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Lattice model of adsorption in disordered porous materials: Mean-field density functional theory
and Monte Carlo simulations
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We present mean-field density functional theory calculations and Monte Carlo simulations for a lattice
model of a fluid confined in a disordered porous material. The model is obtained by a coarse graining of an
off-lattice model of adsorption of simple molecules in silica xerogels. In some of our calculations a model of
a porous glass is also considered. The lattice models exhibit behavior that is qualitatively similar to that of their
off-lattice counterparts but the computations required are much more tractable and this makes it feasible to
investigate the effects of porous material microstructure at longer length scales. We focus on exploring in detail
the behavior in the adsorption/desorption hysteresis region for these models. In agreement with recent results
for a model that uses a random distribution of solid sites on the lattice@Kierlik et al., Phys. Rev. Lett.87,
055701~2001!# we show that the disorder of the solid matrix induces multiple metastable states within the
hysteresis region, which are evident in both the mean-field theory calculations and the Monte Carlo simula-
tions. These multiple metastable states can be connected by scanning curves that are very similar to those seen
in experimental studies of adsorption hysteresis. The results from mean-field theory predict that while there is
hysteresis in the adsorption/desorption isotherms it is not possible to locate a condition of phase equilibrium
that satisfies thermodynamic consistency. A wider significance of these results is discussed.

DOI: 10.1103/PhysRevE.65.011202 PACS number~s!: 61.20.Gy, 05.70.Fh, 64.60.Fr
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I. INTRODUCTION

There has been significant progress in developing mole
lar models of disordered materials@1–8#. Recent simulation
studies on these models show that a fluid adsorbed in a
ordered porous medium experiences a number of effe
such as confinement, wetting, disorder, etc. that are stro
coupled with each other@5–8#. The main drawback of thes
models of disordered porous materials is their relative co
putational complexity. This becomes a crucial issue for pr
lems where we are interested in studying a broad array
morphologies and parameters of a system. Moreover, p
transitions in these systems may involve very large len
scales, and it is important to consider a system of a su
ciently large size. Again, in the case of detailed continuo
models we quickly reach the limit on how large systems
can consider due to the computational restrictions. This
been a motivation to look for more efficient models a
methods, which, at the same time, would preserve the p
ics associated with the disorder. From this standpoint, lat
models offer two major advantages:~i! they are very efficient
from computational point of view;~ii ! they allow a relatively
simple theoretical treatment.

Lattice models have been applied to various problem
adsorption on surfaces and in porous materials and we
mention here only a sample of the many studies in the lite
ture. Wetting, prewetting and layering transitions on pla
solid surfaces have been studied using the mean-field th
@9,10# and Monte Carlo simulation@11#. Recently mean-field
lattice-gas models have been used to study the phase be
ior of fluids confined between chemically corrugated su
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strates@12,13#. A lattice model in combination with a mean
field theory has been also applied to study hysteresis
narrow pores@14#.

Disordered porous materials have also been studied u
lattice models. For instance, a lattice-gas model of a fl
confined in a model of disordered porous material us
mean-field predictions and the replica symmetric Ornste
Zernike ~RSOZ! formalism @15#. Other examples are pro
vided by the work of MacFarlandet al. @16#, who considered
equilibrium phase transitions of a fluid confined in a mod
porous medium constructed in a simulation of spinodal
composition, by Salazaret al. @17# who considered a lattice
model of adsorption in an aerogel, and by Stauffer and P
dey@18#, who considered binary fluid demixing transitions
a gel.

In this paper we focus on developing a lattice model o
disordered porous material that would incorporate a str
tural and energetical heterogeneity of real materials. The
tice Hamiltonian used in this work is the same as that f
mulated by Kierlik et al. @15# in their work on the RSOZ
theories. The difference between our model and theirs lie
a more realistic description of the porous material mic
structure. Our model is a coarse graining of an off-latt
model of silica xerogels@4,5,7#. It has a complex three
dimensional interconnected pore space that spans the sy
over periodic boundaries. This makes this model a go
match for studying various effects associated with confi
ment that are strongly coupled and occur on a large sc
For this model we can formulate a mean-field density fu
tional theory, which permits to study a broad array of syst
conditions in a computationally effective way.

One of the original goals of this work was to systema
cally explore the phase behavior of a fluid confined in
disordered morphology. The motivation for this study cam
from our previous work@27#, where we established a lin
©2001 The American Physical Society02-1
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between confined fluid phase diagrams and the corresp
ing adsorption behavior for a model of silica xerogel. T
lattice model approach to this problem would provide a m
extensive and fundamental understanding of this link fo
variety of systems and conditions. However, in work done
collaboration with our colleagues at Jussieu@19# it became
evident that the picture of the confined fluid behavior mig
be more complex than originally supposed. In that work@19#,
mean-field density functional theory was applied to the or
nal model of Kierliket al. @15# in which a random distribu-
tion of sites on the lattice is used to model the solid.
important feature was the discovery of a large multiplicity
solutions of the mean-field equations in the hysteresis reg
of the adsorption/desorption isotherms. The existence
these solutions, which represent local minima of the gra
potential, makes it possible to model the scanning beha
seen in the hysteresis region of adsorption/desorption
therms for materials, such as vycor glasses@20#. Moreover,
the theory predicts that hysteresis may occur with or with
an equilibrium capillary condensation phase transition. In
present work we show that these important conclusions
sustained when a more realistic description of the por
microstructure is used. The results provide a further indi
tion that the problem of hysteresis in disordered porous
terials may be understood entirely within the context o
statistical mechanics in the grand canonical ensemble w
out invoking transport concepts or an arbitrary description
the connectivity of the void space in the porous material

II. MODEL

The lattice model we consider is based on a particu
model of a silica xerogel used in previous works@4,5,7#. The
porous material is treated as a matrix of spherical particle
a configuration from a hard sphere system. Our lattice mo
is a coarse grained version of this system using an fcc la
for the discretization. The coarse graining is illustrated fo
two-dimensional square lattice in Fig. 1. After the coa
graining the system consists of lattice agglomerates of
proximately spherical shape. The size of the fcc lattice g
was chosen to keep the ratio of the cluster size to a sin
lattice site size roughly equal to the analogous ratio for
off-lattice model ~a matrix particle size to a fluid particl
size!. This ratio is about 7. Overall, for a system with 3
matrix agglomerates~the system size considered in our sim
lation studies of the off-lattice model! we use an fcc lattice
with 22 unit cells on each side so that there are 42 592 s
with 13 713 matrix sites. The solid volume fraction is low
for the lattice model than for the off-lattice model, 0.322
0.386. In order to analyze possible system size effects,
also considered a 500-cluster system, obtained in the s
fashion as the 32 cluster system. This larger system cons
of 629 856 sites~with 54 unit cells on each side!, 214 401 of
them matrix site, giving a solid volume fraction of 0.34.

In addition to the above model we have also made so
calculations for an fcc lattice model of a porous glass wit
solid volume fraction equal to 0.5 and a side length equa
60 unit cells ~864 000 available sites in the system!. This
system was constructed by spinodal decomposition of
01120
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lattice vapor-liquid system. Spinodal decomposition of a
nary alloy system~or a vapor-liquid system for lattice-ga
models since these systems are isomorphic for lattices! has
been a proven method to generate accurate model struc
of porous glasses@21#. This approach has been implement
for both lattice@16# and off-lattice systems@22,6# and sche-
matically works as follows. A system of a fixed compositio
in a canonical ensemble is equilibrated at a high supercrit
temperature~so it has a uniform density!. Then it is cooled to
a subcritical temperature, where it undergoes spinodal
composition. It was noticed that the structures the sys
goes through during this process toward a complete sep
tion indeed resemble those seen for experimental gla
structures. Depending on a desired microstructure, the
tem is quenched at some point during the decomposition,
of the phases is then removed and the remaining phase s
as an adsorbent matrix. In this work we allowed an equim
lar binary alloy system withT/Tc,b50.204 to spinodally de-
compose until a desired surface area was obtained. We d
the surface area as a fraction of liquid sites in contact w
the gas phase and it was set to 0.385 for the system of in
est. The decomposition process was modeled via canon
Monte Carlo approach and the low temperature of the sys
ensured that the separated phases were essentially pure.
the system was quenched and one phase was removed
obtained quenched configuration served as a model of po
glass for our adsorption calculations. In Fig. 2 we show co
puter graphics visualizations for the two morphologies co
sidered in this paper together and for the case of a rand
distribution of sites on the lattice.

The Hamiltonian we have used is that one formulated
Kierlik et al. @15#. In their work they considered a random
distribution of matrix sites, but the form of the Hamiltonia
remains the same for all matrix morphologies. We have

FIG. 1. A schematic representation of the coarse graining u
in development of the lattice model.
2-2
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LATTICE MODEL OF ADSORPTION IN DISORDERED . . . PHYSICAL REVIEW E65 011202
H52v11(
i , j

8 t it jh ih j2v01(
i , j

8 @t ih i~12h j !

1t jh j~12h i !#, ~2.1!

wheret i51 if site i is occupied by a fluid particle andt i

FIG. 2. Computer graphics visualizations of lattice models, fr
top to bottom: a random model, a model of a silica xerogel, an
model of porous glass. Solid sites are shown in black.
01120
50 if it is not. Similarly h i50 if site i is occupied by a
matrix particle andh i51 if it is not. The primed summations
denote the restriction to pairs of sites that are nearest ne
bors. For all considered morphologies we used solid-fl
interaction parametera5v01/v1151.25.

III. MEAN-FIELD DENSITY FUNCTIONAL THEORY

The density functional treatment presented here is sim
to the one used in previous work going back to that of
Oliveira and Griffiths@9# and Ebner@10# for adsorption on
planar solid surfaces. We express the current state of a si
an average occupancy at this site plus a fluctuation abou
average. We have

t ih i5r i1dr i5r i1~t ih i2r i !. ~3.1!

After neglecting terms beyond linear in the fluctuation w
can write

t it jh ih j52r ir j1r it ih j1r jt jh i . ~3.2!

This allows us to rewrite Eq.~2.1! as

Hm f52H02(
i

t ih i H(
j

8 @v11r j1v01~12h j !#J ,

~3.3!

where the primed sum overj denotes a sum over the site
that are nearest neighbors of the sitei and

H052v11(
i , j

8 r ir j . ~3.4!

We can write the grand partition function of the system a

J5(
$t%

exp@2b~Hm f2mN!#5ebH0(
$t%

)
i

et iXi,

~3.5!

where$t% denotes the set of values oft for all lattice sites.
Here it is important to notice that the last product in E
~3.5!, which goes over all sites, becomes equivalent to
one that goes only over sites that are not occupied by ma
since for sites occupied by matrixt i50 and the correspond
ing term in the product is unity. From now on we will restri
the sums and products to sites unoccupied by the solid. T
we have

ebH0(
$t%

)
i

et iXi5ebH0)
i

(
$t%

et iXi5ebH0)
i

@11eXi#.

~3.6!

The quantityXi is given by

Xi5bH(
j

8 @v11r j1v01~12h j !#1mJ . ~3.7!

The grand potential is given by

a

2-3



e

to

po

t t
io

it
ch

an
ca
ha

o
n

al

u
n

io
op

he

la
tic
re

for
that
re-
ger
the
we
nce
he
ion

by
e of
ing
ra-

ase
al-
a-

this
on-
n
m

-
gion
the
e of
ia-

sed
is

rial

L. SARKISOV AND P. A. MONSON PHYSICAL REVIEW E65 011202
V52
1

b FbH01(
i

ln~11eXi !G , ~3.8!

where the sum overi is restricted to sites unoccupied by th
matrix. The local density at sitei may be determined from
the partial derivative of the grand potential with respect
the intrinsic chemical potential@23#

r i52S ]V

]~m2v i !
D

T,V

5
1

@11e2Xi#
, ~3.9!

whereV is the grand potential of the system and

v i52v01(
j

8 ~12h j ! ~3.10!

is the external field on sitei. Equation~3.9! also satisfies the
necessary condition for the minimum value of the grand
tential, i.e.,

S ]bV

]r i
D

T,V

50 ~3.11!

for all i. Our expressions may be shown to be equivalen
those used in earlier work on the mean-field approximat
for inhomogeneous lattice fluids@9,10,12,13#. The form of
Eq. ~3.9! shows that for a lattice ofM sites we have a system
of M nonlinear equations. In this work we use a simple
eration procedure starting from an initial density for ea
site.

Here, so far, we have derived expressions for a gr
canonical ensemble. It is also possible to perform these
culations in the canonical ensemble. A similar approach
been recently employed by several groups@24,25#. Now, in-
stead ofT andm, we keep constantT andr. The problem is
then to minimize the free-energy functionalF(@r i #) under a
restriction of constant density, i.e.,( ir i5Mr. One can show
that it leads to a double iteration: we first solve a system
equations for the fluid density identical to those for the gra
canonical ensemble~3.9!, and then adjust chemical potenti

mn115mn1kT lnS Mr

(
i

r i
D ~3.12!

to accommodate constant density condition. Heren corre-
sponds to the outer iteration loop. Then we repeat the fl
density iteration procedure. As has been shown for pla
substrates, this approach can be used to reveal addit
metastable states, forming multiple van der Waals-like lo
@24#.

IV. MONTE CARLO SIMULATIONS

We have carried out Monte Carlo simulations of t
model described in Sec. II using the Metropolis method@26#
in the grand canonical ensemble. Our Monte Carlo simu
tions were generally carried out over 5000 moves per lat
site for sites unoccupied by solid, one half of which we
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used for equilibration of the system and the other half
averaging. Some tests with much longer runs indicated
runs of this length were sufficient to obtain reproducible
sults for the states considered in this work. However, lon
runs would be needed to make quantitative studies in
near critical region. In calculating adsorption isotherms
started from a state of low activity and carried out a seque
of simulations for progressively increasing activity using t
final configuration at each state as the initial configurat
for the next state. Desorption isotherms were calculated
starting at a high activity state and carrying out a sequenc
simulations for progressively decreasing activity, again us
the final configuration at each state as the initial configu
tion for the next state.

V. RESULTS

We begin this chapter by presenting confined fluid ph
behavior calculations for the xerogel model. For all the c
culations we consider a case with solid-fluid interaction p
rameter a51.25. This is somewhat close to thees f /e f f
51.1435 parameter used for the off-lattice case@5#. Since,
there are no long range interactions in the lattice model,
parameter was taken to be slightly higher to imitate a str
ger field arising from the range of the solid-fluid interactio
in the off-lattice model. In Fig. 3 we show a phase diagra
calculated via the mean-field theory approach~filled circles!
and bulk coexistence curve~line!. This phase diagram calcu
lation is based on the assumption that in the hysteresis re
either a fluid state on the adsorption or a fluid state on
desorption branch of an isotherm corresponds to a stat
global grand potential minimum. In this case the phase d
gram calculation procedure is straightforward and is ba
on search for the following condition in the hysteres
region:

FIG. 3. Temperature (T/Tc,b) vs density„r/(12h)… phase dia-
grams for the lattice model of a fluid confined in a xerogel mate
with v01/v1151.25 calculated via the mean-field theory~filled
circles! and compared with that of a bulk fluid~line!.
2-4
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LATTICE MODEL OF ADSORPTION IN DISORDERED . . . PHYSICAL REVIEW E65 011202
m15m2, ~5.1!

V15V2, ~5.2!

where the subscripts denote the two phases in equilibri
An advantage of the mean-field approach is that it allows
to calculate the grand potential directly and this is why
thought this approach would be such a great tool for qu
qualitative phase behavior calculations. A more detai
analysis shows, however, that the states on the adsorp
and desorption branches of a hysteresis loop are not the
states possible in the system, and, moreover, they do
necessarily correspond to the global grand potential m
mum for a given chemical potential@19#. Thermodynamic
consistency requires, that we should be also able to calcu
the grand potential density by integrating the Gibbs adso
tion equation

dV52Mr f dm ~5.3!

starting from a point where grand potential is known.
long as the integration path involves only equilibrium sta
and does not pass through phase transitions, the calcu
grand potential is expected to be identical to that calcula
directly. This idea can be tested directly in the mean-fi
theory@19#. This test applied to the systems considered h
shows that the discrepancy between the thermodyna
properties begins as soon as we enter the hysteresis reg

Another way to show this is to focus on the identificati
of additional metastable states in the system and to searc
a true locus of grand potential minima. Before exploring t
subject in more detail it is useful to present several exam
of adsorption isotherms of the xerogel model. In Fig. 4

FIG. 4. Adsorption/desorption isotherms of densityr vs activity
l at different temperatureskT/v1151.9,2.1,2.25,2.35,2.45~iso-
therms from left to right, respectively! for the lattice model of a
fluid confined in a xerogel material~32 solid clusters! with
v01/v1151.25 calculated via the mean-field theory.
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show adsorption isotherms calculated for various tempe
tures ata51.25. In Fig. 5 we show the influence of increa
ing a on the shape of an isotherm atT* 52.2. The isotherms
are very similar to those seen experimentally for adsorpt
in silica xerogels@28#.

We have conducted a search for additional local mini
of the grand potential in the hysteresis region using two
proaches. First we have done constant average density c
lations at various values of the average density in the hys
esis region. We have also calculated scanning curves
sequences of increasing or decreasing the chemical poten
starting from several states on the hysteresis loop. In Fig
we present results for our model xerogel system. The up
left graph shows an adsorption isotherm for the xerogel s
tem at T* 52.5 ~lines!. The upper right graph shows th
expanded hysteresis region from the upper left graph~lines
and closed circles!. In the lower right graph we also show
data from constant density calculations. The lower left gra
shows again the adsorption isotherm expanded in hyste
region for T* 52.5 (T/Tc,b50.8333) along with scanning
curves. In both cases we see that there are many solution
the mean-field equations in the hysteresis region. The m
tiple solutions of the mean-field equations for these syste
correspond to multiple local minima of the grand potenti
The occurrence of these local minima is associated with
complexity of the potential energy landscape in these dis
dered systems@19#.

This picture is further confirmed by calculations for a sy
tem with an fcc arrangement of matrix particles where
observed only a small limited number of additional me

FIG. 5. Adsorption/desorption isotherms of densityr vs activity
l at kT/v1152.2 for the lattice model of a fluid confined in
xerogel material~32 solid clusters! with different strengths of solid-
fluid interactiona5v01/v1151.25,1.75,2.25,2.5~clockwise start-
ing from upper left isotherm! calculated via the mean-field theory
2-5
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L. SARKISOV AND P. A. MONSON PHYSICAL REVIEW E65 011202
stable states, that included states associated with layering
interparticle bridging. Due to a relatively weak solid-flu
interaction, these states were observed only at very low t
peratures and belonged to a metastable part of the adsor
branch. The transitions we observed for the ordered ma
are akin to wetting and prewetting transitions studied
Dobbs and Yeomans for two neighboring spheres@29#.

Unlike for some of the random matrix systems@19#, in
Fig. 6 the metastable states appear not to fill the entire h
teresis region. However, further calculations revealed
this was partly related to the system size. In Fig. 7, the up
graph shows an adsorption isotherm expanded in the hy
esis region for a larger system size at the same tempera
and also additional states obtained from scanning cur
There are two important features of this graph. The deso
tion branch of the hysteresis loop appears to be continu
and the scanning curves span most of the hysteresis re
The lower graph of Fig. 7 shows another example of t
behavior atT* 52.55 (T/Tc,b50.85). With a larger system
we have a larger sample of the disorder and we should
expect a larger number of solutions to the mean-field eq
tions.

So far, our discussion of the hysteresis region has
volved only mean-field calculations. In order to confirm th
these additional metastable states are not an artifact of

FIG. 6. Adsorption/desorption isotherm of densityr vs activity
l at kT/v1152.5 for the lattice model of a fluid confined in
xerogel material~32 solid clusters! with v01/v1151.25 calculated
via the mean-field theory. Upper left graph shows the isothe
~lines!. Upper right graph shows the expanded hysteresis reg
~lines and filled circles!. Lower graphs show additional metastab
states from constant density calculations~right! and from scanning
curves~left!.
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mean field theory we have performed additional calculatio
using grand canonical Monte Carlo simulations. In each c
the system was equilibrated at each point the system was
for up to 5000 moves per lattice site at each activity. Res
are shown in Fig. 8. The upper graph corresponds to
32-cluster xerogel system atT* 51.8 (T/Tc,b50.735). The
lower graph corresponds to the 500-cluster xerogel syste
T* 51.8. Both graphs show additional metastable states
culated in scanning sequences. It is less clear for the sm
system, but again this seems to be a system size effect
For a 500-cluster system we see clear scanning behavio

Finally, we present mean-field theory~MFT! calculations
for a lattice model of a porous glass@16#. In Fig. 9, the graph
shows an isotherm for a glass system with solid volume fr
tion equal to 0.5,a51.25 atT* 52.35 (T/Tc,b50.783) and
several scanning curves initiated on adsorption. Again, th
is a clear evidence of additional metastable states. This
servation suggests the generality of the picture emerg
from these calculations and the earlier ones@19#. The multi-
plicity of metastable states is determined by porous me
disorder and is an intrinsic feature of all disordered m
phologies. The trend we have observed for the confined fl
behavior with the increasing system size leads us to sp
late that a system of a macroscopic size would induce

n FIG. 7. Expanded hysteresis region of an adsorption/desorp
isotherm and scanning curves of densityr vs activity l at kT/v11

52.5 ~the upper graph! andkT/v1152.55~the lower graph! for the
lattice model of a fluid confined in a xerogel material~500 solid
clusters! with v01/v1151.25 calculated via the mean-field theory
2-6
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LATTICE MODEL OF ADSORPTION IN DISORDERED . . . PHYSICAL REVIEW E65 011202
infinite number of metastable states within the hysteresis
gion. We have found that this effect also occurs after av
aging over several realizations of the solid matrix disor
@30#. Once these multiple states are identified it is possible
search for a grand potential minimum. Our prelimina
analysis shows that the systems described here exhib
sharp transition similar to the vapor-liquid transition in bu
fluid. At the same time the necessity to uniquely ident
phases in coexistence is no longer obvious. Given the la
number of states with closely spaced grand potentials, a
tem may never actually reach the states of phase coexiste
although they correspond to the thermodynamic equilibriu

VI. CONCLUSIONS

We have presented some results for lattice models of
ordered porous materials focusing primarily on a model
veloped by a coarse graining of an off-lattice model o
silica xerogel. The model has several key features, spe
cally it incorporates a three-dimensional complexity of re
porous structures, it is computationally efficient and it allo

FIG. 8. Expanded hysteresis region of an adsorption/desorp
isotherm and scanning curves of densityr vs activity l at kT/v11

51.8 for the lattice model of a fluid confined in a xerogel mater
~32 solid clusters - upper graph; 500 solid clusters - lower gra!
with v01/v1151.25 calculated via grand canonical Monte Ca
simulations.
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a simple theoretical treatment. The thermodynamic prop
ties have been studied by the mean-field density functio
theory and Monte Carlo simulation. The behavior of t
models in the hysteresis region is very interesting and is
qualitative agreement with experimental results for adso
tion isotherms of simple gases in xerogels and porous gla
@20# including the observation of scanning curves. Moreov
it confirms the picture emerging from a recent study o
model with a random distribution of the solid sites on t
lattice @19#.

The present results indicate that for the lattice models
xerogels and porous glasses considered here in both the
and Monte Carlo simulations the hysteresis behavior is
associated with a simple van der Waals-like metastab
accompanying a first order vapor-liquid transition@19#.
Whether or not this suggestion applies to the off-lattice v
sions of these models@5,6,31–33# remains to be seen. How
ever, given the similarities of the calculated phase diagra
for the lattice and off-lattice models of the silica xerogel it
quite plausible that it does. The question of whether ther
a true phase transition in these systems is thus more su
than envisaged by recent theoretical@31# and simulation
studies@5,32,33#.

Finally, we want to make reference to a recent simulat
study@34# of an off-lattice model where we showed that th
hysteresis obtained in grand canonical Monte Carlo simu
tions could be reproduced by a molecular dynamics al
rithm in which adsorption and desorption occur via diffusi
mass transfer. These calculations together with this and
other recent work@19# indicate that we can learn a great de

n

l

FIG. 9. Expanded hysteresis region of an adsorption/desorp
isotherm and scanning curves of densityr vs activity l at kT/v11

52.35 for the lattice model of a fluid confined in a porous gla
with v01/v1151.25 calculated via the mean-field theory~lines and
closed circles!.
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about adsorption hysteresis using statistical mechanics in
grand canonical ensemble, provided that the porous mat
microstructure is modeled in a realistic manner. This
achieved without making assumptions about the connecti
of the void space or by introducing percolation conce
@35–37#.
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