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Inside the hysteresis loop: Multiplicity of internal states in confined fluids
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We study the equilibrium and stability of metastable states and capillary condensation hysteresis of a
Lennard-Jones fluid in cylindrical pores by means of the canonical ensemble density functional theory and
gauge cell Monte Carlo simulations. We demonstrate a possibility for the existence of multiple laterally
uniform internal states of equal density inside the hysteresis loop. The region of multiple states is bounded by
the states of zero compressibility. The internal states can be stabilized in Monte Carlo simulations constraining
the density fluctuations.
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The rapid development of nanotechnologies, especiallat isothermal conditions, whose equilibrium states are de-
synthesis and modification of novel nanostructured materialéned by minimization of the Helmholtz free energy, repre-
[1,2] has catalyzed increasing attention of theoreticians andented as a function&[ p(r)] of the spatially varying fluid
experimentalists to the problems of phase equilibria and trardensity p(r), in the canonical ensemble at constépt,V,
sitions in confined fluid$3—13]. Vapor sorption and capil- andT [30]. To find a solution to this conditional extremum
lary condensation in nanopores are prominent examples gfroblem, one has to introduce a Lagrange multiplieas an
phenomena in confined fluids, which offer a variety of in- additional unknown parameter and solve the Euler equation
triguing features, such as, the multiplicity of equilibrium given by u= 6F[p(r)]/dp(r). Here, 5/ 5p denotes the func-
stable and metastable states and hyste[8si&6]. It is well  tional derivative. The solution gives the equilibrium density
documented that sorption and desorption isotherms typicallprofile p(r,(p),T) and the value ofu({p),T), which turns
do not coincide, yet they form a reproducible hysteresis loout to be equal to the chemical potential of the corresponding
[16]. In geometrically disordered confinements, as showrstate. In the following calculations we consider a LJ fluid in
both experimentally{16] and theoretically{13], sequential a cylindrical pore using the smoothed density approximation
changes of the stages of sorption and desorption lead to ttjé8—-2Q to represent the Helmholtz free energy functional,
scanning of multiple equilibrium states inside the hysteresis-[ p(r)]. Solutions to the Euler equation were obtained by
loop. However, thermodynamic analysis of these states igssing the Broyderj31] method. To demonstrate the multi-
hindered due to the system complexity. In this paper, weplicity of internal states on the simplest system, we intention-
show that even in a single pore of a symmetric shape there &lly constrict ourselves to studies of laterally uniform con-
a possibility for the existence of multiple states of equal denfiguration and perform minimization over the laterally
sity inside the hysteresis loop. These states were found firsiniform density profilep(r)=p(r), wherer is the distance
by means of the mean field density functional the@¥T),  from the pore center. It is known that in sufficiently long
and then confirmed by the Monte CarilMC) simulation  cylindrical pores may exist various nonuniform configura-
with the example of capillary condensation of Lennard-Jonesions comprised of sequences of liquid lenses/bridges and
(LJ) fluids in cylindrical nanoporefl7]. bubbles as shown in MC and MD silulations of binary lig-

DFT is a proven tool for analyses of sorption and phaseiids[32—34. A detailed description of the density functional
transitions in pores[18—2(. In the pioneering papers and parameters employed can be found elsewf&Ske
[14,15, one can find a qualitative description of the capillary  In Fig. 1 we present a series of the CEDFT isotherms in
condensation phenomenon as a first-order phase transiti@ylindrical pores of different diameters. The fluid-fluid and
characterized by the shift of the conditions of criticality, fluid-solid parameters were chosen to reproduce Ar sorption
phase coexistence and spinodals compared to the bulk fluiet 87 K (kT/e=0.74) in the channels of siliceous mesopo-
It was shown that the nonlocal DFI8-2( agrees with MC  rous molecular sieves of the MCM-41 type. This choice was
simulationd 3,4,21-23, and also with reference experiments motivated by the availability of relevant experimental data
[3,4,24—28. To analyze the behavior of a system in the hys-[24-2§. This example is typical for a first-order vapor-
teresis region, we employ the canonical ensemble version diquid phase transition. In the narrowest pore of 1.31 nm in
the density functional theoryCEDFT) [29]. In contrast to  width, we observe a supercritical behavior: the isotherm is
the conventional DFT, which implies the grand canonicalmonotonous and consists of stable equilibrium states. As the
ensemble minimization at given volume, temperature, anghore size increases above the critical size, the isotherms take
chemical potentia[18—20, we find equilibrium states of a upon a sigmoid, van der Waals'-type shape with multiple
fluid within a pore of a given shape provided that the mearequilibrium states. We distinguish three regions on the sub-
fluid density(p) is fixed, the pore volum& is unchanged critical isotherm, as shown in Fig. 2 with the example of the
and the system is embedded in a bath of constant tempergotherm in 3.15 nm pore. The adsorption bra@8, cor-
tureT. Thus, we deal with a closed system of a fixed volumeresponds to the consecutive formation of adsorption layers

associated with sigmoid swings indicating layering transi-
tions. Since the fluid density in the pore center is of the order
*Email address: aneimark@triprinceton.org of the vapor density, the states on the adsorption branch are
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40 ] closed system of a finite volume but they are unstable in the
open system, and, therefore, cannot be observed in a real
35 1.31 experiment, in which unrestricted mass exchange with the
5.54 environment is allowed. Albeit the compressibility of the in-
301 22 ternal states is negative, they can be generated in molecular
ey 4.16 simulations by suppressing density fluctuations in the system
E [11,35,38. The possibility of obtaining such states in experi-
T 20 3.15L =% ments with a limited bulk reservoir was discussed in Ref.
£ 1.7 51 [37].
= 45 bulk The position of phase coexistence, poiBtandF of equi-
Q librium transitions, complies with Maxwell’s rule of equal
10 1 areas,fzggﬁziudp=,ue(pF—pB). Here, w is the chemical
5 potential of the equilibrium capillary condensation transition.
Thus, atu<u., the vaporlike states are stable and the lig-
P uidlike states are metastable, and vise versa;af., the

liquidlike states are stable and the vaporlike states are meta-
stable. The turnover point§, and S_, correspond to the
P/P, true limits of stability of vaporlike and liquidlike metastable
states, respectively. In analogy with the bulk vapor-liquid
FIG. 1. Adsorption isotherms of Ar in cylindrical pores at 87.3 phase diagram, we refer to these points as the vaporlike and
K (kT/e=0.74) plotted as the fluid densip/versus the bulk pres- liquidlike spinodals. The vaporlike spinodsy, is the point
sure reduced to the saturation pressBI€,. Internal pore diam- ¢ ¢qnianeous capillary condensation. At this point, the ad-
eters increase from left to right and are shown in the fifohm). o, vion Jayer becomes unstable, the energy barrier separat-

T.h.e portion of the bulk liquid 'SOt.herm in the underse.‘t”rat'on C.°n'ing the metastable and stable states vanishes, and the system
ditions is presented for comparison. The leftmost isotherm in a

1.31-nm pore is supercritical. The isotherms in wider pores have thmuSt jump onto the desorption branch under any experimen-

characteristic sigmoid shape with the multiple states. Vertical Iines?al con(jltlofns at Wh'.Ch.Ithle pr?rel. Sp.ztl:.ﬁ IS cpnnectgd thth a
indicate the positions of the equilibrium vapor-liquid transitions. reserv0|r of vapor. Similarly, t ? iquidlike spinoda, is the
point of spontaneous evaporation: The metastable condensed

) _ fluid becomes unstable and cavitates at any experimental
referred to as vaporlike states. The desorption bra®idh  .,ngitions, and the system must jump onto the adsorption
corresponds to liquidlike states of condensed fluid. The deg gnch.
scer_1ding trajector)SLSV_corresponds to the states__that_we In pores wider than~4 nm, we observe a phenomenon
call internal states. The internal states can be stabilized in thg, 5 likely, has not been reported earlier. On the backward

trajectory of the isotherm appears a region of multiple inter-

0 0.1 0.2 0.3 0.4 0.5 0.6

40 01 nal states of equal mean density, as shown in Fig. 3 with the
35 | <—I F G H example of the isotherm in 5.1 nm pore. The region of mul-
s 1o tiple states of e_ql_J_aI mean density is bounded_ by the states of
30 - zero compressibilitysSs, andSg. These, physically unreal-
- D izable states first discussed in REE1], were named super-
"’g 25 1 L 01 & spinodals. The lowerSg) and upper $5) superspinodals
= Sy < bound the range of fluid densities in which at a given tem-
g 20 7 B . perature the Euler equation has three solutions with the same
= 45 | - -0.2 é density and different chemical potentials: One state is located
Q | on the descending regioBs K of the backward trajectory
104 0O A |—> adjoining to the vaporlike spinod&, ; the second state may
103 be either a liquidlike state on the bran8hR, or an internal
51 state on the descending regiBpSg, of the backward trajec-
P N R tory fidjoining to the liquidlike spinqdeﬁL; the third, inter-
25 2 45 y 05 mediate state lies on the ascending reg®ySs, of the

backward trajectory between the superspinodals. Note that a
(= o)k solution of the variation problem does not necessarily corre-
FIG. 2. Adsorption isotherm of Ar in a 3.15-nm cylindrical pore spond to "?‘ minimum of the Helth“.Z free e”erg,y potentlal
(R=5.170) at 87.3 K T/e=0.74) plotted as the densifyversus F[p(r)] with respect to the Io.gallvarlatlons of fluid density
the reduced chemical potential. The zignzag line shows the and, consequently, to an equilibrium state of the closed sys-
changes in the grand thermodynamic potential of the system. Thgem. The condition of minimun{,6°F[ p(r)1/dp(r)?];,y>0,
intersection point corresponds to the phase coexistépoiats B iS apparently fulfilled in the case of the unique solution.
andF on the isothern) the turnover points correspond to the va- However, in the case of multiple solutions, the condition of
porlike (Sy) and liquidlike (S.) spinodals. minimum has to be tested to distinguish the unstable states.
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FIG. 4. Density profiles of Ar in a 5.1-nm cylindrical por& (
(1 — o) kT =8.12%) at 87.3 K kT/e=0.74) corresponding ttsee Fig. ¥a)
Stable liquidlike state at the bulk saturation pressfBy=1; (b)
FIG. 3. Enlargement of the region of multiple internal states ONjower superspinodal poir8g, ; (c) virtual stateO; (d) upper super-
the adsorption isotherm of Ar in a 5.1-nm cylindrical por® (  spinodal poiniSg,; (€) intrinsically stable internal state at poilt;
=8.12%) at 87.3 K kT/€=0.74). The isotherm is plotted as the (f) vaporlike spinoda$, . Note that internal states are characterized
fluid densityp versus the reduced chemical potenfiat-uo. The  py a thick liquidlike film with a well-defined interface or, in other
zigzag line shows the changes in the Helmholtz free en€igy words, by a bubble in the pore center.
(solid line) along the isotherm. The statbsandN of equal Helm-

holtz free energy and equal density are obtained by the Maxwell .
construction of equal areas. The states withp* between the degrees of freedom. In an open system, the internal states are

vaporlike spinodaBy(u— ue=—0.522,N=26.6 mmol/cni, out-  unstable (for descending regions of the isotherm,
side of the figure fielfand pointM, and states with>p* between  9°F/d(p)?<0) unless specially stabilized by certain con-
pointsN andL are intrinsically stable and correspond to the mini- strains. These internal states can be referred to as intrinsi-
mums of the Helmholtz free energy. The states between pbarid  cally stable states. It is worth noting that this analysis is
the upper superspinod&k,, and the states between the lower su- reminiscent of the discussion in R¢88] regarding the sta-
perspinodabs,_and pointN are intrinsically metastable. The virtual bility of liquid droplets forming unduloids and lenses in cy-
states between the superspinodgds andSg are entirely unstable Jindrical pores. The authors distinguished two types of sta-
and correspond to the maximums in the Helmholtz free en&®y.  pjlity: the Laplace stability with respect to the deformation of
the liquidlike state of the same density as the upper superspinodghe droplet shape at a constant volume/mass and the Kelvin
stateSgy; K is the internal state of the same density as the |°Werstability with respect to the mass exchange with the vapor
superspinodal statBs, . Vertical arrow shows position of the equi- pnase. Using the above introduced terminology, the Laplace
librium vapor-liquid transition aj— o= —0.696. stability corresponds to the intrinsic stability of internal
states in a closed isothermal system.
In Fig. 3 we present the variation of the Helmholtz free en- The states between the superspinodals are virtual states
ergy along the isotherm calculated by integrating along thehat cannot be stabilized by any external forces and would
continuous trajectory in the region of multiple states. We se@ot be achievable in experiments and molecular simulations.
that the states on the ascending region between the supefBhis justifies the term superspinodal for the virtual state of
pinodals have a higher Helmholtz free energy than the twaero compressibility |¢?F/d(p)?|]— ), which was intro-
other states of the same mean density and, therefore, musticed in Ref[11] is a paraphrase of the definition of the
correspond to the maximums &f p(r)]. These states are spinodal for the state of diverging compressibility
entirely unstable: Local variations of the fluid density would (9F/3(p)?=0). Indeed, while the spinodal represents the
drive the system to one of the states of the same densitysue limit of the stability of the metastable states in the open
which correspond to the minimums Bf p(r)] and represent  system, the superspinodal represents the true limit of stabili-
either stable or metastable states in the closed system. Thation of the internal states that can be sampled by means the
Maxwell-type construction of equal areas in Fig$3s udp, gauge cell MC simulation methdd1], see below.
determines the density* separating the stable and meta- In Fig. 4 we demonstrate the molecular structure of the
stable internal states. That is, the internal states on the brandfternal states. Between the vaporlike spinoSaland the
SyM and the liquidlike states qi>pg are stable, whereas upper superspinodds, the internal states correspond to
the states on the regioM8Sgy andSg N are metastable. To the layer-by-layer growth of the adsorbed film. The density
avoid a misinterpretation, we stress that here we deal witlin the near-wall adsorbed layers reduces in accord with the
the stability of a closed system with respect to the internallecrease in the equilibrium pressure, as clearly seen for the
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/KT FIG. 6. Adsorption isotherms of nitrogen in cylindrical pores at

77.4 K (kT/e=0.762) plotted as the fluid density) versus the

Qulk pressure reduced to the saturation pres§ufg,. The points
represent the MC data and the continuous curve represents the DFT
increase from left to right and are shown in the pliot K). The isotherm. Vertical lines correspond to the equilibrium vapor-liquid

superspinodal critical temperatuFesis estimated between 108 and {ransition obtained by DFTsolid line) and MC (dashed ling En-
118 K. largement of the vicinity of the liquidlike spinodal demonstrates the

existence of states of equal density. The gap in the MC trajectory

third layer. As the density increases, a thin vaporlike axisymjndicates the region of unstable states between the superspinodals.
metric bubble in the central part of the pore shriltlses e
andd on Fig. 4. The trajectory of the virtual states repre- The limited capacity of the gauge cell constrains the density
sents the gradual filling of the pore center without layeringfluctuations in the pore and allows one to keep the fluid in
(linesd, c, andb on Fig. 4. The shape of the isotherm in the the pore in a state, which would be unstable in contact with
vicinity of the liquidlike spinodal changes qualitatively as the bulk. Indeed, the condition of stability of the total system
the pore size increases. Instead of a rounded stRige2, is given by q/V)d°F/dp)>+d°Fq/d(pg)*>0. Thus,
which can be approximated by a parabola, the isotherm tendzhoosing the ratio of the gauge cell and pore volurivggy,
to form a pronounced tongu&ig. 1). The lower superspin- sufficiently small, we can stabilize and sample the states of
odal Sg; approaches the liquidlik§_ spinodal. For a given negative compressibility. Approaching the superspinodals
pore, the shape of the isotherm also depends on temperatu(&?F/d(p)>— o) the stabilization condition fails. For the de-
As the temperature increases, the hysteresis loop becomssls of the gauge cell method, see Rfl].
narrower and disappears at a certain pore critical temperature MC simulations in cylindrical pores were performed in
Tpe, Which is smaller than the bulk critical temperature. relatively short cells with periodic boundary conditions to
The phenomenon of the shift of criticality in confined fluids prevent the formation of nonuniform configurations. Mul-
is well known[1,39-43. In Fig. 5, we show the temperature tiple laterally uniform internal states have been found, yet in
dependence of the backward trajectory of internal states itarger pores than those presented in Fig. 1. In Fig. 6, we
5.1 nm pore. As the temperature increases, the region gfresent an example of MC simulations of sorption equilib-
virtual states becomes narrower and at a certain superspinum of a LJ fluid in a 9-nm-wide cylindrical pore. The fluid-
odal critical temperaturel(<T, the lower and upper su- fluid and fluid-solid parameters were chosen to reproduce
perspinodals coincide. At the backward trajectory has nitrogen sorption at 77 KKT/e=0.762) on silicd23]. The
one inflection point characterized by zero compressibility. Atswitchover from argon to nitrogen was motivated by the
higher temperatures, the backward trajectory monotonouslgvailability of relevant experimental data, which was shown
decreases and consists of intrinsically stable internal stateso agree quantitatively with DFT and MC simulations of ad-

To validate the results of the mean field theory, we havesorption hysteresif4]. In the vicinity of the liquidlike spin-
purposely searched for the multiple internal states by meansdal, the backward trajectory of internal states is nonmono-
of the gauge cell MC simulatiorf41]. In the gauge cell MC tonic and discontinuous. The gap is interpreted as the region
method[11], the simulation is performed simultaneously in between the superspinodals: the density of pore fluid to the
two cells, which are in chemical equilibrium at isothermal right exceeds the density to the left. The density of the pore
conditions. Mass exchange between the cells is allowedjuid in the vicinity of the superspinodal point is determined
however, the cell volumes are kept unchanged. One of thwith the accuracy of 0.05% and the bulk pressure with the
cells represents the pore and the other is the gauge cell ofaccuracy of~5% by averaging over 810’ configurations.
limited capacity. The fluid in the gauge cell is stable at the The DFT isotherm is in remarkable agreement with the
conditions of simulations (E(ZFg/(9<pg>2>O, the subscript MC data, including the positions of the vaporlike and liquid-
“g” denotes the gauge cell flujcand serves as a reference. like spinodals and phase equilibrium. As the parameters of

FIG. 5. Adsorption isotherms of Ar in a 5.1-nm cylindrical pore
at different temperatures. The isotherms are plotted as the flui
density(p) versus the absolute chemical potenjialTemperatures
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FIG. 7. Nitrogen density profiles in 9.0-nm pore at 77.4 K. Lines, CEDFT; squares, MC simulétemBig. 4 for description(a) Upper
superspinodabg;, (b) liquidlike spinodal,(c) liquidlike state at vapor-liquid equilibriuntd) liquid state atP=P,. Note a different scale in

(d).

both models were chosen to represent the liquid density of 0.07
bulk nitrogen[23], the densities of the liquidlike states on the
desorption branch are almost equal, although DFT predicts a o6
larger compressibility than that observed in MC simulations.
Even the backward, descending trajectories between the va: (45|

porlike spinodal and the lower superspinodal practically co- &
incide. Due to the discontinuity of the MC isotherm, the % 004 |
condition of phase equilibrium in the MC simulation was g
determined by the thermodynamic integration method by =~ |
constructing a supercritical isotherfd3]. As it was ex- §
pected, the DFT exaggerate the layering transitions along theg‘ 002
adsorption branch and the superspinodal behavior producinc®

the states of larger compressibility in the vicinity of liquid-
like spinodal. These deviations are caused by the neglect of
local lateral fluctuations in the DFT model employl&8]. gty

The MC local density profiles of nitrogen in a 9- nm pore, 05 04 03 02 o1 o
given in Fig. 7, are qualitatively similar to those presented in
Fig. 4. In overall, agreement between the DFT and MC den-
sity distributions is excellent. DFT predicts a sharper inter- FIG. 8. Helmholtz free energies of nitrogen in a 9.0-nm pore at
face between the adsorbed film and vaporlike bubble thaf7.4 K. The inset enlarges the superspinodal region.

FIkT (A?)
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MC. Also, notable difference is observed between the MCthe mean field theory. This behavior may be observed in
and DFT density profiles at the liquidlike spinodal, sincenanopores and other finite volume systems. Unachievable in
DFT shows a lower fluid density at the spinodal point. Ina quasiequilibrium experiment with continuously varying ex-
Fig. 8, we show the variation of the Helmholtz free eneffgy ternal thermodynamic parameters, the internal states can be
and estimate the density that determines the limits of intrinconstructed by equilibrating under suitable constrains and
sically stable internal states. The Helmholtz free energies obconsecutive quenching a specially prepared initial nonequi-
tained by the MC and DFT methods agree well including thdibrium state of a given density or composition, particularly
region of multiple internal stateld=ig. 8(b)], although MC in regular nanopores of mesoporous molecular si¢¥e3.
predicts higher fluid densities in that region. The work was supported by the TRI/Princeton exploratory

Thus, the MC simulation confirms that the existence ofresearch program and the EPA through Grant No. R825959-
multiple internal states of equal density is not an artifact of010.
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