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Simulations of a hydrogen-filled capillary discharge waveguide
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A one-dimensional dissipative magnetohydrodynamics code is used to investigate the discharge dynamics of
a waveguide for high-intensity laser pulses: the gas-filled capillary discharge waveguide. Simulations are
performed for the conditions of a recent experimental measurement of the electron density profile in hydrogen-
filled capillaries @D. J. Spenceet al., Phys. Rev. E63, 015401~R! ~2001!#, and are found to be in good
agreement with those results. The evolution of the discharge in this device is found to be substantially different
to that found inZ-pinch capillary discharges, owing to the fact that the plasma pressure is always much higher
than the magnetic pressure. Three stages of the capillary discharge are identified. During the last of these the
distribution of plasma inside the capillary is determined by the balance between ohmic heating, and cooling
due to electron heat conduction. A simple analytical model of the discharge during the final stage is presented,
and shown to be in good agreement with the magnetohydrodynamic simulations.
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I. INTRODUCTION

A number of important applications, such as sho
wavelength lasers and schemes for particle acceleration
volve the interaction with plasmas of ultrashort laser pul
with peak intensities in the range 1016221 W cm22 @1–4#.
The laser-plasma interaction length achieved in such ap
cations is fundamentally limited by diffraction to distances
order the Rayleigh range, and in practice is often furt
restricted by refraction of the propagating laser pulse.

In order to increase the distance over which the inten
of the laser pulse is maintained at a value close to that a
focus, it is necessary to channel the laser pulse in some m
ner @5#. A wide variety of methods for channelling intens
laser pulses has been investigated, including relativistic
ponderomotive channelling@6,7#, guiding by grazing-
incidence reflection from the walls of a hollow capilla
@8–10#, and plasma waveguides. In this last method
plasma is formed with a transverse electron density pro
with a minimum on the axis of propagation. An electro
density profile of this form corresponds to a transverse
fractive index profile that decreases with radius, providin
focusing effect that can counteract diffraction and refracti
A number of techniques for generating a plasma wavegu
have been studied, including, hydrodynamic expansion o
laser-produced cylindrical spark@11–13#, ionization of gas
by a hollow Bessel beam@14#, and a several types of capi
lary discharge@15–22#.

Capillary discharges are an attractive method for form
a plasma waveguide since they require no auxiliary laser,
be scaled to long lengths, and, for some types, offer lo
device lifetimes. Three quite distinct varieties of capilla
discharge have been used to generate plasma wavegu
Discharge-ablated capillary waveguides@15–17,20# operate
by ablation and ionization of the wall of an initially evacu
ated capillary to form a plasma with a radial profile suitab
for guiding @23,24#. Capillary discharges with much great
1063-651X/2001/65~1!/016407~11!/$20.00 65 0164
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current densities, typically peak currents of several tens
kA in a pulse of tens of nanosecond duration, are able
form a plasma channel by the pinch effect. This type of c
illary discharge can be operated in either initially-evacua
capillaries, or gas-filled capillaries, and the channel may
formed either in the initial compression phase of the d
charge@18,19#, or after reflection of the shockwave at th
capillary axis when the plasma is in dynamical and therm
equilibrium with the walls of the capillary@25–27#.

Recently a third type of capillary discharge wavegui
has been demonstrated: the gas-filled capillary discha
waveguide@22#. In this device, a current pulse is pass
through a capillary with an inner diameter of a few hundr
microns, prefilled with gas at a pressure of tens to hundr
of millibar. The current pulse has a peak of a few hundr
amperes, and a duration of order 200 ns. Measuremen
the transverse electron density profile in a hydrogen-fil
device have shown that a parabolic plasma channel is ind
formed @22#. Furthermore, recently a H-filled capillary dis
charge waveguide was used to guide laser pulses with p
intensities of greater than 1016 W/cm2, through 20- and
40-mm long capillaries with pulse energy transmissions
90% and 80%, respectively@28#.

Gas-filled capillary discharge waveguides offer a num
of advantages for guiding intense laser pulses, such as
transmission and coupling losses, the ability continuously
tune the plasma pressure, and a long device lifetime. In
dition, for H-filled capillaries the plasma channel may
fully ionized, which minimizes spectral or temporal disto
tion of the guided laser pulse. In order to assist the deve
ment of this waveguide, it is important to understand t
mechanisms by which the guiding electron density profile
formed. In the present paper we present the results of m
netohydrodynamic simulations of the plasma dynamics o
hydrogen-filled capillary discharge waveguide. The mo
employed was modified from one that has previously be
used to investigateZ-pinch discharges suitable for x-ray la
©2001 The American Physical Society07-1
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sers and waveguides for high-intensity laser pulses@25–
27,29–31,20#.

The magnetohydrodynamics~MHD! simulations are com-
pared with measurements@22# of the electron density profile
in a hydrogen-filled capillary discharge waveguide, and go
agreement is found. The simulations show clearly that
mechanism of formation of the guiding electron density p
file is very different from that which occurs inZ-pinch cap-
illary discharge waveguides.

II. BASIC EQUATIONS

We investigate the discharge dynamics in a capillary p
filled by nonionized gas. During the discharge, gas ionizat
occurs as a result of the increasing electron temperature
that the discharge plasma consists of neutral and ion
components. In the parameter range under consideration
important to describe the following dissipative process
electron and ion thermal conductivities, Joule heating, Ne
and Ettinghausen effects, radiation losses, and viscosity.
also important to incorporate the degree of ionization i
both the equation of state and the dissipative coefficients.
use the approximation of two-temperature~ion and electron!,
one-fluid magnetohydrodynamics.

Owing to the large length-to-radius ratio of the capilla
( l /R0@1, wherel andR0 are the length and a radius of th
capillary, respectively! a one-dimensional approximation
considered in which all the values depend only on radiur
and timet. We note that in one-dimensional approximati
we take into account all dissipative processes. The rele
MHD equations read
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Herer is the plasma density,p5pe1pi the plasma pressur
~being the sum of the electron and ion pressures!, v the radial
component of the plasma velocity,B the azimuthal compo-
nent of the magnetic field,P ik the ion viscous stress tenso
E the axial component of the electric field in the comovi
frame in which the plasma is locally at rest,«e and « i the
internal energies of the electron and ion components of
plasma, related to the unit of the plasma mass,Cei the rate of
thermal transfer between ions and electrons, andTe and Ti
the electron and ion temperatures, respectively,j
5(c/4pr )](Br)/]r the axial component of the electric cu
rent density,qe andqi the radial components of the electro
and ion heat fluxes, andQr the rate of radiative energy los
per unit of volume. The ion component of the plasma
assumed to be unmagnetized, so for the nonzero compon
of the ion viscosity tensorP ik we have

P rr 5
2

3
h0S v

r
22

]v
]r D , ~6!

Pww5
2

3
h0r 2

]

]r

v

r 2
. ~7!

We take full account of all dissipative effects in the plasm
electron component. In this case we write the generali
Ohm’s law in the form

E5
j

s'

2NB
]Te

]r
, ~8!

qe52ke'

]Te

]r
1NBTej . ~9!

The second terms on the right-hand side of Eqs.~8! and ~9!
describe the so-called Nernst and Ettinghausen effects
spectively. The ion heat flux is given by

qi52k i'

]Ti

]r
. ~10!

The expressions for the thermal conductivityke' , the
Nernst coefficientN, the electric conductivitys' , ion vis-
cosity h0, and the rate of thermal transfer between ions a
electrons are taken from Ref.@32#, where the well-known
system of the Braginskii equations@33# was generalized for
the case of a plasma with a large mean value of the
charge and the possible considerable difference between
Coulomb logarithms for electron-electron and electron-
collisions was taken into account

ke'5
neTe

menei
G1~xe ,w!, N52

1

mecnei
G4~xe ,w!, ~11!

s'5
e2ne

menei
@12G5~xe ,w!#21, ~12!

Cei53
me

AmA
nenei , h050.96niTin i i

21 , ~13!
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SIMULATIONS OF A HYDROGEN-FILLED CAPILLARY . . . PHYSICAL REVIEW E65 016407
wherene andni are the electron and ion densities,e andme
are the charge and mass of the electron, respectively,A is the
atomic number of the element of interest,mA is the atomic
unit of mass. The parameterxe5vBe /nei is large if the elec-
trons are strongly magnetized, and is small if the influence
the magnetic field upon the dissipative coefficients is ne
gible. The Lorentz parameter,w5lee/(A2zlei), character-
izes the relative role of electron-electron and electron-
collisions, and theG i(xe ,w) are the functions defined in Re
@32# and are of the order of 1 in the case under considerat
The electron-ion and ion-ion collision frequencies are writ
as follows:

nei5
4A2pe4z1

2nilei

3AmeTe
3/2

, n i i 5
4Ape4z1

4nil i i

3AAmATi
3/2

, ~14!

wherez is the mean ion charge,z15z for z>1 andz151 for
z,1, and l i i is the Coulomb logarithm for ion-ion colli-
sions. In dense, ionized plasmas there is a considerable
ference between the Coulomb logarithms for electr
electron, electron-ion, and ion-ion collisions. For t
parameters typical of gas-filled capillary discharges, the c
sical description of the process of Coulomb collisions is s
ficient, and we use the following expressions:

lee5
1

2
ln

9Te
3

16pe6ne

, ~15!

lei5
1

2
ln

9Te
3

4pz1
2e6ne~11z1Te /Ti !

, ~16!

l i i 5
1

2
ln

9Ti
2Te

16pz1
4e6ne~11z1Te /Ti !

. ~17!

At low temperatures, as long as the mean ion charg
considerably less than unity, there is a noticeable fraction
neutral particles in the plasma. We renormalize the electr
ion collision frequencynei by taking into account the contri
bution of neutral particles to the electron scattering. Thus
dissipative coefficients are defined by expressions in wh
the electron-ion collision frequency is substituted by the
fective collision frequency involving the contribution from
neutral atoms~see Ref.@34#!. These expressions have be
applied to both a highly ionized plasma and a plasma wit
low degree of ionization. This procedure provides a qual
tively accurate and universal description of limiting cas
corresponding to strongly ionized and weakly ionized pl
mas, as well as to the intermediate cases.

The model description of the equation of state and
ionization degree has been elaborated and used for sim
tion of capillary discharges and denseZ pinches in plasmas
with arbitrary atomic number of the element of interestZ and
the degree of ionizationz ~see, for example Refs.@25,29,34#!.
But the case of the hydrogen-filled capillary discharge wa
guide, that is a plasma consisting of free ideal electrons
nonideal gas of atoms and singly-ionized ions, has not b
considered previously. This we do below.
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The model described above is used for both the hydro
filling the capillary and for the capillary wall material. Th
approximation of local thermodynamic equilibrium is us
separately for the electron and ion components. For the
energy of ideal free electrons, neutral atoms, and singly i
ized ions we have

F~V,Te ,Ti ,z!5zx02zTeH 11 lnF S me Te

2p\2D 3/2
2V

z G J
2zTi H 11 lnF S AmATi

2p\2 D 3/2
2V

z G J
2~12z!Ti H 11 lnF S AmATi

2p\2 D 3/2
V

12zG J
1

E0

6 F21S V0

V D 3

23
V0

V G . ~18!

Here x0 is the ionization potential of the neutral atom,V
5AmA /r is specific volume of the atomic cell, andz is the
degree of ionization or the mean ion charge. The first term
the right-hand side of Eq.~18! describes the energy of ion
ization, whereas the next three terms are the sum of
energies of ideal gases of electrons, ions, and atoms. The
term on the right-hand side of Eq.~18! describes the nonidea
correction to the free energy of a gas of atoms. We use
simplest form of the nonideal equation of state. It takes i
account the phase transition from condensed matter
atomic gas, but neglects all phase transitions in the c
densed phase and all processes of aggregation~disassocia-
tion! of atoms into molecules. The specific heat capacitycv
is chosen to be constant. The free energy of ions tends to
free energy of an ideal ion gas whenr→0. The parameter
V05AmA /r0 is related to the density,r0, of the condensed
material at zero external pressure and at zero tempera
The parameterE0 is related to the energy per atom of fu
sublimation and dissociation to separate atoms atT50,
which is equal toE0/3. Hydrodynamic ablation of the wal
material starts at aboutTi'Ts5323/2E0. However, for the
present case the final lattice temperature appears to be m
less thanTs , and as such the exact form of the equation
state atTi;Ts is unimportant. In the case of Al2O3 ceramics
A'20, r0'3.5 g/cm3, E0 is assumed to be about 4 eV. Fo
the hydrogen,E0 andV0 are chosen to be sufficiently sma
that the nonideal corrections to the hydrogen equation
state are negligible.

Equation ~18! gives all necessary thermodynamic fun
tions. The equilibrium state of ionization,z, corresponds to
the minimum free energy at givenTe , Ti , andV

S ]F

]z D
V,Te ,Ti

50. ~19!

Equation ~19! generalizes the Saha equation for a plas
composed of atoms and singly ionized ions to the case w
Ti5” Te .
7-3
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For the ion ~lattice! thermal conductivity we write the
interpolation formula

k i53.9
3

4Ap

Ti
5/2

zi
4e4L i i mi

1g
E0

Ti

r

r0
, ~20!

which describes the contributions from plasma and lat
thermal conductivities. The factorE0 /Ti in the second term
in Eq. ~20! is found from the theory of thermal conductivit
of dielectrics for temperature above the Debye tempera
@35#. The factorr/r0 is introduced to suppress the contrib
tion of the second term in Eq.~20! in the plasma region
Here the constantg is chosen for the thermal conductivity o
alumina to be approximately equal to the experimental va
at the relevant temperatures@36#. Thus g (E0 /T100)525
Wm21 K21, whereT1005373 K corresponds to 100 °C.

For the radiation energy losses we have used the app
mation formula, which takes into account bremsstrahlu
and recombination radiation@37#. However, the influence o
radiation cooling on plasma dynamics when the magnit
of the electric current is significantly less than the Pea
Braginskii current value@38,39# is negligibly small, as is the
case for the H-filled capillary discharge under considerati

The physical model described in this section or its mo
fications have been used to simulate the dynamics of denZ
pinches@40–42# and both discharge-ablated@27,29,31# and
Z-pinch capillary discharges@25,26,29,30,34#. In all cases
the simulations showed good agreement with experime
results @31,30,41,42#, and we conclude that the mod
adopted is adequate. For the computer simulations we u
the MHD codePICA @26,34#.

Initial and boundary conditions

The capillary is taken to be prefilled with nonionized g
of uniform density and temperature. The discharge is in
ated by a pulse of current driven by an external circuit. T
total electric current through the discharge,I (t), including
that which flows through the capillary wall, may be cons
ered to be a given function of time. We parametrize the to
discharge current in the form,

I ~ t !5I 0FS pt

t0
D , ~21!

where the functionF(pt/t0) is determined by the externa
electric circuit,I 0 is the peak current andt0 is an effective
half-width of the electric current pulse.

III. RESULTS OF MHD SIMULATIONS

We have used the physical model described above
simulate the discharge under the conditions of the recent
periment to measure the electron density in a H-filled ca
lary discharge@22#. In that work the capillary was formed
from alumina, with an inner diameter of 300mm. The dis-
charge current pulse was approximately sinusoidal, wit
half-period of approximately 200 ns and a peak of 250
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The initial hydrogen pressure in the capillary was measu
to be 67 mbar at room temperature.

For the simulations we consider an alumina capillary w
R05150 mm, prefilled with pure hydrogen of uniform den
sity and temperature at an initial density
5.631026 g/cm3. For t.0 the current pulse is taken to b
described byI (t)5I 0 sin(pt/t0), where I 05250 A, and t0
5200 ns. Initially, there is no electric current inside th
channel, and hence in order to initiate the discharge, the
drogen is assumed to be slightly ionized (Te50.3 eV) att
50. The initial breakdown of the discharge, which las
about 10 ns, cannot be described by Eqs.~1!–~5! because, as
is well known, the breakdown exhibits three-dimension
structure. In addition, the effects of plasma nonquasineut
ity are important. However, the initial stage is short co
pared with the full time of the discharge and it does n
substantially affect the plasma parameters at later times.

Figure 1 ~color! presents quantitative information abo
the temporal evolution of the calculated radial distribution
plasma parameters inside the channel. The first frame of
1 shows an (r ,t) diagram of the trajectories of fluid elemen
in the MHD simulation. The second and the third fram
show the distribution in the (r ,t) plane of the electron den
sity and temperature, respectively, and the fourth fra
shows the distribution of the degree of ionization.

The general properties of the discharge can be descr
as follows. After the breakdown the current pulse heats
plasma and creates an azimuthal component of the mag
field. However, pinching of the plasma is negligibly wea
since the plasma pressure is much higher than the mag
field pressure. The maximum plasma pressure is found to
approximately 46 bar. The plasma is confined from exp
sion in the radial direction by the elasticity and the inertia
the capillary walls. We do not see the propagation of a co
pression wave from the capillary wall to the channel axis,
contrast to the existence of such a compression wave
gas-filled capillaries operated at higher current densi
@25,26,29,30#.

In detail, there are three stages of plasma evolution ins
the capillary. The first stage lasts approximately 50 ns, d
ing which the radial distributions of the electron densi
temperature, and the degree of ionization remain homo
neous. As the electric current increasesne , Te , andz grow
with time up to the moment of almost full ionization of hy
drogen att'55 ns (z5 0.85, 0.95, and 0.99 att550, 55,
and 60 ns, respectively!. The characteristic time of the pen
etration of electric field in plasma, the skin timets

54ps'R0
2/c2, is of the order of 1 ns. As a result, the radi

distribution of the electric field is homogeneous and con
quently the electric current penetrates the plasma v
quickly, and plasma is heated and ionized locally. T
plasma parameterb58p(pe1pi)/B

2, which characterizes
the relative contribution of the magnetic pressure, is of
order of 100. As such the plasma pressure is much gre
than the magnetic pressure, and as a result there is no p
effect.

The situation changes significantly at the time of alm
complete ionization of plasma, which occurs whenTe
'2 eV. The redistribution of plasma across the capilla
7-4
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SIMULATIONS OF A HYDROGEN-FILLED CAPILLARY . . . PHYSICAL REVIEW E65 016407
FIG. 1. ~Color! Results of computer simulation of capillary discharge dynamics for an alumina capillary of 300mm inner diameter
prefilled with 67.0 mbar of pure hydrogen. The current pulse is taken to be sinusoidal with a peak valueI 05250 A and half-period time
t05200 ns. The first frame shows the (r ,t) diagram of the trajectories of hydrogen plasma elements. The second and the third frame
the distributions in the (r ,t) plane of electron density in units of 1018 cm23 and temperature in units of eV, respectively. The fourth fra
shows the distribution of the degree of ionization of hydrogen. The scales on the right-hand side of the figures show values of
density, temperature, and the degree of ionization of hydrogen, respectively.
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channel is clearly seen in Fig. 1 during the intervalt550–80
ns. The rising electric current leads to an increase of pla
temperature and heat flux due to thermal conduction. Du
this phase of the discharge the thermal conduction timetx

5R0
2cv /ke' , decreases and becomes comparable to,

subsequently less than, the characteristic time of the ele
discharge. The skin time remains of the same order as in
first stage of the discharge. The plasma pressure is hom
01640
a
g

nd
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neous, but the plasma radial distribution of temperature
inhomogeneous since the plasma is cooled near the w
Hence during this second stage of plasma evolution ther
conduction becomes significant.

During the third stage of the discharge the plasma rema
almost immobile in the radial direction. Fort*80 ns the
acoustic (;5 ns), thermal conduction (;10 ns), and skin
(;2 ns) times are much less than the discharge time.
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this reason the radial distribution of plasma parameters
responds to a quasi-steady-state equilibrium at a given e
tric current. This radial steady-state equilibrium indica
that the plasma pressure is almost homogeneous due t
conditionb@1. The plasma temperature at this stage has
maximum on the axis, as a consequence of the fact that c
ing due to radiation plays a negligible role, and the Ohm
heating is balanced mainly by thermal conduction to the re
tively cold capillary wall. Since the hydrogen is fully ionize
and at constant pressure, a monotonic radially decrea
temperature results in an axial minimum in the electron d
sity profile of the plasma.

The temporal evolution of the axial electron density a
temperature are plotted in Fig. 2, showing that aftet
'80 ns the axial electron density is constant. The axial e
tron temperature is found to decrease slowly with time a
t'100 ns. At t'60 ns the electron density on the axis
ne'2.831018 cm23 and the electron temperature isTe
'3.4 eV.

The radial distributions of electron density and tempe
ture at different moments of time are plotted in Figs. 3 and
An axial minimum in the radial electron density profile

FIG. 2. Calculated temporal evolution of the axial electron d
sity ne and temperatureTe . The dotted lines show the results o
tained with the simple model described in Sec. IV.

FIG. 3. Calculated radial electron density profilesne for t540,
60, 80, 100, and 150 ns. The curves are labeled byt in nanoseconds
The electron density profile is found to be almost constant in
interval 80 ns,t,150 ns, and the difference between the curv
for t580 ns, 100 ns, and 150 ns is small.
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established after about 65 ns, and indeed poor-quality ch
nelling of radiation may be possible att'60 ns~see Fig. 3!
owing to the steep rise in the electron density profile near
capillary wall. During the interval 80 ns,t,150 ns the ra-
dial distribution of electron density is almost constant—
least to the extent that longitudinal plasma flow may be
glected. The axial electron temperature reaches its maxim
at the time of maximum electric current, thereafter decre
ing slightly with time. The radial distribution of the electro
temperature also changes only slightly within this time int
val. If we do not take into account longitudinal plasma flo
the approximately parabolic electron density profile exi
until the recombination of the hydrogen that occurs when
electron temperature becomes less than 1–2 eV@26,27#.

In Fig. 5 we compare the measured and calculated e
tron density distributions fort'60 ns. The electron densit
profile was obtained using laser pulses of approximately 8
duration, and by averaging several experimental curves
corded for t close to 60 ns. Hence the measured profi
correspond to an average of the electron density profile o
several nanoseconds. The simulation shows that fot
'60 ns the electron density profile changes rapidly. Figur
also shows the calculated electron density profile fot

-

e
s

FIG. 4. Calculated radial profiles of electron temperatureTe for
the same values oft as in Fig. 3.

FIG. 5. Comparison of the simulated and measured elec
density profiles. Open circles correspond to experimental res
The dotted line shows the electron density radial profile fot
555 ns, the solid line fort560 ns, and the dashed line fort
565 ns.
7-6



ro
w
or

th
w

e
fe
io
o

th
e
d

uc
in

is

de
o

f
he
ta
in

o

on
ur
o
ld
th
th

la
to
tiz
n

n
e
is

in
u

qu

ta

l

ay
u-
n
,

g
n

e

in
to

SIMULATIONS OF A HYDROGEN-FILLED CAPILLARY . . . PHYSICAL REVIEW E65 016407
555 ns andt565 ns. It is seen that the measured elect
density profile is reasonably well bracketed by these t
simulations. We conclude, therefore, that allowing for err
in measurement of the timet of approximately65 ns, and
averaging over the duration of the probe pulse used in
measurements, the simulations are in good agreement
the measurements.

For practical applications of H-filled capillary discharg
waveguides, it is important that the capillary has a long li
time. The thermal flux due to electron thermal conduct
penetrates the capillary wall, leading to partial ionization
the wall and heating of the free electrons. The lattice of
wall material is heated by energy exchange between th
free electrons and the lattice. Our simulation shows that
rect heating of the lattice due to ion-lattice thermal cond
tion plays only a secondary role in comparison with heat
via free electrons in the wall material. Fort5100–150 ns,
the degree of ionization of atoms in the wall material
found to be of the order of 1024 in a layer of ;0.8 mm
depth. The electron temperature in this layer is of the or
of 1.8 eV, whereas the lattice temperature grows from alm
room temperature att550 ns to about 200 °C att5100 ns
and to about 500 °C att5150 ns. Lattice temperatures o
this magnitude do not lead to melting or disruption of t
wall material. This finding agrees well with the experimen
observation that after 105 discharge pulses the increase
capillary diameter was less than 1mm @22#.

IV. SIMPLE MODEL OF PLASMA EQUILIBRIUM INSIDE
THE CAPILLARY CHANNEL

The results of the MHD simulation presented above sh
that, in contrast to previously discussedZ-pinch capillary
waveguides, the pinch effect is insignificant under the c
ditions of the gas-filled capillary discharge waveguide. F
thermore, fort*80 ns the following conditions are found t
be fulfilled. There is no screening of the axial electric fie
and consequently it is uniform across the diameter of
capillary. The magnetic field pressure is much less than
plasma pressure~50–100 times less in the present simu
tion!, and hence the plasma pressure can be considered
constant across the capillary. The electrons are unmagne
(xe&0.04), and consequently the influence of Nernst a
Ettinghausen effects@see Eqs.~8! and ~9!# can be neglected
~i.e., we may letN→0). There is no difference betwee
electronTe and ion Ti temperatures. As a result of thes
conditions, the distribution of plasma inside the capillary
simply determined by the balance between Ohmic heat
and cooling due to electron heat conduction. This allows
to formulate a simple model of the plasma under such e
librium conditions.

First, we introduce a plasma temperatureT5Ti5Te . To
obtain the radial profile of the plasma temperature we s
from the equation for heat flow

1

r

d

dr S rke'

dT

dr D1s'E250, ~22!
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whereke' is the electron thermal conductivity, ands' is the
electric conductivity, given by expressions~11! and~12!, re-
spectively. Equation~22! is a nonlinear ordinary differentia
equation, the boundary conditions in this case being

dT

dr U
r 50

50, Tur 5R0
5T* , ~23!

whereT* is equal to the temperature of the wall. We m
further simplify this equation as follows. Assuming the Co
lomb logarithms to be constant~they are between 3 and 4 i
the presented simulation!, the electron thermal conductivity
and the electric conductivity vary aske'5k0T5/2 and s'

5s0T3/2, wherek0 and s0 are constant values. Assumin
thatke'Tur 50@ke'ur 5R0

T* ~in the case under consideratio

ke'Tur 5R0
'100ke'Tur 50), the temperatureT* in the

boundary condition~23! at r 5R0 can be considered to b
zero.

Introducing a new variablej5r /R0 and a new function
u(j), which is related to the temperature by

T~j!5Au~j!2/7, ~24!

with A5(7s0R0
2E2/2k0)1/2, we may rewrite Eq.~22! in the

form

1

j

d

dj S j
du

dj D52u3/7, ~25!

and the boundary conditions~23! as

du

dj U
j50

50, uuj5150. ~26!

The unique nontrivial solution of Eq.~25! with the bound-
ary conditions~26! is found numerically and presented
Fig. 6. As discussed below, for further analysis we need
know the following three parameters of the solution:u(0)
'0.067,u8(1)'20.107, and

m05E
0

1

ju22/7~j!dj'1.55. ~27!

FIG. 6. The numerical solution of Eq.~25!.
7-7
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As we already mentioned above, we suppose that
pressurep is constant across the capillary, so that in the c
of full ionization z'1,

p52ne~r !T~r !52ne~0!T~0!, ~28!

wherene(r ) andT(r ) are the values of the electron dens
and temperature at radiusr. The average electron densi
^ne& is equal to

^ne&5
1

pR0
2E0

R0
ne2prdr . ~29!

In the absence of longitudinal flow, it is related to the init
ion densityni0 by, ^ne&5zni0, wherez is the degree of ion-
ization. The electron density profile is given by

ne~r !5
ne~0!T~0!

T~r !
5ne~0!S u~0!

u~r ! D
2/7

. ~30!

Substitution of the electron density profile into Eq.~29! then
yields

ne~0!

^ne&
5

1

2m0u~0!2/7
'0.7364. ~31!

We see that the axial electron density is determined only
the average electron density, which in the absence of lo
tudinal flow is determined by the initial ion density and t
degree of ionizationz. For the case under consideration w
find ne(0)'2.531018 cm23.

Expanding the solution foru(j) we find

u~j!5u~0!1
1

2

d2u

dj2 U
j50

j21•••

5u~0!S 12
1

4u~0!4/7
j21••• D , ~32!

and hence the radial profile of the electron density becom

ne~r !

ne~0!
5S 11

1

14u~0!4/7

r 2

R0
2

1••• D 'S 110.33
r 2

R0
2

1••• D .

~33!

We see that near the capillary axis the electron density pro
is approximately parabolic, which, as discussed below,
lows laser pulses with a Gaussian transverse spatial profi
be matched to the plasma channel.

The electric field may be calculated as follows. The to
electric current is given by

I 52pE
0

R0
j rdr 52ps0EE

0

R0
T3/2rdr , ~34!

where the electric current density is equal toj 5s'E. Sub-
stitution of T from Eq. ~24! and integration of Eq.~25! then
yields,
01640
e
e

l

y
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s

le
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to

l

I 52pR0
2EA3/2s0E

0

1

u3/7~j!jdj52pR0
2EA3/2s0uu8~1!u.

~35!

This result may be used to writeE in the form

E5
1

73/1021/10p2/5uu8~1!u2/5

k0
3/10

s0
7/10

I 2/5

R0
7/5

, ~36!

or

E @kV cm21#'0.085
I @kA#2/5

R0 @mm#7/5
. ~37!

The resistanceR per unit length of the plasma may be foun
from E5IR and is equal to

R @ohm cm21#'0.085I @kA#23/5R0 @mm#27/5. ~38!

Equation~24! then gives the temperature on the axis as

T~0!5
71/5u~0!2/7

23/5p2/5uu8~1!u2/5

1

~k0s0!1/5S I

R0
D 2/5

'5.7S I @kA#

R0 @mm# D
2/5

eV. ~39!

The numerical coefficients in Eqs.~37! and ~39! have
been calculated forlee'4.4, lei'4.7, z'1, w'0.66, G1
'3.33, andG5'0.50. These values are calculated using
simulated plasma parameters at the axis fort5100 ns, and
are assumed to be constant.

We see that the equilibrium state of the capillary d
charge depends, assuming full ionization of the hydrog
only on the electric current, the capillary radius, and the to
mass of hydrogen per unit length of the capillary. We c
consider the quasi-steady-state development of the capi
discharge as an evolution of such equilibrium states as
electric current changes with time. Within this picture t
axial temperature depends on the electric current, and co
quently changes as the discharge evolves. However, the
electron density does not depend on electric current,
hence is constant in time to the extent thatz is constant. The
calculated temporal evolution of the axial electron dens
and temperature according to Eqs.~31! and ~39! are shown
by dotted lines in Fig. 2, assumingz'1. It can be seen tha
after t*80 ns, for both parameters the differences betwe
the MHD simulation and the simple model become less th
about 10%. In Fig. 7 we compare the calculated radial p
files of the electron temperature and density for the MH
simulation and the equilibrium model att5100 ns. The
agreement of the simple model with the MHD simulations
quite acceptable.

Both the MHD and equilibrium simulations were pe
formed within a one-dimensional approximation in which t
plasma outflow in thez direction through the ends of th
capillary is not taken into account. We now estimate the
7-8
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fect of longitudinal plasma flow using a simple model. W
assume that the velocity of plasma along the capillary axi
proportional to thez coordinate, i.e.,vz5z/t, where t
5 l /cs , and cs5ATe /mi is the ion acoustic velocity. Then
from the continuity equation we have

dn

dt
1

n

t
50 ~40!

and

n5n0 exp~2t/t!, ~41!

with t being the time scale of outflow.
For 3–5 mm long capillaries, as used in the guiding e

periments@22#, once the hydrogen is fully ionizedt is cal-
culated to be of the order of 150–250 ns. With this value
t the time for the plasma density to decrease by an orde
magnitude is estimated to be approximately 600 ns for
mm long capillary. This agrees well with the experimen
observation@22# that the plasma density inside a 5-mm lo
capillary decayed to zero in a time of order 650 ns. W
conclude, therefore, that for the short capillaries employe
the measurements of the electron density profile, longitud
plasma flow should not have affected the radial electron d
sity profile for t&150 ns. Further evidence for this is th
good agreement between the measured and calculated
files. The time scale of longitudinal flow is expected to i
crease approximately linearly withl, and hence for longe
capillaries our simulations are is expected to be valid
much longer times.

For t.80 ns the simple model can be used if the length
the capillary is such that the time-scale for longitudinal flo
exceeds the skin and thermal conduction times. We note
for capillaries with lengths of interest for guiding, i.e., te
of millimetres, there exists a substantial window between
formation of a parabolic guiding channel att'80 ns and the
onset of longitudinal plasma flow. For example, in rece
guiding experiments@28# with a 20-mm long H-filled capil-
lary discharge waveguide, high-quality guiding of intense

FIG. 7. Comparison of the simulated electron density and te
perature profiles~solid lines! with those calculated from the simpl
model described in Sec. IV~dotted lines!. For both calculationst
5100 ns.
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ser pulses was observed in the region neart5200 ns. Lon-
gitudinal flow would not be expected to occur for th
capillary until t'1 ms.

V. LASER PULSE GUIDING INSIDE THE CAPILLARY

A Gaussian beam will propagate through a plasma ch
nel with a parabolic electron density profile of the for
ne(r )5ne(0)1ne9(0)r 2/2 with a constant spot sizeWM pro-
vided that

WM5~lR0!1/2S ncr

2p2ne~0!
D 1/4S ne~0!

ne9~0!R0
2D 1/4

. ~42!

Equation~42! can also be written in the form

WM5S 2

pr ene9~0!
D 1/4

, ~43!

wherer e is the classical electron radius, which shows mo
clearly that the matched spot size does not depend onl.
From the equilibrium model presented above we find that
matched spot size is given by

WM5@28m0u~0!6/7#1/4S R0
2

pr ezni0
D 1/4

. ~44!

We note that although the electron density profile is not
actly parabolic, for the purposes of matched guiding it
sufficient that the profile is approximately parabolic forr
&2WM , at which point the intensity of the guided beam
reduced from the axial value by a factor of almost 104. This
condition is well satisfied for the device discussed here.

Using the valuesu(0)'0.067,m0'1.55, we find

WM @mm#'1.483105
AR0 @mm#

~zni0 @cm23# !1/4
~45!

and we see that the matched spot size is proportional to
square root of the capillary radius, but depends only sligh
on the initial gas pressure and the degree of ionization. T
ing R05150 mm and an initial hydrogen pressure of 6
mbar, we find thatWM'42 mm, which is in good agreemen
with the value of 37.5mm determined from a parabolic fit to
the measured electron density profile@22#. We note that it
should be possible to generate plasma channels with sm
matched spot sizes by employing capillaries of smaller dia
eter.

VI. CONCLUSION

We have employed a one-dimensional dissipative MH
code to investigate the dynamics of hydrogen-filled capilla
discharge waveguide under the conditions described in R
@22,28#. We have found that the evolution of the discharge
this device is substantially different compared with the d
charge dynamics in the discharge-ablated andZ-pinch capil-
lary discharges discussed in Refs.@25,26,29–31,20,34#.

We have shown that the main reason for this differenc

-
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that in the hydrogen-filled capillary discharge waveguide
plasma pressure is always much greater than the mag
pressure, and as such the pinch effect can be neglecte
this case radial expansion of the capillary plasma is restric
by the elasticity and inertia of the capillary walls.

Three stages of the plasma evolution have been identi
During the first stage the magnetic field penetrates
plasma on a time scale of;1 ns, and the plasma is heate
and ionized locally. Radial distributions of the plasma p
rameters remain homogeneous. As the electric current
creases the thermal conduction time decreases, and the
conduction becomes significant at approximately the time
complete ionization of the plasma. A redistribution of t
plasma temperature and density across the channel oc
during this second stage of the discharge evolution. In
third stage the discharge plasma is in dynamic and ther
quasiequilibrium. During this phase the plasma pressur
uniform, and the electron density profile is approximate
parabolic with a minimum on the axis, where the plas
temperature is maximum.

We have compared the results of the MHD simulations
the electron density profile with those measured in a rec
experiment, and found good agreement. The plasma cha
is shown to be fully ionized, which is important for applic
tions of the waveguide in that pulse distortion and spec
blue-shifting due to laser-induced ionization of the plas
will be avoided. Furthermore, the simulations show that
.
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capillary wall is not significantly ablated by the dischar
pulse, which is in agreement with the long device lifetim
found experimentally.

The results of the MHD simulation allowed us to form
late a simple model to determine the plasma temperature
density during the third stage of the discharge, in which
distribution of plasma inside the capillary is determined
the balance between ohmic heating and cooling due to e
tron heat conduction. We have presented the unique solu
for the temperature profile within the capillary, and foun
scaling laws for the dependence of the axial plasma temp
ture and electron density. The results of this simple mo
were shown to be in good agreement with the MHD simu
tions. The key advantages of the simple model are tha
provides analytical expressions, in terms of the parameter
the capillary discharge, for both the plasma distribution
side the capillary, and the matched spot size of the plas
channel that is formed.
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