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Quantum refrigeration cycles using spins systems as the working substance
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The cycle model of a quantum refrigerator composed of two isothermal and two isomagnetic field processes
is established. The working substance in the cycle consists of many noninteractingsysitems. The per-
formance of the cycle is investigated, based on the quantum master equation and semigroup approach. The
general expressions of several important performance parameters, such as the coefficient of performance,
cooling rate, and power input, are given. Especially, the case at high temperatures is analyzed in detail. The
results obtained are further generalized and discussed, so that they may be directly used to describe the
performance of the quantum refrigerator using spsystems as the working substance. Finally, the optimum
characteristics of the quantum Carnot refrigerator are derived simply.
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[. INTRODUCTION input, and the temperatures of the working substance in two
isothermal processes are optimized.

Quantum cycles are of much importance not only in
theory but also in practice. The investigation relatiye 10 || ERST LAW OF THERMODYNAMICS IN A SPIN- 1
guantum cycles has attracted a good deal of attention. In SYSTEM
recent years, the performance of quantum heat engines has
been intensively studigd—6] and the cycle models of quan-  First of all, we consider a quantum system with a mag-
tum refrigerators have also been proposéd7—9. Many  netic momenM placed in a magnetic fielB. The direction
conclusions have been obtained. of the magnetic fieldB is chosen constant and along the

Similar to classical thermodynamic cycles, quantumpositive z axis. The magnitude of the magnetic field can
cycles may have other typical cycle models, such as thehange over time, but is not allowed to reach zero. The
Stirling cycle, Ericsson cycle, Brayton cycle, etc., besides thélamiltonian of the interaction between the magnetic moment
Carnot cycle. It is well known that the performance of theM in the quantum system and the magnetic filis given
Carnot cycle is independent of the property of the workingby [13,14
substance, while the performance of other cycles is, in gen-
eral, depeqdent on 'ghe property of the working substance A(t)=—M- B=2usS BZZ,U’BBz(t)ASzi (1)
[10-12. This conclusion is still true for quantum cycles. The
working substance in a quantum cycle may be the spin sys- ) ) i
tems, harmonic oscillator systems, ideal quantum gases, aftf1€"€xs iS the Bohr magnetrorg s a spin angular momen-
so on. For different working substances, the performance dtMm: #=h/(2m), andh is the Planck constant. Throughout
the cycle will be different. Thus, the property of the working thiS paper we adopt =1 and definew(t) =2ugB(t) for

substance must be analyzed when the performance of a quas|MPliCity. @ is positive since the spin angular momentum
tum cycle is studied. and magnetic moment are in opposite directions. Thus, the

In the present paper, the property of a spisystem is Hamiltonian Qf an isolated single spinsystem in the pres-
given, based on the quantum master equation and semigro&pce Of the field(t) may be expressed as
approach. The performance of the quantum refrigeration
cycle composed of two isothermal and two isomagnetic field H(t)= w(t)éz. 2
processes is analyzed. The regenerative characteristics of the
cycle are discussed. The important performance paramete}‘)\s

such as the coefficient of performance, cooling rate, power > described in Ref.14], one can refer ta rather tharB,
P ' 9 » POWELS “the field.” The internal energy of the spisystem is of

the expectation value of the Hamiltonian, i.e.,
*Author to whom all correspondence should be addressed. . ~
Email address: jcchen@xmu.edu.cn E=(H)=w(t)(S,)=wS. (3)
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Based on the statistical mechanics, the expectation value of

the spin angular momentuB) is expressed by the following 0.0
relation ~Na
S=(8,)=—} tani{ Bw/2), (4) T ahy
s 1 .
where — 3 <S<0. &, Ben
It is assumed that the spisystem is not only coupled S AN
mechanically to the given “magnetic fielda(t), but also . Q -
coupled thermally to a heat reservoir at temperafuiBased Bc o Tl
on the semigroup formalisii4,15, the equation of motion X B A
of an operator in the Heisenberg picture is given by the quan- : 2 oM
tum master equatiofl5-18, i.e., 0.5 ' '
(D2 (01
dX . . X . 0
E—I[H,X]‘FH'FLD(X), (5)

FIG. 1. The Sw diagram of a spir%- Ericsson refrigeration

cycle, where the unit ob is joules.
where

R N A units. In the isothermal processes, the working substance is
Lo(X)=2 ya(Vo XV, ]+ [V, XIV,) (6)  coupled to the hot reservoir at constant “temperatus’
2 and the cold reservoir at constant “temperatug”, respec-
is a dissipation term and originates from a thermal coupIingﬂVeW- Q. and Q, represent the amounts of heat exchange
of the spin to a heat reservolf,, andV are operators in the 2StWeen the working substance and the heat reservoirs dur-
Hilbert space of the system and are Hermitian conjugateé?g the two isothermal processes, respectively. Due to finite-

. - - - Tate heat transfer between the working substance and the heat
andy, are phenomenological positive coefficients. Substitut-

ol - ) ) reservoirs, the “temperatures” of the working substance in
ing X in Eq. (5) by H and using Eq(3), one can obtain the g jsothermal processes are different from those of the heat
rate of change of the internal energy as

reservoirs. They are, respectively, given By and 3, and

- there is a relationg,= 8.> B,= B, . In the isomagnetic field
d_E: i<|:|>:<ﬁ> +(L (|:|)>: d_“’s+ wd_S @) processes, a regenerator is often used to improve the perfor-
dt dt at b dt dt’ mance of the cycleQ,. and Qq, represent the amounts of
heat exchange between the working substance and the regen-
erator during the two isomagnetic field processesand w,
represent the high and low “magnetic field,” respectively.

Comparing Eq(7) with the time derivative of the first law of
thermodynamics

dE_dW dQ
dt dt + dt ® IV. REGENERATIVE CHARACTERISTICS

one can easily find that the instantaneous powét%-21 Using Eqs.(4} and(lO),.we can calculate the amounts of
heat exchange in the various processes as

P dw <o"|:|> dws ©

= ()= b

dt \ gt/ dt o f wdS

a
and the instantaneous heat flow is

1 1
= E(l)l tanf‘(ﬁlw1/2)+ E(Dz tanf‘(ﬁle/Z)

1Q_ Lo(H))= ds 10
gt = (Lo(H)=0 . (10
1 |cosiBiwq/2)
. . . . +—In|———=|, (17
It is thus clear that for a spi-system, Eq(7) gives the time B1 | cosi Biw,/2)
derivative of the first law of thermodynami¢$6—20.
d
Ill. A QUANTUM REFRIGERATION CYCLE QZ:J’ wdS
Cc
Figure 1 shows a schematic diagram of a quantum refrig-
eration cycle, which is composed of two isothermal and two . 1 1
isomagnetic field processes. This cycle is a microscopic ana- T T @2 tanh( B,w,/2) + zwltanl"(,é’zw1/2)
log of the Ericsson refrigeration cycld2,22. For the con-
venience of writing, “temperature” will refer tg@ rather than N 1 0 cosh Bow,/2) 12
T, whereB=1/T andT is the absolute temperature in energy By | cosiBowi/2)]’
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Qpc=01(S—S) Qc:Q2_5|AQ|

and 1  coshBrw,/2) 1

t N s ga T 5)[_tam{,320)1/2)
Qua= @2(Sa— Sy) B2 cosh{frw,/2) 2

w
= wy[ — 3 tanh( B1w,/2) + 5 tanh Brw,/2)],  (14) - 72tanl"(/32w2/2) , 17)
whereS,, S, S., andS; are the mean values of the spin wheres=1 whenAQ<0 and5=0 whenAQ=>0.
angular momentum im, b, ¢, andd states, respectively. Us-
ing Egs.(11)—(14), we obtain the work input per cycle as V. TIME EVOLUTION OF THE SPIN ANGULAR
MOMENTUM AND CYCLE PERIOD
W=|Q1+ Q2+ Qpct Qual In order to calculate the time of the heat-exchange pro-
1 coshBim/2) 1 cosr(ﬁzwlIZ)‘ cesses, one must solve the equation of motion that deter-

(15) mines the time evolution of the spin angular momentum. For
a spin systemy, are chosen to be the spin creation and
From Egs/(L3 and(14 4 that the et t annihilation operatorsS, =S+iS, andS_=S§,~iS,, and
rom Egs. an , one can find that the net amount  _ & oL A A g

of heat transfer between the working substance and the reH ©S;. SubstitutingS, , S, H, andX=S; into Eq. (5),

generator during the two isomagnetic field processes is gene can prov¢14] that

B E ncosf(,Ble/Z) E ncoshﬂ2w2/2)|'

termined by ds
Q@ expqBw){2[1+exp Bw)]S+[exp fw)—1]},
AQ=Qpc* Qqa (18)
w1, wherea>0 and—1<q<0. Solving Eq.(18), one can obtain
=~ [tanh(B10,/2) —tanh( B,01/2) ] the expression of time evolution as

(OF) _ 1 Sf dS
+ 7 [tanh(Bzwyf2) ~tant(Brz/2)]. (16 =75 f s eXpQBw){2[1+expfw)]S+exp fw)— 1}’

It is seen from Eq(16) that there are three possible cadas: 19
AQ>0, (b) AQ=0, and(c) AQ<0. When AQ<O0, the whereS andS; are the initial and final values & along a
amount of heaQ,,. flowing into the regenerator in one re- given pathS(8,w). Equation(19) is a general expression of
generative process is larger than tha€gf, flowing from the  time evolution for a spin system coupling with the heat
regenerator in the other regenerative process. The redundamiservoir and the external magnetic field.

heat in the regenerator per cycle must be released to the cold Substituting S(w)= —3tanh@Bw/2), B=PBr, S
reservoir in a timely manner. This results in the reduction of=S,(8;,w,), andS;=S(3;,»,) into Eq.(19), one can ob-

the amount of refrigeration fror®, to Q.. If not, the tem-  tain the time of the high-temperature isothermal process as
perature of the regenerator would be changed such that the

regenerator would not operate normally. Similarly, when :&fwl B

AQ>0, the amount of hedd,, flowing into the regenerator 17 2a wz{exp(q,Bhw)[exp(Bhw) exp(f10)]

in one regenerative process is smaller than th&) of flow- 71

ing from the regenerator in the other regenerative process. X[1+exp - B10)]} "do. (20

The inadequate heat in the regenerator per cycle must he . I _ 1 _ .
compensated from the hot reservoir in a timely mannelr),f'g'(larly’ s)ub;g(tjust;n:g]g((w)— )2 it:tghégz ‘E’gg cﬁ\ ; 'f;n (?b-
while the amount of refrigeratio®, is unvarying. When B2, w1), f_BZ"‘)Z =d. (19,

. tain the time of the low-temperature isothermal process as
AQ=0, the parameterg and v may not be chosen arbi-

trarily. They must satisfy a certain relation. In general, the

@2
guantum refrigeration cycle, which is composed of two iso- t2=2—:1 {exp(qB.w)[expB.w) —exp Brw)]
thermal and two isomagnetic field processes and whose “1
working substance consists of noninteracting spaystems, X[1+exp(— Bow)]} tdo. (22)

may not possess the condition of perfect regeneration.

According to the regenerative characteristics mentionedn two isomagnetic field processes, the “temperature” of
above, the unified expression for the amount of refrigeratiorihe working substance changes frgimto 8, or from 3, to
per cycle may be given by B1, so they need a non-negligible time compared with the
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time of the isothermal processes. Substituti®§g)= and

_%tanh@wllz)v B=PBr, Si:Si(Bliwl)i and Sf

=S(B,,w;) into Eq. (19), one can obtain the time of one 1 cosfiBiwyf2) 1 cosiiBrw/2)

— Nt — N
isomagnetic fieldw, process as b W _ By cosiBiwi/2)  B;  COSH Br05/2) 27
, t t+ o+ tatiy '
w1 2
t3:£f 1exp(qB;w1)[exp( By w1) —exp Bwy) ] Using Egs.(25—(27), one can, in principle, optimize these
B1
important performance parameters of the quantum refrigera-
X[1+exp —Bwy) ]} 1dg, (22)  tion cycle.

i . ) At very low temperaturesp,— so that tanh8,w,/2)
where B, is the “temperature” of the regenerator amgj —1 and tanhg, w,/2)—1. In such a case, the amount of

> B because heat is transferred from the working substancgrigeration per cycl€,=0 and the refrigerator has lost its
to the regenerator in the isomagnetic fiald process. Simi- o

larly, substituting S(8)= -3 tanhBw,/2), B=p/, S At high temperatures3w<1. The results obtained above
=Si(B2,w7), andS;=S¢(B1,w,) into Eq.(19), one can ob-  may be simplified. For example, Eqd.1)—(16), (20)—(23),
tain the time of another isomagnetic fiedgh process as and (25) may be, respectively, simplified as,
wy (A1 ) , = S—w?)l8, 28
=g | lexnap; oz Lexp B oz) - exp(pon) Qu=Aalwz= o) 29
2
= Ba(wi— w3)/8, (29
X[1+exp—Bw)]} dB, (23 s
2
= —Bo)l4, 30
where g, is the “temperature” of the regenerator amgj Qoe= @il B1=B2) (30
< because heat is transferred from the regenerator to the Qua= 03B~ B1)/4, (31)
working substance in the isomagnetic field process.
So far we have calculated the times of two isothermal and W= (8,— B1)(w2— )8, (32)
two isomagnetic field processes. Consequently, the cycle pe-
riod is given by AQ=(wi-w})(B1— B2)/4<0, (33
t=t;+tytty+ty,. (24) B w,
ti;=——————<In|—/|, (34)
4a(Brh—P1) o
VI. OPTIMIZATION ON PERFORMANCE PARAMETERS
The coefficient of performance, cooling rate, and power t= B2 In(ﬂ) (35)
input are three of the important performance parameters, 2 4a(Br—Bo) |\ wp)
which are often considered in the optimal design and theo-
retical analysis of refrigerators. Using Ed45), (17), and ¢ _i B2 dp (36
(24), one can find that the coefficient of performance, cool- ¥ 4a g B—B’
ing rate, and power input may be, respectively, expressed as
Q ) 1 (B dB a7
w (0] = [
o= =10 & tanh B1w1/2) — = tanh( B10,2) *dals,p-p
w 2 2
d
1 COS|’(,82w2/2) {wl an
+—IN—F——=+(1-5)| =tan 2
ﬁ2 COSKB2w1/2) ( ) 2 Iﬁ(ﬁZ“’l ) ZIBl_Bz
= ——7>-—. (38
w5 1 coshBiw,/2) B2— B
— —-tanh B,w,/2) —IN——
2 B1 coshBiw,/2) It should be noted that the “temperature8; and 8, of the

1 cosh B,w,/2) regenerator in two isomagnetic field processes are not con-

+—In—, (25) stant and vary with time. If there is not any additional as-
Bz cosh Brw/2) sumption, Eqs(36) and (37) cannot be calculated further.
One of the simplest assumptions is that bgth- 8 and g/
R= %:[ 8 2L tank Brwy/2) — 22 tank B1w,/2) — B are kept constant. Then, the times of two isomagnetic
t 2 2 field processes may be expressed as
1 Cosﬂﬁng/Z) wq tatt,= _ , 39
+Elnm+(l—5){?tanhﬁzwll2) stta=7v(B2—B1) (39

wherey is a proportional constant, which is independent of
temperature. It will be seen from another assumption given
+t+tgt+ o Lo
}/ (Lt tatts), (6 Jelow that this simple assumption is reasonable.

w2
- 7tan|’(ﬂ2w2/2)
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In general, the larger the temperature difference of the
working substance in the two isothermal processes is, the 2
larger the amount of regeneration and the longer the time of
the regenerative processes will be. When the time of the
regenerative processes is assumed to be directly proportiona
to the amount of regeneration, the time of two isomagnetic

field processes may be written as B, /[3c
24,2 Bi/Bj 1
W, T W3
t3+t4=5(|Qpc + Qua) =5 5 (B2=B1)=v(B2=Ba), B, /B,
(40)

wheres is also a proportional constant, which is independent
of temperature. Equation@9) and (40) just show that the

two assumptions mentioned above are equivalent to eact 0
other. 0 g
Using Egs.(34), (35, and (39), one obtains the cycle
period as €
. B1 |n(ﬂ .\ B |n(ﬂ) FIG. 2. TheB,/Bx-¢ and B,/B.-¢ characteristic curves.
4a(Bh—P1) \wz] 4a(B—B:) \w; BBhe(e,— &)
+y(B2—B)- (41) R= ec(e+1)(e+2)+DBu(e,—¢)’ “8)
Substituting Eq(41) into Egs.(26) and(27) gives and
b(28,— _
R— _ (2B, /iz) _ 42 o BBn(e,—¢) | “9
dlB1/(Bn—B1)+B2/(B2—Bc) 1+ v(B2—B1) e(e+1)(e+2)+DBp(e,—¢)
and whereB=b/4d, D= y/4d, .= B,/(B.— By) is the coeffi-
b(By— B,) cient of performance of a Carnot refrigerator, amgd
=3 1 P2 43 =(2Bn— B/ (B~ Br) is the coefficient of performance of

—d[B1/(Bh— B+ B2/(B2— B) 1+ ¥(B2— B1)’ a magnetic Ericsson refrigeratft0,22.
2 2 _ Using Egs.(46)—(49), we can plot theg;/Bj-¢ (i=1,2
whereb=(w;— 5)/8 andd=In(w, /w,)/4a. . __andj=h,c), R*-¢, P*-¢, andR*-P* characteristic curves,
Using a refrigerator, one always wants to obtain a cooling, < <hown in Figs. 2-5, wher® =R/(Bg,) and P*
rate as large as possible for a given power input. For this:P/(B,Bh) are the dimensiénless cooling rate and power in-

purpose, we introduce the Lagrangian put, respectively. It is seen from Fig. 3 or 5 that there exists
b[(2=y)+A(y—1)] a maximum cooling rate. Starting from E{8), one can
L=R+\P= , prove that when the coefficient of performance
dl1/(Bn—B1) +Y/(YB1= B I+ ¥(y—1)
(44)
0.04
where \ is the Lagrange multiplier angi=8,/8;. Using
Eqg. (44) and the external conditioaL/dB,=0, we can ob- e
tain an optimal relation _
BetYBn :
Br="g, (45) o Rt 3,
R
Substituting Eq(45) into Egs.(38), (42), and(43), we find
that the fundamental optimal relations between some impor- ! \¢
tant parameters and the coefficient of performance are, re- ;
spectively, given by 0.00 &
: 0 € g
= 1_ & (46) "
B1=Bn 2e4(e+2)| €

FIG. 3. The dimensionless cooling raf& (=R/Bg;,) versus
coefficient of performance. Dashed DB,=0) and solid D g,

g —¢ 4
' @7 =10) curves are presented f68¢/B,=1.5.

S et D)oot 1)

B2= B¢
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_ —(286+DBug) +[(28c+DPhe,)+ (ece + 38— D Bp) (288, + DelBr) 1Y

) 50
em 3e,tece,— DBy (50
|
the cooling rate attains its maximum, i.e., are two important parameter&,, determines the upper
bound of the cooling rate, while,,, determines the allowable
R — BBnem(er—em) (51) value of the lower bound of the optimal coefficient of per-
max

formance.

It is of interest to compare the results obtained here with
In such a case, the power input and the “temperatures” of thehose derived from a magnetic Ericsson refrigeration cycle.
working substance in two isothermal processes are given byyhen the magnetic refrigerant in the Ericsson refrigeration

cycle is described by the Curie law and heat transfer between

ec(emt 1) (emt2)+DBn(er—em)

P — BBn(er—&m) (52) the working substance and the heat reservoirs obeys the lin-
" eclemt1)(ent2)+DBn(s—em)’ ear heat-transfer law in irreversible thermodynaniiz8—
26]. The fundamental optimum relations of the magnetic
g—¢ Ericsson refrigeration cycle are, respectively, given |
Blm=ﬁh{1— 1 (53)
2e(emt+2) e e
-1_ -1 _ r
and T =Th 71 (1+u)e(e+2)] (56)
€~ &m e, —¢
= 1+ . 54 -1_—+-1 r
=P L S et et 1) >4 LT Y e nern) ©
It is also seen from Figs. 2-5 that whe¢h = g,, and 3, kl-rglg(sr_g)
=pB:, e=¢,, R=0, andP=0. WhenR<R,.« there are R= 5 — , (58
two coefficients of performance for a givé) where one is (1+u)ec(e+1)(e+2) +kyvTy “(ece)
smaller thane,, and the other is larger thasy,. Whene
<e&pm, the cooling rate decreases as the coefficient of perfor-
mance decreases. Obviously, the regiorz efe,, is not op- legl(sr—s)
timal for a quantum refrigerator. The optimal region of the P= > = , (59
coefficient of performance should be (1+u)ec(e+2)(e+ 1) TkyvT (e~ e)
em<e<e,. (55) where v is a parameter that is dependant on the magnetic

fields in two isomagnetic field processes but independent of
When a quantum refrigerator is operated in this region, théemperatureu= vk, /k,, andk, andk, are the thermal con-
cooling rate will increase as the coefficient of performanceductances between the working substance and the heat res-
decreases, and vice versa. It is thus clear Rjaf, ande,,  €rvoirs at temperature$, and T, respectively. Wherk,

0.3 0.04
P’ .
R R max v '
0.00 : : : . —
00 P_ 01 0.2 0.3
€ p'
FIG. 4. The dimensionless power inpBt'(=P/Bg;) versus FIG. 5. The dimensionless cooling r&&é versus dimensionless
coefficient of performance. The values of the parametddg3,, and power inputP*. The values of the parametdds3;, and 3./ 8, are
B! By are the same as those used in Fig. 3. the same as those used in Fig. 3.
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=k,, EQs.(46) and(47) are identical with Eqs(56) and(57) BBh(er—em)

and the forms of Eq448) and(49) are the same as those of Rinax=7 (et 1) (et 2)’ (66)
Egs.(58) and(59), respectively. Ik,/4=B andk,v/4=D is em m

chosen further, Eq$48) and(49) are identical with EqS(58) and

and(59), respectively. The above results show clearly that in

the high temperature limit, a quantum refrigeration cycle us- BBn(e,—em)

ing spin4 systems as the working substance and consisting M e(emt 1) (emt2) (67)

of two isothermal and two isomagnetic field processes is
equivalent to a magnetic Ericsson refrigeration cycle. Thus, (3) When the two isomagnetic field processes in the cycle
such a cycle described in this paper may be referred to as thge replaced by two adiabatic processes, the cycle becomes a

guantum Ericsson refrigeration cycle.

VII. DISCUSSION AND GENERALIZATIONS

(1) When the work substance is composed of a gpin-
system (=1/2,1,3/2,2...,) themean value of the spin an-
gular momentum is given bj28-3Q

S=(S,)=—JIBy(Bwd),
where—J<S<J and
cotr(

is the Brillouin function.
At high temperatures, Eq60) may be simplified as

(60)

2J+1
2J

2J+1
2J

1 h X
—ECOt E

BJ(X):(

X

JJ+1)
3

(61)

Bow.

Compared with Eq(4), the heat amount of the various pro-

quantum Carnot refrigeration cycle. In this caBes 0, Q.

=0, Qa=0, $,=S.=S;, S4=S,=S,, andS; and S, are

the spin angular momentums in two adiabatic processes, re-
spectively. In the adiabatic processes, there is not any heat
exchange between the working substance and the external
heat reservoirs. The time of the adiabatic processes is often
assumed to be negligible compared with the time of the iso-
thermal processes. Using Ed40) and (18), we can calcu-

late Q,, Q,, t;, andt,. In the high temperature limit, they
are, respectively, given by

cesses in the cycle may be obtained by multiplying the factor

of 43(J+1)/3 in Egs.(28)—(31). On the other hand, using
the method in Sec. V, one can projk7] that the time evo-
lution of the spin angular momentum is determined by

4 =~ 2a(25+ B[ +1) - M1},

(62)
where M =[J(J+1)]/3. From Egs.(61) and (62), we can
find that the times of the various processes are the same
Egs. (34), (35), and (39). Thus, the coefficient of perfor-
mance of the quantum cycle consisting of the spaystems

is the same as that of the quantum cycle consisting of the

2 o @
Q1=—B—(51—Sz), (68)
1
2 o @
Q2=F(Sl—82), (69)
2
B In(§/)
tl_ﬂh_ﬁl 4a ' (70
B2 In(S§,/Sy)
tzzﬂz—ﬁc 4a . (71)

From Eqgs.(68)—(71), we can obtain the coefficient of per-
formance, the cooling rate, and power input as

spin+4 systems, while the cooling rate and power input are
4J(J+1)/3 times of those of the quantum cycle consistingan

of the spinj systems, respectively.

(2) When the regenerative time is negligiblz= 0. Equa-
tions (46), (47), (53), and(54) are still true, while Eqs(48)—
(52) may be, respectively, simplified by

. BBhe(er—¢)
Ceetl)(e+2)’ €3
BBn(er—¢)
T eetl)(et2) 64
_ 1/2
- 2+[4+2¢,(e,+3)] 65

e +3 '

B
i, B By (72
- 8a(S;— )/ B,
R (SIS B (B B+ Bl BBl 2
5 8a(Si—S5)(1/B,— 1IB,) 70

T IN(SS)IBL (B B+ Bal (Ba— Bl

Using the similar method mentioned above, one can prove
that the fundamental optimum relations for a quantum Car-
not refrigerator are, respectively, given by

2a($-S5) (1 & 1
= (S /Sy) (E_EE)’ (79
2a(s2-s9) (1 1 1
=575 (s—ﬁ;ma)- 79
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2¢Bnfe as the working substance. Based on the spin theory, motion

Blzm, (77 equation of an operator, and semigroup formalism, we have

h ¢ analyzed the optimal performance characteristics of the

and quantum refrigeration cycles and derived the concrete ex-
pressions of several important parameters such as the coeffi-

B 2(1+¢)BnBe -8 cient of performance, cooling rate, power input, and tem-

Z_W' (78) peratures of the working substance in two isothermal

processes. Especially, the optimal performance of the quan-

Using the fundamental optimum relations and the similartum refrigerator in the high temperature limit is discussed in
method mentioned above, one can further discuss the variowetail. The maximum cooling rate and the corresponding pa-
optimum performance characteristics of a quantum Carnatameters are calculated. The optimally operating region of
refrigerator. the quantum refrigeration is determined. These results de-

The results obtained above show clearly that when theived in this paper are compared with those obtained from
irreversibilities existing in refrigerators are taken into ac-the cycle model of a magnetic Ericsson refrigerator. Many
count, it is very important to find the fundamental optimum similarities between them are found. If some parameters are
relations of refrigerators. Using these relations, one can rechosen reasonably, they are equivalent to each other.
veal the universal performance characteristics of refrigerators The results obtained are further generalized, so that they
[31-33. are also suitable for the working substance consisting of non-

(4) The above discussion only refers to a single spin- interacting spin3 systems. Finally, the replacement of two
system. For the working substance consisting of many nonisomagnetic field processes by two adiabatic processes gives
interacting spind systems, the coefficient of performance is directly the cycle model of a quantum Carnot refrigerator, so
still true, while the internal energy, work input, power input, that the optimal performance of the quantum Carnot refrig-
and heat quantity can be obtained as long as the above resulisator can be derived simply from the present paper.
are simply multiplied by the total number of spin systems.
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