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We present the results of an extensive series of experiments, molecular dynamics simulations, and models
that address horizontal shaking of a layer of granular material. The goal of this work was to better understand
the transition between the ‘‘fluid’’ and ‘‘solid’’ states of granular materials. In the experiments, the material—
consisting of glass spheres, smooth and rough sand—was contained in a container of rectangular cross section,
and subjected to horizontal shaking of the formx5A sin(vt). The base of the container was porous, so that it
was possible to reduce the effective weight of the sample by means of a vertical gas flow. The acceleration of
the shaking could be precisely controlled by means of an accelerometer mounted onboard the shaker, plus
feedback control and lockin detection. The relevant control parameter for this system was the dimensionless
acceleration,G5Av2/g, whereg was the acceleration of gravity. AsG was varied, the layer underwent a
backward bifurcation between a solidlike state that was stationary in the frame of the shaker and a fluidlike
state that typically consisted of a sloshing layer of maximum depthH riding on top of a solid layer. That is,
with increasingG, the solid state made a transition to the fluid state atGcu and once the system was in the fluid
state, a decrease inG left the system in the fluidized state untilG reachedGcd,Gcu . In the fluidized state, the
flow consisted of back and forth sloshing at the shaker frequency, plus a slower convective flow along the
shaking direction and additionally in the horizontal direction transverse to the shaking direction. Molecular
dynamics simulations show that the last of these flows is associated with shear and dilation at the vertical
sidewalls. ForG,Gcu and in the solid state, there was a ‘‘gas’’ of free particles sliding on the surface of the
material. These constituted much less than one layer’s worth of particles in all cases. If these ‘‘sliders’’ were
suppressed by placing a thin strip of plastic on the surface, the hysteresis was removed, and the transition to
fluidization occurred at a slightly lower value thanGcd for the free surface case. The hysteresis was also
suppressed if a vertical gas flow from the base was sufficient to support roughly 40% of the weight of the
sample. Both the transition to the fluid state from the solid and the reverse transition from the fluid to the solid
were characterized by similar divergent time scales. IfG was increased aboveGcu by a fractional amounte
5(G2Gcu)/Gcu , wheree was small, there was a characteristic timet5Ae2b for the transition from solid to
fluid to occur, whereb is 1.0060.06. Similarly, if G was decreased belowGcd in the fluidized state by an
amounte5(G2Gcd)/Gcd , there was also a transient timet5Be2b, whereb is again indistinguishable from
1.00. In addition, the amplitudesA andB are essentially identical. By placing a small ‘‘impurity’’ on top of the
layer, consisting of a heavier particle, we found that the exponentb varied as the impurity mass squared and
changed by a factor of 3. A simple Coulomb friction model with friction coefficientsmk,ms for the fluid and
solid states predicts a reversible rather than hysteretic transition to the fluid state, similar to what we observe
with the addition of the small overload from a plastic strip. In an improved model, we provide a relaxational
mechanism that allows the friction coefficient to change continuously between the low and high values. This
model produces the hysteresis seen in experiments.

DOI: 10.1103/PhysRevE.65.031302 PACS number~s!: 45.05.1x, 45.70.2n, 47.20.2k
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I. INTRODUCTION

Granular materials have been the focus of considera
recent interest, as discussed in a number of reviews and
1063-651X/2002/65~3!/031302~15!/$20.00 65 0313
le
ol-

lections of papers@1#. An important aspect of granular ma
terials concerns the transition from a compact, rigid solidl
state to a fluidlike state, and the reverse transition from fl
to solid. Solid-fluid granular transitions occur broadly
©2002 The American Physical Society02-1
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natural and commercial processes. Examples in nature
clude avalanches, mudslides, and ice floes. In comme
processes, this transition occurs at the outlet of hoppers
chute flows, vibration devices, and under other conditio
where flow is necessary.

These transitions are intimately connected to Coulo
friction for granular materials and with the solid-on-sol
~SOS! friction of grains rubbing against each other. They a
also connected to Reynolds dilatancy, i.e., the fact tha
densely packed granular sample must expand if the samp
to deform. The inverse process of compaction occurs a
dilated or fluidized granular sample coalesces into a so
fied state. The current understanding of the solid and fl
states comes from two rather disjoint models: continu
models@2# such as those used in soil mechanics, and kin
theory models@3#.

The standard Mohr-Coulomb failure criterion of soil m
chanics predicts failure of a granular layer when the ratio
the shear stresses to the normal stresses exceeds an app
ate factor. In general, failure should occur along surfa
where this condition is met.

In a dilated, energetic state, kinetic theory models, a
more sophisticated Chapman-Enskog theories describe
material as a ‘‘granular gas.’’ The ordinary thermodynam
temperature is replaced by the granular temperatureTg ,
which is proportional to the mean fluctuating part of t
granular kinetic energy. The hydrodynamics of granular m
terials in this representation are nearly the same as thos
a conventional Newtonian fluid, except for an addition
term in the energy equation due to collisional energy loss
Additionally, the transport coefficients and equation of st
must reflect the properties of a granular system. At pres
there is no well established unifying model that describes
nonequilibrium processes involved during the phase cha
between solid and fluidlike behavior and vice versa, althou
a step towards a unification of the two approaches has b
taken by Savage@4#.

The goal of the present experiments and models is to h
fill the gap by characterizing in detail the transition that o
curs between solid and fluid granular states when a gran
material is subject to horizontal shaking. Specifically, in t
experiments described here, the material rests within a r
angular container that is subject to oscillations of the for

x5A sin~vt !. ~1!

A key parameter is then the peak acceleration,a5Av2, or in
dimensionless form

G[Av2/g, ~2!

whereg is the acceleration of gravity. WhenG.m, or when
a.mg, wherem is an appropriate friction coefficient, th
Mohr-Coulomb picture of failure indicates that slipping w
occur. The idea behind the present experiments is to pro
an environment in which slipping can be sustained and he
studied in detail. More precisely, this environment provide
method to study the transitions between the solid and fl
granular states. We also use fully three-dimensional disc
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element or molecular dynamics~MD! techniques to study
aspects of the flow that occur once the material has made
transition to the fluid state.

Several other groups or individuals have probed the
namics of granular materials subject to horizontal shaki
This work includes studies by Evesque@5#, Ristowet al. @6#,
Liffman et al. @7#, Saluen˜a et al. @8#, and Medvedet al. @9#.
The work by Ristowet al., Liffman et al., and Saluen˜a et al.
is focused on the application of MD techniques in tw
dimensions. The other two studies noted here are experim
tal in nature, but they do not focus specifically on the sol
fluid transition regime. The present experiments are an
pansion of work that we reported earlier@10#.

For the present discussion, it is useful to compare the c
of a granular material subject to horizontal shaking to
corresponding case of an ordinary block that rides on
oscillating substrate and experiences SOS Coulomb frict
This model is then germane to the case of granular fail
along a horizontal plane. For low substrate acceleratio
such a block experiences a frictional forceF f of magnitude
uF f u<msmg when the block and the substrate are moving
the same speed. Here,ms is the static friction coefficient. The
point of Mohr-Coulomb failure in a granular material
analogous to the point at which the SOS friction is ina
equate to hold the block on the surface without slipping
the block and substrate are in relative motion, the friction
reduced, and the frictional force has a magnitudemkmg that
is oriented in the direction ofvW substrate2vW block . If the mag-
nitude of the substrate acceleration exceedsmkg, then the
block necessarily slips. This primitive model shares at le
two features with its granular counterpart: first, both exhi
frictional failure when the acceleration exceedsmg, and in
both cases, once failure has occurred, we expect that
frictional drag exerted by the substrate will be reduce
There are also important differences between the block
granular systems, and an understanding of these differe
is crucial to an understanding of the collective behavior
granular systems. In Sec. VI we explore an improved mo
that captures features that appear in the granular case bu
are not necessarily present in the block-slider case.

The rest of this work is structured as follows. In Sec.
we provide details of the experiment and procedure. In S
III we present a detailed probing of the transition to slosh
flow, and its origins. In Sec. IV we consider a number
approaches where we modify the ordinary conditions of
experiment in order to gain insight into the nature of t
transition and resulting flow. We use MD studies to pro
aspects of the convective flow, as described in Sec. V. In S
VI we propose and investigate a simple friction model th
accounts for the hysteresis seen at the transition. Section
contains a discussion of the results and conclusions.

II. EXPERIMENT

Our experimental setup is shown in Fig. 1. To facilita
the discussion, we refer to the direction of shaking asx, the
horizontal direction perpendicular tox asz, and the vertical
direction asy. The heart of the experiment is a rectangu
Plexiglas cell with dimensionsLz51.93 cm by Lx
2-2
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GRANULAR FRICTION, COULOMB FAILURE, AND THE . . . PHYSICAL REVIEW E 65 031302
512.1 cm. The height,Ly.12 cm, of the cell is much talle
than the fill height. The base of the cell is made of poro
polypropylene~average pore size 50mm) through which
gas can flow in order to fluidize the granular medium. T
provides an independent control over the dilation of the m
terial. The pressure gradient across the distributor is m
than 50% of the total pressure gradient; hence, when
flow is used, there is reasonably even air distribution acr
the granular bed. The cell is mounted on a Plexiglas bas
the same cross-sectional dimensions as the cell, which
turn mounted on a movable table. The base acts as the
distributor to the system, and it is connected to a cons
pressure source through a flexible hose. The table is mou

FIG. 1. Schematic of the apparatus. The rectangular cell is m
of Plexiglas, and is mounted on a Plexiglas base of the same c
sectional dimensions. The base is attached to a small table, whi
turn is mounted on four linear bearings running on horizontal
lindrical guide rods rigidly attached to a fixed bottom frame. T
porous base of the cell can act as a gas distributor. An electro
chanical actuator, driven by a sinusoidal ac signal provides the h
zontal driving.
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on four linear bearings sliding on two horizontal shafts r
idly attached to the fixed bottom frame. An electromecha
cal actuator provides a sinusoidal drive of the formx
5A sinvt at frequencies,f 5v/2p, spanning 3 –15 Hz, and
at amplitudesA, spanning 0 –15 mm. The maximum acce
eration that we can achieve with the present apparatu
Gmax.2. A calibrated accelerometer@11# mounted on the
moving table measures the acceleration of the cell.

In order to investigate the behavior of this system near
relevant transition points, it is crucial to have a precise m
sure ofG. The acceleration is measured with a resolution
;0.011% with lock-in detection and a bridge circu
sketched in Fig. 2. We discuss the details of the detec
process in that figure.

We note that other parameters besidesG might be impor-
tant, as is the case in describing higher order phenomen
vertically shaken materials~e.g., traveling waves@12# and
coarsening@13#!. In horizontal shaking experiments, fric
tional properties are relevant. Recent experiments@14# show
that the ratioA/d may be important for highly monodispers
grains which can lock into a crystalline state, depending
that ratio. However, the materials used here were not part
larly monodisperse. And, we did not observe any depende
of the qualitative flow properties or of the quantitative resu
for critical parameters onA/d. We consider this point in
more detail below.

We used several types of approximately monodispe
granular materials, including spherical glass beads, smo
Ottawa sand~i.e., sand coming from the Ottawa River!, and
sieved rough sand—with similar effects. Some relevant
formation is summarized in Table I.

Throughout these experiments, we used the follow
procedure. The material was poured into the cell and p
tially compacted by flattening the surface. The compact
was enhanced by shaking at relatively lowG before proceed-
ing to higher values. Typically, the layer had a heighth/d

de
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n

tches that
lds the
FIG. 2. Schematic of acceleration measurement electronics. The principle of operation is that an oscillator provides a reference
both a power amplifier and to a ratio transformer~variable center-tapped inductor!. The output of the power amplifier drives the shaker. A
accelerometer rides with the shaker, and the output of the accelerometerVA is compared with a fraction of the voltage from the oscillatorVD

through a differential amplifier and lock-in detector. This latter voltage has been phase shifted appropriately, so that its phase ma
of the signal from the accelerometer. The bridge circuit is nulled by adjusting the ratio transformer, whose value directly yie
acceleration amplitude.
2-3
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GUY METCALFE et al. PHYSICAL REVIEW E 65 031302
.40; as long ash/d.20, we found no dependence onh, as
demonstrated below. In a typical run, we observed the e
lution of the system asA, and henceG, was increased from
zero while keepingv fixed. Once flow was well initiated, we
then decreasedA.

III. THE PRIMARY BIFURCATION

In this section we present detailed studies of the exp
mentally determined bifurcation diagram near onset. We a
discuss the character of the flow field in the fluid state.
conclude this section with an exploration of unstable sta
and a comparison to previous results.

A. A backwards bifurcation

As G is increased slowly from a low value, the syste
regardless of material type, undergoes a hysteretic, i.e., b
ward, bifurcation atGcu to a flow state characterized b
strong sloshing motion of a fluidized layer. A useful meas
of the strength of the flow is the thicknessH of the liquefied
material in the middle (Lx/2) of the cell, as in Fig. 3. We
show results for three different materials in Fig. 4. Spec
cally, with increasingG, the solid layer becomes unstable
Gcu to the formation of a fluidized layer. In the experimen
H was measured by following the motion of the grains us
close-up images from a shaker mounted camera. Grain
placements nearx5Lx/2 decrease roughly linearly with th
distancey from the top surface, except for the last few pa
ticle layers that separate the fluid and solid. Once the fl
state has formed, it is stable for decreasingG until Gcd
,Gcu . At Gcd , the fluidized layer disappears, and the ma

TABLE I. Summary of materials used and of cell dimensions

Ottawa sand average particle diameter 0.6 mm
Rough sand average particle diameter 0.6 mm
Glass spheres particle diameters 0.2<2.0 mm
Cell size 12.131.93 cm2

Cell depth 12 cm ('200 grains)

FIG. 3. Sketch of time-averaged convection flow lines in t
liquefied layer induced by horizontal shaking as seen in perspec
from the top, and side. Grains rise in the middle of the cell, fl
along the surface towards the side walls, and then sink at the
boundaries. Superposed on this motion is the sloshing that occu
the x direction.
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FIG. 4. Bifurcation diagrams for the initial sloshing transitio
for ~a! rough sand,~b! smooth Ottawa sand, and~c! glass beads.
The arrows indicate the transition pointsGc[u,d] . The transition
points and the sizes of the hysteresis loops tend to increase
increasing material roughness. See also Table II.
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GRANULAR FRICTION, COULOMB FAILURE, AND THE . . . PHYSICAL REVIEW E 65 031302
rial is once more in the solid state. In addition to the slosh
flow, there are two types of circulating or convective flo
The two different convective components have very differ
origins, and we discuss these below. An additional featur
the existence of a small number of free grains, ‘‘sliders,’’ th
move on the surface atG ’s less thanGcu .

It is interesting that this transition is hysteretic. By co
trast, ordinary SOS friction for a block on an oscillating su
strate is not hysteretic. Specifically, for the block system, iG
exceedsms by a small amount, stick-slip motion evolves,
which the block spends part of each cycle slipping, and p
moving with the substrate. We discuss this at some lengt
the context of Sec. VI and Fig. 24. IfG is reduced belowms ,
this stick-slip motion vanishes. The important difference a
pears to be that for the granular system, the grains m
dilate in order to flow@15#, but once dilated, the flow is mor
easily sustained. The time needed for this dilatio
compaction to occur is an important piece of the explana
for hysteresis in the granular system.

B. Properties of the transition

Different v ’s or A’s yield the same criticalGcd’s and
Gcu’s for a given material and fill height for the full range o
A’s andv ’s that we explored. Thus,G is the relevant contro
parameter. We document this point in Fig. 5, which sho
data forGcu as a function of shaker frequency. Within e
perimental resolution~and within the experimentally acces
sible range of parameters!, there is no variation of theseG ’s
with v. A similar conclusion follows concerning the inde
pendence of criticalG ’s on the amplitudeA.

Also of interest is the dependence of this transition on
total depth of the original solid layer before shaking. In F
6 we consider this issue for Ottawa sand. The transitionG ’s,

FIG. 5. Values ofGcu vs shaking frequencyf 5v/2p for the
indicated particle sizes. Here, the particles are glass spheres, an
numbers give the sphere diameters. Within experimental error, t
is no systematic dependence on frequency~hence amplitudeA) for
the initial transition.
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Gc[u,d] , are roughly linear functions of the total layer thick
ness up to a depth of;15 grains. Above this, the criticalG ’s
cease to depend on the overall thickness of the layer. S
the depth of the fluidized layer that forms atGcu , Fig. 4, is
H/d.14, we conclude that the system dynamics are un
fected by the total depth of the layer, so long as there
enough material to support the fluidized portion. Howev
we are unaware of predictions for the thickness of this lay

The results forGc[u,d] do depend on the physical prope
ties of the material, as shown in Fig. 4 and in Table II. F
instance,Gcd andGcu increase as the roughness of the gran
lar materials increases. The same is true for the differe
(Gcu2Gcd), which is larger for rougher materials than fo
smoother ones. This can be attributed to two factors: first,
ability of rough grains to roll is reduced because of the
terlocking of grains; and second, the SOS frictional forc
between grains and between grains and walls may also
higher for rough grains.

C. Flow in the liquefied layer

The flow at the initial instability consists of a sloshing
the grains in the direction of the shaking, plus slower co
vective flow. Figure 3 shows a sketch of convective flo
lines observed from the top and side forG somewhat above
Gcu in a layer that is 50 grains deep. In Fig. 7 we show
specific image of the particle flow for half of the cell, as se
from above. We obtained this image by coloring some of
particles and by then following them over time to generat
streak photograph.~In this regard, considerable care must
taken with the coloring, since coloring can affect the surfa
friction, leading in turn to segregation.! Grains rise up in the
inner part of the cell, flow along the free surface towards

the
re

FIG. 6. Gc[u,d] as a function of the total depth of material in th
cell for Ottawa sand. The total depth is scaled by one particle
ameter. Above about 15 particle diameters there is no depend
of Gc[u,d] on thickness.

TABLE II. Forward and backward transition points and the si
of the hysteresis loop (DG5Gcu2Gcd) for several granular mate
rials. The transition points and hysteresis loop tend to increase
increasing material roughness.

Gcu Gcd DG

Rough sand 0.9350 0.8275 0.1075
Smooth sand 0.8324 0.7413 0.0911
Glass beads 0.510 0.446 0.064
2-5
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GUY METCALFE et al. PHYSICAL REVIEW E 65 031302
side walls, and then sink at the wall boundaries. In this
culating flow, there is a component along the direction
shaking, and in addition, a component transverse to this
rection. The top surface of the liquefied layer has a do
shape which is concave down, and the bottom surface of
layer is concave upwards near the wall boundaries.
thickness of the fluidized layer is largest in the middle of t
cell and smallest at the end walls, as seen previously@5#. In
the case of thin cells, where the widths of the cells are l
than six grain diameters, the convective flow transverse
the shaking direction is suppressed and the curvature o
top surface perpendicular to the motion direction vanish
As G is decreased from above towardsGcd , grains near the
end walls (y-z planes! stop moving first, while grains in the
middle keep moving. The convective flow in the transve
direction is analyzed by additional experiments and also
molecular dynamics simulations in Sec. V.

D. The unstable branch

The hysteretic character of the transition to fluidizati
suggests that there is a separatrix in (H/d)-G space connect
ing the fluid state atGcd with the solid state atGcu . If a
perturbation of sizeh is created forGcd<G<Gcu , this per-
turbation will grow to the fluid state ifh lies above the sepa
ratrix, and it will shrink if it lies below.~In the case of a
simple backwards bifurcation, this curve is a line of unsta
equilibrium states.! Such a curve does exist for this syste
and we have accessed it by applying controlled perturbat
consisting of small bursts of pressurized air. We use the
vice sketched in Fig. 8. A constant pressure air flow jets o
the granular surface. A solenoid valve controls the jet du
tion, which in these experiments was fixed at 1 sec. The
deposits a fixed amount of momentum to the surface, wh
we adjust by changing the pressure. Note that the pertu
tion could produce different results if the jet were directed
an angle to the surface. However, in these experiments th
always impinged perpendicularly to the surface. The res
ing bolus of air is delivered to a region directly above t
middle of the surface of the granular material through a fl
ible tube that is terminated by a glass eye-dropper. Depe
ing on the value ofG, there is a well defined and reprodu
ible pressure pulse that is just sufficient to initiate a transit
to the fluid state ifGcd<G<Gcu . Just aboveGcd , a mod-

FIG. 7. Image of the left half of the top of the container, sho
ing the two directions of convective flow. This image was genera
by coloring some of the grains and by then superposing a serie
images to produce an effective streak image.
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estly large pressure pulse is needed to make the transitio
the fluidized state; just belowGcu only a tiny pulse is needed
We show the locus of this curve, along with the data forH/d
for the case of smooth Ottawa sand in Fig. 9. Here, we h
rescaled the pressure pulse data so that it coincides with
curve ofH/d at Gcd . A useful feature of this procedure is
demonstration of the fact that the system is unstable to v
weak perturbations asG approachesGcu from below. For
instance, Fig. 10 shows the amount of excess pres
needed to initiate the instability and the time interval fro
application of the pulse to a completely sloshing cell.

E. Nucleation of the fluid state and decay to the solid state

The spatial character of the onset to flow is an import
aspect of the transition from solid to fluid with increasingG,
and the parallel transition from fluid to solid with decreasi

d
of

FIG. 8. Schematic of the air cannon used to perturb the gran
surface.

FIG. 9. Complete bifurcation diagram for horizontally shak
smooth Ottawa sand.
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FIG. 10. Perturbation pressures and transition time varies a
the unstable branch of Fig. 9. Plotted above is the perturbatio
pressure units of inches of water. Plotted below is the time inte
from application of the perturbation to completion of the transiti
versuse5(G2Gcu)/Gcu .

FIG. 11. Space-time plot showing the nucleation and growth
the fluidized region in Ottawa sand. Here, time runs top to botto
and we show the horizontal extent of the fluidized region of
layer in white. The figure spans the entire width of the experime
cell and covers 18.4 sec at 0.033 sec per line.
03130
G. We consider first the case of increasingG, starting in the
solid state. In this case the solid becomes unstable via a l
perturbation. Figure 11 is a space-time plot that shows
horizontal extent of the fluidized region in white. Time sta
at the top of the figure and evolves downward. Each horiz
tal line is digitized from 30 frame/sec video and spans
entire cell width. Total time in the figure is 18.4 sec. Th
initial location of this ‘‘nucleation’’ of sloshing occurred with
an approximately uniform probability anywhere in the c
except for a 5 or 6particle wide zone next to each end wa
The nucleation consists of a local dilation/fluidization of t
upper surface of the layer. This perturbation remains loc
ized until it has penetrated relatively deeply, and only th
spreads to the whole layer. This scenario is surprising in li
of the usual Mohr-Coulomb failure picture where we expe
that the material would fail along a nearly planar surfa
starting from the top of the layer where the normal stres
from gravity are least.

The time needed for a perturbation to nucleate is parti
larly interesting. If the system is equilibrated atG&Gcu , and
then G is increased pastGcu by an amounteGcu[(G
2Gcu), the time to nucleate a defect diverges astu
5t* e2b, where b51.0060.06 is indistinguishable from
unity. We document this in Figs. 12 and 13 for Ottawa a
rough sand, respectively. After nucleation, the time for slo
ing to spread to the whole cell is roughly constant~8–15 sec!
for our cell and independent ofe.

The time for the fluidized material to vanish whenG is
decreased belowGcd by eGcd[(G2Gcd) is equally striking:
this time,td , follows a power law indistinguishable exper
mentally from that fortu . Specifically, ifG is stepped below
Gcd by a very small amount, the fluidized material vanish
over a long transient, as typified by Fig. 14.

F. Comparison to other work

It is useful to compare our observations to previous M
calculations and experiments. Regarding hysteresis, we

g
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f
,

e
l

FIG. 12. Power law transition times for smooth Ottawa sa
The circles are for the transition from fluid to solid, and the t
angles are for the transition from all solid to the state with a flu
layer.
2-7
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GUY METCALFE et al. PHYSICAL REVIEW E 65 031302
that some hysteresis is present in two-dimensional~2D! stud-
ies by Ristow et al. @6#, but the hysteresis in our three
dimensional ~3D! experiments is larger, particularly fo
rougher materials. Also, we do not see the 4-roll state

FIG. 13. Power law transition times for rough sand. The sy
bols are the same as those for Ottawa sand.

FIG. 14. Space-time plot showing the vanishing of the flu
layer for a small step belowGcd in Ottawa sand, similar to Fig. 11
for nucleation growth but covering a total time of 919 sec at 1
per line.
03130
-

ported by Liffmanet al. in 2D MD studies@7#. In order to
further pursue their prediction, we have tried to replica
these studies@7# using a tall narrow cell for whichLx is
similar to the model value~30 particle diameters!, andLz is
only slightly larger than a particle diameter. However, w
still do not observe the secondary 4-roll convective state
G<2. We note that 4-roll states have been experiment
observed by Medvedet al. @9# but in a 3D system, at much
larger accelerations, and with an opposite sense of rota
from those predicted in@7# ~see also@8#!. It seems most
likely that friction with the sidewalls significantly perturb
the experimental flow, thus limiting the similarity betwee
the system considered here and in@7#. Also using MD,
Zhang and Campbell@16# study the solid to fluid~but not the
reverse! transition. They find the transition follows a Moh
Coulomb failure mode with a flow rapidly changing from
stagnant, through quasistatic to fully mobilized rapid gran
lar flow.

IV. MODIFYING THE BIFURCATION

In order to obtain additional insight into the collectiv
process that is at play in the fluidization and transition p
cesses, we have carried out several additional experim
~without the gas puffer! that modify the conditions of the
layer. Interestingly, even seemingly weak perturbations h
a dramatic effect on the transition. The modifications to
unperturbed flow that we consider here include~a! vertical
gas flow~below the fluidization pressure!, ~b! suppression of
the sliders by a light, solid strip of plastic, and~c! the addi-
tion of a particle on the surface that is more massive than
sand particles. We discuss these experiments and their re
in the following sections.

A. Air fluidization

To obtain additional insight into the relative importance
dilatancy and friction, we have fluidized the granular bed
passing air through it, using the flow-controlled air supp
and the porous base of the shaker~see Fig. 1!. Here, the goal
is to remove or reduce the interlocking of the grains. Figu
15, which presentsGcu andGcd as a function of the measure
pressure differenceDP across the granular medium, ind
cates a strong dependence of these quantities on dilatio
this figure, we nondimensionalizeDP by the weightW of the
granular material per unit area. In particular, a modest
flow corresponding to about 40% of the weight of the b
reduces the criticalG ’s by as much as half, and effectivel
removes the hysteresis in the initial transition. The measu
dilation of the bed at this point due to the air flow corr
sponds to less than one granular layer for a bed of 45 lay
i.e., less than 2% dilation. As a rough comparison, all int
locking is removed for a square sphere packing~solids frac-
tion n50.52), whereas a typical dense sphere packing
n50.64; these differ by 18%.

B. Effect of a uniform overburden

The Mohr-Coulomb picture of failure suggests that t
transition from solid to fluid would occur along a rough

-

c
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GRANULAR FRICTION, COULOMB FAILURE, AND THE . . . PHYSICAL REVIEW E 65 031302
planar surface such that the material is at the failure loc
The end walls provide additional stress, so that the fail
locus need not be exactly planar. However, in these exp
ments, the failure occurs at a local nucleation site.

In order to further investigate the issue of what cau
failure, we added an overburden consisting of strips of p
tic that covered the majority of the upper surface of t
sample. These strips were free to move vertically and a
had limited ~less than half a particle diameter! freedom of
movement in the horizontal directions. The expectation w
that this overburden would apply an additional uniform for
on the sample, hence elevating the transition point, and
sibly increasing the amount of hysteresis in the bifurcat
diagram,H vs G.

Neither of these expectations were borne out in the
periment. Rather, the transition point from solid to fluid o
curred at a value ofG that was slightly less thanGcd , and no
hysteresis was evident. We document this in Fig. 16. H
the open symbols represent the original data obtained w
out any overburden, and the solid symbols represent the
obtained with an overburden that has a mass correspon
to 0.5 grain layers—a very slight overburden. With this ov
burden, there is now a jump in the mean thickness of
layer at the transition, and no observable hysteresis.

The behavior with the overburden is what we would e
pect from a naive friction model with an instantaneo
change betweenms andmk . The low mass of the overburde
suggests, in the context of the Mohr-Coulomb picture, tha
should have a relatively weak affect on the granular failu
Yet, it has a dramatic effect on the transition. The overbur
strips play at least one clear role on the dyanamics of
system, which is to suppress the layer of sliders, i.e.,
small number of free gaslike particles that are present forG ’s
below Gcu . In general, however, we can only speculate
the mechanism that changes the bifurcation. One possib
is that the suppression of the sliders and the additional s
overburden makes the system more uniform. Alternativ

FIG. 15. Modification of bifurcation points,Gc[u,d] , by air flu-
idization for smooth Ottawa sand.DP is the pressure differenc
across the granular material normalized by its weight per area,W.
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the sliders may stabilize the surface layer by strengthen
weak regions or by disrupting the growth of an unsta
nucleus.

As the amount of confining pressurePc from an overbur-
den increases, the depth of the fluid layer is systematic
reduced. We show this in Fig. 17. Here we normalizePc by
the mass per area of a single layer of grains. The differ
symbols show different initialH/d’s ~and henceG ’s! corre-
sponding to unburdened layers from Fig. 4~b!. For small
overburdens, there is a linear reduction inH as Pc is in-
creased. AsPc increases,H/d tends to asymptote to a mini
mum value ofH/d.5, regardless of the thickness that th
layer would have in the absence of an overburden. The fig
inset shows the slope of the solid lines as a function of
unburdened layer height. The deeper the initial fluidiz
layer ~or the largerG), the fewer layers cease sloshing o
application of greater confining pressure.

C. Surface impurities

The addition of an impurity particle that is larger or mo
massive than the rest of the particles in an approxima
monodisperse sample has a strong effect on the relaxa
time from the fluid to the solid whenG is decreased below
Gcd . By adding a much more massive particle, it is possi
to sustain the fluid phase for times that are four orders
magnitude greater than in the absence of the intruder
particular, the exponentb can be increased in magnitud
from 1 to '3. Figure 18 shows relaxation times vse for
various particles in Ottawa sand, which has a typical gr
diameter of 0.6 mm. The dotted line is the least-squares fi

FIG. 16. Modification of the bifurcation by a small overburde
for smooth Ottawa sand. In this case, the mass of the overbu
corresponds to 50% of one layer of particles. The primary phys
effect of the overburden appears to be a suppression of the mo
of the surface sliders. Open symbols and dotted lines are the sc
data with no suppression from Fig. 4~b!. Filled symbols are the data
with slider suppression. The hysteresis loop disappears, and
bifurcation appears similar to that expected for a Coulomb blo
cf. Fig. 24~a!.
2-9
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GUY METCALFE et al. PHYSICAL REVIEW E 65 031302
the unperturbed data. Note that the exponent,b in the power
law t}ueu2b rises dramatically. In Fig. 19, we show that it
the mass of the intruder that is responsible for the chang
b. Specifically, when we plotb versus the intruder diamete
density, and mass~relative to a sand particle!, we find that
only in the last case is there a consistent functional relat
i.e., a simple quadratic relation.

FIG. 17. Depth of sloshing layer of smooth Ottawa sand a
function of confining pressurePc at several unconfined layer thick
nesses. The confining pressure is scaled by the weight of one
of particles.mp anddp are a particle mass and diameter.f describes
the layer packing fraction, assumed to be 0.64, which is approp
for random close packing.

FIG. 18. Modification of down transition times by asinglepar-
ticle impurity in smooth Ottawa sand. The impurity particles we
standard steel or glass spheres, whose diameters are indicated
figure.
03130
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V. MD PROBE OF THE ORIGINS OF CONVECTIVE FLOW

An important issue concerns the sources or ‘‘motor
which drive both the convective flow parallel to the shak
plane and the convective flow perpendicular to it. The ba
and-forth sloshing motion is an obvious consequence of
driving. The convective flow parallel to thex direction is due
to the avalanching of grains at the end walls during the slo
ing motion of the liquefied layer. For each half of the shak
cycle, grains pile up against one end wall (y2z) plane and a
gap opens near the opposite end wall. When the openin
the end wall is sufficiently large, grains near the open
avalanche down to fill part of the gap. This process repea
alternating end walls every half cycle.

The convective flow in thez direction, i.e., transverse to
the shaking direction, is due to a completely different a
novel mechanism. At the long sidewalls there is a downw
flow of material that is caused by shearing of the grains,
accompanying dilation, and gravity. Specifically, the she
ing creates small open spaces into which surface grains

To investigate this flow, we have carried out MD simul
tions as well as additional experiments where we only os
lated one of the long side walls, keeping the rest of the c
fixed. This captured the effect of horizontal shearing,
dilation of the grains there, and the downward flow.

The MD simulations were performed on a 3D system
7000 spherical particles. Periodic boundary conditions w
assumed in the shearing~x! direction, while impermeable
walls bounded the system iny and z directions. The
container, which has lengths, in particles diameters
20320320, was mapped to a (0,1)3 computational domain.
The results given below were obtained by averaging over
periods of the wall motion and were found to be influenc
by neither the diameter nor the monodispersity of the p
ticles.

The MD method is outlined in@17#, with particle-particle
and particle-wall interactions modeled by a commonly us
force law which includes interactions in both the normal a
tangential directions~see, e.g.,@18,19#!. More precisely, the
normal force between particlesi , j is modeled as

Fi , j
n 5@k~d2r i , j !2gnm̄~vi , j•n!#n, ~3!

a

er

te

the

FIG. 19. The power law exponentb for sloshing turnoff with a
single particle impurity in Ottawa sand has a simple relationship
the ratio of the impurity massm to a sand grain massm0 : b is
proportional to the square of the mass ratio, with the single
coefficientA05(1.1760.02)31025. There is no correlation ofb to
the size ratio or the density ratio.
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GRANULAR FRICTION, COULOMB FAILURE, AND THE . . . PHYSICAL REVIEW E 65 031302
and the force in the tangential direction is given by

Fi , j
t 5min~2gsm̄v rel ,muFi , j•nu!s. ~4!

Here,d is the diameter of a particle;k is the force constant
r i , j5ur i , j u; r i , j5r i2r j ; n5ur i , j u/r i , j ; m̄ is the reduced
mass;gn is the damping constant in the normal direction d
to inelasticity of the collisions;v rel5vi , j•s; s is the unit
tangent vector specified by the two conditions:s'n, s in the
planevi , j ; gs controls tangential damping, andm is the Cou-
lomb friction coefficient that specifies the ratio betwe
shear and normal stresses. This model neglects rotationa
grees of freedom. While this assumption is necessarily a
parture from reality, the main influence of the rotations of t
particles on the dynamics in this system would most lik
be a change of the tangential dampinggs . Our simulations
with different values ofgs show that the results are large
insensitive to the value of this parameter.

The simulations are by and large performed with mon
disperse particles. Additional simulations performed w
polydisperse particles~characterized by the average radi
d) led to similar results.

The simulations presented here assume ‘‘rough’’ wa
built from the same spherical particles as in the system,
ranged on a regular lattice. The interaction of the syst
particles with the walls is modeled by a similar force la
modified by the assumption that the walls do not move a
result of the interaction with the particles. While this a
proach adds to the computational cost@20#, the advantage is
that it is easy to change the roughness of the wall by cha
ing the separation and the size of the wall particles.

In the simulations, we use values for the parameters
are appropriate to our experiments. The size of particle
d52 mm, the amplitude of the wall motion isA51.0 cm,
and the frequency is varied between 2 and 5 Hz. The fo
constant has a value ofk54.03104 mg d21, leading to the

collision time @18,19# of t'pAm̄/k'5.031025 sec. We
have verified that this time is short enough that the results
not influenced by the value ofk @21#. The computational time
step is Dt5t/50, so that there are approximately 53105

computational time steps during one period of the wall m
tion for f 52 Hz. The damping constant in the normal d
rection isgn5114.5(g/d)1/2, leading to a coefficient of res
titution in this direction ofen50.82. Also, we setgs5gn/2,
so thates5en , andm50.5 @18#. While there is considerable
freedom in the choice of parameters, we have verified
the results are by and large insensitive to their values.

The first step in the simulations is equilibration und
gravity. The particles are distributed on a rectangular latt
given random initial velocities, and left to settle under gra
ity ~during this stage, the walls are static!. This part of the
equilibration is considered complete when the total veloc
of the particles in the up-down direction becomes sufficien
small. At this point, one of the walls starts its prescrib
motion given byx(t)5A sin(vt), leading to additional flow
of the particles, due to the rearrangement induced by
moving wall ~the same effect as if the system were shake!.
The data are not taken as long as there is a significant a
03130
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age downward motion of the particles due to this settl
process. Typically 10–20 periods of the wall motion a
needed for this part of the equilibration of the system to
complete.

After the equilibration, we start recording the require
variables, in particular the volume fraction and the veloc
of the particles. Since the results are subject to signific
statistical fluctuations, they are averaged in the followi
manner. First, the computational domain is split into a nu
ber of averaging cells, typically 15315315 ~due to the set-
tling of the particles under gravity and the wall motion, som
of these cells do not contain particles!. Then, we calculate
the total velocity and the number density by summing o
all the particles whose centers are in a given cell. This av
aging is performed every 20 000 computational time st
~about 25 times per period of the wall motion forf 52 Hz).
Additional time and space averaging is performed, depe
ing on the variable in question. For example, the velocity
the particles adjacent to the shearing wall@Fig. 20~a!# is cal-
culated by space averaging over all the cells in thex-y plane
next to the wall, and then time averaging over the total d

FIG. 20. ~a! The average speed at which grains fall along t
shearing wall versus shearing speedAv of the wall for experiments
~solid symbols! and simulations~open symbols!. The line is the
least square fit to experimental data. The error bars show two t
cal standard deviations.~b! MD results forVy ~in units ofAv) and
for solids fractiong (A51 cm,f 52 Hz). An indication of the
particle diameter,d52 mm, is also shown.
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GUY METCALFE et al. PHYSICAL REVIEW E 65 031302
ration of the simulation. The results presented here are
tained by simulating 30 periods of the shearing wall mot
~after the initial 20 cycles used for equilibration!, which cor-
responds to 15 sec of real time~for f 52p/v52 Hz) or to
about 1.53107 computational time steps. We have verifie
that only minor changes of the results occur if the numbe
averaging cycles is varied in the range 25–40.

Figure 20~a! shows the MD and experimental results f
the average speedvy at which the particles fall along th
shearing wall as a function of shearing speedAv. We find
that Vy varies approximately linearly withAv. While MD
simulations give slightly smaller values forVy compared to
the experiment, the results are consistent up to the exp
mental and computational accuracy. We have not obse
significant changes in the results when the simulations
experiments are performed with particles of different si
Also, the results presented here do not depend in any sig
cant manner on the roughness of the wall in the MD sim
lations, or on the monodispersity of the particles, ev
though some ordering of the system particles next to
walls have been observed in the simulations performed w
monodisperse particles.

Figure 20~b! shows the velocity of the particles in they
direction ~a ‘‘1’’ sign corresponds to upward motion!, and
the solid fractiong occupied by the particles, as a function
the horizontal distance from the shearing wall, which is
z50. There is strong motion of the particles just next to t
shearing wall in the2y direction, as well as a pronounce
positive peak in the velocity profile at about 2–4 partic
diameters in from the wall. Furthermore, the volume fract
is significantly reduced just next to this wall. These two fe
tures parallel our experimental observation that the dilat
close to the shearing wall allows nearby particles to fl
predominantly down. These particles have to move inwa
and then develop upward flow in the interior of the shear
layer. In the experiment, the upward flow presumably occ
deeper in the layer leading to a clear central hump.

The dynamics of the particles strongly depends on
phase of the shearing cycle, as shown in Fig. 21. This fig
presents the total momentum of all particles in thex,y,z
directions as a function of the phase of the cycle where th

FIG. 21. Total momentum~in arbitrary units! as a function of
time during one cycle of wall motion.
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results are averaged over 30 cycles. There is a clearly defi
harmonic pattern of the motion in thex direction, due to the
fact that momentum is being transferred from the shear
wall to the system particles. We observe that the partic
move predominantly in the2y direction during those parts
of the cycle when the wall velocity changes sign, i.e., whe
ever the magnitude of the wall acceleration, and hence
shear stress, are the largest. These are the parts of the
when significant rearrangement of the system is induced
the wall motion, freeing space for the particles from the u
per parts of the system to fall under gravity. During the r
of the cycle, there is predominantly motion in the1y direc-
tion, as required by the~approximate! incompressibility of
the system. Also, during the parts of the cycle characteri
by the large acceleration of the wall, the particles move p
dominantly away from the shearing wall~positivePz), while
motion towards the wall results during the rest of the cyc
Note that the downward motion (vy,0) correlates well with
the inward motion (vz.0).

Better insight into this and other effects can be obtain
from Fig. 22, which shows the velocity field of the particle
in the y andz directions at different phases of the cycle. W
immediately observe that the dominant contribution to
dynamics comes from the part of the system that is closes
the shearing wall, with no significant motion away from th
wall. One interesting observation is that the motion is co
siderably stronger in the upper parts of the sample beca
the lower part is compacted due to gravity. We observ
similar trend in the experiment for the particles that are n
to the shearing wall.

Figure 22 clearly shows different directions of partic
motion for different phases of a cycle. For particles that
far from the shearing wall, the motion in the2y and 1z
alternates direction during a cycle. We conclude that the c
vection of the particles next to the shearing wall is a n
result of two competing regimes during different phases
the driving cycle. As such, the resulting mean flow is re
tively weak; the magnitude of the time-dependent velocity
the particles during a given part of a cycle can be mu
larger than the mean convection velocity.

VI. OSCILLATING FRICTIONAL BLOCKS

Before closing, we consider a model that can describe
fluid-solid transition process more accurately than the na
Coulomb friction model discussed in the Introduction. T
important modification of the Coulomb picture is the inco
poration of a relaxational process for the friction coefficie
which in rescaled form is indicated here asu(t). This ap-
proach is similar in spirit to the model of Carlson and Batis
who considered friction between lubricated surfaces@22#.
The addition of this feature leads to a somewhat more r
istic description of the collective dynamics, and in particul
the resulting model correctly predicts a backward bifurc
tion.

In the new model we still assume that the material tha
to become fluid is represented by a frictional block on
oscillating surface. The equations of motion of the friction
block include an evolution term foru, as well as the accel
2-12
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GRANULAR FRICTION, COULOMB FAILURE, AND THE . . . PHYSICAL REVIEW E 65 031302
erationẏ, wherey is the block velocity relative to a substrat
The substrate has a velocityv5A cos(vt), as schematized by
the top of Fig. 23. In the analysis below, we use 2p/v as a
time scale, and we normalize so that the friction coeffici
has a maximum valueu51. ~Thus,v does not appear in th
expressions below.! The frictional forcef on the block is now
characterized by a time-dependent friction coefficientu:

f 52u sgn~y!, yÞ0

f 52A sin~ t ! if uA sin~ t !u,u

f 52sgn@sin~ t !#u if uA sin~ t !u>uJ y50. ~5!

In the sliding regime,ẏÞ0, we introduce the following evo
lution equation foru that supplements the force law:

FIG. 22. Velocity of the particles in they andz directions for the
complete cross section of the cell during different phases of
driving cycle ~the y and z axes correspond to the shearing a
bottom walls, respectively!. The numbers on the plots refer to th
phase in units of 2p. The velocity vectors are averaged over
cycles. The reference vector of length 0.1 in units ofAv is shown
in the first plot (A51.0 cm, f 52 Hz).
03130
t

ẏ5 f 1A sin~ t !, ~6!

su̇512uS 11R
uyu

W1uyu D . ~7!

The equation foru̇ is structured so that wheny vanishes,
u→1 (5ms). And, if yÞ0, u will decrease to 1/(11R)
5mk . The term multiplyingR is chosen so thatu saturates at
mk when the velocity exceeds the small threshold valueW.
The key new feature is that the frictional force evolves
wards its static or dynamic values with a time constants.
The Coulomb case of instantaneous switching between s
and dynamic friction is a singular case of the limitW→0,
s→0. We note that in order to model the Coulomb ca
numerically, we explicitly setu51 whenevery50, in which
caseu̇52R/s is large and negative fors small. In turn, this
causes a quick change fromu51 to u5mk whenyÞ0. We
contrast the switching of the frictional force for the simp
Coulomb and relaxational models in the lower part of F
23.

We compare results computed for the simple Coulo
case and the relaxation model in Fig. 24. Note that in
Coulomb case, there is a discontinuous but reversible tra
tion in the variablesy and u when the amplitudeA is in-
creased past the failure point. By contrast, with the relaxa
model, the transition is hysteretic. To demonstrate this m
clearly we show in Fig. 25 an enlargement of the region n
the transition for the relaxational model.

VII. DISCUSSION AND CONCLUSIONS

The present experiments have probed the dynamics o
state change between a solid granular layer and a fluid gr
lar layer using horizontal shaking. Under ordinary circum
stances, this transition is backward, i.e., hysteretic. When
whole layer of material is shaken, the following scena
describes the onset of the instability and the mechanism

e

FIG. 23. ~Top! A sketch of the heuristic block model.~Bottom!
The relaxation processes for simple Coulomb friction, and
modified model. The latter incorporates a relaxation process
tween static and dynamic friction.
2-13
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GUY METCALFE et al. PHYSICAL REVIEW E 65 031302
all aspects of the flow, including the cross-convective flo
The flow begins when the grains overcome frictional a
dilatancy effects. The fluidized part of the layer exhib
strong back-and-forth sloshing. As a consequence of
sloshing, the material builds up on one side of the conta
and opens a trough on the opposite side; this proc
switches each half cycle. Grains fall into the trough duri
part of the motion, and this leads to a convective flow alo
the direction of shaking. For this component of the flo
grains on the surface flow away from the center, and are t
reinjected from below. As a consequence of the slosh
there is a shear flow of surface grains relative to the s
walls (x-y planes!. Near these side walls, there is a stro

FIG. 24. Comparison of the transitions near failure for~a! the
simple Coulomb model~instantaneous switching of friction coeffi
cient! and ~b! an improved model with relaxational switching. Th
data show the maximum velocityy ~circles! and the median value
of the friction coefficientu ~triangles!. Closed symbols are for in
creasing shaking amplitudeA; open symbols are for decreasingA.
Model parameters areW50, t51026 in ~a! and W51024, t
5102 in ~b!.
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dilatancy of the moving grains due to the shearing. T
grains in this highly dilated region near the side wall a
mobile, and tend to percolate downward.~It seems likely that
a similar phenomena occurs whenever there is shear
sidewall.! However, grains falling along these walls a
pushed inwards, and eventually they reach the surface ag
towards the middle of the container. This leads to the he
ing and the resultant flow back towards the side walls.

This work has uncovered several surprises. Perhaps
most striking is that if a slight overburden is added, the n
ture of the transition is substantially changed from backwa
hysteretic to forward/nonhysteretic. In the absence of
overburden the failure occurs locally, rather than over
extended surface, as suggested by classical Mohr-Coul
models. This seems like a significant departure from conv
tional wisdom, and deserves deeper understanding.
present, we can offer the suggestion that surface effects,
sibly associated with the thin layer of gaslike sliders plays
important role, although the details of the mechanism are
clear. It is possible that the slight overburden makes the la
more uniform, and hence more like the Coulomb pictu
Also unexplained is the mechanism that sets the thicknes
the fluid layer.

In related experiments, we have found that the hyster
is also lifted by gentle fluidization. If roughly 40% of th
weight of the material is supported by gas flow, the hyst
esis at the fluid-solid transition is removed, and the transit
point is lowered significantly.

Near the transition points in the hysteretic case, the tim
to generate the fluid or solid state diverge as power laws
the formt5Aueu2b, where the exponent appears to be u
versallyb51.00, within experimental error. This result su
gests a common set of processes for the two directions o
transition. The exponentb for the fluid to solid transition is
significantly elevated by the presence of a single more m
sive intruder particle.

FIG. 25. An enlargement of the transition region in Fig. 24 f
the relaxational friction model. Closed symbols are for increas
shaking amplitudeA; open symbols are for decreasingA.
2-14
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Finally, we have tried to capture the phenomena obser
in the experiments through simple friction models. The
necessarily incorporate a lower friction coefficient,mk
,ms , in the fluid versus the solid phases. However, t
difference in friction coefficients is inadequate to capture
ed

y

n-

l,

s

e

03130
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dynamics of the transition, especially the hysteresis.
describe this feature, we propose a simple model that all
for a time evolution of these coefficients from one sta
to the other. This model correctly predicts hysteresis at
transition.
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