
PHYSICAL REVIEW E, VOLUME 65, 036408
Quasilinear diffusion as a result of modulational instability in the pulsar plasma
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RCfTA, School of Physics, University of Sydney, Sydney, New South Wales 2006, Australia

~Received 26 October 2001; published 21 February 2002!

Quasilinear diffusion due to modulational instability is considered in this paper. Interaction between the
high-frequency, nearly transverseO mode~or the transverseX mode! and the low-frequency, nearly longitu-
dinal L-O mode in a pulsar magnetospheric pair plasma can lead to modulational instability. The low-
frequencyL-O mode is superluminal, which is not subjected to usual Landau damping, and it is possible that
excess wave energy is stored in this superluminal mode. The superluminal low-frequencyL-O mode can
dissipate in a way similar to the process of Langmuir wave collapse, that is, it cascades from the long- to
short-wavelength regimes. When the phase speed becomes less thanc, the waves can be damped through
various resonances. We consider, in particular, damping through cyclotron resonance, which can lead to
particle acceleration. The energetic beam particles, which have a very small spread initially, can develop a
high-energy distribution tail, acquiring pitch angles through quasilinear diffusion. These particles can emitg
rays through synchrotron radiation, contributing to the observed pulsar high-energy emission.

DOI: 10.1103/PhysRevE.65.036408 PACS number~s!: 52.27.Ny, 52.27.Ep, 52.35.Ra, 52.35.Mw
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I. INTRODUCTION

It is widely believed that a pulsar magnetosphere is po
lated with dense electron-positron pair plasmas, which
produced above the polar cap through cascades by acc
ated primary particles@1–4#. Such a plasma system, whic
includes a bulk secondary pair plasma and an energetic
mary particle beam, is unstable, subjected to various pla
instabilities@5# ~a recent review in Ref.@6#!. There has been
considerable interest in studying plasma processes in the
sar magnetospheric plasma, mainly motivated by attemp
to understand the pulsar emission mechanism@5,7–12#. Pul-
sars are observed to radiate coherent radio emission, whi
believed to be originating from some type of plasma ins
bility @6#, and some pulsars also radiate high-energy em
sion @13#, which may be due to synchrotron or cyclotro
radiation from electron-positron cascades as in the polar
@4,14# or outer gap models@15#. It has recently been show
that some plasma processes may also contribute to p
high-energy emission@12,16#.

There were extensive discussions on possible modes
relativistic pair plasma in a strong magnetic fie
@5,7,9,10,17#. Pulsars are believed to have very strong m
netic fields with typical strength ranging from 108 to 1013 G.
Electrons or positrons moving in such strong magnetic fie
radiate away rapidly their perpendicular energy and th
move along the field lines one dimensionally. In practice, o
may derive plasma dispersion by assuming zero perpend
lar momentump'50, but allowing transition to the firs
Landau level@8#. Further, since the bulk pair plasma consi
of electrons and positrons, one may assume quasineutr
with charge symmetry, which allows the dispersion relatio
to be simplified considerably. In these approximations, o
can obtain three distinct modes for oblique propagation~with

*Also at Abastumeni Astrophysical Observatory, 2a, A. Kazbe
Tbilisi 380060, Georgia.
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respect to the field line direction!. ~1! The L-O mode with
the polarization vector being in thek-B plane, which is su-
perluminal at low frequency and high frequency regions;~2!
the low frequency Alfven mode, which can be heav
damped if its phase speed is less than the bulk plasma sp
and ~3! the X mode with the polarization vector being pe
pendicular to thek-B plane, which is subluminal at low fre
quency and is purely transverse. In the high-frequency reg
the L-O mode becomes transverse, called theO mode.

Since the low-frequencyL-O mode is superluminal and
not subject to Landau damping, even for a very modest e
cient production mechanism there can be excess l
frequencyL-O mode waves. Since the low-frequencyL-O
mode is mainly longitudinal in the superluminal region,
cannot escape from pulsar magnetospheres without con
sion to high-frequency transverse waves. Nonlinear inter
tion between the low-frequencyL-O mode and the high-
frequency transverseO mode ~or X mode! was recently
studied in Refs.@18,11#. Assuming there preexists high
frequencyO-mode~or X-mode! waves, Ref.@11# considered
modulational instability of theO mode due to nonresonan
interaction. Through nonresonant interaction, in which n
ther Cerenkov nor cyclotron resonance condition can be
isfied, the low-frequency superluminalL-O mode is con-
verted to an unstable low-frequency beat wave with
oblique propagation angle and at the same time particles
quire a pitch angle emitting synchrotron radiation inX or g
rays @12#.

In this paper, we discuss modulational instability of t
low-frequency superluminalL-O mode by the beat of two
high-frequency transverse waves and consider the su
quent quasilinear diffusion due to the resonant interact
of plasma particles and the unstable wave. Specifically
consider quasilinear diffusion as a result of cyclotron re
nance by very energetic particles, such as, those in the
mary beam. We assume that the two high-frequency tra
verse waves can be generated by a certain type of pla
instability.

i,
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II. MODULATIONAL INSTABILITY

Modulational instability of the superluminalL-O mode
by beat of two transverse waves was recently discusse
Ref. @11#. The transverse waves are referred to those h
frequencyO mode orX mode waves~with frequency being
much higher thanvp and the dispersion is close to th
vacuum case,n51), which are assumed to be generated
some plasma instability, e.g., anomalous cyclotron resona
@19#. For two high-frequency transverse waves with frequ
ciesv t andv8t and wave vectorskt andk8t, it is possible to
have a beat wave with a frequencyDv5v t2v8t, which has
a longitudinal, superluminal component with the paral
phase speed given by

Dv

uDkiu
.c, ~2.1!

whereDki5ki
t2k8i

t and we assumev t.v8t. The beat of the
two transverse waves can induce density modulation w
uk'

t 2k8'
t u.uki

t2k8i
t u, leading to modulational instability o

the low-frequency superluminalL-O mode with frequency
vL!v t, v8t. For nearly parallel propagation, the low
frequencyL-O mode is almost electrostatic@8#. The condi-
tion for instability requires that the beat frequency be sm
@11#

kzc

Dv
ac.K 0

2S k'c

vp
D 2

, ~2.2!

wherek' is the perpendicular~to the magnetic field! compo-
nent of the wave vector,K05k0

l c/2vp , k0
l is the wave num-

ber of electrostatic waves generated from interaction
tween the two high-frequency waves,vp5(4pe2n/me)

1/2

with n5n11n2 the total plasma density~electrons
and positrons! is the plasma frequency, ac

5(vpVe /gpv t2)uE'
t u2, Ve is the cyclotron frequency,E'

t

5eE'
t /(mecvp) is the perpendicular component of the ele

tric field of the high-frequency transverse wave. Thus,
energy of the superluminalL-O mode is converted to pertur
bations with the low frequency,v t2v8t. This instability has
back reaction on the plasma particle distribution with qua
linear diffusion in the momentum space.

As shown in Refs.@11,12# the growth of modulationa
instability that leads to nonresonant interaction in the f
quency regionuv2kiv iug/Ve!1. In the nonresonant ap
proximation @20,21#, plasma particles are subjected to no
resonant quasilinear diffusion~NQD! leading to transfer of
particle’s parallel energy to its perpendicular energy. T
pitch anglec5arctan(p' /pi) acquired by the plasma pa
ticles is given by@11,12#

c'
B'

B
, ~2.3!

whereB' is the magnetic field of the unstable waves, be
perpendicular to the pulsar magnetic fieldB. Generally,
plasma particles and the relevant unstable waves can
resonant interaction, which can result in resonant quasilin
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diffusion ~RQD! @22,23#. In the following discussion we
specifically consider RQD resulting from modulation
instability.

III. ABSORPTION OF WAVES

Assume that the unstable wave generated from mod
tional instability of the low-frequency superluminalL-O
mode is subluminal with a frequencyv. The unstable wave
interacts with plasma particles causing quasilinear diffusi
RQD requires a resonant interaction between the wave
particles. There are three types of resonance processes
can cause wave absorption: Landau, Landau drift, and cy
tron damping. We show that among them the cyclotron re
nance is the most efficient.

A. Cyclotron damping

We first consider damping due to cyclotron absorpti
arising from normal cyclotron resonance~NCR!, which can
occur for waves with a superluminal parallel phase sp
v/ki.c @24#. Pulsar magnetic fields can be modeled as
polar fields with the radius of field line curvature being a
proximated byRB'(4/3)(RRLC)1/2 for the last open field
lines, whereR is the radial distance andRLC is the radius of
the light cylinder. Relativistic particles moving in a curve
magnetic field have drift motion across the field lines w
the drift velocity being

vd5
v i

2g

VeRB
, ~3.1!

whereVe5eB/mec is the cyclotron frequency. The effect o
field line curvature in generation of pulsar radio emission h
been discussed by several authors, e.g., Ref.@19#. From Eq.
~3.1!, the curvature drift can be significant for ultrarelativi
tic particles.

Including the curvature drift, the NCR condition can b
written as

v2kiv i2k'vd5Ve /g. ~3.2!

The condition can be satisfied for a subluminal wave w
v/k,c but v/ki.c. Throughout our discussion we consid
theL-O or X mode in the quasitranverse approximation w
dispersionv5kc(12d), whereudu!1 is a small correction
to the vacuum dispersion. The condition for damping isudu
,(k' /ki2vd /c)2/2, implying that waves with a nonzer
propagation angle can be damped. The smaller the angle
larger is the Lorentz factor required for particles to damp
waves through NCR. In the following, we consider NCR
energetic particles in the primary beam, which has a typ
Lorentz factor of 107 for typical pulsars. The resonant fre
quency is

v res'
Ve

gb,res
S k'

ki
D 2

, ~3.3!
8-2
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wheregb,res is the Lorentz factor of the beam particles th
are in cyclotron resonance andv res is the resonant frequenc
~hereafter we simply usev). The damping rate is given b
@23–25#

GNCR5p
vb

2

v

1

gT
, ~3.4!

where vb is the plasma frequency of the beam,gT is the
beam spread.

B. Landau damping

For Landau damping we have

v2kiv i50. ~3.5!

Since particles in the fast beam can have a very large Lor
factor and therefore, in general, as for Cerenkov instab
the kinetic approximation is not valid for Landau dampi
@26# ~more recently, cf. Ref.@10#!. For particles withg5g0
1Dg, whereg0 is the Lorentz factor that satisfies the res
nancev res2kic(121/2g0

2)50, Dg!g0 is the spread, we
havev2kiv i'v resDg/g0

3. For a nearly parallel propagatio
wave, the condition~3.5! can be satisfied only for very en
ergetic particles. Since the Landau~temporal! damping rate
is GD}g3, we haveuv2kiv iu!GD for a largeg0. Therefore,
the kinetic approximation is not applicable.

Damping or instability associated with energetic partic
must be in the hydrodynamic regime, i.e., the resona
width is much smaller than the relevant growth or damp
rate. However, it can be shown that damping or instability
the hydrodynamic regime is small. Thus, Landau dampin
not effective@26# and will not be considered further.

C. Landau-drift resonance

The usual Landau resonance condition~3.5! is modified
by a drift term, that is,

v2kiv i2k'vd50, ~3.6!

which we call the Landau-drift resonance. In the kinetic a
proximation the resonant condition can be written as

d'
1

2 S k'

ki
2

vd

c D 2

. ~3.7!

Although the damping due to Landau-drift resonance can
important, the condition~3.7! can only be satisfied in a nar
row parameter range. So, in the following discussion we c
sider absorption due to NCR only.

IV. RESONANT QUASILINEAR DIFFUSION DUE TO NCR

Let f (pi ,c) be the plasma distribution wherec is the
pitch angle defined by tanc5p' /pi with pi and p' being,
respectively, the parallel and perpendicular momentum~rela-
tive to the magnetic field field direction!. In the strong pulsar
magnetic field we have the approximationp' /pi[tanc
'c!1, and the RQD equation is@23,27#
03640
t
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d f~pi ,c!

dt
'

1

c

]

]cFcS Dcc

]

]c
1Dci

]

]pi
D f ~pi ,c!G

1
]

]pi
F S D ic

]

]c
1D ii

]

]pi
D f ~pi ,c!G ,

~4.1!

where the diffusion coefficientD is given by

F Dcc

D ic5Dci

D ii

G5(
s
E dk

~2p!3
w~s,k,p!NkF ~Dc!2

DcDpi

~Dpi!
2
G .

~4.2!

w~s,k,p!5
4p2e2

\vk
ue* ~k!•V~s,k,p!u2d~v2kiv i2sVe /g!,

~4.3!

where
V~s,k,p!5@v'sJs~% !/%,2 ihsv'Js8~% !,v iJs~% !#,

%5k'v'g/Ve ,

h is the charge sign, Dpi5\ki , Dc
5s\Veme /pip' , e(k) is the polarization vector,w(s,k,p)
is the probability for cyclotron emission, andNk is the wave
occupation number. The Landau damping correspondss
50, which is not considered here. Equation~4.1! is in the
small pitch angle approximationc!1, which is relevant for
pulsar magnetospheric plasmas. For NCR, we only nee
considers51.

As shown in Refs.@18,11#, the unstable wave generate
through modulational instability has substantial transve
component. For convenience, we assume the polariza
vector simply to bee5(0,i ,0), we haveue* •Vu25(v'

2 /4).
The three relevant components are

Dcc'
r e

2mecg3 \Venk , ~4.4!

D ic'
r ec

2g
\vknk , ~4.5!

D ii5
r e

4
mecgc2

vk

Ve
\vknk , ~4.6!

wherepi /mec'g ~in the pulsar frame the parallel momen
tum is always positive!, r e5e2/mec

2'10213 cm is the clas-
sic electron radius,nk5*Nk(dk'/2p), with k5kres at the
cyclotron resonance. For the parallel diffusion coefficientD ii
we neglect the Cerenkov resonance, which is not conside
here. Equation~4.5! has positive sign, implying acceleration
Lominadzeet al. studied RQD due to anomalous cyclotro
resonance and derived the parallel-perpendicular compo
of D, which has a minus sign, corresponding to decelerat
e.g., Eq.~4.5! in Ref. @23#. Application of anomalous cyclo-
tron instability to pulsar emission was discussed by Mac
beli and Usov@28#.
8-3
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The right-hand side of Eq.~4.1! describes stimulated pro
cesses in which the effectiveness is proportional to the w
occupation numberNk . However, radiation reaction can als
change the particle distribution. There are two ways to tr
this effect, which are equivalent; one way is to consider
reaction as a spontaneous term, which is added in Eq.~4.1!;
another way is to treat it as an effective force, which can
included on the left-hand side. Here we adopt the latter,
is, the left-hand side of Eq.~4.1! can be written as

d f

dt
5

] f

]t
1

]

]p
•@~G1F! f #

5
1

pic

]

]c
@c~G'1F'! f #1

]

]pi
@~Gi1F i! f #, ~4.7!

whereF is the effective force due to radiation and dampin
such as synchrotron radiation and damping, andG is the
effective force induced by the magnetic field inhomogene
@28#. For p'Þ0, we have@28,8#

Gi5bRgc2, G'52bRgc, ~4.8!

wherebR5mc2/RB , RB is the radius of field line curvature
The radiation reaction force due to synchrotron and cur
ture radiation is given by

F i52ag2c22acg
4, ~4.9!

F'52ac~11g2c2!, ~4.10!

where the second term in Eq.~4.9! is due to curvature radia
tion, a52e2Ve

2/3c252e2/3rL
2 , rL5c/Ve , ac52e2/3RB

2 .
Sincea/ac5(RB /rL)2!1, curvature radiation is importan
only for very largeg. SinceGi!F i , the terms withGi can
be neglected.

For convenience we introduce parallel momentum dis
bution f i(pi) and pitch angle distributionf'(c), defined,
respectively, by integration off (pi ,c) over pitch angle and
parallel momentum, i.e.,

f i~pi!5E
0

p/2

c f ~pi ,c!dc, f'~c!5E
2`

`

f ~pi ,c!dpi .

~4.11!

Integrating Eq.~4.1! over pi , we find

] f'~c!

]t
'2

1

pc

]

]c
@c~G'1F'! f'~c!#

1
1

c

]

]c FcDcc

] f'~c!

]c G . ~4.12!

Similarly we can derive diffusion equation for parall
momentum. Since the maximum pitch angle is aboutcmax
'1/g, we can safely assume the boundary conditio
f (pi ,c→p/2)50 @which is equivalent to assumef (pi ,p'

→`)50#. Integrating Eq.~4.1! over pitch angle, we find the
quasilinear diffusion equation for parallel momentum. In t
small pitch angle approximation, the terms in the first pair
03640
e
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e

e
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f

square bracket on the right-hand side are zero. The first t
in the second pair of square bracket dominates, yielding

]

]pi
E D ic

] f ~pi ,c!

]c
cdc52

]

]pi
F r e

g
\vknkf i~pi!G .

~4.13!

The left-hand side of Eq.~4.1! is

]

]pi
E F i f ~pi ,c!cdc52a

]

]pi
@g2^c2& f i~pi!#.

~4.14!

Then, we find the one-dimensional quasilinear diffusi
equation

] f i~pi!

]t
5

]

]pi
H Fac0

2S pi

mec
D 2

1acS pi

mec
D 4

2r eS mec

pi

2
3

4
c0

vk

Ve
pi

]

]pi
D\vknkG f i~pi!J , ~4.15!

where c0
2[^c2&. The first and second terms in the squa

brackets are the result of reaction force due to synchro
and curvature radiation. The term}nk is diffusion due to
waves, which increases the distribution tail~i.e., the accel-
eration effect!. When this term is dominant withnk being
independent ofpi , we have the solutionf i;pi .

A. Spectral evolution

The evolution of the wave occupation number is d
scribed by

]nk

]t
1

]

]k
~GMknk!52GDnk , ~4.16!

whereGM is the growth rate of modulational instability,GD
is the damping rate due to NCR, and where we consi
one-dimensional waves. For] f /]t50 and ]nk /]t50 we
find

nk'nk0k2[11(GD /GM)] . ~4.17!

Generally, we may assumenk5k2jN(t). Then, from Eq.
~4.16! we find

N~ t !5N0 expF2S 11
GD

GM
2j DGMt G , ~4.18!

whereN[N0 at t50. There are three possibilities that ne
to be considered separately. First, forj511GD /GM , we
haveN(t)5const corresponding to the solution given by E
~4.17!. Second, foruju.11GD /GM we have monotonically
increasingN(t). Finally, for uju,11GD /GM we have an ex-
ponential decay spectrum withnk→0 ast→`.
8-4
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B. Diffusion in pitch angles

If RQD can develop fully, we have] f i ,' /]t50, and since
Dcc is not sensitive toc ~cf. Eq. 4.4!, the evolved distribu-
tion is derived as

f'~c!'A1 expS 2
c2

cc
2D , ~4.19!

where cc5@2piDcc /(a1bRg)#1/25@\Venkr e /(a
1bRg)g3#1/2 is the characteristic pitch angle caused by d
fusion, andA1 is a constant that is independent ofc but in
general may depend onpi . Similar to NQD, the RQD pro-
cess can result in an increase in the particle’s pitch an
Through diffusion in the pitch angle, particles initially in th
ground state can emit synchrotron/cyclotron radiation.

C. Diffusion in parallel momentum

We consider the case in which eithernk is small org is
large. Then, Eq.~4.15! can be solved to yield

f i~pi!'A2S mec

pi
D 2Fac0

21acS pi

mec
D 2G21

, ~4.20!

whereA2 is a constant, which is independent ofpi and thenk

term is neglected. For very largeg but g,A3a/2c0RB /e
5c0RBVe /c, deceleration due to cyclotron damping is im
portant, and then, we have a cutoff

f i~pi!'
A2

ac0
2S mec

pi
D 2

. ~4.21!

For g.c0RBVe /c, curvature radiation becomes domina
and the distribution has a much steeper cutoff, given by
i,

.
.

. E

o,

03640
-

e.

t

f i;S mec

pi
D 4

, ~4.22!

which is much steeper than the cutoff due to synchrot
radiation.

V. CONCLUSIONS AND DISCUSSION

We have considered quasilinear diffusion arising fro
modulational instability of the low-frequencyL-O mode by
high-frequency transverse waves in the pulsar plasma. O
ing to the modulational instability it is possible to convert t
energy of the superluminal low-frequencyL-O mode to low-
frequency perturbations~with frequencyv t2v8t). The un-
stable waves evolve into the subluminal region and can
absorbed through various resonances. We consider par
larly NCR, as it is the most efficient absorption proce
Cyclotron absorption can occur for particles in the energe
beam for theO mode with a small propagation angle. As
result of nonlinear interaction, the beam, which initially h
very small spread, can develop a high-energy tail with n
zero pitch angles. These particles can emit synchrotron
diation, contributing to pulsarg-ray emission@12,16#. There
is a cutoff at high energy, which is determined by the dec
eration due to synchrotron or curvature radiation being b
anced by acceleration due to NCR damping.
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