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Pseudo-Casimir effect in untwisted chiral nematic liquid crystals
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We investigate theoretically the pseudo-Casimir force between parallel plates immersed in a chiral nematic
liquid crystal. We focus on small-separation limit where the director configuration between the plates inducing
strong homeotropic anchoring is uniform. We find that the force is attractive at separations smaller than the
crossover distance and repulsive otherwise, and that it diverges logarithmically at the critical distance where
the uniform structure is replaced by a distorted structure. We also analyze modifications to the force introduced
by magnetic field and comment on the possible detection of the effect.
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I. INTRODUCTION the stable solution is the uniform untwisted stgi®-15.
The transition between the uniform and the twisted structure
In the past decade, the liquid-crystalline analog of themay be induced by varying the parameters of the system
Casimir effecf 1] induced by thermal fluctuations of the or- such as external fields, film thickness, and chirality. Depend-
der parameter has been investigated theoretically in somi8g on the boundary conditions and the elastic constants, the
detail[2—10]. Of all mesophases, the nematic phase attractetfansition may be either continuous or discontinufilé 15.
most attention by far, and nowadays it is well established thaft distances larger than the critical thickness, where the low-
the phenomenology of the effect in real systems is muctgnergy configuration corresponds to a spiraling director field,
more intricate than the universal power |§&3] that can, in  pattern formation has been observed. In case of strong ho-
fact, be derived by dimensional analysis. One source of demeotropic anchoring, the one-dimensional chiral nematic,
viations from the universal force profile is related to nonide-such as translationally invariant configuratiofC) and pe-
ality of the confining surfaces that are invariably character+iodic, double twist configuration patterns have been studied
ized by finite rather than infinite anchoring strengéy10]  in detail [12,14. Within the one-constant approximation, a
and often cannot be considered smoetf§]. Putting a nem-  TIC distortion occurs at a critical distance equal to half the
atic liquid crystal in an external field such as magnetic fieldpitch 77/q,. However, it has been shown that the energy of a
adds another parameter to the system, and the response ¢&riodic solution where the axis of the helix is tilted away
pends on whether the field suppresses or enhances the flfeom the plate normal is slightly lower than the energy of the
tuations. In the former case, the fluctuation-induced forcel IC solution. The continuity of the structural transition de-
becomes short range, i.e., weaké}, whereas in the latter pends on the relative magnitude of the Frank constants and
case, the field-driven behavior is more complex. At smallthe transition is continuous in the one-constant approxima-
separations, the attractive interaction is enhanced by théon.
magnetic field, but at separations close to theeBegicksz Here, we would like to determine how the pseudo-
threshold, it becomes repulsive and divergent. This kind ofcasimir effect behaves on approaching the structural transi-
behavior was shown to be characteristic for frustrated systion in a confined chiral nematic liquid crystal. Although the
tems where the liquid crystal is controlled by competing ex-normal modes bear the signature of the intrinsic helical dis-
ternal forces. Another example of a frustrated system is théortion present in bulk, we will be able to reformulate the
so-called hybrid cell where the frustration is brought aboutoroblem and take advantage of the mathematical procedure
by a mismatch of the easy axes and/or anchoring strengthsed in the vicinity of the Federicksz transition in ordinary
[8,9]. nematic liquid crystald8]. We restrict the analysis to the
In this paper, we extend the theory of fluctuation-inducedone-constant Frank elasticity theory, assume a uniform de-
force in frustrated nematics from geometries with competingyree of order, and neglect the chirality-induced biaxial order-
bulk and surface fields to chiral systems where the frustratiofg.
results from incompatibility of the intrinsic chiral ordering  In Sec. II, we introduce the formalism and calculate the
and the boundary conditions. In bulk, chiral nematic liquidfluctuation-induced force. Then we consider the case when
crystals form a helical structure described by a wave numbethe magnetic field is applietec. Il). In Sec. IV, we sum-
0o [11]. However, this twisted structure is suppressed in conimarize our results and discuss the possibilities for experi-
fined geometries with strong enough unidirectional anchormental detection of our predictions.
ing. In such systems, there exists a thickness below which

II. FLUCTUATION-INDUCED FORCE

* Author to whom correspondence should be addressed. Electronic We consider a system of two parallel flat plates immersed
address: fahimeh@fiz.uni-lj.si in a chiral nematic liquid crystal with boundary conditions
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— Z=f anj Dny exp(—H[ny,ny1/kgT), 4

_ wheren, andn, are subject to constraintg,(z=0)=n,(z
- =h)=ny(z=0)=ny(z=h)=0, kg is the Boltzmann con-
stant, andT is the temperature. We stress that this partition
| | | | function is formally identical to the kernel of the propagator
—— of a two-dimensional isotropic quantum-mechanical oscilla-
- tor in a magnetic field17].
— However, the transformatiofi8,19

21 /9q ¢1=c0gqoz)N,+sin(gez)ny, )

o= —sin(qoz)Ny+cogdoz)Ny, (6)
FIG. 1. Configuration of the system. In the confined section the
director structure is homeotropic due to strong anchoring, whereadiagonalizes the Hamiltoniah:
in the semi-infinite part of the setup it twists.
TS fh[(a bw)*+ (P*—ap) $1dz. (7)
characterized by strong homeotropic anchofiRi. 1). The 2 TSl Jo Y ™~ b0) Puldz
director field between the plates is homeotropic for separa-
tions smaller than the critical separatibp= 7/q,, whereq, =~ Now we see that this system is equivalent to the pre-
is the intrinsic wave number of the helical struct{it@—15.  Freedericksz transition geometry studied in R&f. We find
In the homeotropic configuration, the director field can bel20]
written asn(r)=nq+ &n(r), wheren,=z is the average di-
rector field, Sn(r) =n,(r)x+ny(r)y is the fluctuating direc- 2= [T [sinva3—p?17* [T [sini(\/p2—qgh)1 .
tor field andr denoting the observation point in alyz Car- P=Go P90 ®
tesian coordinate system. Associated with equilibrium
director field in the strong anchoring case is the Frank elastic Having calculated the partition function, we have to iden-

free energy[11] tify the interaction part of the free energy. To this end, we
K note that the Casimir interaction free energy is measured

_n 2 . 2 2 relative to the free energy of the corresponding reference

F ZJ [(V-m)7+(n-VXn+Go) ™+ (X VXn)TaV, bulk state. Let us, for the moment, neglect the long-

(1) wavelengthqa1 differences between the bulk nematic and

) ) ) ) the bulk chiral nematic states, and analyze the different terms
whereK is the effective elastic constant. By expanding theys —kgTInZ on dimensional grounds. As expected, we

Frank free energy around the ground state, we derive thgng 4 term proportional toAh, which represents the bulk
harmonic Hamiltonian of the two modeg=n,(r) andn,  free energy(actually, as we will see later on, a part of, it

=ny(r) then there is a term proportional £oand independent of the
K separation, which obviously corresponds to the surface free
Hn,,ny]= §J [(VNn,)2+(VNny)2+2qo(Nydsny energy, and the rest is the fluctuation-induced interaction
_ AkgT

Yo .
—Nyd;ny)JdV. (2 Fint= fo Insin(p-h) p~dp-

2
The translational invariance in they plane allows for o
using the Fourier transform ofn, and ny: ny(r) +f In(L—exp(—2p-h))p-dp- |, 9
=X pny(z;p)explp- p) wherew is eitherx or y and p= XX 0
+yy. After integration ovex andy the Hamiltonian reads ~ where we have replace, by [A/(27)?]fd?p. The first
term in the above expression is a contribution arising from
KA h the intrinsic chirality. The second term is the standard Ca-
- 2 2 2 2 2
HInnyJ= 2 % fo 1920 "+ ]2y [+ p*(Inyl*+Iny|) simir free energy of an undistorted nematic,
—AkgT{(3)/8wh? where{(3)=1.202 . . ., is theRiemann
+ 2q0(nyazn;§ - nxazn;)]dz, (3 zeta function. A similar interaction has been discussed in two
other frustrated systems, a hybrid-aligned nematic cell and a
wherep?=p2+ pf,, A'is the area of each platk,is the plate  pre-Freedericksz transition systef8].
separation, and the asterisk denotes the complex conjugate.
Assuming strong anchorind6] on the plates, the parti-

tion function of the system in analogy with quantum- Meanwhile, in relation7) the fluctuating fields are transformed
mechanical path integral is to real bases.
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The structural forceF= — dF/dh, turns out to be attrac-

tive at small distances 200 €a b
keTA[¢(3) a5
Fhiuct(doh<<1)~— . [ e " hl (20 —_ 01
E
whereas at distances comparable to the critical separation the 2 -200+
force becomes repulsive <
KeTAG 5 4007
Fiuedoh—m) == —5~In@singoh)) (1) =
-600 1
and diverges logarithmically at the threshdid= 7/q,. The 10 20 30 40 50 60

divergence of the Casimir force may be directly related to the
critical fluctuations characteristic for the continuous struc-

tural transition[8]. FIG. 2. Pseudo-Casimir pressurByci=Fruct/A, in chiral

In case of homogeneous boundary conditions, the geontematic liquid crystal as a function bf The intrinsic chiralityqg is
etry of the system is of course different, the main differenceset to 6<10’/m andT=300 K. The attractive tail becomes repul-
being that the uniform-twisted transition is discontinuoussive as the distance is increased, the crossover being located at
(due to the quantization of the pitch caused by the homogeh=48 nm. At the structural transition, the force diverges logarith-
neous anchoringand it is easy to show that it occurs at a mically. In the presence of a magnetic fiéBec. 1)) in the case of
smaller thicknessh.= m/2q,. However, the interaction free (b) positive and(c) negative diamagnetic susceptibility, the cross-
energy in the uniform texture turns out to be the same as igvers occur at 51 nm and 46 nm respectively whére=2
the homeotropic cell, implying that the fluctuation-induced X 10°/m.
force does not exhibit any particular behavior at the transi-
tion. This is, of course, expected because the transition igs if there were two massive modes with correlation length

discontinuous. . do . This gives rise to an additional attractive force of
Let us now return to fluctuations in reference bulk con-

figuration, where the director field twists to minimize the —ksTAgy/6m and thus enhances the fluctuation-induced in-

elastic free energy. There is a clear difference between th'%eractlon in the system. This extra attraction is dominant at

Hamiltonians of the fluctuations in the uniform stdteg. mtermedla.te Q|stances: ats smalle.r than~2..9/q0, the.ef—
(7)] and in the twisted bulk state. If we write the director fects of chirality are not very prominent afdis essentially

h [nm]

field asn=n-+ sn where proportional toh ™3, whereas ah’s larger than~2.94,, the
0 force profile is determined by the pretransitional slowdown
No=(COSQ,Z, SiNGyZ,0), (12) of th_e normal modesFig. 2, curve 31' _
Finally, we note that the uniformity of the director con-
and figuration between the plates gives rise to an elastic free
energy
én=(—n4singyz,n; COSQgZ,Ny) (13

with n;=n4(r) andn,=n,(r) being the amplitudes of the 1 )
fluctuations in directions perpendicular tg, the Hamil- 5 KAggh, (16)
tonian of the reference bulk configuration reads

H[ny,Nn,]= Ef [(VNy)2+(Vny)2+g2n2 which results in a mean-field, thickness-independent attrac-
2 tion between the plates, analogous to the mean-field attrac-

tion caused by the magnetic field in the &dericksz cel[8].

This force is considerably stronger in magnitude than the

(14)  fluctuation-induced force: the ratio of their magnitudes, at

, i distances comparable qgl, may be estimated by Tq, /K

Note that nowH includes two coupled oscillators, one of g, that for a chiral nematic system with a pitch of the order

which is massive as witnessed by the presence ofif"é  of 100 nm at room temperature, the fluctuation-induced force

term. Qualitatively, the situation is similar as in the pre-amounts to less than a percent of the mean-field force. How-
Freedericksz geometr}g], and we can estimate the free en- ever, this does not mean that the pseudo-Casimir effect can-
ergy associated with the difference between the Hamiltoniangot be detected: the strong mean-field background force is

by independent of thickness, whereas the fluctuation-induced
3 force has a thickness-dependent component. Thus, a tech-

kg TAdgh (15) nique sensitive to variations superposed to a constant back-

6m ' ground could be used to study the fluctuation-induced force.

—4qn4(dxn, €OSYpZ+ dyn, singgz) Jd V.

061701-3



F. KARIMI POUR HADDADAN, D. W. ALLENDER, AND S. ZUMER PHYSICAL REVIEW E64 061701

lll. CHIRAL NEMATIC LIQUID CRYSTAL In the strong magnetic field limi~1>q,, the behavior

IN EXTERNAL FIELD of the system is really determined by the magnetic field
rather than by chirality and the uniform structure is stable at
all separations. In this case, the system is no longer frustrated
and the stabilizing role of the magnetic field actually sup-
this phenomenon. With the progress of miniaturization ofPresses the fluctuations and the normal modes become mas-

these devices, there may soon be a time when interactiorts sive. The partition function of the system turns out to be
described in this study will become important for practlcalg ven byZesinh(/p?+ &¢h), Wheregeff‘ VE 2 —dgis the

purposes. With this motivation, let us consider the system 0}nverse effective magnetic coherence length. The interaction
r

a chiral nematic liquid crystal in the presence of an externa ee energy reads

field. To avoid possible effect of electrical conduction and KTA [

other technical details, we limit our discussion to a constant Fint:B—f _, In(1—exp(—2ph))pdp. (20)
magnetic field in the case @®) positive and(B) negative 27 Je

anisotropy of diamagnetic susceptibility. A magnetic figld

normal to the plates will destabilize the homeotropic struc-By expanding the logarithm in Taylor series, (In
ture with respect to the twisted structure if the anisotropy of—exp(—2ph))=—=._;(1/m)exp(~2mph, and performing
the susceptibility is negative; in materials with positive an-integration we obtain

isotropy, the field along the director will have a stabilizing

It is well known that the structural transition in chiral
nematics may be easily induced by an external fiitd22:
most electrooptic applications of liquid crystals are based on

effect. The magnetic contribution to the free enefd] _ kgTA 2 ) h i1 s h
reads T 8wh? mgeff & m§eff
(21)
2dv (17 . . . .
' For massive fluctuations, the interaction free energy depends

strongly on the reduced lengtilées¢. In the limit of small
where x, is the anisotropy of the diamagnetic susceptibility separations, the pseudo-Casimir force reduces to the standard
and u, is the magnetic permeability of vacuum. Therefore, Casimir force in nematicsy kg TAZ(3)/4wh®, whereas the
the inclusion of the magnetic field leads to the Hamiltonianasymptotic behavior of the force fdr> &, is given by
—ksTAexp(—2h/&g)/2mé2 h. This is a short-range force,
H[n 1= EJ [(VNn)2+(Vn,)2+ £2(n2+n2) analogous to the interaction induced by fluctuations of the
Xy X y x Y degree of order and biaxial modes in nematic mesopf&ise

+2qo(Nnydne—nydny)1dV, (19 B. Negative x,
where é=\Kuo/[x/B? is the magnetic coherence length, ~When y,<0, a magnetic field perpendicular to the cell
and “+”and “ — " refer to positive and negativg,, respec- always has a destabilizing effect, i.e., the field tends to rotate
tively. the director towards a planar orientatigdil] and thus facili-
tates the uniform-twisted transition. In this case, the Hamil-
A. Positive y, tonian reads

The diagonalized Hamiltonian in Fourier space reads

KA h
A h H=r 2 2 | {00+ [P* = (a3+¢ 9]z
= % 2 fo {(9,0w) 2+ [P~ (45— € 213} dz (22)

(19  The system is obviously equivalent to the zero-field geom-
. . . . — _2 .
In the weak magnetic field limit~1<qo, the qualitative etr;:j}mt? a Ir?rger eff.e-ctl\lle;.chlrah;meff /\/—z—“qurg,z alnd sc
behavior of the system and the pseudo-Casimir force is thE°rdingly shorter critical distance.= /oo +& “. In this
same as if there were no magnetic field. The presence of tHg2S€: the Casimir force is enhanced by the magnetic field

field induces an effective chiralitges;= \/qoz—g‘2 smaller (Fig. 2, curve ¢
than the intrinsic chirality, which stabilizes the homeotropic

alignment preferred by the anchoring and makes the critical C. Mean-field force
separation increase to a valuehpf= Tr/\/qoz—gfz. The mag- Once the chiral nematic is subjected to a magnetic field,
netic field makes the force weak@ig. 2, curve . there are two bulk-aligning terms: the chirality and the mag-

It is interesting to note that whefi * approaches, h, netic field. The combined effect of chirality and magnetic
increases and right & 1=q, it becomes infinite. This is, in  field give rise to an effective mean-field interaction.
fact, the critical value ot~ ! where a field-driven structural In the case of positive anisotropy of diamagnetic suscep-
transition from field-induced homeotropic state to planartibility, the chiral nematic in bulk twists in such a way that
state(the pitch normal to the platgsthrough a TIC configu- the helical axis is normal to the field, i.e., parallel to the
ration, takes placg21,22. substrategFig. 3). With increasing magnetic field, the helix
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2= /9 (B) structure is established, the mean-field force vanishes. For
| 1] &1 petween X 10'/m and 5<10'/m, the corresponding
_| B decrease of the mean-field force is between 10 to 30% where
N | | Qo is set to 6x10°/m. A weak mean-field force may be ad-

|0 vantageous in experiments designed to detect the fluctuation-
induced force.

In the case wherg,<0, the helical structure outside the
plates is planar with the director perpendicular to the mag-
netic field. Thus, the effective mean-field force is given by
—KAQz /2, whereqz=dg+ &%,

FIG. 3. Director configuration of the system in the cage-0: IV. CONCLUDING REMARKS

In bulk, the director twists with a helical axis perpendiculaBto

. . In this study, we have analyzed the fluctuation-induced
thereby reducing the magnetic field energy.

structural force in untwisted chiral nematic liquid crystals.
becomes more and more distorted and its pitch increases Xéle have d_em_o nstrat(_ad that the system shares_the main fea-
. . . 1 ) ) "‘tures of this interaction—an enhanced attraction at small
the critical field, ."e"gc. =m0o/2, the helix unwinds com- separation compared to nonfrustrated systems, a crossover
pletely and the pitch dlvgrgg{al]. L from attraction to repulsion at separations comparable to the
The free-energy density in the bulk is given by critical distance, and pretransitional divergence—with other
frustrated liquid-crystalline geometrid8]. Thus, we have
, (23)  established a unified picture of the pseudo-Casimir force in
nematic geometries subjected to competing surface, bulk,
and/or internal fields.
Although the three frustrated geometries discussed so far
(hybrid cell, Fredericksz cell, and chiral nematic oeflasi-
cally all contain the same physics, there are important differ-

K2

96\? ,
fMFZZ (QO_ ) — & %sirte

ay
wheref= 6(y) denotes the orientation of the director field as
shown in Fig. 3. The first integral of the Euler—Lagrange
equation gives

de ences between them. For example, the only control param-
ay —(C—¢ 2siP9)'? (24)  eter for the hybrid cell is the temperature, and it may well
turn out that the experimentally accessible range of variation
where the integration consta@tis determined by minimiz- of the anChoring Strength with temperature is rather narrow.
ing the free energyc satisfies the condition The chiral nematic Ce”, on the other hand, has another con-
trol parameter, the intrinsic pitch, which may vary consider-
JCE(£72/C) = mqq/2, (250  ably upon changing the temperature, thereby providing more

flexibility in experiments. When the system is placed in a
whereE(¢%/C) is the elliptic integral of the second kiffd. magnetic field, the field may—depending on its strength and
Here we examine the value of tl@in two limiting cases:  orientation—either enhance or suppress the frustration re-
for £ *=0, d6/dy= —qq, therefore from Eq(24) we obtain  sulting from chirality and the boundary conditions. As a re-
C=q2 while for £ *=¢_1, do/dy=0, #==/2, and soC  sult, it should be easier to design an experiment sensitive to

=§72, the fluctuation-induced interaction. In addition, the force
It may be shown that the bulk free-energy per unit volumecould be studied while varying the chirality and the magnetic
reads[ 23] field at a “constant” separation.
In most experimental situations, the anisotropy in the
Fur _ E( 2_¢) 26) elastic constants renders the structural transition discontinu-
V) Yo ous[14] and shifts the corresponding singularity in the Ca-
simir force to metastable regime. Nevertheless, the finger-
and so the mean-field force per unit area is print texture may be avoided by applying an external field: in
some ranges of the involved parameters—namely, the film
%: _ E(C_g—z) (27) thickness and the magnetic field—a transient TIC may ex-
A 2 ' perimentally form[24,25. In such a setup, even for unequal

) 5 _2 elastic constants the pretransitional divergence of the Ca-
We note that the value df increases fronyg to £;“ when  gimir force should be detectable. In addition, polymeric lig-
the applied field:~* increases from zero tg; *, so that the  uid crystals that have large splay constagtismay exhibit a
mean-field force is attractive in the ranges@ '<mqo/2  second-order structural transitiofi4]. If chiral nematic
and its magnitude decreases with increasing field. Beyonfiquid-crystalline phases exist in such polymeric materials,
the unwinding critical valug_ *, where the uniform director they would be good candidates for observing phenomena
discussed here.
With the development of the submicroconfined liquid-
2E(e)=JT?(1-esirtg)M2d 6. crystalline systems where the length scale of the confinement
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is decreasing further and further, the fluctuation forces ardield. While the fluctuation-induced effects in a distorted di-
expected to become important. At these scales, the Casimiector configuration are less prominent due to the presence of
forces are not only measurable, they may actually be essethe elastic mean-field interaction, they are needed for a com-
tial for several interesting phenomena such as stability oplete description of the continuous structural transitions. In a
thin films [9] which may be important for a technologically future study, we will address this question.
very promising method of self assembly of patterned sur-
faces[26].
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