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Generalized theory and simulation of spontaneous and super-radiant emissions in electron devices
and free-electron lasers
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A unified formulation of spontaneoushot-nois¢ and super-radiant emissions in electron devices is pre-
sented. We consider an electron beam with an arbitrary temporal current modulation propagating through the
interaction region of the electronic device. The total electromagnetic field is presented as a stochastic process
and expanded in terms of transverse eigenmodes of the méttiemnspace or waveguiglan which the field
is excited and propagates. Using the waveguide excitation equations, formulated in the frequency domain, an
analytical expression for the power spectral density of the electromagnetic radiation is derived. The spectrum
of the excited radiation is shown to be composed of two terms, which are the spontaneous and super-radiant
emissions. For a continuous, unmodulated beam, the shot noise produces only incoherent spontaneous emission
of a power proportional to the flugl, (DC currenj of the particles in the electron beam. When the beam is
modulated or prebunched, a partially coherent super-radiant emission is also produced with power proportional
to the current spectrumh(w)|2. Based on a three-dimensional model, a numerical particle simulation code was
developed. A set of coupled-mode excitation equations in the frequency domain are solved self-consistently
with the equations of particles motion. The simulation considers random distributions of density and energy in
the electron beam and takes into account the statistical and spectral features of the excited radiation. At present,
the code can simulate free-electron lag&ELs) operation in various modes: spontaneous and self-amplified
spontaneous emission, super-radiance and stimulated emission, in the linear and nonlinear Compton or Raman
regimes. We employed the code to demonstrate spontaneous and super-radiant emission excited when a preb-
unched electron beam passes through a wiggler of an FEL.
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[. INTRODUCTION gling electron is a point source, which can be treated as a
moving radiating dipole. An individual electron moving in an
Electron devices such as microwave tubes and freeundulator emits a wave packet of electromagnetic radiation,
electron laser$FELS) utilize distributed interaction between Which is in synchronism with the electron velocity. If a con-
an electron beam and electromagnetic radiation. Randofihuous (unmodulated and unbuncheelectron beam ad-
electron distribution in thee beam due to its corpuscular Vances through a periodic field of a wiggler, the radiation
nature causes fluctuations in current density, identified afields radiated by electrons, which enter the undulator at ran-
shot noisen the beam currerjtL—4]. dom, add up incoherently. Since the radiation process takes
The shot noise current is characterized by a “white” pIage_m t_hg absence of externally applled electromagnetic
power spectrum whose density is proportional to the averag@d'at'on' itis termed spontaneous emlss{m]JA number of
electron fluxel, of the beam(e is the electron charge arg approache_:s were employed for the an_aIyS|s the_FEL sponta-
is the DC current The electromagnetic fields excited by heous emission in fre_e_ s_pal@ﬁe 15] and in waveguidegl6].
each electron add incoherently, resulting $pontaneous In high-gain FEL.S" l_Jt|I|zmg sgfﬂmen'gly ang und_ulators, the
emissiomoise in the radiation. If t,he clectron beam is modu spontaneous emission radiation excited in the first part of the

: . undulator is amplified along the reminder of the interaction
lated or prebunched, the fields excited by electrons beco%gion (self-amplified spontaneous emissiofi17—22.

correlated, and coherent summation of radiation fields fromsner-radiant emission emerges if the electrons are injected
individual particles occurs. If all electrons radiate in phasenig the undulator in a single short bun¢horter than the
with each other, the generated radiation becomes coherepkciliation period of the emitted radiatipfi23—2§ or enter
(super-radiant emissignThe terminology of super radiance as a periodic train of bunches at the frequency of the emitted
was suggested ifb] for radiation emitted in a quantum me- radiation[29—-32.
chanical system during a transition between two energy lev- In this paper, we analyze and find the total spontaneous
els of molecules in a gas of dimension small compared to and super-radiant emission for an electron beam of arbitrary
wavelength. current modulation passing through the interaction region of
Electrons passing through a magnetic undulator emit ahe electron device. A unified expression, describing the
partially coherent radiation, which is calladhdulator syn- power spectral density of spontaneous and super-radiant
chrotron radiation[6]. In the classical analysis, each wig- emissions in terms of the device’s interaction transfer func-
tion, is derived. The approach is valid in both, the linear and
the nonlinear regimes. The analytical derivation leads to
*Email address: yosip@eng.tau.ac.il identification of two related terms describing the spectrum of
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the (incoherenk spontaneous and of the coherent spontane-
ous (super-radiantemission.

We employ the three-dimension#BD) coupled-mode
theory for an analytical derivation of spontaneous and super-
radiant emissions in the linear regime of FEL operation, and} | ¢y Jr——— ~
also for the development of a three-dimensional particle
simulation code. Unlike a previously developed steady-state
numerical mode]38], in which the interaction is assumed to
be at a single frequencfor at its discrete harmonigsthe
present approach considers a continuum of frequencies, en-
abling the solution of nonstationary, wide-band interaction in FIG. 1. Schematic illustration of a pulsed beam free-electron
radiation devices. Solution of the excitation equations in thdaser
space-frequency domaiiand not in the space-time domain,
as often carried out in numerical particle simulation codes dPy(z) 1 1=——
inherently takes into account dispersive effects arising from do 27 ?|Cq(z,w)| Pq ®)
the cavity and the gain medium. Furthermore, it facilitates
the consideration of the statistical and spectral features of théefined forow>0. The power spectrum is the Fourier trans-
electromagnetic field excitation process, necessary in a studgrm of the space-time correlation function of the electro-
of noncoherent and partially coherent effects, such as spornagnetic radiation, describing its coherence propef8&s-
taneous and super-radiant emissions, self-amplified emissic#v].
and noise, in the linear and nonlinear regimes of the FEL

operation. lIl. THE EXCITATION CURRENT
Consider an electron beam with a time-dependent current
Il. MODAL REPRESENTATION OF THE i(t) entering the interaction region of an electron device.
ELECTROMAGNETIC FIELD Figure 1 is an example illustrating an electron bunch passing

atlhrough the undulator of a free-electron laser. The current

The analysis is based on modal expansion of the tot itv ofk elect in the bunch h . A :
electromagnetic field in terms of transverse eigenmodes oqens' y OTK €lectrons In the bunch, €ach moving at an in-

the medium(free space or waveguiglen which the radiation stantaneous velocity; is given in the space-time domain by

is excited[33]. The field of each transverse moden the k
angular frequency domaim is given by JrH)=—e vid(x—x)8(y—vy;)dz—z(t), (4
=1
Eq(r,0)=Cq(z,0)E(x,y)e" ed 2, (1 whereeis the electron chargéis the number of particles in

an electron beam pulse, and, (y;, z;) are the coordinates
where &,(x,y) is the transverse profiléHermite-Gaussian Of theith electron’s position at a time .
free_space mode or Waveguide mpdad kzq(w) is its wave The num_bek of eIe_Ctrons |.n t_he pulse IS a random varl-
number.(Although the form of mode presentation given in able satisfying the Poisson distribution. The probability that
Eq. (1) is not valid in the far-field free-space propagation, it the e-beam pulse contairis electrons is
is still applicable to most electron devices in which the in-
teraction takes place within a Rayleigh length of the p(k)= i(?)kef? (5)
Hermite-Gaussian modes, where the diffraction is small k! '
Eq(z,w) is the propagating mode amplitude satisfying the

excitation equation where

— 1 (+=
d T = ! LY (w)Zf f J c* dx d - EJ JOLL ®)
o q(z,w)——z—Pqe d (r,w)-&(x,y)dx dy.
2 is the expected numbdstatistical averageof electrons in
the pulse with varianck&®— (k)?>=k (equal to the average
J(r,w) is the Fourier transform of the current density defined |t is convenient to take, the coordinate of axial propaga-
in the positive frequency domainw>0, and P, tion, as the independent variable, and write the time of par-
=1/2Re [os[Eq X Hs 1 zdxdy is the normalization ticle arrival atz as
power of the propagating modg
According to the Wiener-Khinchine theorem, the power t(z)=t -+fz 1 dz' @
spectral density carried by the propagating mode during a ! O Jov,(z) '
temporal periodr is found by averaging the ensemble of the
radiation fields emitted by the electrons in the beam pulsé; is the time that a particleentered az=0 andv,;(2) is its
[34] axial velocity along the path of motion. The electron arrival
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timestg; at the entrance to the interaction region are indewhere the electron-field excitation “transfer function” is de-
pendent random variables having a probability density funcfined by

tion

1
—i(tg).

ke

P(to) = (8)

To find the electromagnetic field radiated from the mov-
ing charge, it is first required to calculate the Fourier trans-

form of the current density as given in E@)

+o )
J(r,w)=f J(r,tyetletdt

k
Vi )
=—eX, — &(x—x;)a(y—y)e 1,

o ©)
and substitute it into the excitation E), resulting in
k
d. e 1 - :
- v ) etileti(2) =kl
G020 = 5p 2 - E (e ¥,
(10

IV. SPONTANEOUS AND SUPER-RADIANT EMISSIONS
The solution of the excitation equation at pomtn the
interaction region is found by integration of E4.0), assum-
ing C(0,w)=0
k

"c':q(z,w)=e21 Hq (z,w)e" @, (12)

21
H (Z )= V| 5*(X|1y|)

73
X z' 1
Xex;{J( f ZI(Z,,)dz’ K,qZ' Hdz

The functioani(z,w) fully describes the interaction of

theith electron with the electromagnetic field along its path
of motion. It expresses both linediow and high gain and
nonlinear(saturation regimes of the electron device opera-
tion. Ensemble oﬁ-{qi(z,w) of the totalk electrons in thee
beam is a stochastic process taking into account statistical
distributions in phase spaéspatial distribution, energy, and
angular spreadings

Solution of the mode amplitudéq(z,w) given in Eq.
(12) [using expressiofil2)] together with equation of motion

(12

1
G2 )= i (B DHUXBOL0] (9

enables one to calculate spontaneous and super-radiant emis-
sions, including stimulated interaction resulting in amplifica-
tion of the excited radiation as occurring in self-amplified
spontaneous emissidBASE).

The spectral density of the radiation power emitted by a
stream of electrons during a temporal peribés calculated
by substitution of Eq(11) into Eq. (3)

dPy(2) «

1 ek
do 22T 21 |7‘lqi(2,w)|2

After performance of statistical averaging of Ed4)

2

dPy(z) 1 e v N

do ~ 27 7 KHe(z @) +[k(k=1)]
X[ My (z.0)H (z,0)]e 00y Pe. (15)

The expected values
e+Jwt0i:(e7]wt0i/)*:J» e+Jwt0ip(t0i)dtOi

1 [+, . 1
= I(tOi)e+J"’t0idt0i=_—I(w) (16)

ke’ = ke

are given in terms of the Fourier transformi(w)

2 > M

q,(z,w)Ha‘i,(Z,w)ej“’(tOi’tOi’) Py - (14)

i

(6), the statistical average of the number of electrons in the
pulse can be written as=1/eZ(0), whereZ(0)=Z(w=0)

= [TZi(t)dt. Using these expressions in H45), the power
spectrum of the radiation is given by

dPy(2) _ 11

dw

TlelHq(z, )[*Z(0)

+'Hqi(z,w)Ha‘i,(Z,w)|I(w)|2]Pq. 17

The first term in Eq(17) is identified as the expression for
the incoherent shot-noigspontaneous-emissipepectrum

dPA(2)

1T -
_ - 2
af —Te|Hqi(z,f)| Z(0) Py,

(18)

while the second term corresponds to the spectral density of

=[*Zi(t)e"1“'dt of the current. Note that according to Eq. the super-radiant power
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dPl(z) 1 = ing & j 172041
Jf():$Hqi(z,f)HSi,(z,f)II(f)IZPq. (19 Ho (L, )= Ag, Sinelz )5 (29

In the linear, low-gain interaction  regime where Ag =({q/4Pg) (Ly/v0)V!'- &, (%,¥) and sinck)
=sinX)/x.

* ~ 2 i
Ha (21) Mg, (2.1) |Hqi(z_,f )I* and the relation between According to Eq(17), the spectral density of the radiation
the power spectral density of the spontaneous and SUP&f,ver emitted by the stream of electrons passing through the

radiant emissions can be written in the form FEL undulator is
dP¥(z) dP(z)
e7(0) —gr— = 12— (20 Polbw) _ L L ri0)
dw 27 T gi
V. SPONTANEOUS EMISSION AND SUPER-RADIANCE +Aina‘i,|I(w)|2]quinc2(%GqLW). (27)

IN FREE-ELECTRON LASERS

The first term in Eq(27) is the spontaneous emission spec-
In electron passage through the periodic field of an undutrum
lator (see Fig. ], its total velocity vectorv; consists of a

transverse wiggling component of amplituaﬁ, which is dPEP(LW) _ 0 . 1
due to the Lorentz force, in addition to a longitudinal axial af Tsa (Lu)SinC(5 L), (28)
velocity v

where Pg(L,,) = 1/(T75) €Z(0)| Aq|*Pq is the total sponta-
neous emission power carried by the transverse ngpded
Tsp=|Lw/v0—Lyw/vg| is theslippagetime. The second term

in Eq. (27) corresponds to the spectral density of the super-

radiant power. Assuming thatélin;i,:lAqilz, it can be

Vi(2)=2v,i(z) + Re[We 1w, (22)

ky=2m/\,, where\,, is the wiggler period. The electron
transverse trajectory in the wiggler is given by

ri(2) ="+ Re(r, e v, (22)  written as
wherer | ;=(X;,y;) describes the averagever a wiggling dPS(L 7§12 dPSP(L
period transverse coordinates of the electron dnd, ‘:j(f w =| (I(;| jj(f w
=Wk, is the amplitude of transverse displacement of ex(0)
the wiggling electron trajectory‘quiver” ). 1 s - N
Substitution of the expressions for the electron velocity = mTSqup(LWHI(f )[?SiNG (3 OgLw,)-
(21) and trajectory(22) in Eq. (12) results in
(29)
gq TR +i[J204.(2" w)dZ']
Hq-(sz):__viv'gai(xi!yi)e 1 o%;(2 )
' 4Pq vyi 23 VI. RADIATION FROM A SINGLE BUNCH
_ We consider an electron beam pulse having a temporal
where we define Gaussian current shape
1 for TE modes, |
()= 9 g-t?21?
= K2 i(t)=—=e , (30)
£ 1——=9 for TM modes, (24) V2w
KegKw
whereT is the temporal “standard deviation” of the pulse.
and The Fourier transform of the current distribution is given by
© a Gaussian function in the frequency domain
=—— +
qu(zlw) Uzi(z) (kzq kW) (25)

T(f)=1,Te 1227TH)? (31)

is the detuning parameter of thth electron at position.

When the effect of electromagnetic radiation on electron ©f f=0, the Fourier transform results IH(0)=1,T. 'I_'hg .
motion is low, resulting in negligible amplification of the POWer spectral density of the FEL spontaneous emission is

excited radiation(low-gain regime, it is assumed that all 9iven by Eq.(28), where the total spontaneous emission
electrons in the beam move at a constémteraged over POwer isPEL,)=1/7gelo| Ay |°Py. In a FEL, utilizing a
wiggler period axial velocity v,i(z)=v,, and that they magnetostatic planar wiggler, the transverse wiggling ampli-
maintain their initial detuning paramet#y, along the wig-  tude is V'=a,cly (wherea,=eB,/mck, is the wiggler
gler. Consequently, the solution of E@L2) at the exit of a parameterand the total power of the spontaneous emission
wiggler of lengthL,, is found to be is given by
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TABLE |. The operational parameters of millimeter wave free-

electron maser. E 8l
U 1\
Accelerator g 3
Electron beam energy: E.=1.375MeV 3 6r i
Electron beam current: lo=1A i
Wiggler :E 4l
Magnetic induction: B,,=2000 G ~
Period: Aw=4.444cm § .
Number of periods: Ny =20 &
Waveguide % \/\A A
Rectangular waveguide: 1.01 ¢0n0.9005 cm 0 :
Mode- TE,, 20 40 80 80 100 120

7 [GHz]

FIG. 3. Power spectral density of spontaneous emission. Ana-

PSL,,) = E e_'o Ay zfézq L2 32 lytical calculations(solid line) and numerical simulatioridashed
a8 Tsp 7Bzo Aemq " line).
whereZ, is the mode impedance and FEL radiation at millimeter wavelength and thus demonstrate
B super-radiant emission at this regime.
JIIE((x,y)|?dx dy Analytical and numerical calculations of the resulting
em, ™ - 5 spontaneous emission spectrum are drawn in Fig. 3. The
|£4(0,0)] dashed line curves results from a particle simulation WB3D

code, which is based on a three-dimensional, space-
eI{}equency model, utilizing an expansion of the total electro-
magnetic field(radiation and space-charge wavas terms

is its effective area. The spectrum of the super-radiant pow
radiated from the electron bunch is

dPS(L,,) of transverse eigenmodes of the waveguide. Since shot noise
9w ZVTspPZP(LW)ef(Z"Tf >zsin(:’-(%0qLW), (33)  Is proportional to the particle chargsee Eq(18)], the spon-
df taneous emission spectrum obtained fridinparticles simu-

lation isk/N times that of the spontaneous emission resulting
from k expected electrons in theebeam pulse.

_ In the following, we shall focus our attention on radiation
ear the upper-synchronism frequerigy- 100 GHz and cal-

wherek=1,T/e is the expected number of electrons in the
pulse.
We shall investigate spontaneous and super-radiant emis

sions radiated when an electron pulse passes through a wi L .
gler of a FEL having operational parameters as given i ulate the power spectrum of the radiation emitted when a

Table I. Figure 2 shows that the beam and waveguide dispeP—l_Jlse of e_Iectrons of temporal lengihpasses thro_ugh th_e
sion curves intercept at two points corresponding to theV!99l€r- Figure 4 Sh\‘;\‘/’gf acurve of thfr spectral distribution
upper- and lower-synchronism frequencies—100 and 28 radiation energydWq(L,,)/df=T[dPg(L,)/df] emitted
GHz, respectively. In such FEL schemes, the electron buncyn€n the bunch period is smaller than the temporal period

is emitted when a photocathode is illuminated by a pulsed/fo Of the signal. ForTf,=0.1, the super-radiant emission
UV laser radiation[23—2§. Utilizing state-of-art fempto- POWer is observed to be much higher than the power of spon-
second UV laser system, enables the generation of ultra-short
e-beam bunches with duration of less than a period of the

—_
ﬁ 30+
12 T
~
10} 3,
— 20t
S 8 f~100.5 GHz o
~ ~N
6 3
~ . w 101
4 waveguide ‘,;_’
=
o
1 0
70 80 90 100 110 120
0 beam S ~29.3GHz £ [GHz]
-10 0 10 20 30
k2 / kw FIG. 4. Energy flux spectral density of super-radiant emission
from a shortT=1 pS electron bunchT(f,=0.1). Analytical calcu-
FIG. 2. FEL dispersion curves. lations (solid line) and numerical simulatiotdashed ling
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4}
E Super—radiant
T} emission
~ 3
=
[ =]
=

:3 sl Spontaneous Z
~ emission 2]
—_

3
~J
5

. AN/ U
70 80 90 100 110 120 -0.2 . . .
7 [GHz] 0.0 0.5 1.0 1.5
Tf
FIG. 5. Power spectral density of spontaneous and super-radiant ) ) ) )
emissions fronT =3 pS electron bunch(f,=0.3). Analytical cal- FIG. 6. Signal-to-noise ratitSNR) for a Gaussian pulsed beam.
culations(solid line) and numerical simulatiordashed ling The triangles on the graph correspond to numerical simulation re-
sults.

taneous emissioriby a factor k=1,T/e=6.25<10°—the power amplification is low(low-gain regime and the power
number of electrons expected in the pulsene power Spec-  groth follows the analytical solution given in E(82). An

trum peaks affy, where the condition of phase matching gy onential growth of SASE is inspected later after passing a
occurs. The bandwidth of the main lobe of the energy specgficient number of periods, revealing that the interaction

tral  distribution function is approximatelyAf~1/7s,  enters to the high gain regime, until saturation occurs when
=fo/N,,. If the e-beam bunch is much shorter than a wave-5yrjying to the nonlinear regime of the FEL operation.
length, the total energy of the super-radiant wave packet is

given in terms of the spontaneous emission power by

KTPE(Ly)- _ _ _ _
The Super-radiant power decreases as Compared to the Assume a continuous electron beam with sinusoidal

spontaneous emission power as the pulse durdfigmin- ~ modulated current at frequendy [39]

creased. Figure 5 shows the power spectra of spontaneous S

and super-radiant emissions for an intermediate case, where 1(t)=1lo[1+mcogwol)], (39

the e-beam pulse duration is ing_htIy smaller than the tempo'wherelo is the average DC current amdlis the modulation
ral period of the signal f,=0.3 (k=1.875x 10’ electrons in depth. In that case,

the pulse. For longe-beam pulses, the power of the super-

radiant emission is reduced below the spontanechst- lim +Z(f=0)=1,

noise power and diminishes ab— . The signal-to-noise T

ratio (SNR) is the relation between the super-radiant and

spontaneous emissions power spectra. Using Hjj.for the and

case of a Gaussian pulsed electron beam, the signal-to-noise m2 m2

ratio can be written as lim 1|Z(f)|2=13 &(f )+ T§(f_fo)+ T(;(Hfo) )

T—oo

VIl. PERIODIC BUNCHING

dP§i(z)/df
dPP(z)/df

ke (27TH)?, k4

The graph of the signal-to-noise ratio is shown in Fig. 6. The 108 i

triangles correspond to the results of numerical simulations
with particles numbersN=100 (empty symbols and N
=1000 (solid symbol$ at synchronism frequencie$,
=29 GHz (triangles dowh and f,= 100 GHz(triangles up.

We use the model to investigate the evolution of the total
spontaneous emission power generated when addrgam
pulse (Tf,=10) is passing through a wiggler. Figure 7
shows the power growth along the wiggler as a function of oo 50 100 150 200
the wiggling periodsN,,. In the first few periods, the spon- N
taneous radiation is excited from short noise in the electron w
beam and its power increases proportionaNg [see Eq. FIG. 7. Evolution of spontaneous emission power along the

(32)]. Within this stage, the mutual interaction between thewiggler (statistical distribution is shown by dashes and the average
electromagnetic radiation and the electron beam is small, thiey bullets.

w» LW]

P

102 |

Yo 111t
L

ez

(2]
e
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Using these relations, the power spectral density of the 50
spontaneous emission is found to satisfy &®), where the Impulses (m=2)
total  spontaneous  emission  power isPg(L,) _ 4or
= 1/rspeI0|Aqi|2Pq. The power spectral density of the super- §
radiant emission is found frorf29) to be — 80}
5
dP3(L,) m?I 1 & 20 m=1
—avw 7 10 psp in2| = _
=2 o (LW)Slnc,2<2 Gq(fO)LW) S(f—1o). o
(36) 10}
The total power of the super-radiant emission is given by 0 = ‘ P
) 70 80 90 100 110 120
fo [GHz]

m< | 1
PE(Lw)= 4 EO Tsppgpu_w)sinc?(E O(fo)ly|. (37
FIG. 8. Power spectral density of super-radiant emission from a
Figure 8 shows the super-radiant power as a function o$inusoidally modulated current and from an infinite series of ultra
prebunching frequency, for various modulation levels. A short bunches. Analytical calculatiorisolid lineg and numerical
comparison is made with simulation results. Super-radiangimulation(dashed lines

power emitted by an infinite series of ultra-short bunches

(impulses is also shown. In this case, the current can bémodulation levels is due to stimulated emission effects that
expanded in a Fourier series arise in the simulations, but not taken into account in the
cos(

analytical calculationgwhere the effect of the radiation on
The resulting spectrum of super-radiant emission contains all

electrons in not considergd
harmonics of the prebunching frequeniy~ 1/T each hav- The research was supported in part by the Israel Science
ing a sinusoidal current modulation with modulation index Foundation and Ministry of Science. The authors would like
m=2. Figure 8 shows a curve of the super-radiant poweto thank A. L. Eichenbaum for his help and useful remarks.
emitted by a series of impulses as a function of the fundaThe research of the second autli®u.L.) was supported in
mental modulation frequencf;,. The discrepancy between part by the Center of Scientific Absorption of the Ministry of
analytical calculations and numerical simulations at high-Absorption, State of Israel.

+ oo

i(t)= > 1,T78(t—nT)=1,

+ oo

1+2 >,

n=-—w

(39)

T

2
n—t
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