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Instability of a current-carrying finite-beta collisional plasma
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The microinstability of a cross-field current-carrying plasma in which the electron collisions are important
on the time scale of the oscillations and can be modeled with a Bhatnagar-Gross-Krook operator is studied
using linearized kinetic theory under conditions of finite electron beta. The finiteness of beta allows for
coupling between electrostatic and electromagnetic modes and necessitates dealing with the entire dispersion
tensor. Fundamental features of the resulting instability are identified and contrasted with those found in
previous studies of the lower hybrid current-driven instability in which either collisions or finite-beta effects
were neglected. As beta increases, collisions play a more important role in destabilization, alter the character
and extent of electromagnetic coupling, shift the instability to more perpendicular modes, and lead to a
recapturing of some of the fluidlike properties the modes have in the electrostatic limit in contrast with their
highly kinetic character in the collisionless limit.

DOI: 10.1103/PhysRevE.64.066413 PACS number~s!: 52.35.Qz, 52.75.Di
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I. INTRODUCTION

The microinstabilities of a plasma carrying a cross-fie
current have been studied extensively due to their releva
to problems in space physics, controlled fusion, and so
current-driven plasma devices. These instabilities typica
produce lower hybrid waves that often play a significant r
in altering transport processes. Kinetic descriptions of th
instabilities where the effects of electron collisions are
cluded, have been presented in the electrostatic limit@1–6#
that is valid for low-beta plasmas. Studies of the effects
finite beta on such current-driven modes, which introduce
possibility of electromagnetic waves, have been made in
collisionless limit @7–21# and showed that a large enoug
beta can significantly alter the growth rates of these insta
ties. Originally, the effects of finite beta were believed to
globally stabilizing @7–9#. The initial focus was on eithe
perpendicular or nearly perpendicular propagation with
spect to the magnetic field, typical of the modified tw
stream instability, for which electromagnetic effects@which
become important when the~current! drift velocity ude ex-
ceeds the Alfve´n velocity vA# were found to be stabilizing.

The stability of a current-carrying plasma in which th
effects of finite-betaand collisions are present together h
not yet received much attention, probably because of
intuitive expectation that both effects would be stabilizin
However, considering the mathematically nonlinear interp
between these effects and the source of the instability~the
current!, it is conceivable that these effects may lead to b
qualitative and quantitative changes to the nature of the
stability, its growth rates, scaling, and angular dependenc
If indeed such effects can qualitatively alter the characte
the previously known ~electrostatic/collisional or
electromagnetic/collisionless! unstable modes, it would be o
fundamental importance to characterize the resulting mo
and contrast them with previous knowledge. Aside from
fundamental value, the results of such a study would be u
ful in applications where the stability of a collisional finite
beta plasma is in question, such as, in some current-dr
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low-temperature plasma devices, and space physics p
lems.

In this paper we address the microstability of a plas
carrying a cross-field current in the presence ofbothelectron
collisions and finite-beta effects, discuss its fundamental f
tures, and contrast them with those obtained in the elec
static or collisionless limits. We are only concerned w
modes driven by a cross-field~electron! current, represented
by a drift velocity ude and not by gradients in the plasm
Therefore, the applicability of the results extends to hom
geneous plasmas, or inhomogeneous plasmas when eithe
current importance overwhelms that of the diamagnetic dr
resulting from the gradients or when the effects of the la
can also be represented to a first order byude. It is also
relevant to mention that our focus is on the fundamen
aspects of the instability and not on the application to s
cific plasmas or plasma devices, although the choice of
range of parameters for the calculations was done with so
of these plasmas in mind.

We start with a description of the kinetic formalism b
hind the study and a discussion of the adopted collision
erator. In Sec. III we discuss the effects of electron collisio
on the electrostatic~zero beta! modes to provide connectio
with previous literature on the subject. In Sec. IV we d
scribe in detail the electromagnetic effects resulting from
finiteness of beta. In particular we discuss the dependenc
the character and polarization of the unstable modes and
dependencies of their properties on collisionality, beta, d
velocity and ion mass and their kinship to whistlers. We su
marize the results in Sec. V in the form of a list of concl
sions drawn from the study.

II. KINETIC FORMULATION

A. Dispersion tensor for a current-carrying finite-beta
collisional plasma

When the plasma beta, defined as the sum of the ratio
thermal pressure to magnetic pressure for all the char
species,
©2001 The American Physical Society13-1
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b5( bs[(
nskTs

B0
2/2m0

, ~1!

is large enough that electromagnetic~transverse! modes can-
not be neglected, linear wave dispersion in a plasma is
scribed by the general relation

S Rxx Rxy Rxz

Ryx Ryy Ryz

Rzx Rxy Rzz

D S Ex
~1!

Ey
~1!

Ez
~1!
D 50, ~2!

where the superscript~1! denotes the first order harmon
part of the linearly perturbed quantities~in this case, the
components of the electric field vectorE!. In the above equa
tion, Ri j represent the elements of thedispersion tensor
R(v,k) and are generally complex functions of the fr
quencyv and wave vectork of the oscillations as well as o
all the plasma parameters of the problem. As usual the
persion relation is obtained from

detuRi j ~v,k!u50. ~3!

An analog of Eq.~2! that offers the advantage of separati
the effects of electromagnetic and electrostatic effects in
dispersion tensor@22# can be written in terms of the electro
static potentialF, defined by2“F[(E1]A/]t) and elec-
tromagnetic potential,A, defined byB5“3A ~whereB is
the magnetic field!

S D11 D12 D13

D21 D22 D23

D31 D32 D33

D S F~1!

Ax
~1!

Az
~1!
D 50. ~4!

The corresponding dispersion relation is obtained from

detuDi j u50. ~5!

The above matrix equation, dispersion relation, and the
persion tensor elementsDi j are the analogs of Eqs.~2! and
~3! and the tensorRi j , respectively, in the potential forma
ism. Once explicit expressions forDi j are obtained, the ele
mentsRi j can be calculated through transformation relatio
derived from their definitions.

Starting with the Vlasov equation with a collision oper
tor represented by the Bhatnagar-Gross-Krook~BGK! model
@23# ~which is discussed in Sec. II B!

] f s

]t
1v•“x f s1

qs

ms
@E~x,t !1v3B#•“vf s~x,v,t !

52vsS f s2
ns

ns
~0! f a

~0!D , ~6!

the elementsDi j of the dispersion tensor can be derived. W
have given an explicit derivation of these in Ref.@24# ~for
the case of a cross-field current! where we used them in th
calculation of anomalous transport in current-driven plas
06641
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thrusters. Since the focus of that work was on the nonlin
effects only a cursory discussion of the linear modes w
given.

From that work we quote the result

D11511a i~11z iZi !

1aeS 11ze0e2me (
n52`

`

I nZen

11 i ~ne /kzv te!e
2me (

n52`

`

I nZen
D , ~7!

D1252 i
vpe

2

ṽ2

kz

k
ze0A2mee

2me (
n52`

`

~ I n2I n8!~11 z̃e0Zen!,

~8!

D1352
vpe

2

ṽ2

kz

k
ze0e2me (

n52`

`

I nH qn
2Zen1F S ude

ute
D 2

/ze0G1~1

1zenZen!S qn

k'
2 2kz

2

k'kz
2zenD J , ~9!

D22512N21
vpi

2

v2 z iZi1
vpe

2

ṽ2 ze0mee
2me

3 (
n52`

` F n2

me
2 I n12~ I n2I n8!GZen, ~10!

D2352 i
vpe

2

ṽ2 ze0A2mee
2me (

n52`

`

~ I n2I n8!

3F11S kz

k'

qn1zenDZenG , ~11!

D33512N21
vpi

2

v2 z iZi12
vpe

2

ṽ2

k'
2

k2 F S ze02
kz

k'

vde

v te
D 2

1ze0e2me (
n52`

`

I nZenS kz

k'

qn1zenD 2G , ~12!

D2152D12, D315
k'

2

k2 D13, ~13!

D3252
k'

2 2

k2 D23, ~14!

whereI n is the modified Bessel function of the first kind o
ordern and where we have used the following definitions

zen[
v1nvce2k'ude1 ine

kzv te
, z i[

v2k'uf

kv ti
, ~15!
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ṽ[v1 ine , z̃e0[
ṽ

kzv te
5ze01

k'

kz

ude

v te
, ~16!

qn[
kz

k'

~zen2 z̃e0!, Zen[Z~zen!, I n[I n~me!. ~17!

Hereude is the electron drift velocity representing the curre
that is taken to be perpendicular to the magnetic field,Z is
the standard plasma dispersion function,ms is

ms[
r cs

2 k'
2

2
~18!

and the thermal velocity, plasma frequency and cyclot
frequency of speciess are, respectively, given by their stan
dard definitions

v ts5~2Ts /ms!
1/2, vps[S qs

2n0s

e0ms
D 1/2

; vcs[
qsB0

ms
.

~19!

In Eq. ~15!, uf represents the plasma velocity in the lab
ratory reference frame. In this paper we stay in the plas
flow rest frame and setuf50. It is also useful to note that th
refraction indexN appearing in the above dispersion tens
can be related to the plasma parameters through the fol
ing relation:

N2[
c2k2

v2 52
vpi

2

v2

me

be

mi

me

k2

k'
2 . ~20!

Finally, by writing

vpi
2

v2 5
a i

2z i
2 and

vpe
2

v2 5
k2

k'
2

ae

2ze
2 , ~21!

where

as[
k'

2 vps
2

k2vcs
2 ms

5
2vps

2

k2v ts
2 5

1

k2lds
2 , ~22!

~lds is the Debye length for speciess! and by defining a
nondimensional parameterC, related to the propagatio
angle~with respect toB! u scaled by the mass ratio

C[~me /mi !
1/2

k

kz
5

~me /mi !
1/2

cosu
, ~23!

it can be verified that the following set of seven dimensio
less parameters~with uf50!

Ti

Te
,

ude

v ti
, C, be ,

vpe

vce
,

mi

me
,

ne

v th
, ~24!

completely specify the problem such that, for a given r
wave number,krce, ~wherer ce is the electron cyclotron ra
dius! we seek the roots,v/v th and g/v th ~representing the
frequency and growth rate of the wave! of the dispersion
06641
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relation in Eq.~5!. In the above we have used for a chara
teristic frequency, as typical of current-driven instabilitie
the lower hybrid frequency

v th
2 [

vpi
2

11~vpe/vce!
2 .~vcivce!

1/2, ~25!

where the approximation holds whenvcevci!vpe
2 . As also

typical of such current-driven instabilities the ratioude/v ti is
particularly important as it controls the threshold and grow
rate of the instability. Henceforth, we denote this ratio
Ude.

It is also worth mentioning that theelectrostaticdisper-
sion relation ~obtained in the limitb→0! is simply D11
50. In that case it is convenient to divide the dispersi
relationD1150 by a i and assumea i@1. This will eliminate
any explicit reference tomi /me thus lowering the number o
parameters to five, namelyTi /Te , ude/v ti , C, vpe/vce, and
ve /v th while seeking the rootsev/v th and eg/v th of the
dispersion relation for a givenekrce, where the orthogonal-
ity factor is defined by

e[sinu5k' /k. ~26!

Therefore, the dimensionless solutions are universal, i.e.
dependent ofmi /me . This universality is, unfortunately, los
in the electromagnetic case and all normalized solutions
generally heavy species specific. We shall primarily be c
cerned with argon although we will comment at the end
the paper on the extension of our results to other ion mas
specifically hydrogen, in order to provide a connection w
the space physics literature. It is also relevant to note that
the cases discussed in this paper we havee.1 since it can
be easily calculated thate is close to unity whenC>0.005
for argon andC>0.05 for hydrogen.

B. Collisional effects

We have chosen a collision model that was proposed
the classical paper of Bhatnagar, Gross, and Krook@23#. In
that model the collision-induced loss rate of particles from
elemental phase space volume is represented by2nsf s and
the corresponding gain rate bynsf s0 , wherens is the colli-
sion frequency of thes species. The validity of our result
extends only to plasmas where this model is valid.

Since the collision frequency in the BGK model is n
taken as an explicit function of the distribution function, th
model is ignorant of the detailed collision dynamics and
any correlation between precollision and postcollision traj
tories. Strictly speaking, the BGK collision model is on
number density conserving and cannot conserve the en
and momentum as it does not include the macroscopic p
erties of the other species of the system. This becomes
problematic as the ionization fraction is decreased and m
collisions happen with neutrals that form a stationary ba
ground. The BGK model is, therefore, best suited for la
angle binary collisions, such as, those between charged
neutral particles. The model can, for example, describe
effects of electron collisions represented byne if the
3-3
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electron-neutral collision frequencynen dominates over the
Coulomb collision frequency which, by definition, is the ca
in a weakly ionized plasma.

It can be shown@25#, however, that for a current-carryin
plasma the BGK model is momentum conserving if the el
trons carry the bulk of the current, which is the case of ma
plasmas of interest, such as, in current-driven plasma thr
ers@26#. The model can, under such conditions, represent
effects of electron-neutral, ion-neutral and electron-ion co
sions.

The fact remains that the BGK model operator is not fu
damentally inherent to kinetic theory and does neither rep
sent the dependence of the collision frequency on the ve
ity nor does it account for the difference between the ene
and momentum equilibration processes during a collisi
The model has, however, been used with good succes
studying some features of current-driven instabilities in
ionosphere~see the citations in Sec. I!. Its limitations and
applicabilities have been discussed elsewhere@27,28# in that
context along with amendments to extend its validity.

For our study we consider the case where the ions
collisionless on the characteristic time scale of the unsta
modes that, as we shall see, is the inverse of the lower hy
frequency. This is the case for many plasmas of interest
cluding those in current-driven plasma thrusters@24,29–31#.

The electron collisions, on the other hand, are introdu
to the analysis throughne , which, in light of the comments
above, can be taken to represent electron-neutral collision
the ionization degree is low, and Coulomb collisions, if su
collisions happen to dominate.

III. EFFECTS OF COLLISIONS ON ELECTROSTATIC
MODES

We start our numerical investigation by considering t
effects of collisions on pure electrostatic modes. The res
ing dispersion relation isD1150. In order to simplify the
discussion we divideD11 by a i and takea i@1. We study the
effects of finite-electron collision rate on thedominant
modes by growth maximizing the solutions first over wa
number then over propagation angle. The results of th
calculations are shown in Figs. 1 and 2 for the case of
equithermal plasma (Ti /Te51) with Ude as a varying pa-
rameter. In order to show the effects of collisions we sh
the results of the collisionless case along with those obta
for a normalized electron collision frequencyene /v lh of
unity.

It can be seen from Fig. 1 that, for a fixed current veloc
the growth-maximized temporal growth rates agree w
those of collisionless theory as the propagation beco
more oblique with respect to the magnetic field~i.e., C de-
creases!. This is because oblique unstable lower hyb
waves have phase velocities on the order of the ion ther
velocity and are not in phase with the current. This me
that electron scattering through collisions is not an import
factor in the stability of these waves. As the waves beco
more perpendicular to the magnetic field, the electrons
have as if they had an effective massm̄e , that is comparable
or larger than the ion mass with@8#
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m̄e5C2mi . ~27!

The dissipative effects of electron collisions become m
important to the instability as the propagation angle
creases. This is reflected by the decrease in growth rateg*
in Fig. 1, over those of the collisionless case, with increas
C. These growth rates are still, generally, on the order
v lh .

As C increases further, an interesting reversal in the r
of electron collisions from a stabilizing one to a destabilizi
one occurs, reminiscent of the so-called ‘‘Farley-Bunem
instability’’ @1,32–35# in which collisions play a destabiliz
ing role. This reversal occurs atC5C r'3.5 for the case of
the equithermal plasma withene /v lh51. This destabilizing
role of collisions is not important for the truly dominan
unstable modes, i.e., those doubly maximized~over wave-
length andC! and marked by asterisks on the curves in t
plots, but for low enough values ofUde it causes the mos
perpendicular modes to attain growth rates approach
those of the dominant modes.

FIG. 1. Growth rate growth maximized over wavelength as
function of the normalized propagation angleC with the dimen-
sionless current velocityUde as parameter and with the electro
collision frequency set near the lower hybrid frequency. The as
isks denote the dominant modes~i.e., growth maximized over
wavelength andC!.

FIG. 2. Frequency growth maximized over wavelength as
function of the normalized propagation angleC. Same conditions
as in Fig. 1. The asterisks denote the dominant modes.
3-4
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The effects of collisions on the growth-maximized wa
frequency are shown in Fig. 2, where it can be seen thatv*
is slightly lower than in the collisionless case. The doub
maximized wave frequencies, denoted by an asterisk on
plot, are all nearv lh for the considered range ofUde, thus
extending the validity of the appellation ‘‘lower hybri
current-driven instability’’ ~LHCDI! to the collisional
regime.

The growth-maximized normalized wave number w
found to become very close to its collisionless counterp
away from the fluid limit asUde is increased. In the fluid
limit, reached with increasingC, the asymptotic values o
ek* r ce are larger than those in the collisionless case.

The quantityu z̃eu* was found to attain larger values wit
increasingC when collisions are present than it does und
collisionless conditions. Physically, this supports the intuit
idea that collisions aid in approaching fluid conditions. A
though the instability quickly becomes a fluid mode w
increasingC, the dominantmode ~doubly maximized over
wavelength and propagation angle! stays kinetic. Indeed, we
can deduce from these calculations that the dominant m
is conditioned by a simple resonance relation,u z̃eu** .3,
~where the double asterisks refer to a doubly grow
maximized quantity! which is valid for the entire investi-
gated region of parameter space.

Finally, it is clear from these results that the effects
collisions on the growth rates, frequencies, wave numb
and thus phase velocities of the dominant modes are
pronounced and do not lead to a change in the characte
these modes~i.e., large shifts in wavelength, or propagatio
angles!.

IV. ELECTROMAGNETIC EFFECTS

Many kinetic studies of plasma instabilities use the el
trostatic approximation,k3E(1).0, which allows the use o
an electrostatic potential to describe the perturbations. T
can be attributed to the fact that at low thermal pressu
~i.e., lowb! electromagnetic modes can only contribute po
tive energy increments to the total perturbation energy
are, therefore, incapable of destabilizing the system@36#. A
more detailed description of the role of finite beta in scal
electromagnetic effects is given in Sec. IV D below. For
infinite homogeneous plasma, it is known@22# that coupling
between longitudinal and transverse oscillations leads
sharing of the free energy between the two modes, whic
consequently manifested in a reduction of the growth ra
The extent to which this coupling scales and is altered
collisional effects is our prime focus.

A. Polarization

Once a root of Eq.~5! is found, the corresponding com
ponents of the oscillating electric field can be found by so
ing Eq. ~4! for F (1), Ax

(1) , and Az
(1) then calculating the

components ofE(1) from E(1)5 ivA(1)2 ikF (1) by eliminat-
ing Ay

(1) with
06641
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Ay
~1!52

kz

k'

Az
~1! , ~28!

which results from the Coulomb gauge and the orientation
the wave vector, to get

Ex
~1!5 ivAx

~1! , ~29!

Ey
~1!52 ik'F~1!2 iv

kz

k'

Az
~1! , ~30!

Ez
~1!52 ikzF

~1!1 ivAz
~1! . ~31!

The components of the oscillating electric field can, the
fore, be directly obtained through the following transform
tion:

S Ex
~1!

Ey
~1!

Ez
~1!
D 5 ivS 0 1 0

2
k'

k
0 2

kz

k'

2
kz

k
0 1

D S k

v
F~1!

Ax
~1!

Az
~1!

D .

~32!

The electrostatic~or longitudinal! component,Es
(1) of the

oscillating electric field, is by definition aligned with th
wave vector and can therefore be found from

Es
~1!5

k•E~1!

k
5

k'

k
Ey

~1!1
kz

k
Ez

~1! , ~33!

while the electromagnetic~or transverse! componentEm
(1) is

given by

Em
~1!5~E~1!2

2Es
~1!2

!1/2. ~34!

Knowing the electrostatic and electromagnetic compone
we can calculate the following two ratios:

~electrostatic field energy density!

~ transverse field energy density!
5

uEs
~1!u2

uEm
~1!u2

,

~35!

~electrostatic field energy density!

~magnetic field energy density!
5

uEs
~1!u2

uB~1!u2

5
uvu2

k2c2

uEs
~1!u2

uEm
~1!u2

,

~36!

where the last equality follows from Maxwell’s linearize
curl of E equation,k3E(1)5vB(1), and the definitions

~electric field energy density![e0

uE~1!u2

2
, ~37!
3-5
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~magnetic field energy density![
uB~1!u2

2m0
. ~38!

The ratios in Eqs.~35! and~36! will offer us insight into the
polarization of the excited modes.

B. Numerical considerations

The calculations presented below are made using the
tire dispersion tensor, Eqs.~7!–~14! and retaining the cyclo-
tron harmonics. This has been shown to be necessary by
et al. @19# who found that, in general, the terms associa
with the cyclotron harmonicsn561 are required for a
qualitatively correct representation of the kinetic cross-fi
instability. Their calculations also showed that terms w
unu>2 typically result in a correction of the order of 20%
We have found that, for the range of parameters covere
our investigation, cyclotron summations with the sev
terms, n50, 61, 62, 63 are enough to reduce the err
below 2%.

C. Defining the parameter-space

Since, as mentioned in Sec. II A, the parameters for
electromagnetic problem are seven~excludingekrce! Ti /Te ,
ude/v ti , C, be , vpe/vce, mi /me , andne /v lh , we shall fix
some of them and vary the others in order to have a man
able study of the new effects brought about by the elec
magnetic parts of the dispersion tensor.

Specifically, we consider the case of an equitherm
plasma by settingTi /Te51. Furthermore, calculations sho
that the results become quite insensitive tovpe/vce as long
as it is much larger than unity. Physically, this is due to
fact that this parameter represents the scaling of the w
length with respect to the Debye length as can be seen f
Eq. ~22! and since for the electrostatic problem the wav
lengths were characterized byek<r ce for the dominant
modes, the shielding effects were not central to the prob
whenvpevce@1. Since we do not know,a priori, the exact
range of wavenumbers, we shall not setvpe/vce at infinity
but choose to set it at 100, typical of the plasma of a curre
driven plasma thruster@29,30#. We shall set the paramete
ne /v lh to unity in order to represent the effects of collisio
when their frequency is on the same order as the expe
oscillation frequency. In order to appreciate the effects
collisions we shall also present, for the sake of referen
some solutions for the collisionless plasma. The loss of u
versality mentioned at the end in Sec. II A forces us to fix
ion to electron mass ratio. We set the mass ratiomi /me to
that of argon, since many plasma thruster experime
@29,30# are conducted with that gas. As already mention
we shall comment in Sec. IV D 7 on the extension of t
results to other ion masses in order to provide some de
of extrapolation to operation with other working fluids
plasma thrusters or to magnetospheric and astrophy
problems. Finally, the quantitiesude/v ti , C, andbe will be
varied parametrically to reveal the dominant modes.
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D. Results

1. The role of plasma beta in polarization

The importance of the plasma beta1 as a scaling paramete
for the polarization of the unstable oscillations can be s
from the curves of Fig. 3, which correspond to solutio
growth maximized over wavelength. By varyingbe from
0.001 to unity, the ratio of electrostatic to electromagne
energy density of the unstable waves drops by seven or
of magnitude indicating substantial electromagnetic polari
tion with increasingbe .

The scaling ofuEs
(1)u2/uB(1)u2 with be was found to have

the same character as that for the curves discussed ab
however, its magnitude is always below unity for the sa
parameters. This is a characteristic of the LHCDI which, li
other cross-field current instabilities, has most of its ene
in the fluctuating magnetic field because of its low pha
velocity ~@37#, pp. 56–58! as can be seen from Eq.~36!.
Raisingbe to unity dropsuEs

(1)u2/uB(1)u2 by more than three
orders of magnitude indicating a sizable enhancemen
magnetic field fluctuations.

Collisional effects on polarization.To the same figures
discussed above, we have added solutions for the case
collisionless plasma withbe51 to provide a link with pre-
vious studies@17,19#. As reported in these studies, whe
only collisionless plasmas were treated, the polarization
the unstable waves, at constantbe , becomes monotonically
more electrostatic as the propagation becomes more per
dicular. This is clearly not the case in the presence of co
sions as can be seen from the present figures. Furtherm
since the shape of the curves in these figures is the sam
those of the normalized wave number shown in Fig. 4,
energy deposited in the fluctuating magnetic field comes
marily from the long wavelength part of the unstable sp
trum. This point may be of relevance to the problem of d

1Since,b5be(11Ti /Te) and we are specifying the ion to elec
tron temperature ratio, scaling with the plasma beta is equivalen
scaling with the electron beta.

FIG. 3. Polarization of collisional and collisionless unstab
modes in argon as a function of the normalized propagation a
andbe . The solutions are growth maximized over the waveleng
The asterisks denote the dominant modes.
3-6



ic

in
-

tio
ro

f

p
ud
in
o

m
-

an it

-
is
fs.

for

cts
a-
ith
ts
om
de.

u
lly
ore
ad-
d
or
cts

bly
ion.
aga-
des

r of
bi-

a

-
in-

ve

ns

of

t

ble
ng
th

ble
ng
th

INSTABILITY OF A CURRENT-CARRYING FINITE- . . . PHYSICAL REVIEW E 64 066413
veloping turbulence suppression schemes in plasma dev
where such an instability is at play.

In studying the figures in this section it is useful to keep
mind that thebe50.001 solutions are practically coinciden
tal with the electrostatic solutions shown in Fig. 1~with the
obvious exception of the curves representing polariza
quantities, which have no equivalent in the purely elect
static problem!. We shall, therefore, refer to thebe50.001
solutions whenever we are comparing finite-be solutions to
purely electrostatic ones.

2. Growth rates of mixed polarization modes

As we reported briefly in Ref.@24#, the enhancement o
electromagnetic coupling with increasingbe results in a
damping of the dominant mode. As seen in Fig. 5 the dam
ing is not drastic since more than a three order of magnit
increase inbe corresponds to only a factor of 2 decrease
the growth rate of the dominant modes. The instability n
only persists under finite-be effects but, as can be seen fro
thebe51 ~andne /v lh51! curve in that figure, also encom

FIG. 4. Wave number of collisional and collisionless unsta
modes in argon as a function of the normalized propagation a
and be . Same conditions as in Fig. 5. The asterisks denote
dominant modes.

FIG. 5. Growth rates of collisional and collisionless unsta
modes in argon as a function of the normalized propagation a
and be . Same conditions as in Fig. 5. The asterisks denote
dominant modes.
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passes a somewhat wider range of propagation angles th
did for the purely electrostatic case.

The finite-be effects, therefore, arenot globally stabiliz-
ing as was previously thought@6–9#, even for drift velocities
exceeding the Alfve´n velocity, but rather result in the excita
tion of finite growth modes with mixed polarization. Th
extends the validity of the findings reported in Re
@37, 13,17## to the collisional case.

The collisionless solutions are also shown in Fig. 5
both thebe50 ~electrostatic! andbe51 cases. It is obvious
that the effects of finitebe are qualitatively different for the
collisionless and collisional dominated cases.

In the absence of collisions the electromagnetic effe
result in a shifting of the instability to more oblique prop
gation with respect to the magnetic field. For argon w
be51 andUde520 for instance, the dominant mode shif
by more than 6 deg towards the magnetic field vector fr
the orientation of the purely electrostatic dominant mo
The shift is more pronounced for lighter atoms~approaching
50 deg for hydrogen!. This effect was first discovered by W
et al. @17# who noted that electromagnetic effects actua
stabilize nearly perpendicular waves and destabilize m
oblique ones. Since many of the preceding studies that
dressed the finite-be effects on the electrostatic modifie
two-stream instability focused on either perpendicular
nearly perpendicular propagation, electromagnetic effe
~which become important whenude.vA! were generally
thought to be stabilizing.

Collisional effects on growth rates.When electron colli-
sions start to dominate, the instability changes considera
in character as it reverts to more perpendicular propagat
Indeed, the dependence of its growth rates on the prop
tion angle resembles more that of the electrostatic mo
than that of the collisionless finite-be modes as can be
learned from comparing the twobe51 curves in Fig. 5. This
is a clear indication that, as the electromagnetic characte
the waves prevails, the role of electron collisions in desta
lization becomes quite important.

At be51, for instance, electron collisions revert from
damping role to a destabilizing one whenC5C r.0.05 ~in-
tersection of the twobe51 curves! in contrast with aC r
.3.5 for the electrostatic case~intersection of thebe
50.001 curve and that corresponding to thene50, be50
conditions!. Aside from shifting the instability to more per
pendicular propagation, electron collisions can actually
crease, albeit modestly, the growth rate of thedominant
mode as can be seen from the maxima of the twobe51
curves. This is contrary to the effect electron collisions ha
on the dominant electrostatic modes studied in Sec. II B~see
Fig. 1!.

It is interesting to note that although electron collisio
can greatly affect the growth rates of the finite-be unstable
waves they have a relatively small effect on the extent
their polarization ~i.e., on the magnitude of the ratios
uEs

(1)u2/uEm
(1)u2 and uEs

(1)u2/uB(1)u2! and even less of an effec
on the extent of polarization of the dominant modes~as can
be seen from the location of the asterisks on thebe51
curves of Fig. 3!.
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3. Phase velocities

The phase velocities of the unstable waves~growth-
maximized over wavelength! under collisional conditions
were found to range between one and ten times the ion t
mal velocity. The phase velocities of thedominant modesfor
all the studied cases are about twice the ion thermal velo
This insensitivity of the dominant mode phase velocity to
various parameters of the problem is indicative of the pre
lence of a strong resonance condition.

4. Kinetic nature of instability

Resilient resonance conditions, such as, the one m
tioned above, are symptomatic of kinetic instabilities. O
calculations show that, for the electromagnetic collisionl
case (be51,ne50), all the unstable waves~growth maxi-
mized over wavelength! have

uz i u* ;O~1! and uze0u* <1, ~39!

which is indicative of the kinetic character of the instabili
when electromagnetic effects dominate in the absence of
lisions. This result was first noted by Wuet al. @17# and later
supported by the more accurate calculations of Tsaiet al.
@19# who included, as we did, the effects of finite cyclotro
harmonics. The magnitudes of the above two quantities
such that the large and small argument expansions of
dispersion function, sometimes adopted to simplify plas
wave analysis, cannot be justified here. This fact combi
with the pronounced electromagnetic nature of the instab
renders the dispersion tensor too complicated for any i
sive analytical treatment.

We can, therefore, conclude that the electrons are bro
resonant with the unstable waves while the resonance o
ions with the waves narrows with increasing electron co
sionality ~see below! and/or increasing electromagnetic e
fects ~increasingbe!. This feature of the instability was ex
ploited in our discussion of resonance broadening effects
the saturation of the instability in Ref.@24#.

Collisional effects on the kinetic nature of the instabili
Our calculations also showed that, quite unlike the elec
magnetic collisionless case treated in the above mentio
works, the instability, as far as the electrons are concern
quickly becomes nonresonant as the propagation beco
more perpendicular (C.1). This was found to result from
the scattering role of collisions and not from any electrom
netic coupling effects. While it is possible to treat the ele
trons as a fluid for nearly perpendicular waves, the ions
come strongly more resonant when electromagnetic eff
become important.

We conclude from the above discussion that the hig
kinetic nature of the mixed polarization instability, in que
tion here, is somewhat weakened by electron collisions
the more perpendicular modes but is preserved for the do
nant modes.

In sum, the role of collisions amounts to a recapturing
some of the fluidlike properties the modes had in the e
trostatic limit in contrast with the highly kinetic charact
taken on by the instability in the collisionless limit~when
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finite-be effects are present! where it has been called ‘‘ki-
netic cross-field streaming instability’’ by previous autho
@17#.

5. Frequencies of the unstable modes and relation to whistler

The frequencies of the unstable modes, growth ma
mized over wavelength, are shown in Fig. 6 where, con
tent with the above results, we find that the angular dep
dence of the frequencies of the collisional mixed polarizat
modes resembles more that of the electrostatic collision
modes than that of the collisionless mixed polarizati
modes. This indicates that unstable electrostatic oscillati
couple differently with electromagnetic oscillations whe
collisions are important.

The question of which electromagnetic wave is bei
coupled to, in such finite-beta cross-field electron-i
streaming instabilities, was first addressed by Ross@38# who
found that, in either the ‘‘adiabatic’’ limit,uze0u!1, or the
fluid limit, uze0u@1, the unstable mode was essentially
whistler wave excited by the current~ion beam in the elec-
tron frame!. Wu et al. @17# and Tsaiet al. @19# also found
that many of the dependences of the unstable kinetic mo
can, indeed, be gleaned from a generalized finite-beta
scription of whistlers.

We shall, therefore, use the well-known dispersion re
tion for oblique whistlers@39,40#,

vw5
c2k2

vpe
2 vcecosu, ~40!

in a general assessment of the kinship between ourcollision-
ally dominatedunstable oscillations and the whistler mod
Since Eq.~40! does not take into account kinetic and col
sional effects we shall not expect a very accurate descrip
of this kinship.

For this purpose, we restrict our discussion to the real p
of the frequency and use

FIG. 6. Normalized frequencies for collisional and collisionle
unstable modes in argon as a function of the normalized prop
tion angle andbe . Same conditions as in Fig. 5. The asteris
denote the dominant modes.
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ck

vpe
5krceS be

Ti

Te
D 1/2

~41!

to rewrite Eq.~40! as a function of the problem’s indepen
dent parameters

vw

v lh
5~krce!

2
Ti

Te

be

C
. ~42!

We have evaluatedvw /v lh using thekrce versusC growth-
maximized solutions plotted in Fig. 4 and plotted the resu
ing normalized frequency versusC in Fig. 7 for three values
of be . It is evident from the top plot that, near the electr

FIG. 7. Normalized frequencies of Fig. 6 compared with tho
obtained from Eq.~42! for collisional unstable modes in argon plo
ted as a function of the normalized propagation angle andbe . The
solutions are growth maximized over the wavelength. The aster
denote the dominant modes.
06641
-

static limit (be50.001), Eq.~42! describes the frequenc
dependence but not its magnitude. Whenbe is increased by
two orders of magnitude, thus enhancing the coupling w
electromagnetic modes, the middle plot of the same fig
shows that the frequencies obtained from Eq.~42! coincide
with those of the most oblique unstable waves. Ifbe is fur-
ther increased to unity, we see from the bottom plot that
only mode whose frequency coincides with that obtain
from Eq. ~42! is the dominant one.

In order to better see the connection with the whist
mode at these conditions, we need to compare the ac
dispersion relation at a fixed propagation angle over a ra
of wave numbers. In Fig. 8 we compare the dispersion re
tion of oblique whistlers@Eq. ~42!# to that computed for the
parameters corresponding to the dominant mode of the
tom plot of Fig. 7. We find that the computed dispersi
relation exhibits a change in curvature such that for a ra
of long wavelengths the rise in frequency follows the qu
dratic law of Eq.~42! implying that the phase velocity in
creases with the frequency (;Av) like the whistler. As the
wavelength decreases, the computed dispersion rela
changes in curvature resulting in a decrease of the ph
velocity with the frequency and a departure from the clas
cal oblique whistler relation. The coupling with the classic
whistler wave is, therefore, most evident at longer wa
lengths consistent with our previous finding that the ene
deposited in the magnetic field~and hence electromagnet
polarization! comes primarily from that part of the unstab
spectrum.

6. Effects of the drift velocity

In order to study the effects of the drift velocity on th
instability, we have computed the complete set of solutio
for four values ofUde[vde/v ti , typical of the plasma in
current-driven plasma thrusters@29,30#, namely, Ude510,
20, 50, and 100. The growth rates are shown in Fig. 9. I
evident that the magnitude of the growth rates at and near
conditions for the dominant mode is an increasing funct
of the drift velocity. It is interesting to note that in the coll
sionless case, Tsaiet al. @19# found the peak growth rate to

e

ks

FIG. 8. Dispersion relation of oblique whistlers@Eq. ~42!# com-
pared to that computed for the parameters corresponding to
dominant mode of the bottom plot of Fig. 7.
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be a slowlydecreasingfunction of the drift velocity.~The
increasingtrend found by Wuet al. @17# also for a collision-
less plasma was later found by Tsaiet al. @19# to be reversed
when a proper accounting of the cyclotron harmonics
made.! This is another instance where the collisionally dom
nated finite-beta instability behaves more like its electrost
counterpart than like in the collisionless and finite-beta ca

We also found that the magnitude of the drift velocity h
a significant effect on the polarization of the domina
modes. In particular the calculations showed that the ma
tude ofuEs

(1)u2/uEm
(1)u2 for argon drops by two orders of mag

nitude at the dominant mode asUde is increased from 20 to
50. This is due to the tendency of the instability to fav
more oblique modes as the drift velocity increases~as in the
discussion in the preceding sections! and for more oblique
propagation the dominant modes have longer wavelen
that, as we have seen above, have strong electromag
polarization.

7. Ion mass effects

We have repeated some of the calculations above for
drogen to provide grounds for extrapolating some of
above findings to plasma thruster operation with light p
pellants and to provide a connection with the space phy
literature concerned with cross-field streaming instabiliti
We found that the dependence of the normalized rates of
unstable modes~growth maximized over wavelength! on the
mass-scaled propagation angle are almost identical to t
of argon, which means that the normalized propagation an
C, to the extent of the parameter range explored in t
study, is a universal scaling parameter for these growth ra
The mass scaling implicit inC implies that the unstable
waves are spread over a substantially wider range of pro
gation angles for hydrogen than for argon.

The universality ofC as a scaling parameter is less t
case for the growth-maximized frequencies and wave n
bers since as the drift velocity increases they become m
dependent on the ion mass. In all cases, however, we fo

FIG. 9. Growth rates of unstable modes in argon atbe51,
growth maximized over wavelength as a function of the normali
propagation angle, with the dimensionless current velocityUde as
parameter and with the electron collision frequency set at the lo
hybrid frequency. The electrostatic theory curves are also plo
for comparison. The asterisks denote the dominant modes.
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the characteristics~frequencies, wave numbers, and grow
rates! of the dominantmodes~i.e., growth maximized over
wave-length and propagation angle! to be relatively insensi-
tive to the ion mass2 and the trends to be largely independe
of it.

V. CONCLUSIONS

The linear microstability of a cross-field-carrying plasm
was studied using a dispersion relation that includes kin
and finite-beta effects~through the complete dispersion te
sor! as well as those of electron collisions~through a BGK
model!. The study encompassed a wide parameter range
cluding that typical of plasmas in current-driven plasm
thrusters. Comparisons were made to the better-docume
cases of purely electrostatic modes (be50) or collisionless
electrons (ne50), allowing us to draw the following conclu
sions pertaining to the change in the fundamental chara
of the instability for the case of an equithermal plasm
(Ti /Te.1) in which electron collisions~referred to simply
as collisions! are important (ne /v lh.1).

~1! Even for electron drift velocities exceeding the Alfve´n
velocity, finite-be effects arenot globally stabilizing as pre-
viously thought, but rather result in the excitation of fini
growth modes with mixed polarization even in the presen
of collisions. As the electromagnetic character of the wa
prevails, the role of electron collisions in destabilization b
comes important.

~2! In contrast with the collisionless finite-beta results
Refs. @17,19# the polarization, at constantbe , does not be-
come monotonically more electrostatic as the propaga
becomes more perpendicular. Also, increasingbe shortens
the wavelength of the most perpendicular modes (C.0.3)
and lengthens that of the more oblique ones that beh
more like oblique whistlers.

~3! In further contrast with its collisionless counterpa
@19#, the growth rate of the dominant mode is an increas
function of the drift velocity. As the drift velocity increase
the instability favors more oblique modes and longer wa
lengths that lead to stronger electromagnetic polarization

~4! Contrary to the effect collisions are known to have
the dominant electrostatic modes, they can actuallyincrease
the growth rate of the finite-be dominant mode.

~5! As collisions dominate the instability changes cons
erably in character~from less kinetic to more fluidlike! as it
reverts to more perpendicular propagation and, in many
spects, behaves more like its electrostatic counterpart
like the previously studied collisionless and finite-beta ins
bilities.
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2An exception must be made for the magnitude of the polariza
ratio uEs

(1)u2/uEm
(1)u2, which is substantially lower for hydrogen eve

though the trend of its dependence onC is the same for both atoms
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