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Gain equation for a free-electron laser with a helical wiggler and ion-channel guiding
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The theory of ion-channel guiding in a helical wiggler is presented. Electron motion in the combined ion
electrostatic and wiggler magnetostatic fields is analyzed in the absence of the radiation fieldfurtation
that determines the rate of change of axial velocity with energy is derived and studied numerically. A detailed
analysis of the pendulum equation and the gain equation in the low-gain-per-pass limit are presented. It is
shown that the gain for stable group | orbits is positive, while for group Il orbits the gain is negative in the
negative mass regime and positive in the positive mass regime.
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[. INTRODUCTION study of the gain are presented. It is shown that the gain in
the negative-mass regime is negative according to the sign of
A relativistic electron beam can be effectively confined in®. In Sec. V a discussion and conclusions are presented.

the transverse direction by use of an ion channel. First a
plasma channel must be created, e.g., by the passage of a [l. @ FUNCTION AND MASS REGIMES
uv-laser beam through a gas. The electron beam may then be
injected into the plasma channel to remove the plasma ele\:/\'/i
trons by electrostatic repulsion. With an ion channel thereby
formed, the beam electrons are electrostatically attracted to Buw=Bu(& cosk,z+ &, sink,z), (1
and confined transversely by the positive ions. The ion-
channel radius should be of the order of the electron-bearwherek,=2=/\,, is the wiggler wave number. The electro-
radius and the ion density should be less than the electrostatic field generated by an ion channel, with its axis coinci-

In the idealized one-dimensional approximation, a helical
ggler magnetic field may be described by

density. dent with the wiggler(z) axis, may be written as
The use of ion-channel guiding in a free-electron laser . .
(FEL) offers a number of advantages. It is a less expensive Ei=2men(gx+gy), 2

alternative to quadrapole or solenoidal magnetic guiding be- ) ) o )
cause of lower capital and operating coit Also, it per- wher_e.nills the dgnsny of ppsmve ions with chargaa The
mits beam currents higher than the vacuum lifgit A seri-  'elativistic equation of motion for an electron withes)

ous obstacle to intense electron beam transport witinassm and charge-e moving with velocityv in these com-
magnetic guiding is the transverse beam breakup instabiligPined fields is

This instability may be effectively suppressed by ion-channel

guiding[3]. Emittance growth due to scattering may also be d(ymv) —_elE+ va B | 3)
suppressed4]. Substantial gain enhancement may be ob- dt Lc Y
tained by operating with the ion-channel frequency near th i .
wiggler frequency[5]. In a recent paper, Jha, Kumar, and%UbStItUtIng Eqs(1) and(2) into Eq. (3) leads to
Pande[6] have proposed that an FEL be operated at the d(ymo,) ev.B
ion-channel betatron frequency. This would offer the advan- — L = 2me®nx+ ——sink,z, (4)
tage of continuous tuning by varying the ion-channel density. dt

The purpose of the present paper is to extend the analysis
of electron motion in a helical wiggler with ion-channel d(ymoy) — —2meny— evZBWCOSk 7 (5)
guiding and to derive the gain formula in the low-gain-per- dt ' v
pass limit. A modification of the method of Jha and Kumar
[5] is employed. In Sec. Il thé function that determines the d(ymv,)  eBy .
rate of change of axial velocity with energy is investigated. at T(vzs'nsz_UVCOSsz)' 6)

Positive- and negative-mass regimes are identified and illus-

trated. In Sec. Il the interaction of an electron with the ra-Steady-state solutions of Eq4)—(6) with constant axial ve-
diation field is studied and a gain formula and pendulumlocity v,=v, (to first order in the wiggler amplitudehave
equation are derived. In Sec. IV the results of a numericabeen found to b¢5]
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FIG. 1. Graph of the normalized axial velocity as a function of ) o
the normalized ion-channel frequency. The dashed line indicates the FIG. 2. Graph ofb as a function of the normalized ion-channel

unstable group | orbits. frequency for the stable branch of group | orbits and group Il orbits.
0,82 0;=(S1+ T+ B)"Y (12
=——-C0sK,Z, 7
P wi —Bf " @ where
0B S1=[Q58/(V8Q5/278F+1-1)]"%, (13)
By==—"3Sink,z, 8
wi = B and
0 = —2__ 20 2 _ —
where Q,=eB,/ymck,, w=2me’n/ymikic?, By Ti= —[Q2B4(\BO2 278+ 1+ 1)1 (14

=v,/c, By=v,/c, andB;=v,/c.
The @ function that determines the rate of change of axialThe numerical value of; at which transition to instability
velocity with energy may be obtained as follows. Substltut-OccurS is 0.866@for y=10 and{,,=0.05
. w=0.05.

; ; - 2 p2_ 2
ing Egs. (7) and (8) into y~*=1= By~ By~ B;(B.=B) Figure 2 showsb as a function ofw; for group | orbits
yields (stable branch and group Il orbits. It is observed that for
— 5 group | orbits® increases monotonically from unity af;
B 1+ _Qwﬂu =12 9) =0, and exhibits a singularity at the transition to orbital in-
| (0f—B0)? stability [Eq. (12)]. The behavior ofb for group Il orbits is

interesting because it is negative whenever
Implicit differentiation of Eq.(9) then leads to

0<w<(S+T28H)" (15)
de__ 1, a9
dy Yﬁﬁu ’ where
—=(1_ p2)-12 02428 _ 1/3
wherey=(1-47) " and S,= W;” B 1-402,227+1)| , (16
(1+y) Q50! B}
P=1— Y Wi Bi . (11) and
(0f = BF)°+ 20007 Bf L "
QLB P~
Numerical solutions of Eqs(9) and (11) are illustrated in To=— W2 (N1-4Q%y(127-1) (17)
Figs. 1 and 2, respectively, for a beam of electrons with
=10 (energy of 3.382 MeYand(2,,=0.05. The negatived implies the existence of a negative-mass re-

Figure 1 showsB, as a function of the normalized ion- gime in which the axial velocity will increase with decreas-
channel frequencw; for group | orbits and group Il orbits. ing energy. The numerical value af, for group Il orbits at
Group | corresponds to the conditiam< g, and group Il which & goes to zero can be computed with the aid of Egs.
corresponds to the conditian;> g,. The dashed line indi- (9) and(15) and is found to be 1.2662 for parameters used in
cates unstable group | trajectories. The transition to orbitathe figures. Forw;>1.2662,® is positive (positive-mass
instability occurs at regime.
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GAIN EQUATION FOR A FREE-ELECTRON LASR . ..

IlI. ELECTRON IN RADIATION FIELD

The electric and magnetic fields of the radiation in a wig-

gler may be represented by

E,=E,(&cosé—& siné), (18
B, =E,(&siné+§, cosé), (19

where
&=Kz— w, t+ ¢; (20

k. is the wave numbem, is the frequency, ang is a phase
constant. The equation of electron moti@y in the presence
of a radiation field can be written in the form

d(ym ev,B
M=—277nie2x+ T2 Sink,z
dt
—eE(1-,)cos, (21)
d(ym ev,B
(yd—tyy)z—ZTrniezy— Tz Y cosk,z+€eE (1—B,)siné,
(22)
d(ymv,) eBy, .
T = T(Uy cosk,z— v, sink,z)
ek .
+ T(vysmg— vy COSE). (23

For solution of these equations, we consider thajFpclose
to 1(y>1), the last terms in Eq$21) and(22) that are due

to the electromagnetic radiation field can be neglected in B,=—
z

comparison with others. Thus f@, close to 1, the Eqg21)
and (22) are the same as Eq$4) and (5), respectively.
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Substituting Eqs(7), (8), and(18) into Eqg. (27) yields

eE  QuBf

Y=— m mCOS{kWZ-F f)

(28)

Using a first-order approximation far, z=v t=cpt, Eq.
(28) may be written in the form

5 2
ek W—'B”cos{QtJrg),

me (a7 A7) @9

y=-

whereQ=(k, +ky)v,— o, .

The phasep in Eq. (29) determines the initial position of
the electron relative to the optical wave. Averaging this equa-
tion over all phases yieldsy),=0; therefore, to first order
there is no net transfer of energy between the electron beam
and optical wave. The second-order correction will consist of
accounting for the fact that as an individual elect(@vith
phaseg) gains or loses energy, its position relative to unper-
turbed position £=v t=cpgt) is advanced or retarded.
Therefore, the unperturbed positiors=cgt, must be re-
placed by

z=c;8”t+cftA,82(t’)dt’, (30
0

whereAﬁZ(t):fE,,'Bz(t’)dt’ is the change of3, relative to
the unperturbed condition.

Differentiating Eq.(26) with respect to time and eliminat-
ing y by use of Eq.(29) then yields

2 o4
aup

(07— B0)°

eE  ayuB’

mcy* (wf— B7)

cogOQt+ ).
(3D)

Therefore the transverse electron velocities in the presence of

a radiation field are given by Eqgé7) and(8) as well.

This equation may be substituted into Eg§0) to obtain

An expression for the axial velocity can be obtained as

follows. Substituting Eqgs.(7) and (8) into y ?=1— g2
— B;— B2 leads to

8.2,84 1/2
—{1—y 214 H , 24
P [ VM @ 2
where

a,=yQ,=eB,/mck, . (25)

Expanding Eq(24) for B, close to 1 ¢/>1) yields

-2 2 nb
Y ayB) }

This is the normalized axial velocity/c) in presence of
the radiation field.

zZ(t)=cpBt+ %[COS(QH ¢)—cosp+Qtsing],

(32
where
_eE 0.8 auB!
ey (@7 90 {1‘ o
The substitution of Eq(32) into Eq. (28) yields
. eE 0,8 wt ®r)D
y=— m—iﬁcos{ (Qt+ o)+ ((DT(U
X[cogQt+ ¢)—cosg+Qtsin ¢]], (34

The energy exchange between an electron and the radia-

tion field is given by

vy=—(e/mc)B-E,. (27

where w,=ck, and w,=ck,. A comparison of Eq(34) to
Eq. (29) reveals that the perturbed condition consists of a
phase slippage
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Agp= W[comw b)—cosp+ Ot sing].
(39

Since D is proportional toy 2 and E,, A¢ can be made

PHYSICAL REVIEW E 65016501

gain-per-pass limit. As it will be shown in Sec. IV, the exis-
tence of negative gain in the negative-mass regime is a new
result that has not been previously reported for this type of
free-electron laser.

The pondermotive phase or electron phase is defined as

arbitrarily small. Therefore, expanding the cosine term of Eq.

(34) for Ap<m leads to

eE Q87

y=— e (_ETBHT) cog Qt+ ¢) —sin(Qt+ ¢)

(0wt o)D

Q [cog Qt+ ¢p)—cosp+Qtsing];.

(36)
Averaging over phase yields

eE QB (@y+ w;)D
2mo(w:— B5)Q

(QtcosQt—sinQt).
(37

<'7>¢>:

{=(k +Ky)z— o,t. (43

Differentiating Eq.(43) twice with respect to time, eliminat-
ing A3, by differentiating Eq.(26) with respect to time, and
then using the exact form af [Eq. (28)] leads to

{=—K?cogé+ o), (44)
where
) eE auBl [, aiBl
K2=(k,+ky) oy (= ) 1 Ak (45)

Equation(44) is the self-consistent pendulum equation that
describes electron-photon interaction in a free-electron laser
with helical wiggler and ion-channel guiding.

Integrating the above equation over the electron transit time

through the wiggler, the average changesirper electron
becomes

T=L/v,

A= [ (gt

0

eE QuBf(wy+o)DTQ
C2me (wl-B)

wherelL is the FEL interaction length and

g(QT), (39

2—2coNT—-OTsinQT

9(QT)= 0373

(39
The change of electromagnetic power in one transit is

|
AP=—_m(87),, (40

wherel=eny, area is the average electron beam curren
andn, is the density of the electron beam. Finally by usingb
Eqg. (38) under the assumption that the electrons are ne

resonance with the wavéi.e., Q=(k,+ky)cB,— w,=0],
the gain equation becomes

AP 4me’nyliw, aiB/ .
P m(yeB)® (02—p>)?

(0)9(QT),
(41)

whereP=c(1/8x)(E?+ B?) area=c(E?/4r) area is the em
power, and

alw! B}
(07— BD)3+alB (w0’ B

F(o)=1- 42

Equation(41) is the gain equation for a free-electron laser
with helical wiggler and ion-channel guiding in the low-

IV. NUMERICAL STUDY OF GAIN

If the normalized ion-channel frequenay is set equal to
zero, Eq.(41) reduces to

G Ame’nyL lwyaZ
" m(ycB)?

which is the gain equation for a helical wiggler FEL without
an ion channel.

Figure 3 showsA=G/G,, the ratio of gain with ion
channel to gain without ion channel, as a functionwgffor
Bi=v,/c close to 1 3,>0.95). For group | orbits, the gain
ratio A increases monotonically from unity at=0 and be-
comes largé187) at the orbital instabilityw; = 0.866. There-
fore, gain enhancement is obtained relative to absence of the
ion-channel guiding. For group Il orbits i;<1.027, then
B,<0.95, and the condition g8, close to 1(our condition or
ssumption for deviation of the gain equalidmeaks down.
he behavior of gain ratid\ for this group is interesting
A ecause it is negative whéi{w;) is negative. The gain ratio

A is equal to—182 atw;=1.027, and goes to zero when
F(w;)=0 atw;=1.266. Forw;>1.266 the gain ratid\ be-
comes positive, goes to its maximum that is less than 1, and
then starts decreasing to zero with increasing As men-
tioned in Sec. Il for group Il orbits, the functich [Eq. (11)]
is negative whenw;<1.266, and then becomes positive
when w;>1.266. Consequently the gain ratlois negative
when ® is negative and is positive wheh is positive.
Numerical consideration shows thatgf goes to 1, then
F(w;) [Eq. (39)] goes to® [Eq. (11)]. Therefore, with good
approximation forg, close to 1F(w;) can be replaced bg
in Eq. (41) to obtain

9(QT), (46)

m(ycB)® (w?—B7)

S dg(QT). (47)
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FIG. 4. Graphs of the absolute value of the gain ratio as a
function of the normalized ion-channel frequency by using Egs.
(41) and (47) for B,>0.95. The solid lines indicate the absolute
value of the gain ratio by using Edq41), and the symbol lines
(triangles indicate the absolute value of the gain ratio by using Eq.
(47). As this figure shows, the two graphs are the same except at the
peaks.

employed to transport a 10 kA electron beam through an
advanced test accelerator. Preliminary free-electron laser ex-
periments using an ion channel were carried out in 1989 by
Ozaki et al. with only modest success. Their more recent

=10 : experiment, carried out after extending the wiggler and re-
20 B =0.05 : i configuring the rf input, showed vast improvement in FEL
v : performancd9].
BT Ty Ty 20 Simulation studies of ion-channel guiding have provided
@. an alternative to experimental testing. Ozakial. have de-

| veloped a three-dimension&é8D) FEL simulation incorpo-
rating realistic beam transport effects. Yu, Sessler, and Whit-

FIG. 3. (a) Graph of the absolute value of the gain ratio as atum [10] have reported that the use of ion-channel guiding
function of the normalized ion-channel frequency &r>0.95. The  together with beam conditioning greatly enhances FEL gain
dotted line indicates the negative part of the gain ratio for group 11in the VUV and soft x-ray range. Their paper includes the
orbits. (b) Graph of a small region of the gain ratio in linear scale asresults of 3D simulation for a 30-A example that exhibits an
a function of the normalized ion-channel frequency B>0.95.  order of magnitude increase in gain. Simulation studies by
The dotted line indicates the negative part of the gain ratio forJha and Wurtel¢11] have also shown that significant gain
group |l orbits. enhancement can be obtained using ion-channel guiding.

Their 3D simulation code includes space-charge effects that

Figure 4 shows the graphs of the absolute gain ratio, usingre important in low-energy electron beams.

Egs.(41) and(47), for comparison. As this figure shows the  Recently Chen, Liu, and Xigl2] have used particle mod-
graphs are the same as each other except near the peaks éing to study the setting up of an ion channel, its transient
which B,=0.95. This is expected becauge=0.95 is not properties, and the factors affecting its performance. Their
very close to 1. The gain equatida?) is valid in the low-  paper presents results of value for the development of an
gain-per-pass limit wittB, close to 1 ¢>1), and is propor- ion-channel FEL. If the beam electron density is smaller than
tional to thed function in presence of an ion channel just asthe plasma density, there will be excess plasma electrons
it is in the presence of an axial magnetic fiefd. Therefore, inside the channel that will cause the beam to be unstable.
the gain is positive for positive-mass regimé ¥ 0), zero  Their calculations show that oscillations of the ions and of
for zero-mass regimed{=0), and negative for negative- the electron beam itself can exist. Under proper conditions,

mass regime. however, a pure ion channel with no oscillations can be es-
tablished. It is very important to employ a high quality elec-
V. DISCUSSION AND CONCLUSIONS tron Eeam Iand to properly control the configuration of the
ion channel.

The first successful test of ion-channel guiding was re- On the basis of the experimental and simulation studies
ported by Caporaset al. in 1986 [8]. This technique was that have previously been carried out, we conclude that ion-
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channel guiding is a viable alternative to the use of Jha and Kumaf5] have derived a simple analytical for-
magnetic-field guiding in an FEL. It has a unique set ofmula for the gain in a FEL with helical wiggler and ion-
advantages as discussed in Sec. |. The spread in longitudinethannel guiding. Their analysis predicts a substantial en-
velocity of the electron beam is detrimental to FEL perfor-hancement in the gain as the ion-channel frequency
mance. Also, limitations may be imposed by both electron-approaches the wiggler frequency. On the basis of our analy-
hose and ion-hose instabilities. Beam conditioning, althouglsis, we conclude that a correction factor for their gain for-
somewhat challenging, appears to be a method by whichmula is required. It predicts, for example, that the gain can

performance can be improved. occur only in the positive-mass regime.
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