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Comment on ‘‘Critical behavior of a two-species reaction-diffusion problem’’
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In a recent paper, de Freitaset al. @Phys. Rev. E61, 6330 ~2000!# presented simulational results for the
critical exponents of the two-species reaction-diffusion systemA1B→2B andB→A in dimensiond51. In
particular, the correlation length exponent was found asn52.21(5) in contradiction to the well-known relation
n52/d. In this Comment, the symmetry arguments leading to exact critical exponents for the universality class
to which this reaction-diffusion system belongs are concisely reconsidered.
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In a recent paper, de Freitaset al. @1# presented a Monte
Carlo study of the two-species reaction-diffusion systemA
1B→2B and B→A @the van Wijland, Oerding, Hilhors
~WOH! model @2## in dimensiond51. They reported the
valuesb50.435(10) andn52.21(5) for critical exponents
of the order parameter and the correlation length, resp
tively. The measurement of the short-time scaling expon
u8 @3# seems consistent with the scaling lawsu852h/z and
2b/n5d1h, using the exact valuez52 of the dynamical
exponent. The term ‘‘exact’’ means here at least correc
long as the~super! renormalizable model~1! presented below
has a nontrivial infrared stable fixed point. Note that an«
expansion is in general not involved. The critical WO
model belongs in general to the universality class of direc
percolation~DP! processes coupled to a secondary conser
density called DP-C@4#, in analogy to the Model C. In the
same manner as the universal behavior of the critical dyn
ics of a relaxing nonconserved order parameter near equ
rium ~Model A! is changed to Model C by the coupling to
conserved density, DP processes are changed to DP-C
cesses. de Freitaset al. assume equal diffusion constants f
both species. Therefore, a special DP-C process with
cross-diffusion called KSS, and identified by Kreeet al. @5#
several years ago, describes the special system studied
In the Appendix of their paper, Kreeet al.show by means of
a Ward identity that the correlation length exponent ob
the exact relationn52/d. This yieldsn52 in one dimen-
sion. Note that the original KSS model consists of the tw
species reaction-diffusion systemB→2B, 2B→B, B1C
→C with unequal diffusion constants for both species and
therefore microscopically different from the WOH mode
However, the authors of@2# show that their model with equa
diffusion coefficients renormalizes by coarse graining to
KSS model. Thus, de Freitaset al. correctly assume tha
their simulated WOH model belongs to the KSS universa
class. Therefore, the value ofn reported by de Freitaset al.
turns out to be erroneous as long as one assumes tha
symmetry properties of the fixed point are not destroyed
one spatial dimension. Likewise, their conjectured sim
fractions for the critical exponents have to be rejected.

Because the arguments leading to exact critical expon
of the DP-C processes are more or less implicit in sev
papers@2,5#, I will reconsider their derivation in this Com
ment, and show that they all have their roots in particu
symmetry properties.
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The Langevin dynamics of the DP-C class can be
scribed by the dynamic functional@6,7#

J5E dt ddxH s̃F] t1l~t2¹21 f c!1
l

2
~gs2g̃s̃!Gs

1 c̃@] tc2g¹2~c1ss!#2g~¹ c̃!2J . ~1!

Heres andc are the densities of the percolating agent and
conserved field, respectively. In the case of the reacti
diffusion system above,s}nB andc}nA1nB , wherenA and
nB denote the densities of theA andB particles, respectively
The conjugated response fields are denoted bys̃ and c̃. Sta-
bility requiresg.2s f . Green functions~correlation and re-
sponse functions! are obtained by integrating the field
against a weight factor exp(2J ).

The functionalJ, Eq. ~1!, possesses the following sym
metries under three transformations involving a const
continuous parametera:

I: c̃→ c̃1a; ~2!

II: c→c1a, t→t1 f a; ~3!

III: s→as, s̃→a21s̃, s→a21s, g→a21g,

g̃→ag̃. ~4!

Moreover,J is invariant under the inversion:

IV: c̃→2 c̃, c→2c, s→2s, f→2 f . ~5!

In the particular cases50, the time reflection

V: Ag/g̃s~x,t !↔2Ag̃/gs̃~x,2t !,

c~x,t !→c~x,2t !, c̃~x,t !→c~x,2t !2 c̃~x,2t ! ~6!

yields a further discrete symmetry transformation. The sy
metry V distinguishes the KSS from general DP-C process

Symmetry I results from the conservation property of t
field c. Symmetries III and IV show that dimensionless i
variant coupling constants and parameters are defined bu

5g̃gm2«, v5 f 2m2«, w5sg̃ f m2«, and the ratio of the ki-
©2001 The American Physical Society01-1
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COMMENTS PHYSICAL REVIEW E 64 058101
netic coefficientsr5g/l. Herem21 is a convenient mesos
copic length scale and«542d.

Dimensional analysis and the scaling symme
III applied to the Green functions GN,Ñ;M ,M̃

5^@s#N@ s̃#Ñ@c#M@ c̃#M̃& gives

GN,Ñ;M ,M̃5a Ñ2NGN,Ñ;M ,M̃

3~$x,t%,t,a21s,ag̃,a21g, f ,l,g,m! ~7!

5s Ñ2NFN,Ñ;M ,M̃~$mx,gm2t%,m22t,u,v,w,r!
~8!

5~g/g̃!(Ñ2N)/2FN,Ñ;M ,M̃
8

3~$mx,gm2t%,m22t,u,v,w,r!, ~9!

where it is assumed thats>0 for convenience. Of course
Eq. ~8! cannot be used ifs50.

The critical scaling properties of the Green functions c
be extracted from the invariant functionsF andF8 by apply-
ing the renormalization group. To extract UV-finite quan
ties from the field theory, one introduces bare fields and
rameters and renormalizes by appropriateZ factors. For

example, one uses the schemes→s°5Zs
1/2s, s̃→s°̃5Zs̃

1/2s̃, t

→t°5Ztt1t°c , f→ f°5Zfv
1/2m«/2, etc. Heret°c denotes the

critical value oft° . The Z factors have to absorb all the UV
infinities ~the « poles in dimensional regularization!. They
can only depend on the invariant parametersu, v, w, andr.

The objects of the calculation are the vertex functio
G Ñ,N;M̃ ,M , i.e., the one-particle irreducible amputated d
grams withÑ s̃-legs,N s-legs,M̃ c̃-legs, andM c-legs. It is
easily seen that diagrams with loops do not contribute
vertex functions withM̃>1. Thus, these vertex functions a
trivial and given by the corresponding terms displayed in
dynamic functionalJ, Eq. ~1!. Hence, the renormalization
are trivial:

c°̃5 c̃, c°5c, g° 5g, s° s°5ss. ~10!

Symmetry II in connection with the trivial renormaliza
tion of c, Eq. ~10!, shows thatf is renormalized with the
sameZ factor ast: Zf5Zt . It follows the simple relation

t

m«/2
5

~t°2t°c!

f°
v1/2. ~11!

At a fixed pointv* different from 0 and̀ , t changes ac-
cording to this relation by a change of the momentum sc
m→m l ~holding bare parameters fixed! as t→t( l )5t l «/2.
Thus, one finds from the Eqs.~8,9! the scaling properties o
the Green functions at a fixed point with finite values foru* ,
v* , w* , andr* different from 0 and̀ ~the existence of
such fixed points can be demonstrated in the« expansion
@2,4,5#!

G~$x,t%,t!5 l dGG~$m lx,gm2l 2t%,m22t/ l 22«/2!. ~12!

In Eq. ~12! dG5(N1Ñ1M1M̃ )d/21(Nh1Ñh̃)/2 de-
notes the scaling exponent ofG. dG combines the norma
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and anomalous dimensions of the fields involved in
Green functionG. From Eq.~12! one can gather the exac
values of the dynamical exponentz52 and the correlation
length exponentn51/(22«/2)52/d.

The renormalization of quantities invariant under t
transformation defining symmetry III, likeF or F8, involve
only the product of the field renormalizationsZ5Zs̃Zs .
Thus, one has a freedom to define one of these factors. W
respect to Eqs.~8! and ~10!, it is convenient to choose th

trivial renormalizations° 5s together withZs51. Then the
Green functionsG have the same scaling properties und
renormalization as the invariant functionsF. One could also

defineZsÞ1 and renormalizes° 5Zs
21/2s. The renormaliza-

tion properties ofF are not affected by this choice. Henc
one finds the same critical scaling properties of the corre
tion and response functions as for the previous one. It
lows the anomalous dimension of the fields ash50. Then

the anomalous dimensionh̃ of the response fields̃ is given
by the logarithmic derivative ofZ with respect to the mo-

mentum scalem at the fixed point.h̃ is the only scaling
exponent that one has to determine by perturbation theo

For the KSS processess vanishes and one cannot follow
the strategy of the last paragraph. However, for the K
processes the time reflection symmetry V can be explo
With respect to this symmetry and Eq.~9!, it is now conve-

nient to choose the ratiog°̃ /g°5g̃/g trivially renormalized to-
gether withZs5Zs̃5Z1/2. Then the Green functionsG have
the same critical scaling as the invariant functionsF8. The
logarithmic derivative ofZ at the fixed point yields in this
case the value ofh5h̃.

In summary, the DP-C processes offer exact relations
some critical exponents includingz52 andn52/d. In the
KSS case, one hash5h̃ as in DP, but with another value. I
the more general case with cross-diffusionsÞ0 ~and s f
,0) one findsh50, which yields via the relationb5n(d
1h)/2 the exact order parameter exponentb51. The dis-
crepancy with the exact and the simulational result forn by
roughly 10% may have the origin in corrections to scaling
is therefore desirable that the authors reconsider their si
lations and provide a careful analysis of such correctio
Another possible, though unlikely source of the discrepan
is that in such low dimensions asd51 the membership of
the simulated WOH model to the KSS universality class
spoiled. This may arise if further symmetry-breaking ope
tors become relevant. Relevance is defined here with res
to the nontrivial fixed point. The relevance of quartic term
for d,2 in the dynamic functional~1! with respect to the
Gaussian fixed point is not a criterium for that. Addition
relevant quartic terms crucially differentiate between t
WOH and the KSS model and would destroy any of t
exact scaling properties derived from the dynamic functio
J. In particular, also the relationsh5h̃, z52, and u85
2h/z, used by the authors of@1#, would become doubtful.

Note added in proof. A recent Monte Carlo simulation@8#
shows that indeedn52 in one spatial dimension.
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