rw, fc =10 Reo lc=40 v=05

Ro,1c=20 Ro,fc=39 v=05
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R, ic=60 Ruw, tc=80 v=04c

0 T T T T T T T
0 2 4 6 8 10
(d) kR

FIG. 2. The influence of plasma density on dispersion characteristics for four choidsdt at fixed (relativistic drift velocity,
v=0.5, and fixed magnetic fieldRw./c=4.0): (@) Rw,/c=1.0; (b) Rw,/c=2.0; (c) Rw,/c=6.0; (d) Rw,/c=8.0.

2 2
(w'gng*z—(kﬁwB é)kéz)[p’é%(szo)

14

) In(PzRo)|  m
— 33 (PERy) -

+—(—w *k*2
In(PiRy) | Ry T @HokIkg
+wpous K*2)In(p3 Ro) (W3 —hi) — (jopous ki

—jopous K* 2)[ p5 h3 (P Ro)

Jm(pgRo)}
—p¥hyJ (p¥Ry) ————|=0. 30
When 8=0, we get
§=£€=0, pi,=P1a hiy=hi,
ey=¢e;, e3=¢€5, e3=e3, pI=p;=1,

p3=0, pi=psz=1,

2_g2 *2_ 1,2
K*2=K?, Kr2=k2.

Thus, Eq.(30) reduces to the dispersion equation for a wave-
guide filled with nonmoving magnetized plasma, that is, we
recover the dispersion equations for MA2].

We can see the differences between the dispersion char-
acteristics of wave propagation in an MMPW and the disper-
sion characteristics in an MPW. We first study the cutoff
conditions. For the case=0, where the plasma is not mov-
ing, we haveb=0, d=0 whenk,= 0; therefore, at the cutoff,
the coupled wave equations degenerate to the decoupled
wave equations. So at the cutoff the TM and TE model can
exist independently. The cutoff frequencies can be found
from the solutions for TM and TE mode, which are the same
as for the vacuum case. However, for the cas@#f0, the
moving plasma case, we hawe#r0, d#0, even wherk,
=0. Itis clear that at the cutoff, the coupled wave equations
remain unchanged, that is, they are still coupled. This is one
of the significant differences between the MMPW and the
MPW.

Whenw=0, k,=0, we havep} 5=0 (alsop; ,=0). Thus
in the case of moving plasma, wave propagation can
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Rw,/c=10 Re je=11 v=05 Rw, Je=10 Rw,/c=40 v=05

of

EH gy

HEg,

Rw,/c=10 Rw,lc=80 v=05

(b) kR (d)

FIG. 3. The influence of magnetic field on dispersion characteristics for four choicRaofc at fixed (relativistio drift velocity,
v=0.5c, and fixed densityRw,/c=1.0): (@ Rw./c=1.0; (b) Rw./c=2.0; (¢) Ro./c=4.0; (d) Rw./c=8.0.

occur beloww,. Therefore, modes like the Trivelpiece- interesting and essential phenomena.
Gould (T-G) modes may exist in the case of moving plasma (1) The influences of the plasma drift velocityon the
(see Sec. IV, beloyw wave propagation are very strong. The critical lines wy,

The dispersion equatidi30) also shows that there exists a :(w§+w’2))1/2, is no longer the cutoff frequency for all the
nonreciprocal property for wave propagation in MMPW, gispersion curves in a moving magnetized plasma wave-
since in Eq.(30) there are terms involving not jukt, but  guide. The dispersion curves of both the plasma m¢Ta
ratherk, itself. The study of this nonreciprocal property will modes and the cyclotron modes can pass through that fre-
be the subject of a later paper. In the above analysis only thgyency line.
fully plasma filled case is de_alt with. For the partially filled (2) The dispersion curves of all modes, except that of the
case, a reduced f_act_dit was introduced in Re1[9] _W_h'Ch' waveguide modes, become oblique, making an angle to the
when the ”.’ag.”e“c field IS Z€ro, approaches infinity. Wherbrdinate, tar,R./R.w.). The higher the velocity, the larger
the magnetic field takgs a finite value,.the Pmb'e”? beco”.‘e e resulting angle, which can be understood by recalling
complicated and requires more numerical calculations usm%1 tw has b laced b K that the obli
the same approach given in the current paper. However, it i at w has been replace Yot kzv), so nat the oblique
expected from earlier work on partially plasma filled angle is determined by the slo_pe of _the line. Except for the
waveguides, given in Ref§6] and[7], that the effects of a Wavegl_ude modes, all of t_he dispersion curves of all modes
dielectric or vacuum layer between the plasma and the wafi"@ OPlique and are described by the same affgys. 1-3.
will not be very significant. (3) In the case when the plasma drift velocity is relatively

high, because the oblique angle is relatively high, a second
group of plasma wave§l-G mode$ may appeafsee Figs.
1(c), 2, and 3.

Numerical calculations of the wave propagation along (4) In the cases when the plasma drift velocity is very

MMPW are shown in Figs. 1-4, which show the following high, the “cyclotron wave” group may disappear.

IV. NUMERICAL CALCULATIONS
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coupled. As a result, the cutoff conditions are determined by
the following independent equations fpf and p,:

p1:01
‘]r,n(lec) = 01
Ro/c ’
Jn(P2Re) m
g4=0.

‘]m( pZRc) - R_c

2] TTrV=08c However, in the case of MMPW, at the cutoif,=0, we do
1] not haveb=d=0. Therefore, the two coupled wave equa-
] tions remain coupled. The cutoff conditions are thus still hy-
]
KR (i) The drift velocity of plasma has a very strong influ-

ence on the wave propagation in an MMPW.
FIG. 4. Selected cuts from general hybrid wave forms, taken at (& When the filling plasma is moving with a drift ve-
©.=2.0 w,=1.0, indicating the effects of relativistic transforma- locity », the critical line,w=(w?+ cog)”2 is no longer the
tion for the moving plasma at three values of drift velodisee  cutoff frequency for all modes.

texy. (b) Except for the waveguide modes the dispersion
curves of all modes, become oblique, with an angle which
o depends orB=v/c; the higher the drift velocity, the larger
(5) The dependence on the plasma density is very strongpe oplique angle.
as can be seen in Fig. 2. o (c) In some cases wheg is relatively high, the “cy-
(6) Figure 3 shows the influence of the magnetic fieldciotron waves”, which exist between main critical lings
(w¢) on the wave propagation. or w,) andwy,, may disappear.
(7) The waveguide queg are almost entirely independent  "(q) |n some cases when bohand the plasma density
of the plasma drift velocityFig. 4). are relatively high, the spectrum of plasma wav@sG
modes becomes very dense, and in particular, a second
V. DISCUSSION AND CONCLUSION group of plasma waves may appear.

Makin f the transformation of constitutive relation (iii ) Both the magnetic field and the plasma density have a
axing use of the transtormation of constitutive refatio Svery strong influence on the wave propagation along

of electromagnetic wave fields and the Lorentz transformas MPW

tion of the wa\;_e vectors in Minléov;/_ﬁky(/j sp;ce, th_e theory of (iv) The waveguide modes are almost independent of the
wave propagation in a waveguide filled with moving magne'plasma drift velocity.

tized plasmaMMPW) has been worked out, resulting in the Thus, the analytical and computational calculations de-

following important points. scribe important differences between wave propagation oc-

(1) The moving plasma n_qt only provides a dielectric ter]'curring in an MMPW and that occuring in an MPW. There
sor and magnetic permeability, but also provides an electro;

tic field with chiral ch teristics. F the el are a number of interesting applications for the theory pre-
magneuc ield with chiral charactenistics. From the elemengqiqq i this paper. For example, current work is in progress
tary theory of relativity(see, for example, Ref19], p. 61),

thi h found th to apply this theory to the study of Cherenkov radiation for
NS may have profound consequences on theé wave propaggsicrowave to light wave applications. The theory presented
tion along MMPW.

(2) From Maxwell's equations, coupled wave equationsin the paper can also be used for slow wave propagation. An

) . example of a special kind of slow wave lies in the T-G
for E, andH, also can be obtained for electromagnetic wave, I

Sz ; modes studied in this paper.
propagation in an MMPW. The transverse field components
can be found in terms of the, andH,; explicit expressions

have been given in this paper.
(3) Comparing with an MPW, the wave propagation in an  This work was supported in part by AFOSR/PKI, USA
MMPW has several important and interesting features as folunder Grant No. F49620-00-1-0160, and in part by CNNSF
lows. and the National Key Laboratory of High Power Vacuum
(i) In an MPW, at the cutoff condition, whel,=0, we  Electronics, China. The authors extend their thanks to Dr.
haveb=d=0, and the coupled wave equations become unRobert J. Barker for his contributions to this paper.
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