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Energetics of electromagnetic wave transformation in a time-varying magnetoplasma medium

M. I. Bakunov* and I. S. Grachev
Department of Radiophysics, University of Nizhny Novgorod, Nizhny Novgorod 603600, Russia

~Received 6 August 2001; published 13 February 2002!

The transformation of a circularly polarized electromagnetic wave in a magnetoplasma medium with in-
creasing plasma density is considered. The wave propagates along the static magnetic field. Complete analysis,
including ion motion, is given both for slow~compared to the wave frequency! and rapid ionization rate. In the
case of slow temporal variation of the plasma density, a relation between the energy of the wave and its
frequency, which is conserved during the plasma creation process~adiabatic invariant!, is found. The existence
of significant energy losses follows from the invariant. The dissipative mechanism is explained via consider-
ation of the case of a sudden growth of plasma density in time from one value to another. It is shown that
energy transforms into the kinetic energy of carriers, and preionization of the medium plays a principal role in
the dissipation process. In the special case of a whistler wave, up to 50% of the energy may be transformed
into an ion-cyclotron wave when dense plasma is rapidly created.
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I. INTRODUCTION

The phenomenon of frequency shifting of electromagne
waves by rapid plasma creation has drawn considerable
tention in recent years due to its potential applications to
generation of tunable microwave radiation over a broad
quency range@1#. Although the first results were derived a
early as in the 1970s@2–6#, interest in this subject was re
newed in 1988 when Wilkset al. @7# proposed this concep
as a way to frequency upshift existing sources of radiat
and to chirp pulses. In the early 1990s, the emergenc
short-pulse intense lasers capable of rapidly produc
plasma brought the a subject for experimental tests,
many theoretical predictions for an isotropic time-varyi
plasma have been verified@8–10#.

The imposition of a static magnetic field affords the po
sibility of an extra control parameter in a laboratory expe
ment. That is the shifted frequency could be controlled eit
by varying the density of the created plasma or the magn
field. Recently, the imposition of a static magnetic field on
plasma created by an ionization front was used to enha
the frequency upshift in a dc to ac radiation conver
~DARC! device@11#. Moreover, in a time-varying magneto
plasma it is possible to achieve both frequency upshifts
well as downshifts@1#. The case of a time-varying magnet
plasma medium is also of interest in application to the pro
gation of electromagnetic waves through the ionosph
which is disturbed by bursts of a hard radiation from the s
@12#, and in astrophysical plasma@13,14#.

Frequency shifting in a time-varying magnetoplasma m
dium is considered usually for two specific geometries: lo
gitudinal propagation ~electromagnetic wave propagat
along the static magnetic field! @15–21# and transverse
propagation~the wave propagates perpendicularly to t
magnetic field! @22,18,20,23#. Some results for the genera
case of oblique propagation were obtained within the
called radio approximation when ion motion is neglect
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@20#. In the present paper, we focus on the case of long
dinal propagation. For this case, the natural electromagn
modes are circularly polarized. The effect of sudden crea
~switching! of a magnetoplasma medium for the case of lo
gitudinal propagation was first investigated by Kalluri@15#
within the radio approximation. He reported that three n
waves whose frequencies are different from the origi
wave frequency are generated when the original wave is
ther right or left circularly polarized. However in low
frequency regions this approximation is not valid, and it
essential to take ion motion into account. An exact analy
including ion motion, was given by Madala and Kalluri@17#.
They showed that switching two-component magnetoplas
results in splitting of the original wave into four new wave
with different frequencies. Essentially, it was verified that t
total energy of the new waves equals the energy of the or
nal wave and, therefore, there are no energy losses.
differs qualitatively from the case of switched isotrop
plasma where considerable amount of energy can be lost
the so-called free streaming mode — the self-consistent
tribution of dc currents and magnetic field@5#. The energy
transforms into kinetic energy of carriers and magnetic
ergy in the free streaming mode. It was demonstrated in R
@17# that two low-frequency waves out of four waves creat
by switching the magnetoplasma degenerate into the
streaming mode for the limiting case when the magnetic fi
tends to zero.

The case when the original wave propagates in a non
ized medium~gas! was treated in Refs.@15,17# ~see, also,
Refs. @16,18,20,21#!. Meanwhile, in practice the more gen
eral case is often realized when the medium is preioniz
This is typical, for example, for electromagnetic waves in t
ionosphere whose plasma density changes under the i
ence of the hard radiation from the sun or in a semicondu
plasma when additional carriers are created by a laser pu
Moreover, preionization occurs even in the case of ionizat
of a neutral gas if the ionization rate is slow compared to
wave frequency. Indeed, slow ionization may be viewed a
series of ionization steps. Each step causes a slight chan
the plasma density. The case of slow creation of a plas
©2002 The American Physical Society05-1
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medium ~in the presence of a static magnetic field in t
direction of propagation! was considered in Ref.@19# in the
radio approximation. However, energy transformation w
not investigated.

In the present paper, we focus on the transformation
energy of an electromagnetic wave propagating along
magnetic field in a time-varying magnetoplasma mediu
Complete analysis, including ion motion, is given both f
slow and rapid ionization. In the case of slow temporal var
tion of the plasma density, a relation between the energ
the wave and its frequency, which is conserved during
plasma creation process~adiabatic invariant!, is found. In
general, the use of adiabatic invariants significantly sim
fies the analysis of the energy efficiency of the frequen
shifting process because the invariants enable us to find
ily the change in the wave energy directly from the fr
quency shift@2,4,24#. The invariant of a new form derived in
the present paper indicates the existence of wave en
losses in the time-varying magnetoplasma medium for wa
of any frequency range except for the intervalVb,,v,
,vb (vb andVb are the electron and ion cyclotron freque
cies, respectively! including, in particular, the whistle
waves. To explain the dissipative mechanism we consider
case of a sudden growth of plasma density in time from
value to another. It is shown that energy transforms into
kinetic energy of carriers, which perform rotation with c
clotron frequencies, and preionization of the medium play
principal role in the dissipation process. In the special cas
a whistler wave, up to 50% of the energy may be tra
formed into an ion-cyclotron wave when dense plasma
rapidly created~some peculiarities of the whistler mod
transformation in a decaying magnetoplasma medium w
recently considered in Ref.@25#!.

The paper is organized as follows. In Sec. II we consi
the case of slow variation of the density of a magnetoplas
medium. A differential equation of the fourth order for th
electric field is derived and integrated by using the WK
approximation. An adiabatic invariant for an electromagne
wave of arbitrary frequency range is derived and discuss
To clarify the mechanism of wave energy dissipation in
time-varying magnetoplasma medium and the role of prei
ization, the case of sudden growth of plasma density in t
from one value to another is considered in Sec. III. Sect
IV gives our conclusions. In Appendix A some comments
derivation of the differential equation for the electric fie
from basic equations are given. In Appendix B we descr
briefly the procedure of derivation of the adiabatic invaria

II. SLOW PLASMA CREATION: ADIABATIC INVARIANT

Let us consider a right circularly polarized electroma
netic wave propagating in the positivez direction along the
external magnetic fieldBext in a homogeneous plasma wit
plasma densityN(t) growing in time. We assume that th
ionization rate is slow enough~corresponding inequality will
be given below! to use a quasimonochromatic representat
for the wave’s electric and magnetic fields given by the r
parts of complex fieldsE andB,

E~z,t !5~ x̂2 i ŷ !Ẽ~ t ! exp@ iw~ t !2 ik0z#, ~1a!
03640
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B~z,t !5~ i x̂1 ŷ!B̃~ t ! exp@ iw~ t !2 ik0z#, ~1b!

with the slow time-varying real frequencyv(t)5dw/dt and
real scalar amplitudesẼ(t),B̃(t). The wave numberk0 is
fixed because of spatial homogeneity of the medium. T
wave ~1! develops in time continuously~‘‘adiabatically’’!
following the time variation of the plasma density, and
amplitude and frequency can change significantly afte
considerable period of time~much longer thanv21). For
slow ionization the transformation of this wave into oth
waves, which is allowed by the dispersion equation of
medium, is proportional todN/dt @19# and, therefore, may
be neglected.

To investigate the evolution of the wave, we start w
Maxwell’s equations written for the convenient auxilia
variablesE15Ex1 iEy andB15Bx1 iBy that describe~at a
positive frequencyv) the right circularly polarized~with re-
spect to thez direction! fields,

k0E152
1

c

]B1

]t
, ~2a!

k0B15
1

c

]E1

]t
1

4p

c
~J1e1J1 i !, ~2b!

whereJ1e,i(t)5Jxe,i1 iJye,i andJxe,i andJye,i are the com-
ponents of the electron and ion current density. Equations~2!
should be completed by the constitutive relations for a tim
varying two-component magnetoplasma@26#,

]J1e

]t
5

vp
2~ t !

4p
E11 ivbJ1e , ~3a!

]J1 i

]t
5

Vp
2~ t !

4p
E12 iVbJ1 i , ~3b!

where vp(t)5A4pe2N(t)/m and vb5eBext/mc are the
electron plasma frequency and cyclotron frequency, resp
tively, Vp(t)5A4pe2N(t)/M and Vb5eBext/Mc are the
corresponding frequencies for ions,e is the elementary
charge,m is the electron mass, andM is the ion mass. From
Eqs. ~2! and ~3! we obtain a fourth-order differential equa
tion for E1 ~details are given in Appendix A!,

]4E1

]t4
2 i ~vb2Vb!

]3E1

]t3
1~c2k0

21vp
21Vp

21vbVb!
]2E1

]t2

1F2
d

dt
~vp

21Vp
2!2 ic2k0

2~vb2Vb!G ]E1

]t

1F d2

dt2
~vp

21Vp
2!1vbVbc2k0

2GE150. ~4!

Equation~4! contains time-varying and complex coefficient
Only an approximate solution to this equation is possible
is for this reason that the plasma density is assumed to
5-2
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slowly with time. To proceed, we substituteE1 in quasihar-
monic formE15Ex1 iEy52Ẽ(t) exp@iw(t)2ik0z# and apply
the WKB method.

By neglecting all derivatives ofẼ, v, vp, andVp, we
obtain a zeroth-order equation that defines the evolution
the wave frequencyv(t),

v42~vb2Vb!v32~c2k0
21vp

21Vp
21vbVb!v2

1c2k0
2~vb2Vb!v1c2k0

2vbVb50. ~5!

Equation~5! coincides with the well-known dispersion equ
tion for right circularly polarized waves in a stationary ma
netoplasma medium~e.g., see Refs.@27,28#!, however, with
vp ,Vp , andv taken as slow functions of time. Only one o
of four roots of Eq.~5!, whose initial value in the beginning
of the ionization process coincides with the source wave
quencyv0, is of interest. The wave~1! with frequency equal
to this root may be called a modified source wave. The ot
three roots correspond to new waves created due to no
tionarity of the medium. Since the amplitudes of these wa
are proportional todN/dt @19# and, therefore, small, thes
waves are neglected in the standard WKB approximation.
differentiation of Eq.~5! with respect tot and substitution of
dv/dt into the condition of applicability of the WKB ap
proximation,udv/dtu,,v2, the restriction on the ionization
rate may be obtained,

1

Ncr

dN

dt
,,UvbF11

c2k0
2

v2 S 11
2Vb

v D G22vU , ~6!

whereNcr5mv2/4pe2 is the critical plasma density.
Collecting further the first-order terms proportional to t

first time derivatives ofẼ,v,vp , andVp we obtain the first-
order differential equation for the amplitudeẼ,

@4v323v2~vb2Vb!22v~c2k0
21vp

21Vp
21vbVb!

1c2k0
2~vb2Vb!#

dẼ

dt
1@6v223v~vb2Vb!2c2k0

2

2vp
22Vp

22vbVb#Ẽ
dv

dt
22vẼ

d

dt
~vp

21Vp
2!50. ~7!

By using the dispersion equation~5!, Eq. ~7! may be simpli-
fied to the form

@2v42v~v21c2k0
2!~vb2Vb!22vbVbc2k0

2#v
dẼ

dt

1@v41v~vb2Vb!c2k0
213vbVbc2k0

2#Ẽ
dv

dt
50.

~8!

Actually Eq. ~8! relates the change of the amplitude of t
wave with the change of its frequency. To derive the ad
batic invariant, i.e., the combination of the wave ener
W(t) and frequencyv(t), which is conserved during th
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process of plasma density variation, we supplement Eq.~8!
with the expression for the wave energy,

W5
Ẽ2

8p F11
vp

2

~v2vb!2
1

Vp
2

~v1Vb!2
1

c2k0
2

v2 G . ~9!

Rather cumbersome manipulations with Eqs.~8! and~9!, the
principal steps of which are shown in Appendix B, yield th
desired invariant of the form

W
~v2vb!~v1Vb!

v
5const. ~10!

This result may be easily generalized to the case of a
circularly polarized~with respect to the direction ofBext)
wave by replacement ofv by 2v,

W
~v1vb!~v2Vb!

v
5const, ~11!

wherev.0. However, it is more convenient to use the sa
invariant ~10! both for right and left circularly polarized
wave assumingv,0 in the latter case.

To begin the discussion of the invariant~10!, in the limit
vb /v→0 this invariant reduces to the well-known result f
isotropic time-varying plasma@29,30#,

Wv5const. ~12!

For high-frequency waves withuvu'vb the invariant~10!
takes the form@31#

W~v2vb!5const. ~13!

For the frequency intervalVb!uvu!vb including, under ad-
ditional condition vp

2@uvuvb , the practically interesting
case of right circularly polarized (v.0) whistler waves
@27,28#, the invariant~10! gives simply the conservation o
wave energy,

W5const. ~14!

For low-frequency waves withuvu<Vb the invariant~10! is
simplified to the form

W
~v1Vb!

v
5const, ~15!

and further, in the limituvu!Vb , it reduces to the formula

W

v
5const. ~16!

Interestingly, the invariant~16! for extremely low frequency
waves in a time-varying magnetoplasma medium coinci
with the invariant for high-frequency waves in an isotrop
plasma whose density varies in time due to recombina
processes or motion of inhomogeneities@2,29#. This invari-
ant signifies the conservation of the number of quantum
the wave packet@2,29#.
5-3
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The convenience of use of the adiabatic invariants is
the fact that it is enough to know the dependence of w
frequencyv on N, which is defined by the algebraic equatio
~5!, to find the evolution of the wave energy. Let us demo
strate now that the existence of wave energy losses foll
from the invariant~10! for all frequency ranges except fo
the special intervalVb@uvu@vb @see Eq.~14!#. It is illus-
trative to use a kinematic diagram~Fig. 1! corresponding to
Eq. ~5!. This diagram allows one to trace the dependence
frequencyv on plasma densityN(t) for circularly polarized
waves of various frequency ranges. Comparing frequen
of the wave for two densitiesN1 andN2 (N2.N1) and using
invariants~12!, ~13!, ~15!, and ~16!, one can conclude tha
wave energyW(t) decreases with increase ofN(t) for waves
of both polarizations and both high- and low-frequen
ranges. To gain an understanding of the mechanism of
ergy losses, it is insightful to consider the case of sud
growth of plasma density in time from one value to anoth
In this case, the transformation of the wave energy may
thoroughly analyzed, thereby clarifying the energetics of
wave transformation at slow ionization, representable b
series of ionization steps. Furthermore, the model of ins
ionization is interesting in itself as being adequate, for
ample, for the case when the medium is ionized by a sh
intense laser pulse.

III. SUDDEN IONIZATION

Let us assume that initially, fort,0, a source wave given
by Eq. ~1! with w(t)5v0t, Ẽ5E0, andB̃5B0 is propagat-
ing along the external magnetic field in a homogene
plasma of densityN1. The electric and magnetic field ampl
tudes are connected through the refractive indexn0
5ck0 /v0 :E05B0 /n0. At time t50, the plasma density
grows instantly~in practice, on a time scale much small
than v0

21) from N1 to N2 due to the effect of an externa
ionizing factor. To find new waves after the time discontin

FIG. 1. Kinematic diagram:~1! dispersion curves for right~at
v.0) and left ~at v,0) circularly polarized electromagneti
waves in a magnetoplasma of densityN1, ~2! dispersion curves for
densityN2 (N2.N1), ~3! light lines k56v/c. Frequencies of the
waves correspond to the intersection points of the horizo
line k5k0 with dispersion curves. The cutoff frequencie
v6 are defined by the formulas v65(vb2Vb)/2
6Avp

21Vp
21(vb1Vb)2/4.
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ity ~for t.0), we start with Maxwell’s equations~2! with
total electron-ion current given by

J1e1J1 i5eN1~V112v11!1e~N22N1!~V122v12!u~ t !,

~17!

whereu(t) is the Heaviside step function,v11,2(z,t)5vx1,2
1 ivy1,2 are the combinations of velocity components for t
electrons that existed in the plasma att,0 and those that
were created att50 as a result of ionization, respectivel
andV11,2 is the analogous variable for ions. The velocities
the plasma particles, both those that existed att,0 and those
that were created att50, satisfy the same equations

]v1

]t
52

e

m
E11 ivbv1 , ~18a!

]V1

]t
5

e

M
E12 iVbV1 . ~18b!

The newly created particles are assumed to be born with
velocities, i.e.,

v12~z,0!50, V12~z,0!50, ~19!

and are set in motion only fort.0.
Equations~2! and ~18! with condition ~19! form a com-

plete system of equations, which is valid for2`,t,1`.
Essentially, this system does not contain variables co
sponding to the left circularly polarized fields~such asE2

5Ex2 iEy). It means independence of the right and left c
cularly polarized waves with respect to the direction of wa
propagation in homogeneous time-varying magnetoplas
medium where the wave number is conserved whereas
quency can change the sign giving rise to propagation in
backward direction. It is contrary to the case of a station
magnetoplasma medium where frequency is conserved
the wave number can change sign~e.g., due to reflection of
the wave from a medium inhomogeneity! and, therefore, the
right and left circular polarizations with respect to the dire
tion of Bext are independent.

It is convenient to take advantage of the Laplace tra
form technique to solve the initial value problem. The initi
conditions in the Laplace transforms follow from integratio
of Eqs.~2! and~18! over vanishing ionization time and giv
the continuity of the variablesE1 ,B1 ,v11, and V11 over
the temporal discontinuity of the medium, i.e.,

B1~0!52iB0 , E1~0!5~ in0!21B1~0!, ~20a!

v11~0!5
ieE1~0!

m~v02vb!
, V11~0!52

ieE1~0!

M ~v01Vb!
.

~20b!

Applying the Laplace transformation to Eqs.~2! and~18! and
eliminating the Laplace transforms of the electric field, a
electron and ion velocities, we arrive at the following res
for the Laplace transform of the magnetic fie
„L@B1(z,t)#5b(z,s), s is Laplace variable…:

al
5-4
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b~z,s!5
B1~0!

D~s!
F ~s1 iv0!~s2 ivb!~s1 iVb!

1s~vp2
2 1Vp2

2 !1v0

3
sv0~vp1

2 1Vp1
2 !1 i ~vp1

2 Vb
21Vp1

2 vb
2!

~vb2v0!~Vb1v0!
Ge2 ik0z,

~21!

where

D~s!5~s21c2k0
2!~s2 ivb!~s1 iVb!1s2~vp2

2 1Vp2
2 !,

~22!

vp1,2 (Vp1,2) is the electron~ion! plasma frequency before
after ionization. When the inverse Laplace transform is
plied, the new waves are described by the residues ofb(z,s)
at the points whereD(s) equals zero. The dispersion equ
tion D( iv)50 has the form~5! with vp5vp2 and Vp
5Vp2. Thus, irrespective of the type of the source wave fo
waves exist after the temporal discontinuity of the medi
~see Fig. 1!: two high-frequency waves withvh1.0 and
vh2,0, a whistler wave withvw.0, and an ion-cyclotron
wave withv i,0. The polarizations and directions of prop
gation of the waves are shown in Fig. 2 fork0.0. The
amplitudes of the waves are given by the residues ofb(z,s)
at the poless5 iva , wherea5h1,h2,w,i , and take the
following form:

Ba5
B1~0!

)
bÞa

~va2vb!

@~va1v0!~va2vb!~va1Vb!

2va~vp2
2 1Vp2

2 !2v0~v0va1vbVb!~n0
221!#.

~23!

To calculate the energiesWa of the new waves, we sub
stitute their real electric field amplitudesBa/2ina , where
na5ck0 /va , into Eq. ~9!. Figure 3 shows the total energ
of the four new waves(aWa ~normalized to the energy o
the source waveW0) as a function of the initial plasma den

FIG. 2. Polarizations and propagation directions of the wa
generated by the temporal discontinuity of a magnetoplas
medium.
03640
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sity N1 ~normalized to the critical densityNcr) and plasma
density shiftDN/Ncr , whereDN5N22N1, for various val-
ues of parametervb /v0 and vb /Vb51800 ~hydrogen
plasma!. It is clear from Fig. 3 that wave energy is not co
served in general. Energy losses may be as high as 50%
vb /v052 @Fig. 3~b!# and even higher forvb /v050.5 @Fig.
3~a!; in this case the source wave exists at 0,N1 /Ncr,0.5#.
Only for the frequency intervalVb!v0!vb energy losses
are negligible@Fig. 3~c!#, which is in agreement with the
invariant ~14!.

To clarify the mechanism of energy losses let us integr
Eq. ~18a! with electric fieldE1 on the right-hand side take
as a sum of four new waves with amplitudesEa5Ba / ina
and taking into account the initial condition~19! for the elec-
trons created att50. We arrive at the formula

v12~z,t !5
ie

m (
a

Eaeivat2 ik0z

~va2vb!

2eivbt2 ik0z
ie

m (
a

Ea

~va2vb!
, ~24!

where the first term describes the forced rotation of an e
tron with the waves frequencies and the second term co
sponds to free rotation with cyclotron frequencyvb . Similar
calculation for the electrons existing att,0 gives

v11~z,t !5
ie

m (
a

Eaeivat2 ik0z

~va2vb!

2eivbt2 ik0z
ie

m F(
a

Ea

~va2vb!
2

E1~0!

~v02vb!G .
~25!

Essentially, as it was carefully verified by numerical calcu
tions, the electric currents connected with free rotation
two sorts~‘‘new’’ and ‘‘old’’ ! of electrons compensate eac
other completely in every point of space for any time m
ment, i.e., the equality

DN(
a

Ea

~va2vb!
1N1F(

a

Ea

~va2vb!
2

E1~0!

~v02vb!G50

~26!

is fulfilled. Similar results can be obtained for ions,

V12~z,t !52
ie

M (
a

Eaeivat2 ik0z

~va1Vb!

1e2 iVbt2 ik0z
ie

M (
a

Ea

~va1Vb!
, ~27a!

s
a

5-5
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FIG. 3. Total energy of new waves as a function of the initial plasma densityN1 /Ncr and plasma density shiftDN/Ncr for vb /Vb

51800 andvb /v050.5 ~a!, 2 ~b!, 60 ~c!, 1800~d!.
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ie
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Eaeivat2 ik0z

~va1Vb!

1e2 iVbt2 ik0z
ie

M F(
a

Ea

~va1Vb!
2

E1~0!
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~27b!
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Ea

~va1Vb!
1N1F(

a

Ea

~va1Vb!
2

E1~0!

~v01Vb!G50.

~27c!

Thus, in every point of space there is a four-stream rota
of plasma particles~‘‘new’’ and ‘‘old’’ electrons and ions!
with cyclotron frequencies. Corresponding currents are se
rately compensated both for two sorts of electrons and
sorts of ions. Thus, this motion does not produce any fie
Although this four-stream cyclotron rotation does not ma
fest itself macroscopically it takes energy. Figure 4 shows
kinetic energiesWe1,2,Wi1,2 connected with second terms
velocities~24!, ~25!, and~27a!,~27b! as functions of the ini-
tial plasma densityN1 /Ncr and plasma density shiftDN/Ncr
for two values of the parametervb /v0 and vb /Vb51800
03640
n

a-
o
.

-
e

~hydrogen plasma!. In the case of a high-frequency sourc
wave with v0>vb , the wave energy losses are attribut
mainly to the kinetic energy of freely rotating electron
@Figs. 4~a!,4~b!#. The kinetic energy of ions is several orde
of magnitude less. Furthermore, the kinetic energy of n
electrons,We2, is noticeable only for moderate values
plasma density shiftDN/Ncr;1 @Fig. 4~b!#. For higher den-
sity shifts the losses into the kinetic energy of old electro
We1 dominate@Fig. 4~a!#. In the case of a low-frequenc
source wave withv0<Vb , the wave energy is lost mainly
into the kinetic energy of freely rotating ions@Figs.
4~c!,4~d!#. The kinetic energy of electrons is several orders
magnitude less. Again, the kinetic energy of new carriersWi2
is noticeable only for moderate values of plasma density s
@Fig. 4~d!#. For higher density shifts the losses into the k
netic energy of old ionsWi1 dominate@Fig. 4~c!#. It was
verified that adding the kinetic energiesWe1,2,Wi1,2 to wave
energies after the temporal discontinuity ensures the en
balance in the system, i.e.,

Wh11Wh21Ww1Wi1We11We21Wi11Wi25W0 .
~28!
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FIG. 4. Kinetic energies connected with free cyclotron rotation of new and old electrons,We1,2/W0, and ions,Wi1,2/W0, as a function of
the initial plasma densityN1 /Ncr and plasma density shiftDN/Ncr for vb /Vb51800 andvb /v050.5 ~a!,~b!, 1800~c!,~d!.
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Now let us focus on the special case when the whis
wave is a source wave, i.e., frequencyv0 falls into the in-
terval @28#

Vb!v0!S vb ,
vp1

2

vb
D . ~29!

The refractive index of the wave

n05
vp1

Av0vb

~30!

is large (n0@1) due to conditions~29!, therefore, the wave
is slow and its electric field is much smaller than the ma
netic one:E05B0 /n0!B0. By taking into account inequali
ties ~29!, the approximate expressions may be written for
frequencies of the created high-frequency waves,

vh6'
vb

2
6Avb

2

4
1vp2

2 , ~31!

the modified whistler wave,
03640
r

-

e

vw'v0

N1

2N2
S 11A114

N2

N1

Vb

v0
D , ~32!

and the ion-cyclotron wave,

v i'v0

N1

2N2
S 12A114

N2

N1

Vb

v0
D . ~33!

For moderate values of the plasma density shift, wh
4(N2 /N1)(Vb /v0)!1, Eqs.~32! and ~33! may be reduced
to more simple expressions,

vw'v0

N1

N2
, ~34a!

v i'2VbS 12
N2

N1

Vb

v0
D . ~34b!

In the opposite limitN2 /N1→`, these frequencies tend t
zero according to the asymptotic formula
5-7
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vw,i'6Av0Vb

N2 /N1
. ~35!

By using inequalities~29! and approximate formulas~31!–
~35! for the frequencies of the new waves, the followin
simplified expressions for the amplitudes of the lo
frequency waves can be obtained from Eq.~23!:

Bw'B1~0!
N2vw1N1Vb

N2~vw2v i !
, ~36a!

Bi'B1~0!
N2v i1N1Vb

N2~v i2vw!
. ~36b!

Also, it can be shown from Eq.~23! that the amplitudes o
the high-frequency wavesBh6 are negligible for any values
of the plasma density variation.

As it follows from Eq.~36!, in the rather wide interval of
the plasma density variation 1,N2 /N1!v0 /Vb , i.e., as
long asvw@Vb , the conversion of the initial whistler wav
into the ion-cyclotron wave is weak,

Bi'B1~0!
DN

N1

Vb

v0
!B0 , ~37a!

Bw'B1~0!. ~37b!

For N2 /N1;v0 /Vb , when the modified whistler wave fre
quencyvw becomes significantly reduced and compara
with Vb , the amplitude of the whistler wave noticeably d
creases whereas the amplitude of the ion-cyclotron wave
creases. In the limit of high density shiftN2 /N1
..v0 /Vb , the amplitudes of these two waves become
proximately equal,

Bi'Bw'
1

2
B1~0!. ~38!

By simplifying the accurate formula~9! for the energy for
low-frequency waves, we arrive at the following coefficien
of energy conversion into the modified whistler wave and
ion-cyclotron wave:

Ww,i

W0
'F Bw,i

B1~0!G
2F11

N2

N1

vw,i
2 Vb

v0~vw,i1Vb!2G . ~39!

We kept the second term in the square brackets in Eq.~39! as
essential at the high plasma density variations. Small co
cients of the energy conversion into the high-frequen
waves are given by

Wh6

W0
'

1

n0
2

~12N1 /N2!2

~12vh6 /vh7!2 F11
vp2

2

~vh61vb!2G!1.

~40!

Energy distribution between the modified whistler wave a
ion-cyclotron wave as a function of the plasma density s
is shown in Fig. 5 forvb /v0560 andvb /Vb51800 ~hy-
drogen plasma!. Total energy of these two wavesWw1Wi is
03640
e

n-

-

e

fi-
y

d
ft

close toW0, i.e., the losses of the wave energy into kine
energy of freely rotating carriers are small, which is in agre
ment with Fig. 3~c! and invariant~14!.

The stability of the whistler wave energy in the tim
varying magnetoplasma medium, which was found abo
both for slow and rapid ionization rate, may be explained
follows. The main part of whistler wave energy is contain
in the energy of its magnetic field. When the plasma den
grows, the electric field of the waveEw decreases since pa
of the electric field energy~small portion of the wave’s en
ergy! is transferred to carriers. However, it does not lead t
decrease of the wave’s magnetic field, given byBw
5 inwEw . It is due to the fact that the decrease ofEw is
exactly compensated by an increase of the refractive in
nw .

IV. CONCLUSIONS

We have derived the adiabatic invariant for electroma
netic waves propagating along the magnetic field in a slo
time-varying magnetoplasma medium. This invariant cons
erably simplifies the investigation of evolution of the wave
energy and amplitude. By using the invariant, we dem
strated the existence of significant energy losses in suc
medium for waves of any frequency range except for
interval Vb!v!vb including, in particular, the whistler
waves. The mechanism of energy losses was explained
considering the case of a sudden growth of plasma densi
time from one value to another. The energy is transform
into kinetic energy of carriers~electrons and ions! perform-
ing free rotation with cyclotron frequencies. Correspondi
currents are compensated completely and, therefore, this
tion does not manifest itself macroscopically. Practically
may be considered as a quasithermal motion. In the spe
case, when the source wave is a whistler mode, up to 50%
the energy may be transformed into an ion-cyclotron wa
when dense plasma is rapidly created.
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APPENDIX A: DERIVATION OF THE DIFFERENTIAL
EQUATION FOR THE ELECTRIC FIELD

To reduce the system~2!, ~3! to one differential equation
we first represent constitutive relations~3! in the integral
form

J1e5
eivbt

4p E
2`

t

vp
2~ t8!E1~ t8!e2 ivbt8dt8, ~A1a!

J1 i5
e2 iVbt

4p E
2`

t

Vp
2~ t8!E1~ t8!eiVbt8dt8. ~A1b!

Then, by substitution of Eq.~A1! into Eq. ~2b!, differentia-
tion of the result with respect tot, and elimination of]B1 /]t
via use of Eq.~2a!, we arrive at Eq.~4!.

APPENDIX B: DERIVATION OF THE ADIABATIC
INVARIANT

Multiplying Eq. ~8! by Ẽ and eliminating the explicit de
pendence on time, we rewrite this equation in the form

1

2
f 1~v!d~Ẽ2!1 f 2~v!Ẽ2dv50, ~B1!

where

f 1~v!5v@2v42v~v21c2k0
2!~vb2Vb!22vbVbc2k0

2#

and
ec

c

er

E

E

03640
o. f 2~v!5v41v~vb2Vb!c2k0
213vbVbc2k0

2.

We write formula~9! in the form

W5Ẽ2g~v! ~B2!

with an evident expression for functiong(v). We are look-
ing for the functionF(v) that enters the invariant

WF~v!5const. ~B3!

Combining Eqs.~B2! and ~B3! we arrive at the relation

Ẽ2g~v!F~v!5const. ~B4!

By differentiation of Eq.~B4! and substitution into Eq.~B1!
we obtain the following differential equation for the functio
F(v):

1

F

dF

dv
52

f 2

f 1
2

1

g

dg

dv
. ~B5!

By susbstitution off 1,2(v) and g(v), Eq. ~B5! may be re-
duced to the simple form

1

F

dF

dv
52

1

v
1

1

v2vb
1

1

v1Vb
. ~B6!

Integration of Eq.~B6! yields the functionF(v),

F~v!5const
~v2vb!~v1Vb!

v
~B7!

and finally the invariant~10!.
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