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Stabilization of metastable states
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An exact solution is obtained for a particle moving in a piecewise square nonsymmetric potential of fluc-
tuating height. It turns out that the population of a metastable state increases in the presence of fluctuations
similar to a previously found effect due to an external periodic field.
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As is well known[1], a simple pendulum is stableneta- P 9
stable in the vertically downwardupward position. One T o
can, however, stabilize a metastable position by applying
high-frequency parametric oscillations to a pendullite  yhere the probability currertis defined in Eq(1), andD is
“Kapitza pendulum’). As was shown both numericall2] e giffusion coefficient.
and analyticallyf3], the “dynamic stabilization” of a pendu- For the potentialu(x) shown in Fig. 1,dU/dx=0, and

lum can be also performed by adding an additive, and nofiq. (1) reduces to a simple diffusion equation. The potential

multlpl|cat|\_/e, periodic f'elfj' This raises the guestion .Of barriers enter the matching conditions, namely, one has to
whether this phenomenon is general, and what the possibili-

ties for stabilization of metastable states are. Due to a |arggolve Ea.(1) Into each region ol (x) =const, a_nd then to
number of examples of metastable states in science and th&pSU'® the continuity op and.J' on the boundarles of these
applications, this problem may be of practical use. Recentlj€9i0ns. Continuity of probability currer}tu%hlch acS?Drdlng
we consideredi4] the impact of an external periodic field on t© Ed. (1) can be written as]=—De"~""d/dx(e"""P),
the populations of two asymmetric energy levels by using dn€ans that at pointg of the jumps of potentials,
erturbation expansion in the field amplitude to the master . (71—
gquation for dise:rete, and to the Fokkerr)—PIanck equation for e#r PP (z+01) == PPz —0p), 2)
space-extended, systems. It turns out that an external field is
agle to increase tr}:e population of the “shallow” state and IP(z+00) = aP(zi—O,t)'
under some conditions, even to transform it into the “deep” 28 X
state. In other words, the less stable state may become “mOWhere fori=12 7, = +a
stable” in the presence of an external fi¢tdtabilization” of The matchi,né égn d?[ioﬁ €) and (3) have to be comple-
the metastable statdn both the indicated examples the sta- mented by reflected boundary conditions at the positions
bilization of a metastable state was performed through the +L of t)r:e walls y &l
use of an external periodic field, and the question arises — '
whether this way is unique, or are there other ways to reach IP(z; 1)
such stabilization. As we know from the very popular theory —, =

in recent years, the phenomenon of stochastic resonance

(SR [5], an external frequency needed for SR might be in-Here and in the following we are interested only in the sta-
troduced to a system either by an external field or by th&jonary solution of Eq(1) (JP/dt=0). It is easy to check,
fluctuation of some of the parameters of a system. Our ainthat the normalized equilibrium probability distribution func-
here is to check whether one can stabilize a metastable stajgn P(x) has the following form in each of three regions

by the latter method. shown in Fig. 16]:
To this end we consider the simplest model of a meta-

stable state that allows an exact analytical solution. As was p.— expU,/D)

shown in the last 10—20 years many fundamental properties 17 2a+(L—a)[expU,;/D)+expU,/D)]’

of a particle moving in a nonlinear potential are generic, i.e.,

in particular, they are not too sensitive to details of the po- 1

tential. Therefore, it is worthwhile to consider the simplest P2:2a+(L—a)[exqullD)+exqule)]’
potential that allows an analytic solution in addition to nu-

merical simulations for more complicated potentials. Our expU,/D)

model(Fig. 1) involves a particle moving under the influence Ps=oa7 (L—a)[exqU, /D) +exU,/D)]" ©)
of white noise of strength2 in the piecewise double-well

potential restricted by reflecting walls. The potential barriers We assume that two wells have equal widths, therefore
U, and U, are different for the righistable and the left the equilibrium populations of the lefinetastable state is

Ju aP
_ + _—
X X

aJ

=% 1

)

X @

(metastablestates. smaller than that of the rightstable state in the ratio
The Fokker-Planck equation for the probability function expU,—U4)/D.

P(x,t) for the positionx of a diffusive particle at the timé Let the potential barrier undergo the dichotomous fluctua-

is tions of the heightA with flipping ratee;, i.e., the barrier for
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FIG. 1. Square-well potentidl (x) of width 2a and heightdJ,
andU, subject to dichotomous fluctuations of heightvith reflect- 0.675T
ing boundaries ak=*1L.
0 10 20 30 a
o,

the right (left) well changes randomly between heights
Uy,U;+A(Up,Uz+A). The purpose of our calculation isto kg, 2. Ratioc,/a, of populations of metastable and stable
check whether the dichotomous fluctuations of the potentiadiates as a function of the dimensionless fluctuation telie,,
barrier are ablélike an external periodic fieldto increase \where ay=D/2a2. The parameters ard:/a=1.1, exp(-U,/D)
the population of the metastable well, i.e., to stabilize a=0.2 exp-U,/D)=0.3, and (from top to bottom exp(—A/D)
metastable state. In this case one has to consider two prob-0.2, 0.25, 0.3, 0.35, and 0.40.

ability functions, P (x), whereP . (P_) defines the prob-

abilities to be at positionx when the potential isU;

+A(U;). Two functions,P, and P_, are related by the a;=¢;=0, az=—agtan(pL), cz=cytanh(BL).
following equationg7]: (12)
P The matching condition§3) result in
D— +a(Ps—P.)=0, (6)
dx b cosh Ba) + b, sinh Ba)

a4: T y
which is the simple generalization of the stationary form of sinh(a) —tanh(AL.)costi fa)
Eq. (1) where the transitions between states are taken into bs cosi Ba) — b, sinh( Ba)
account. Differential equations for each of these functions Ch=— 2 " 3 . (13
immediately follow from Eq.(6), sinh(5a) —tanh( AL )costifa)
Sincea,;=c,;=0, populations in regions 1 and 3, accord-
dPx d’P+ , 2 ing to Eq. (9), are defined by the coefficients, and c,,
dx - A B =D (7) respectively. After using12) and (13), the five unknown
coefficients,a,, b,, bs, b,, andc,, have to be found from
four equation(2) which, on using Eqgs(8)—(13) take the
following form:

Solutions of Eq(7) that satisfy Eq(6) have the following
form:

PO (x)=a;x+a,*+agsinh Bx) +a,coskBx).  (8) U;+A

aZ_Bdlz(b2+el)eX D

The populatiom; of the regiona,L] is defined as

(b, enyexd 2
ng= LL[P+(X)+P_(x)]dx=al(L—a)2+2a2(|_—A)_ a,+Bd,=(b, el)exp( 5 )

9

We added an additional superscrifj in Eq. (8) showing
thereby that it relates to the regipa,L] in Fig. 1. In regions U,
[ —a,a] and[ —L,—a] the general solutions of E¢6) have C,+Bdy=(by+ ez)exl{ F) (14)
the same functional form with different constants,

U,+A
C,—Bdy=(by—e;)ex D |’

2 where
P/ (x)=bx+b,*bssinh 8x) = b,cosi Bx), (10
+/(X)=Db, 2+ bgsinh(Bx) = bycoskBx), (10) B=cott{ B(L—a)], 15
P®)(x)=cix+cyxcssinh Bx) =c,cosiBx). (1) and
The coefficients in Eqs(8)—(11) have to be found from dy ,=bysinh(Ba) = bscosh fa);
the boundary condition$4) and matching condition§2)— .
(3). From the boundary condition at the walls, one gets e; o= bssinh(Ba) =bycosh pa). (16)
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After simple but slightly tedious algebra one obtains from E§s-(16),

Co_ u{[16B,B,+ 2B tanh(aB)]}c?>+[16B,B,+4(B;+ B,)coth aB) + 4B tanh(aB) + 1]c+ 1+ 2B,tanh a)

— L (17)
a; v{[16B,B,+2BtaniaB)]}c®+[16B,B,+4(B;+B,)cothaB)+ 4B tani(aB) + 1]c+ 1+ 2B,tanhag)
|
where U, c; u 2(v—u)(c—1)?
B,=Bu, B,=Bu, u=ex;<—3), a, v 2u(c+1)%+8vc+(c+1)(1+16cuv)
U, A
v=exg — 5| c=exp — g (18) +. for Ba—oe. (20)

One can check two limiting casegl) There are no fluc-
tuations of the barrierA=0 or 8=0); then the matching
conditions(2),(3) at once result in Eq5), and Eq.(17) gives
the correct result, /a,=exp(U,—U,]/D); (2) potential bar-

Sincev>u andL>a, Egs.(19) and (20) show that the
ratio c,/a, of the mean populations in the lgfinetastable

rier is symmetric U;=U,); then, the matching conditions and right(stable wells increases with increasing fluctuation
(2) and(3) lead to results coinciding with those obtained in strengthA or rate3. This corresponds to the stabilization of

Ref.[8] while Eq.(17) givesc,/a,=1, as it should be in the
symmetric case.

Analysis of the general equatidt7) leads to the follow-
ing conclusions:

(a) One can easily find the limit values of/a, for small
and largeA and g.

c2_ul, . (v—u)B A\2
a, v|  1+16B,B,+4(B,;+Bycoth2Ba)|D/
for O - 1
or <5< ,
cC, U 2(v—u)Btanh Ba) A
— == for — 0,
a, v 1+2B;tanh(Ba) D
(19
L
(c—1)?=—1|(v—u)
c, u a
P (Ba)?
2 8uvc(c+1)+2c(u+v) 5—1
+... for 0<pBa<1,

the metastable state.

(b) It turns out thatc,/a, increases monotonically with
fluctuation strengthA while the dependence on the fluctua-
tion rateB is nonmonotonic. The nonmonotonic dependence
of c,/a, on B is of special interest within the framework of
stochastic resonance phenomgsia The ratio of populations
c,/a, at metastable and stable state is shown in Fig. 2 as a
function of the dimensionless fluctuation rai¢a, where
ay=D/2a? for parameters L/a=1.2, expt-U,/D)
=0.2, expt-U,/D)=0.3, and several values of fluctuation
strengths.

Additional details concerning these maxima can be found
from numerical analysis of Eql7). It turns out that the
existence of maximum depends on the width of the potential
well (L—a). Maxima exist forL/a<1.4 and disappear at
larger L/a. For the special casé/a=2 for which B
=coth(Ba), this result can be obtained analytically. The
strong dependence on well width—a is not surprising
since, as it was shown in R¢B] for the geometry of Fig. 1
with reflecting walls, the characteristic frequency of the sys-
tem (Kramers ratgdepends om./a. It is remarkable that the
heights of the potential barriera,andb, scarcely influence
the height and position of the maximum.

In conclusion, we have shown that an increase in popula-
tion of a metastable staigstabilization” of the metastable
statg can be achieved not only by the use of an external
periodic field, but also by fluctuations of the barrier height.
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