PHYSICAL REVIEW E, VOLUME 65, 031306
Granular polymer solution
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We have measured the spectrum of fluctuations in the size of a granular polymer in a granular solvent. The
system consists of a linear chain of plastic spheres immersed in a planar fluid of self-propelled balls. The time
average of the end-to-end lengtbf the chain scales with the number of linksaccording ta(r2)~ N2, with
v=0.75+0.01. This provides an experimental test of the theoretical va#ué of the critical exponent for a
self-avoiding random walk in two dimensions. The measured probability distrib&{oh is compared with
the universal function of the scaling theory.
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Granular matter consists of macroscopic parti¢leslls, has recently been measured for DNA bound to a fluid lipid
beads, grains, sand, etthat can be agitated into fluidlike membrandg10] and found to be 0.790.04. Scaling theory
motion by external forcekl]. Recently, there has been inter- predicts that the probability distributioR(r) of the end-to-
est in velocity fluctuations in granular gag@s-4] and knots  end lengttr is a universal function of the scaled lengtiN”
in granular chaing5]. In these experiments, the motion of [6—8]. Recently[11], this function has been numerically
the graingsteel spherggs driven by vibrating the container. computed using Monte Carlo simulation, and analytically
In this paper, we study a granular polymer solution, consistealculated to second order #=4—d using renormalization
ing of a chain of plastic spheres surrounded by a fluid ofgroup theory. To our knowledge, the end-to-end distribution
self-propelled balls. The motion of the chain is driven by theP(r) has never been experimentally measured. In this paper,
random collisions of the balls against the chain. Thiswe present a direct measurement of the end-to-end exponent
Brownian-like force of agitation mimics the natural driving » and distributionP(r). This provides a granular test of the
force of molecular motion. The granular solution represents avo-dimensional theory of the self-avoiding random walk
mechanical model of a linear polymer in a planar solventusing an exactly-planar polymer solution.

The granular chain is an experimental realization of a self- There are two levels of granularity in our experiment: a
avoiding random walk, which is the theoretical model for agranular system of connected sphe(pslymen interacting
polymer with excluded volume. Theoretical studies of thewith a granular environment of self-propelled bakslven.
self-avoiding random walk in two dimensions are abundantThe spheres are ping-pong balls, each of mass 2.2 g and
but experimental tests of the two-dimensional theories argadius 1.9 cm. The spheres are linked together on a single
scarce. A molecular polymer can be confined to a region thahread so as to form a linear chain. Neighboring spheres are
is at best quasi-two-dimensional and tends to un@sipand  separated by spacers 7.0 mm in length. The spacers act as
when adsorbed onto a flat surface. Our granular polymer igigid bonds that freely rotate. The self-propelled balls are
flexible and exactly two-dimensional. It is an experimentalmotorized balls, known commercially as “squiggle balls.”
system that is architecturally equivalent to the theoreticaEach ball has a mass of 120 g and a radius of 4.0 cm. A
model. battery-powered motor inside the ball rotates its plastic shell

A fundamental quest of polymer statistics is to find theat approximately 3 rev/s. When placed on a surface, the ball
average size of a long flexible chain. For a self-avoidingrolls without slipping. During a collision, the ball rebounds
random walk ind-dimensions, scaling theof$y—8] predicts  in a random direction. In a system of balls, each ball moves
that the mean-square end-to-end lengtR) of the walk  with a distribution of speeds between 0 m/s and about 0.75
obeys the power-law relatiofr?)~N?", where N is the  m/s. During a sufficiently long time, each ball appears to
number of steps in the walk and is a universal critical visit every square centimetdcell) of the surface(phase
exponent that depends only dnFor d=3, the exact value spacg. In this sense, the motion of these “motorized mol-
of v is unknown, although theory and experimént8] pre-  ecules” is ergodic. Motorized molecules have recently been
dict the value 0.59. Fod=2, analytical theorie§6-9], used to illustrate the fundamental principles of statistical me-
based on field theory, spin models, and the renormalizatioshanics, including the fundamental postulate, the ergodic hy-
group, predict the exact value=32. Extensive computer pothesis, and the canonical statisfitg]. A schematic of the
studies[7,8], based on exact enumeration and Monte Carlagranular polymer solution is shown in Fig. 1. The linear
simulation, predict numerical values ofthat are consistent chain and the motorized balls are confined to a two-
with this analytical value. The radius of gyration exponent,dimensional container consisting of a horizontal surface and
which is theoretically equivalent to the end-to-end exponenta circular wall. One end of the chain is attached to the center

of the area. The length of the completely stretched chain is
less than the radius of the container. The inner surface of the

*Email address: jprentis@umd.umich.edu circular wall has irregularities, in the form of wavy protru-
"Present address: Department of Physics, University of Marylandsions, to help randomize the motion of the balls. The con-
College Park, MD 20742. centration of motorized balls is approximately 50 balfs/m
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FIG. 1. The granular polymer solution consists of a linear chain  F|G. 2. The scaling behavidr?)~N?*. Experimental daté®)
of plastic spheres immersed in a planar fluid of self-propelled ballsfor the granular polymer are compared with the theoretical data for
self-avoiding random walks on the triangulgk) and the square
Until now, experiment$2—4] have focused on the veloc- (m) lattices. To distinguish the three lines, the theoretical values
ity states of a granular ga@nconnected graifsusing an  (r?) have been multiplied by a constant. The slopes of the best-fit
electromechanical vibrator to shake the walls of the coniines are 1.471@®), 1.46(A), and 1.45(H).

tainer. This source of agitation extendegdperipheral and . . .
periodic In our experiment, we focus on the position states,<r2> for different subsets of the total observation time and

or conformations, of a granular polyméchain of graink found good agreement. It appears that during the time inter-

The energy source is a set of electromechanical balls movinéal_Of observation, the chain unlfor_mly ViSits a course-
randomly within the container. This source of agitation is3'ained volume of phase space that is representative of the
granular, internal, andrandom The “thermal reservoir” of equilibrium state of a self-gvmdlng ran'dom wak.

motorized balls provides the “temperature bath” that allows 1 "€ experimental datér®) as a function oN, is graphed

the polymer to explore phase space. The temporal sequen@g & 109-10g plot in Fig. 2. For comparison, we also graph

of states that the chain visits during its dynamical evolutiont"® _theorehcal data based on the exact enumeration of self-
avoiding walks on the square latti¢8] and the triangular

corresponds to the set of random conformations of a self2V© _ 2 L
avoiding random walk in two dimensions. lattice [13]. The error in each value dfr<), which is less

The experiment consists of measuring the end-to-en&{:an 3%’ is too small to appear on the graph. Note that.the
lengthr(t) of the chain as a function of time. The free end of t eqret|cal rgsults are pased on spatial averages of a single
the chain is marked with a different color than the rest of theoar.tlcle walking in a discretglattice) space, while the ex
chain. This is the granular analogue of labeling elements of Qerl'mental resu!ts are based on temporal' averages of a single
molecular polymer, via deuterium substitution, in order to€hain meandering in a continuureff-lattice) space. The

measure correlation functions in neutron scattering experid"@Pns in Fig. 2 show that the theoretical data for the self-

ments. In our experiment, a video camera mounted above tHaevoiding walks closely matches the experimental data for the

center of the container records the motion of the granulapranmar_ polymer. Even_ for t_hese modest valuesNpfthe .
polymer. The mean-square end-to-end length) of the data points form a straight line. The slopes of the best-fit
chain is defined as the time average of the dynamical funcl-'n_eS In F|g._ 2 are 1.45(square-lattice theojy 1.46
tion r2(t): (triangular-lattice theory and 1.47(granular polymer ex-

perimenj. Note that the triangular lattice has a higher con-

1 s nectivity than the square lattice and thus provides a better
<r2>5—f ra(t) dt. approximation to the off-lattice topology. The slopes of the
TJo best-fit lines through large N subsets of the experimental data
points are 1.55N=10-15), 1.60 N=11-15), 1.50 N
We have measured(t) and computedr?) of chains con- =12-15), and 1.42N=13-15), whose average is 1.52.
taining N links for 5=N=15. Each link has unit length. The slope values, 1.47 and 1.52, for the granular-polymer
Thus for a chain withN links, the minimum end-to-end system are consistent with the conjectured exact valwe, 2
length isr=0 (closed loop and the maximum end-to-end =23/2, for the self-avoiding random walk in two dimensions.
length isr=N (straight ling. Data was recorded at a video Note that for a random walk, the exact value is=21 in any
rate of two frames per second, while the collision rate of thedimension. It is well known that critical exponents can reveal
solvent balls with the chain was on the order of five balls pettheir identity in walks of modest lengthNE15), even
second. The observation timeranged from 1000 seconds though in principle the exponents are defined for walks of
for N=5 to 1600 seconds fd{=15. These values of are infinite length[8]. Another technique to extract the critical
long enough to ensure that the time average(of is inde-  exponent from finiteN data is to construct a converging se-
pendent ofr. We tested this ergodic behavior by comparingquence of approximate exponeh&. Let the average length
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FIG. 4. Probability distributiorP(r) of the end-to-end length
FIG. 3. Convergence of the critical exponenf; asN—x for  of a granular polymer chaitiJ) with 12 links. The bold curve
(@ J=1 and(b) J=2. through the experimental data points is the Mazur distribution for a
self-avoiding random walk, and the light curve is the Gaussian dis-
of a chain containingN links be denoted byRy=(r2)"2 tribution for a random walk, both with the sarge?)*?=6.15 as the

From the measured values Bf and Ry_;, we calculate granular chain.
vn, =L IN(Ry/Rn.9) VIN[N/(N—J)]. A graph ofy ; as a func- ) ) _
tion of 1N is shown in Fig. 3. The values ofy ; oscillate wherer=|r|, R=(r%)"% andf(x) is a universal function of
around the value 0.75 with decreasing amplitudeNam-  the scaled lengtik=r/R. Compared to the universal expo-
creases. Similar damped oscillations occur in computer exde€ntv, not much is known about the universal functii(x).
periments[8]. To reduce the effect of the oscillations, we In theory, only the asymptotic behavior bfx) for x<1 and
compute the sequenag, , which is graphed in Fig. 3. x>1 is known with rigor{7]. A phenomenological represen-

Based on the linearity of the granular-polymer data, thetation of f(x) for all x, motivated by scaling and
slopes of the best-fit lines, and the converging sequences é¢normalization theories, has been propogéd9: f(x)
log-ratio exponents, we conclude that?)~N2*, with »  =Ax’exp(~Bx). The exponents and s are related to the
=0.75+0.01. This value of the end-to-end exponent alsofundamental universal exponentsand y: 6=1/(1—v) and
reflects the close agreemeequality of slopes within 0.68— 6= (y—1)/v [7]. The constanté andB depend ord and &
1.4% between the granular-polymer data and the exactvia the normalization conditions oR(r) and(r?). The dis-
enumeration data as displayed in Fig. 2. An analysis of théribution based on this scaling function, which is referred to
exact-enumeration data corresponding to a similar rangie of as the des Cloizeaux distribution, has been shown to provide
as the granular-polymer data predicts values of the critican accurate fit to the largé numerical data based on Monte
exponent between 0.745 and 0.7®). The radius of gyra- Carlo simulations of self-avoiding walks in twid5] and
tion exponent for adsorbed molecular polymers has beethree[11,15-17 dimensions. Experimental data would be
measured to be 0.790.04[10] and 0.79-0.01[14]. worthwhile.

The spectrum of fluctuations in the end-to-end lengtf In Fig. 5, we graph the scaled distribution function for
the polymer chain is characterized by the probability distri-granular polymer chains witN ranging from 10 to 15. Even
bution P(r). The end-to-end distribution has been theoreti-
cally studied in all dimensioni7,11] and numerically simu- 1.2
lated in two[15] and thred11,15—17 dimensions, but to our
knowledge has never been experimentally measured. The A A
measured distribution for a granular polymer with=12 0.8 - g%
monomers is shown in Fig. 4. For comparison, we also graph
the random-walk distributionbr exp(—cr?) whereb and c
are normalization constants, and the Mazur distribution, 0.4 -
br exp(—cr’). The Mazur distribution, originally formulated
to fit the exact-enumertion data of self-avoiding walks on the °
square latticd15], is a purely empirical distribution and is 0.0 A
u_sed here solely becagse' it provides a simplg modified ver- 00 05 10 15 20
sion of the Gaussian distribution that visually fits the granu-
lar polymer data. The shape of the granular polymer distri- R
bution clearly displays the major effect of the self-avoiding g, 5 The scaled probability distributioRP(r), with R
interaction on the random-walk statistics, namely, to concen=(r2)12 45 a function of the scaled end-to-end lengtR for
trate the distribution around the average védlug]. granular polymer chains with different number of linké= 10 (O),

Theories 68| of the self-avoiding walk ird dimensions 11 (0), 12 (A), 13 (X), 14 (+), 15 (¢). The theoreticalsolid)
predict that the limiting N—o) form of the distribution curve is the limiting N—) distribution based on the universal
function of the end-to-end vectar is P(r)=R % (r/R), scaling function of des Cloizeaux.

2>1/2

RP(r)
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for these modest values df, a universal behavior is In conclusion, we have presented a granular model of a
evident—the scaled data representing different chains tend faolymer solution—a granular polymer in a granular solvent.
cluster together so as to form a single experimental curveSince the granular polymer is self-avoiding, freely jointed,
For comparison, we also show the theoretical curve defineénd exactly planar, itis an ideal system with which to test the
by the universal des Cloizeaux distributioR:P(r)=2=7x theories of polymers and self-avoiding random walks in two
f(x), where f(x)=0.25%"24exp(—0.42Kx%). We calcu- dimensions. We find that the granular polymer is a critical
lated the exponents and the coefficients in this scaling func@PIect whose size scales with its mass according to the power
tion using the exact two-dimensional values=2 and vy law (r)~N*’. The measured value of the critical exponent,
=42 [7]. Figure 5 shows that the largé theoretical distri- r=0.75+0.01, agrees with the long-standing theoretical

bution approximates the overall shape of the siadjranu- qonjeqtqre,v= 2. Self-propelled balls provide a Brown'ian_—
lar polymer distribution. The deviations near the origin andIIke driving force that can be used as the source of agitation

the peak are consistent with Monte Carlo predictibh5— for other granular matter. A fluid of motorizeq m(_)le(_:ules_ is
17]. Whereas the second mome{m?) of the granular poly- itself a novel dynamical system that can provide insight into

SRR LN . the statistical mechanics of a fluid of natural molecules.
mer distribution converges to its limiting form for relatively

small values of, it appears that the distributid®(r) itself We thank Jeffrey Nazarko for his contribution to the early
converges for larger values. stage of this research.
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