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Energetics of electromagnetic wave transformation in a time-varying magnetoplasma medium

M. I. BakunoV* and I. S. Grachev
Department of Radiophysics, University of Nizhny Novgorod, Nizhny Novgorod 603600, Russia
(Received 6 August 2001; published 13 February 2002

The transformation of a circularly polarized electromagnetic wave in a magnetoplasma medium with in-
creasing plasma density is considered. The wave propagates along the static magnetic field. Complete analysis,
including ion motion, is given both for slogcompared to the wave frequen@nd rapid ionization rate. In the
case of slow temporal variation of the plasma density, a relation between the energy of the wave and its
frequency, which is conserved during the plasma creation préadibatic invariant is found. The existence
of significant energy losses follows from the invariant. The dissipative mechanism is explained via consider-
ation of the case of a sudden growth of plasma density in time from one value to another. It is shown that
energy transforms into the kinetic energy of carriers, and preionization of the medium plays a principal role in
the dissipation process. In the special case of a whistler wave, up to 50% of the energy may be transformed
into an ion-cyclotron wave when dense plasma is rapidly created.
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[. INTRODUCTION [20]. In the present paper, we focus on the case of longitu-
dinal propagation. For this case, the natural electromagnetic
The phenomenon of frequency shifting of electromagnetianodes are circularly polarized. The effect of sudden creation
waves by rapid plasma creation has drawn considerable atswitching of a magnetoplasma medium for the case of lon-
tention in recent years due to its potential applications to theitudinal propagation was first investigated by Kall{i5]
generation of tunable microwave radiation over a broad frewithin the radio approximation. He reported that three new
quency rangég1]. Although the first results were derived as waves whose frequencies are different from the original
early as in the 1970f2—6], interest in this subject was re- wave frequency are generated when the original wave is ei-
newed in 1988 when Wilket al. [7] proposed this concept ther right or left circularly polarized. However in low-
as a way to frequency upshift existing sources of radiatiorfrequency regions this approximation is not valid, and it is
and to chirp pulses. In the early 1990s, the emergence @assential to take ion motion into account. An exact analysis,
short-pulse intense lasers capable of rapidly producingncluding ion motion, was given by Madala and Kall{iti7].
plasma brought the a subject for experimental tests, an@ihey showed that switching two-component magnetoplasma
many theoretical predictions for an isotropic time-varyingresults in splitting of the original wave into four new waves
plasma have been verifi¢8—10|. with different frequencies. Essentially, it was verified that the
The imposition of a static magnetic field affords the pos-total energy of the new waves equals the energy of the origi-
sibility of an extra control parameter in a laboratory experi-nal wave and, therefore, there are no energy losses. This
ment. That is the shifted frequency could be controlled eithediffers qualitatively from the case of switched isotropic
by varying the density of the created plasma or the magnetiplasma where considerable amount of energy can be lost into
field. Recently, the imposition of a static magnetic field on athe so-called free streaming mode — the self-consistent dis-
plasma created by an ionization front was used to enhanagibution of dc currents and magnetic field]. The energy
the frequency upshift in a dc to ac radiation convertertransforms into kinetic energy of carriers and magnetic en-
(DARC) device[11]. Moreover, in a time-varying magneto- ergy in the free streaming mode. It was demonstrated in Ref.
plasma it is possible to achieve both frequency upshifts agl7] that two low-frequency waves out of four waves created
well as downshift§1]. The case of a time-varying magneto- by switching the magnetoplasma degenerate into the free
plasma medium is also of interest in application to the propastreaming mode for the limiting case when the magnetic field
gation of electromagnetic waves through the ionospheregends to zero.
which is disturbed by bursts of a hard radiation from the sun The case when the original wave propagates in a nonion-
[12], and in astrophysical plasnja3,14. ized medium(gag was treated in Refd.15,17] (see, also,
Frequency shifting in a time-varying magnetoplasma meRefs.[16,18,20,2]). Meanwhile, in practice the more gen-
dium is considered usually for two specific geometries: lon-eral case is often realized when the medium is preionized.
gitudinal propagation (electromagnetic wave propagates This is typical, for example, for electromagnetic waves in the
along the static magnetic figld15-21 and transverse ionosphere whose plasma density changes under the influ-
propagation(the wave propagates perpendicularly to theence of the hard radiation from the sun or in a semiconductor
magnetic fieldl [22,18,20,23 Some results for the general plasma when additional carriers are created by a laser pulse.
case of oblique propagation were obtained within the soMoreover, preionization occurs even in the case of ionization
called radio approximation when ion motion is neglectedof a neutral gas if the ionization rate is slow compared to the
wave frequency. Indeed, slow ionization may be viewed as a
series of ionization steps. Each step causes a slight change in
*Email address: bakunov@rf.unn.runnet.ru the plasma density. The case of slow creation of a plasma
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medium (in the presence of a static magnetic field in the B(z.t)=(ix+B(1) exdio(t)—iknz 1b
direction of propagationwas considered in Ref19] in the (zt)=( YIB( exlie(t) oz, (D)

radio approximation. However, energy transformation wasyiis the slow time-varying real frequenay(t) = de/dt and

not investigated. Leal scalar amplitude&(t),B(t). The wave numbek, is

In the present paper, we focus on the transformation o xed because of spatial homogeneity of the medium. The
energy of an electromagnetic wave propagating along th S . . . :
gy 9 propagating g wave (1) develops in time continuously‘adiabatically”)

magnetic field in a time-varying magnetoplasma medium . . L . .

Complete analysis, including ion motion, is given both for:_lr:owngethaengn;ﬁa vaélr?éloncg:] tsﬁaﬁlaesrzg r??g;'r% agge'rtsa

slow and rapid ionization. In the case of slow temporal varia- pitu equency ge signii 1 y
onsiderable period of timémuch longer thanw™ ). For

tion of the plasma density, a relation between the energy 0(?Iow ionization the transformation of this wave into other

the wave and its frequency, which is conserved during thé hich is all d by the di . i f th
plasma creation procegadiabatic invariant is found. In waves, which 1s allowed by the dispersion equation of the

general, the use of adiabatic invariants significantly simpli-medium’ is proportional taiN/dt [19] and, therefore, may

fies the analysis of the energy efficiency of the frequenc € neglectec_j. . .
shifting process because the invariants enable us to find eaﬁl- To |nyest|gatg the ev_olut|on of the wave, we start .W'th
ily the change in the wave energy directly from the fre- axwells equatpns written for th.e convement' auxiliary
quency shiff2,4,24). The invariant of a new form derived in var|§1_blesE+ =Ex+IE, and_B+ =By +1B, that Qescrlbéat a
the present paper indicates the existence of wave energgps't've freque.ncyg) thg right circularly polarizedwith re-
losses in the time-varying magnetoplasma medium for wavesPeCt 10 thez direction fields,
of any frequency range except for the interéd<<w<
<wy, (wp and(), are the electron and ion cyclotron frequen- - E ‘98_+

- @b { W HEEp ST e ; ; KoE + ; (2a)
cies, respectively including, in particular, the whistler c dt
waves. To explain the dissipative mechanism we consider the
case of a sudden growth of plasma density in time from one 10E, A4m
value to another. It is shown that energy transforms into the KoB+=5 —Zr + 5 Jsetdui), (2b)
kinetic energy of carriers, which perform rotation with cy-
clqtrqn frequgnmes, gnq pr§|0n|zat|on of the medlum plays %Vhere‘]Jre,i(t):‘Jxe,i+i‘]ye,i andJ,e; anddy; are the com-
pr|nC|.paI role in the dissipation process. In the special case %onents of the electron and ion current density. Equatians
a whistler wave, up to 50% of the energy may be transspoyld be completed by the constitutive relations for a time-

formed into an ion-cyclotron wave when dense plasma iﬁ/arying two-component magnetoplasiies]
rapidly created(some peculiarities of the whistler mode

transformation in a decaying magnetoplasma medium were 204
e wp(t)

recently considered in Reff25]). _ =2 B+t iwpdse, (3a)
The paper is organized as follows. In Sec. Il we consider 77

the case of slow variation of the density of a magnetoplasma

medium. A differential equation of the fourth order for the a3 Qi) _

electric field is derived and integrated by using the WKB ot 4 By —1Qpdsi, (3b)

approximation. An adiabatic invariant for an electromagnetic

wave of arbitrary frequency range is derived and discusseqynere wp(t) = [47€®N(t)/m and w,=eB,/mc are the

To clarify the mechanism of wave energy dissipation in theg|ectron plasma frequency and cyclotron frequency, respec-
time-varying magnetoplasma medium and the role of Preiongyely, 0 (t) = V4me?N(t)/M and Q,=eB,,/Mc are the
ization, the case of sudden growth of plasma density in iM&orresponding frequencies for ions, is the elementary
from one value to another is considered in Sec. Ill. Se‘:tiorbharge mis the electron mass. aMd is the ion mass. From

IV gives our conclusions. In Appendix A some comments ONgqg (2) and (3) we obtain a fourth-order differential equa-
derivation of the differential equation for the electric field tion for E., (details are given in Appendix)A

from basic equations are given. In Appendix B we describe
briefly the procedure of derivation of the adiabatic invariant.

P E, PIE, PE.
—i(wp—Qp) +(C?k2+ w2+ Q2+ w,Qy)
Il. SLOW PLASMA CREATION: ADIABATIC INVARIANT gt a3 PP It2
Let us consider a right circularly polarized electromag- d JE,
netic wave propagating in the positizedirection along the + Za(wfﬁﬂf,)—iczkg(wb—ﬂb)} e
external magnetic fiel®,,; in @ homogeneous plasma with
plasma densityN(t) growing in time. We assume that the 2
ionization rate is slow enougftorresponding inequality will +| 5 (05 + Q%) + wpQ,ckG |E, =0. (4)
be given belowto use a quasimonochromatic representation dt
for the wave’s electric and magnetic fields given by the real
parts of complex field€ andB, Equation(4) contains time-varying and complex coefficients.
Only an approximate solution to this equation is possible. It
E(z,t)=(x—iy)E(t) exdie(t)—ikoz], (la s for this reason that the plasma density is assumed to vary
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slowly with time. To proceed, we substitue, in quasihar- process of plasma density variation, we supplement(8q.
monic formE , = E,+iE,=2E(t) exdie(t)—ikoz] and apply ~ With the expression for the wave energy,
the WKB method.

i ivati = E? w; Q; c?k§
By neglecting all derivatives ofE, o, w,, and(},, we W= — |1+ P P, -0 9)
obtain a zeroth-order equation that defines the evolution of 8m (0—wp)? (0+0Qp)? 2

the wave frequencw(t),
Rather cumbersome manipulations with E@.and(9), the
o*— (0= Qp) 03— (CPkG+ 0l + Q)+ wpp) 0 principal steps of which are shown in Appendix B, yield the
2.2 212 B desired invariant of the form
+cC ko(wb—Qb)aH-C kowab_O- (5)
W(w—wb)(w"'ﬂb)

w

Equation(5) coincides with the well-known dispersion equa- =const. (10

tion for right circularly polarized waves in a stationary mag-
netoplasma mediurte.g., see Ref427,2§), however, with  This result may be easily generalized to the case of a left

wp,{p, andw taken as slow functions of time. Only one out gjrcylarly polarized(with respect to the direction oBq,,)
of four roots of Eq.(5), whose initial value in the beginning yave by replacement ab by — w,

of the ionization process coincides with the source wave fre-
guencywy, is of interest. The wavél) with frequency equal (w+ wp)(0—Qp)
to this root may be called a modified source wave. The other V

three roots correspond to new waves created due to nonsta-

tionarity of the medium. Since the amplitudes of these wavegyherew>0. However, it is more convenient to use the same
are proportional tadN/dt [19] and, therefore, small, these invariant (10) both for right and left circularly polarized
waves are neglected in the standard WKB approximation. Byyave assumings<O0 in the latter case.

differentiation of Eq.(5) with respect ta and substitution of To begin the discussion of the invariafit), in the limit

dw/dt into the condition of applicability of the WKB ap- ,, /w—0 this invariant reduces to the well-known result for
proximation,|dw/dt|<<w2, the restriction on the ionization isotropic time-varying plasmg29,30,
rate may be obtained,

=const, (12
w

Ww = const. (12
1 dN c?k3 20,
N g S| @s| 1t —5 |1+ —=]|~2@|,  (6)  For high-frequency waves withw|~wjy, the invariant(10)
er w takes the forn{31]
whereN,=mw?/4me? is the critical plasma density. W(w— wp) = const. (13)

Collecting further the first-order terms proportional to the

first time derivatives oE,w,wp, and(), we obtain the first-  For the frequency intervdl,<|w|< wy, including, under ad-
2

order differential equation for the amplitudie ditional condition w;>|w|wy, the practically interesting
case of right circularly polarized«(>0) whistler waves
[40° 30 (wp—Qp) —20(c?KG+ 0+ Q)+ wpdy) [27,28, the invariant(10) gives simply the conservation of

wave energy,

dE
+ k(0= Q) Iy +[60’ = Bw(wp—0p) — kG W= const. (14

. _do ~d o, For low-frequency waves withw|< €, the invariant(10) is
—wp = Qg = 0pQp]E g~ 20E 1 (0p+ Q) =0. (7)  simplified to the form

By using the dispersion equati@h), Eq. (7) may be simpli-

=const, (15
fied to the form

+Q
W(w b)
w

oE and further, in the limifw|<Q,, it reduces to the formula
[2w4—w(w2+czkg)(wb—ﬂb)—2wb9bc2k(2)]wa W
— =const. (16)
~do @
+w*+ o(wy— Q) c?kE+ 3wbnbc2kg]Ed—=o.
t Interestingly, the invariantl6) for extremely low frequency
(8)  waves in a time-varying magnetoplasma medium coincides
with the invariant for high-frequency waves in an isotropic
Actually Eq. (8) relates the change of the amplitude of the plasma whose density varies in time due to recombination
wave with the change of its frequency. To derive the adiaprocesses or motion of inhomogeneit[@s29]. This invari-
batic invariant, i.e., the combination of the wave energyant signifies the conservation of the number of quantums in
W(t) and frequencyw(t), which is conserved during the the wave packef2,29].
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k ity (for t>0), we start with Maxwell’s equation&) with
total electron-ion current given by

N

JietJdii=eNy(Vyi—v.q)+e(Na= Ny (Vio—v ) 6(1),
(17

where 6(t) is the Heaviside step functiom,,; {z,t) =vy; »
+ivy, , are the combinations of velocity components for the
electrons that existed in the plasmatatO and those that
were created at=0 as a result of ionization, respectively,
andV, ; »is the analogous variable for ions. The velocities of
the plasma particles, both those that existetd<d? and those
that were created at=0, satisfy the same equations

S

o,

FIG. 1. Kinematic diagram(1) dispersion curves for rightat
w>0) and left (at ®<<0) circularly polarized electromagnetic v 4 e )
waves in a magnetoplasma of dendity, (2) dispersion curves for ot == EE+ tlop g, (189
densityN, (N,>N,), (3) light linesk= *+ w/c. Frequencies of the
waves correspond to the intersection points of the horizontal
. B " . ) . N, e .
line k=k, with dispersion curves. The -cutoff frequencies =—E,—iQuV.. (18b)
w. are defined by the formulas w.=(w,—0p)/2 a M

The newly created particles are assumed to be born with zero

The convenience of use of the adiabatic invariants is in€locities, i.e.,
the fact that it is enough to know the dependence of wave
frequencyw on N, which is defined by the algebraic equation

(5), to find the evolution of the wave energy. Let us demon—and are set in motion only fdr>0.

sirate now thal fhe existence of wave energy losses ToIoWS Equations(2) and (18) with conditon (19) form a com-
tLe S eci;mnt:ervan > o|> ' ?suee Ey 212;3’] Slt i;( iIISs- plete system of equations, which is valid fero<t<+oo,
SP allp>|w|>wp [SEE £J. : . Essentially, this system does not contain variables corre-
trative to use a kinematic diagraffig. 1) corresponding to ?ponding to the left circularly polarized fieldsuch ask _
Eq. (5). This diagram allows one to trace the dependence of_ E,—iE,). It means independence of the right and left cir-

.ecularly polarized waves with respect to the direction of wave
Bropagation in homogeneous time-varying magnetoplasma
medium where the wave number is conserved whereas fre-
quency can change the sign giving rise to propagation in the
backward direction. It is contrary to the case of a stationary
magnetoplasma medium where frequency is conserved but
R . "he wave number can change si@gng., due to reflection of
ergy losses, it is |nS|gr_1tfql to consider the case of sudde e wave from a medium inhomogeneignd, therefore, the
grovv_th of plasma density in t'lme from one value to ar‘Other'right and left circular polarizations with respect to the direc-
In this case, the transformation of the wave energy may bﬁon of B, are independent

thoroughly analyz_ed, thereby plarifyirjg the energetics of the It is cz%venient to take édvantage of the Laplace trans-
wave transformation at slow ionization, representable by orm technique to solve the initial value problem. The initial

series of ionization steps. Furthermore, the model of Inst"’mc'ionditions in the Laplace transforms follow from integration

lonization is interesting in itself as'bein.g gdgquate, for ex, f Egs.(2) and(18) over vanishing ionization time and give
ample, for the case when the medium is ionized by a shor, e continuity of the variable&. B, ,v 4, andV, , over

intense laser pulse. the temporal discontinuity of the medium, i.e.,

U+2(Z,0)=0, V+2(Z,O)=O, (19)

of the wave for two densitied; andN, (N,>N;) and using
invariants(12), (13), (15), and(16), one can conclude that
wave energyV(t) decreases with increase {t) for waves
of both polarizations and both high- and low-frequency

IIl. SUDDEN IONIZATION B.(0)=2iBy, E.(0)=(ing)"'B.(0), (209
Let us assume that initially, fdr=<0, a source wave given ieE, (0) ieE, (0)
by Eq. (1) with ¢(t)=wet, E=E,, andB=B, is propagat- v.1(0)= e pr—— Vi1(0)=— M{wgt )
ing along the external magnetic field in a homogeneous 0 0 (20b)

plasma of densityN,. The electric and magnetic field ampli-

tudes are connected through the refractive index  Applying the Laplace transformation to Eq8) and(18) and
=Cky/wg:Eq=Bg/ng. At time t=0, the plasma density eliminating the Laplace transforms of the electric field, and
grows instantly(in practice, on a time scale much smaller electron and ion velocities, we arrive at the following result
than wgl) from N; to N, due to the effect of an external for the Laplace transform of the magnetic field
ionizing factor. To find new waves after the time discontinu-(£[B, (z,t)]=b(z,s), s is Laplace variable
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sity N; (normalized to the critical densiti.,) and plasma
density shiftAN/N,, whereAN=N,— N4, for various val-

Wy ues of parameterw,/wy and w,/Q,=1800 (hydrogen
plasma. It is clear from Fig. 3 that wave energy is not con-
served in general. Energy losses may be as high as 50% for
wp/wy=2 [Fig. 3(b)] and even higher fow,/wy=0.5[Fig.
3(a); in this case the source wave exists at; /N.<0.5].

o, Only for the frequency interval),< wy<wp, energy losses
are negligible[Fig. 3(c)], which is in agreement with the

> invariant(14).
R To clarify the mechanism of energy losses let us integrate
z,B,, Eq. (18a with electric fieldE, on the right-hand side taken

FIG. 2. Polarizations and propagation directions of the wavesaS a sum of four new waves with amplitudeg=B,/in.,

) I and taking into account the initial conditigh9) for the elec-
generated by the temporal discontinuity of a magnetoplasm? - .
medium. rons created at=0. We arrive at the formula

4
4

B.(0) ) . . i i t—ikgz
b(2:9)= 5y | (S+iw0)(s—Twp)(s+i0y) votz=2 S S

2 2 _

+8(wpot+ Q) T wo gt ikgz 1@ 5 =

2 +02)+i(02,02+02,02 ¢ m < (w,—wp)’

Swo(wpl pl) I(wpl b plwb) o-ike? @ @ b
(wp— wo)(Qp+ wp) ’

(24)

(21 where the first term describes the forced rotation of an elec-
tron with the waves frequencies and the second term corre-
where sponds to free rotation with cyclotron frequensy. Similar
9, 212 ) i 9, 2 ) calculation for the electrons existing &t 0 gives
D(s)=(s"+ckp)(s—iwp)(s+idp) +5Y(wp+0p,),
(22) ie E el @at—ikoz
(23
wp12 ((p12) is the electron(ion) plasma frequency before/ ve(z)= m ; (w,— wp)
after ionization. When the inverse Laplace transform is ap-

plied, the new waves are described by the residudx nf) _eiwbt_ikozi_e > E, E.(0)

at the points wher®(s) equals zero. The dispersion equa- m| < (w,—op) (wg—op)|
tion D(iw)=0 has the form(5) with w,=w,, and Q,

=Qp,. Thus, irrespective of the type of the source wave four (29

waves exist after the temporal discontinuity of the medium

(see Fo'g' x ;V.VOI hlgh-freqqehr:)cy>v(\)/avesd W'thf’h+>0|and Essentially, as it was carefully verified by numerical calcula-
wn-<0, a whistier wave withw, >0, and an ion-cyclotron tions, the electric currents connected with free rotation of
wave withw;<0. The polarizations and directions of propa- two sorts(*new” and “old” ) of electrons compensate each

gation of the waves are shown in Fig. 2 flig=>0. The o completely in every point of space for any time mo-
amplitudes of the waves are given by the residuels(afs) ment. i.e. Ft)he eéuality yp P y

at the poless=iw,, wherea=h+,h—,w,i, and take the
following form:

E. E, E. (0
B.(0) ANY Ny S _ B0 )
“” [(@a+ wo) (@~ wp) (g +2y) 7 (g op) T (0 wp) (@ wp)

[l (0.—wp) (26

B#+a

— 0ol 0yt Q55) — wo( ewa+ Wy (NG—1)]. is fulfilled. Similar results can be obtained for ions,

(23)
To calculate the energia#/, of the new waves, we sub- ie « E,e@at Koz
” fele | Vozh=— o 3

stitute their real electric field amplitudes,/2in,, where M T (0, +Qp)
n,=cky/w,, into Eq.(9). Figure 3 shows the total energy .
of the four new wave& ,W, (normalized to the energy of +efi9btfikozE 2 Eq (273

the source wav&\V,) as a function of the initial plasma den- M Z (0,+Qp)’
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the kinetic energy of new

electrons,W,,, is noticeable only for moderate values of
plasma density shifAN/Ng~1 [Fig. 4b)]. For higher den-

e1 T Wea + Wi + W5

In the case of a low-frequency

the kinetic energy of new carngys

is noticeable only for moderate values of plasma density shift
+W

the wave energy losses are attributed

and plasma density shitiN/N¢, for wy,/Qy
mainly to the kinetic energy of freely rotating electrons

Wp,
4(b)]. The kinetic energy of ions is several orders

Wi + Wi + W, + W,

sity shifts the losses into the kinetic energy of old electrons

W,; dominate[Fig. 4(a)].
4(c),4(d)]. The kinetic energy of electrons is several orders of

source wave withwg=<Q, the wave energy is lost mainly
into the kinetic energy of freely rotating ion§Figs.

(hydrogen plasma In the case of a high-frequency source

of magnitude less. Furthermore

wave with wy=
[Figs. 4a)

M. I. BAKUNOV AND I. S. GRACHEV

1000 3

FIG. 3. Total energy of new waves as a function of the initial plasma deh&ifyN,

1800(d).

1800 andw,,/wy=0.5 (a), 2 (b), 60 (c)

iw

t—ikpz

@

+Q

E

b)

€
(0,
2

2

ie
M

V+l(zlt)

E.(0) }
(wot+Qyp) |’
(27b

E.
zx+Qb)

(w

e
M

+ e 1Qpt-ikez

0
(279

|

Thus, in every point of space there is a four-stream rotatioomagnitude less. Again,

b)

E.(0)
B (w0+Q

E,
(wa+9b)

2

E, N
JEOR AR

AN% @

electrons and ion$

” and uoldu

new

with cyclotron frequencies. Corresponding currents are sepdFig. 4(d)]. For higher density shifts the losses into the ki-
rately compensated both for two sorts of electrons and twmetic energy of old iondV;; dominate[Fig. 4(c)]. It was

of plasma particleg"

this motion does not produce any fieldverified that adding the kinetic energigg,; ,,W,; , to wave
stream cyclotron rotation does not mani-energies after the temporal discontinuity ensures the energy

fest itself macroscopically it takes energy. Figure 4 shows thdalance in the system, i.e.,

sorts of ions. Thus
Although this four-

2,W;; » connected with second terms in

1

kinetic energiedV,

(27b) as functions of the ini-

velocities(24), (25), and(273a

tial plasma densityN; /N, and plasma density shiftN/N,
for two values of the parametes,/w, and w,/{,=1800
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(b)

N,/N,, 05 20 AN/N
Wi ()
W,

0.08
e
it
8 ) 0

1.25
NN, e AN,

x 104

FIG. 4. Kinetic energies connected with free cyclotron rotation of new and old electh@ps/W,, and ionsWi; ,/W,, as a function of
the initial plasma densitiN, /N, and plasma density shifN/N, for w,/Q,=1800 andw,/w,= 0.5 (a),(b), 1800(c),(d).

Now let us focus on the special case when the whistler N, N, Q,
wave is a source wave, i.e., frequenegy falls into the in- WS W5 1+ 1+4N— ol (32
terval [28] 2 1 Wo
w2, and the ion-cyclotron wave,
‘Qb< w0<(wb,wp) . (29)
i Ny g
The refractive index of the wave @i~ oo (1T VA o) (33
- @p1 (30 For moderate values of the plasma density shift, when
0 NP 4(N5/N9)(Q,/wg)<1, Egs.(32) and(33) may be reduced

to more simple expressions,
is large (1p>1) due to conditiong29), therefore, the wave
is slow and its electric field is much smaller than the mag- N,
netic one:Ey=B,/ny<B,. By taking into account inequali- Oy W0 (34a
. H . . 2
ties (29), the approximate expressions may be written for the
frequencies of the created high-frequency waves,

N Qp
2 i~ = Qp| 1- = — (34b
wp, wp 2 N1 wg
wht~7i Z‘f‘wpz, (31)
In the opposite limitN,/N;— o, these frequencies tend to
the modified whistler wave, zero according to the asymptotic formula
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U)OQb 1
A+
wwi~*\/ N, /N’ (35
By using inequalitieg29) and approximate formula@81)— 0.75
(35 for the frequencies of the new waves, the following
simplified expressions for the amplitudes of the low- 0.5
frequency waves can be obtained from E2B):
NZwW+N19b 025~ W./W, ]
B,~B,(0) ———, 36
B O N (369 . |
B.~B, (0) nz2itNullo 36b ° : ? ’
~B+(0) No(wi— wy) (360 log,o(N,/N,)

Also, it can be shown from Eq23) that the amplitudes of FIG. 5. Energies of the modified whistler waW, /W, and

the high-frequency wave,,.. are negligible for any values
of the plasma density variation.

As it follows from Eq.(36), in the rather wide interval of
the plasma density variation<IN,/N;<wy/Q,, i.e., as
long asw,,>(),,, the conversion of the initial whistler wave

ion-cyclotron waveW, /W, as a function of the plasma density shift
N2/N1 fOI’ Wp /Qb: 1800 andwb/(.l)o: 60

close toW,, i.e., the losses of the wave energy into kinetic
energy of freely rotating carriers are small, which is in agree-
ment with Fig. 3c) and invariant(14).

into the ion-cyclotron wave is weak, The stability of the whistler wave energy in the time-

AN Q, varying magnetoplasma medium, which was found above
Bi~B+(0)N— —<B,, (379 both for slow and rapid ionization rate, may be explained as
1 @o follows. The main part of whistler wave energy is contained
B,~B. (0) (37b) in the energy of its magnetic field. When the plasma density

w + :

grows, the electric field of the waug,, decreases since part

For N,/N;~ wo/Qy, when the modified whistler wave fre- of thg electric field energj.(small portion qf the wave’s en-
quency w,, becomes significantly reduced and comparableerdy) is transferred to carriers. However, it doe; not lead to a
with Q,, the amplitude of the whistler wave noticeably de- decrease of the wave's magnetic field, given By,
creases whereas the amplitude of the ion-cyclotron wave in=inwEw - It is due to the fact that the decrease&f is
creases. In the limit of high density shiftN,/N,  exactly compensated by an increase of the refractive index
>>wy/Qy, the amplitudes of these two waves become apfw -
proximately equal,

IV. CONCLUSIONS

1
B;~B,~ §B+(O). (38 We have derived the adiabatic invariant for electromag-

netic waves propagating along the magnetic field in a slowly
By simplifying the accurate formulé9) for the energy for t|me-var.y|ng'magnetpplasma medlum. Th|§ invariant consid-
low-frequency waves, we arrive at the following coefficients €rably simplifies the investigation of evolution of the wave’s

of energy conversion into the modified whistler wave and theen€rgy and amplitude. By using the invariant, we demon-
ion-cyclotron wave: strated the existence of significant energy losses in such a

medium for waves of any frequency range except for the

Wy By, N, w@‘igb interval Qp,<ow<wy i_ncluding, in particular, the Whis_tler
W, "B ) N, T ol (399  waves. The mechanism of energy losses was explained by
0 * 1 @o(@y,it+Qp) considering the case of a sudden growth of plasma density in

time from one value to another. The energy is transformed
ii_nto kinetic energy of carriergelectrons and ionsperform-
ing free rotation with cyclotron frequencies. Corresponding

Yeurrents are compensated completely and, therefore, this mo-

We kept the second term in the square brackets if¥j.as
essential at the high plasma density variations. Small coeff
cients of the energy conversion into the high-frequenc

. c
waves are given by

tion does not manifest itself macroscopically. Practically, it

2 2 may be considered as a quasithermal motion. In the special
Wpe 1 (1—N;/Ny) w5, ; .
~—— 1+ P <1. case, when the source wave is a whistler mode, up to 50% of
Wo nS (1— wpa lop=)? (whs + wp)? the energy may be transformed into an ion-cyclotron wave
(400  when dense plasma is rapidly created.

Energy distribution between the modified whistler wave and
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APPENDIX A: DERIVATION OF THE DIFFERENTIAL
EQUATION FOR THE ELECTRIC FIELD

To reduce the systel2), (3) to one differential equation,
we first represent constitutive relatiori3) in the integral
form

eiwbt

t S,
Jie=g o f_wwg(t’)a(t’)e—'%t dt’, (Ala)

e_iﬂ’bt t . ,
Jei=—o Loﬂf;(t')E+(t')e'9bt dt’.  (Alb)

Then, by substitution of EqAL) into Eqg. (2b), differentia-
tion of the result with respect tp and elimination obB . /4t
via use of Eq.(2a), we arrive at Eq(4).

APPENDIX B: DERIVATION OF THE ADIABATIC
INVARIANT

Multiplying Eq. (8) by E and eliminating the explicit de-
pendence on time, we rewrite this equation in the form

1 =2 =2
5T1(@)d(E?) + (@) EXdw=0, (B1)

where
f1(w)=o0[20*— o(w?+c?k3) (wy— Qp) — 20,Q2,c%K3]

and

PHYSICAL REVIEW E 65 036405

fo(w)=w*+ w(wp— Qp)c?k3+ 3wpQpc?k3.
We write formula(9) in the form
W=E?g(w) (B2)

with an evident expression for functig( ). We are look-
ing for the functionF () that enters the invariant

WF(w)=const. (B3)

Combining Egs(B2) and (B3) we arrive at the relation

E?g(w)F(w)=const. (B4)

By differentiation of Eq.(B4) and substitution into EqB1)
we obtain the following differential equation for the function
F(w):
1dF f, 1d
-9 Lok 299 (B5)
Fdo f; gdw

By susbstitution off | (w) andg(w), Eq. (B5) may be re-
duced to the simple form

1dF 1 1 1 BE
E%__Z—’_w—wb_'—w-i-ﬂb' (B6)
Integration of Eq.(B6) yields the functiorF (w),
- +0
F(w)zconsgw wp)(@ o) (B7)

and finally the invarian{10).
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