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Wave propagation in media having negative permittivity and permeability
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Wave propagation in a double negatit@NG) medium, i.e., a medium having negative permittivity and
negative permeability, is studied both analytically and numerically. The choices of the square root that leads to
the index of refraction and the wave impedance in a DNG medium are determined by imposing analyticity in
the complex frequency domain, and the corresponding wave properties associated with each choice are pre-
sented. These monochromatic concepts are then tested critically via a one-dimensional finite difference time
domain(FDTD) simulation of the propagation of a causal, pulsed plane wave in a matched, lossy Drude model
DNG medium. The causal responses of different spectral regimes of the medium with positive or negative
refractive indices are studied by varying the carrier frequency of narrowband pulse excitations. The smooth
transition of the phenomena associated with a DNG medium from its early-time nondispersive behavior to its
late-time monochromatic response is explored with wideband pulse excitations. These FDTD results show
conclusively that the square root choice leading to a negative index of refraction and positive wave impedance
is the correct one, and that this choice is consistent with the overall causality of the response. An analytical,
exact frequency domain solution to the scattering of a wave from a DNG slab is also given and is used to
characterize several physical effects. This solution is independent of the choice of the square roots for the index
of refraction and the wave impedance, and thus avoids any controversy that may arise in connection with the
signs of these constituents. The DNG slab solution is used to critically examine the perfect lens concept
suggested recently by Pendry. It is shown that the perfect lens effect exists only under the special case of a
DNG medium withe(w)=u(w)=—1 that is both lossless and nondispersive. Otherwise, the closed form
solutions for the field structure reveal that the DNG slab converts an incident spherical wave into a localized
beam field whose parameters depend on the valuesnti «. This beam field is characterized with a paraxial
approximation of the exact DNG slab solution. These monochromatic concepts are again explored numerically
via a causal two-dimensional FDTD simulation of the scattering of a pulsed cylindrical wave by a matched,
lossy Drude model DNG slab. These FDTD results demonstrate conclusively that the monochromatic electro-
magnetic power flow through the DNG slab is channeled into beams rather then being focused and, hence, the
Pendry perfect lens effect is not realizable with any realistic metamaterial.
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[. INTRODUCTION that leads to the negative angles associated with Snell’s law
and the focusing effects Pendry associated with the DNG
Several recent papers have exposed the usefulness wfedium. Pendry’s analysis depends on a certain definition of
metamaterials that produce negative indices of refractiothe “forward” wave direction, as implied by a specific
[1-7]. Metamaterials are artificially constructed materialschoice of the square root for the wave number and the wave
having electromagnetic properties not generally found in naimpedance. Moreover, inconsistent choices for the propagat-
ture. Examples include photonic band gap structiyige8] ing and evanescent spectra were made. We apply two well-
and double negativeDNG) media[1,3—7), i.e., metamateri- known analytic continuation arguments to the choice of the
als having negative permittivity and negative permeability.square root. The ramifications of these choices are clarified
Pendry[3] has proposed the intriguing possibility that a in homogeneous DNG media and with the scattering of a
DNG medium could lead to a negative index of refractionplane wave from a DNG medium interface. Comparisons are
and might overcome known problems with common lenseschieved by defining correctly the sense of polarization; the
to achieve a “perfect” lens that would focus the entire spec-field energies and satisfaction of Poynting’s theorem; and the
trum, both the propagating as well as the evanescent spectr@flection and transmission coefficients for both square root
Pendry’s analysis followed much of the original work of choices. This analysis also allows us, unlike Pendry, to de-
Veselago[1]. In this paper we use both analytical and nu-fine the square root consistently for the propagating and the
merical techniques to understand more completely the mathevanescent spectra.
ematics and wave physics associated with DNG medium One-dimensional finite difference time domaiRDTD)
propagation and scattering problems and apply the results ®imulations of the same DNG wave problems are given. The
explore further this “perfect” lens concept. DNG medium is realized with lossy Drude models for both
In particular, we elucidate the choice of the square roothe electric permittivity and magnetic permeability. This
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FDTD approach not only supports the steady state phenom- 1l. PLANE WAVES IN A HOMOGENEOUS DOUBLE
ena associated with the frequency domain analysis, but also NEGATIVE MEDIUM
demonstrates the causal transient behaviors. It is shown con-
clusively that the square root choice leading to a negative ) ) )
index of refraction and positive wave impedance is the cor- Consider an-polarized plane wave propagating along the
rect one. The possibility of a negative index of refractionZ @XIS:

material that does not violate causality is also proved ana-

A. Time harmonic plane waves

lytically and confirmed with these FDTD numerical experi- E=[E,0,0]e** 1, (13
ments. The negative index result agrees with the recent work
by Smithet al. [4—6]. However, there are some differences H=[0H,,0]ekz e, (1b)

in the interpretation of the physics that we will elucidate.
These include the concepts of causality, the power flow ashe wave numbek, the wave speed, and the wave imped-
sociated with the wave, and the polarization of the wave. anceZ being given by the expressions

An analytical, exact frequency domain solution to the
scattering of a wave from a DNG slab is given and is used to
characterize several physical effects. In particular, it is used k=w\ep=kon, n= \/j @
to critically examine the perfect lens concept suggested by
Pendry. By studying in the frequency domain within a rigor-
ous context a spectral analysis of the Green’s function for the v=—= = =_ 3
scattering of a plane wave from a DNG medium slab, we k \/; \/i
demonstrate conclusively that the solution is independent of
the analytic continuation choices of the square root. Conse-
quently, even though Pendry’s analysis of the focusing of the 7 E: L: i: \/E: [z [= \/T )
evanescent spectrupigs. (13)—(21) of [3]] is wrong be- Hy we ve € 0 piEs
cause of the inconsistent choice of the square root, the final
result that both the propagating and evanescent spectra afdere the speed of light=1/\eouo, the free space wave
focused is correct. In fact, the derived closed form expresbumber ko=w/c, the free space wave impedancg
sion predicts two perfect foci: one at a point within the slab=\/q/€g, the normalized permittivitg = €/ €, and the nor-

and one at a point beyond the slab. This agrees with thenalized permeabilityu=u/u,. The average Poynting’s
intuitive ray picture given in3]; but, as we will demonstrate, vector at the angular frequenaycorresponding to Eq1) is
care must be exercised in interpreting the meaning of the

rays in the DNG slab. However, the exact solution also )
proves that this occurs for only one particular lossless, non- S, = lReEX H*)=i| Eol Re( i) e~ 2(mk)z (5)
dispersive case for which the index of refraction-4, i.e., © 2 Z* '

for a matched medium withe(w)/eg= u(w)/ ug=—1 so

that n(w)=—1. We find analytically that the perfect lens The definitions of the wave speed and wave impedance con-
effect does not exist in general, particularly if the DNG me-sist of square roots whose proper signs need to be defined.
dium has a large negative index or becomes lossy or dispefFhis subject will be dealt with in Secgll B)—(l1 D). We

sive. Rather, the waves in these more general DNG mediaote, though, from the expressions that the sign of the

are found to coalesce into, localized beam fields that channelquare root irnZ is uniquely defined byk. Furthermore, de-

the power flow. fining the wave vectok=kk by introducing the direction of

Using two-dimensional FDTD simulations of the Scatter'propagationz (where herék=2), then regardless of the defi-

ing of a line-source-generated cylindrical wave from a DNGitions of these square roots we have for the DNG medium
slab realized with a double Drude medium, it is confirmed

that the Pendry perfect lens effect does not occur in general.

Moreover, we do find that, as predicted by the analytic solu- EgLHolLRek and S,-Rek<0. (6)
tion, the DNG medium strongly channels the fields propagat- ) . ) ) . )
ing in it in a paraxial sense along the propagation axis. Thd © avoid confl_JS|on with the ter_mmology _assomated with
DNG slab acts like a converter from a pulsed cyIindricaICh'ral (left- or nght—hande)_j materials, we will call a plane
wave to a pulsed beam. This is demonstrated with simulawave that has,-Rek=0 simply a LH or a RH plane wave,
tions of the field intensity and the Poynting flux. As pointed réspectively. The LH plane wave terminology was intro-
out in [4], a realistic DNG material must in fact be disper- duced in[1] for Ehe case, for example, in which the wave
sive. Consequently, the analytical and FDTD results demonpropagates in thk direction but has, H, and Rek forming
strate not only that Pendry’s perfect lens effect is inaccesa left-handed coordinate system so tBgt Rek<<O as op-
sible with any metamaterial specially designed to realize thgposed to a right-handed system for which this projection
DNG medium, but also that such a metamaterial could bevould be positive.

used to achieve the localized beam fields for a variety of The definition of the square roots in Eq8)—(4) affects
applications. the field structure described by E@) and the power flow
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described by Eq(5). Again, note that the sign of the square \lew| o=+ /;r /e,

root for { depends on the sign chosen foii.e., they are not

independent.

Henceforth we shall consider two alternative definitions
of the square roots that are based upon analytic continuati
considerations. It is found that physically based expressio
for the electromagnetic waves can be obtained that are ind
pendent of either of the analytic continuation definitions. The

n=+ |€r/ur| | | (13

The upper and lower signs in Egs.)hd(13) correspond to
the definitions in Eqs(9) and (10), respectively. Explicitly,
%ote that with Eq.9) Re{>0, Ren<0, and Inn>0 and
Nith Eqg. (10) Re¢<0, Ren>0, and Imn<0. Thus, note
§hat with Eq.(10), the wave is LH with respect to both the

question of what is the proper definition of a square root i¢¥ave vectork and and the direction of propagatian but

then replaced with the question of what is the “outgoing” with Eq. (9), the wave |sALH with respect to the wave vector
wave direction. This question becomes critical in problemsand RH with respect t@. This issue will arise when we
involving transitions through interfaces since, in order to de-discuss the power and energy results asssociated with Poynt-
fine the reflection and transmission coefficients, one needs t9g’s theorem.

define the “incoming” and the “outgoing” solutions with

respect to the interface.

B. Definitions of the square roots

C. The wave directions

The effects of the definitions of the square roots are best
characterized by their effects on the direction of causality,

In a DNG medium, the relative constitutive parametersthe wave directions associated with reflection and transmis-

satisfy
e=|ele'?, ¢ e (w2,
pw=|ulets, ¢, e(ml2,m].
Expressing
n=[nje'%n, ¢=[¢]e'%,

one choice for the square roots in E¢R—(4) is
bn=3(bu+ b e (ml27],

(;bg’:%(d),u_(ﬁe) E(_W/417T/4)1

while the alternative choice is
bo=3(b,+d)—me(—/2,0],

b=3(b,— b+ me(3mAS5mlL).

For small loss we may obtain explicit expressions ricand
{. Expressinge=¢€,+i¢; andu=pu,+ipu;, we find that, if

O<e<le| and O<ui<|u,

then

== e

1l e
qu@;+¢;
ler] | aerl

NE T
|Mr| |6r|

2

=+ /el

and in the lossless limit

sion from an interface, and the electromagnetic power flow

associated with both concepts. Such a discussion introduces
(79 a general characterization of plane wave properties and relies
on Poynting’s theorem, which gives a relation between the
time variation of the field energy in a region of space and the

(70) power flux through the surface surrounding that region.
We summarize the plane wave properties by considering
the direction of the Poynting vect&,, in Eq. (5) versus the
) directionv of Rek, i.e., the direction of increase of the real

part of the phase.
Applying the root in Eq(10) to the solution in Eqs(1)—

(4) we see thab = +2z while S, of Eq. (5) points in the

(93) —z direction, which is also the direction of exponential de-
cay of the wave due to the loss termknApplying instead

the root in Eq.(9), we see that = — z while S, of Eq. (5

9b
(Ob) points in the +z direction, which is also the direction of
exponential decay of the wave. In both cases the solution is
LH with respect to Ey,Hg,0) and henceS,-v<0.
(103
D. Causal medium
(10b) Since the choice of the square root defines the causal

properties of the wave solution, one has to explore the ana-
lytic properties of the dispersion relatick{w) over the en-

tire frequency domain as implied by the requirement that the
medium will be causal. Causality in a linear dispersive me-
dium implies that ife(w) and u(w) are transformed to the
(11 time domain via the inverse Fourier transformation

F(t)=ijw dof(w)e 't (14
277 —

(129

then their time domain counterparigt) and w(t) are
strictly causal in the sense thaft)=0 and u(t)=0 for t
<0 (for simplicity we do not introduce special symbols for
time domain constituents, and we use the time varidble
(12b . . . ) "
explicitly whenever confusion may ocquiSince in addition
the time domain solutions are real, it follows that the fre-
guency domain constitutive parameters should satisfy
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e(-w)=€*(0), wu(-w)=p*(w) forrealw, Ve(w)=+i|e(w)| andJu(w)~+i|u(w)|. This implies
(158  that square roots for and Z in this range are described
properly by Eq.(9).

e(w) and u(w) are analytic functions for Inw=0,
(15b) E. Energy and power

As noted in[7] and by many others, the correct form of
|o[€(w)— €0]|—0 and [w[ u(w)— po]|—0 Poynting’s theorem in a dispersive mediun{9%§

as|w|—o for Im w=0. (150

—f S ﬁzd2=j [€E-,E+E- 9P

Thus all the singularitiegpoles and branch points and the =av v

associated branch cuitsf e€(w) and u(w) must lie in Ime T ueH- 0 H+ u-H-aM1dV. (19
<0. Furthermore, the function(w) and, therebyZ(w) in Holt- It + poH-aMdV, (19
Egs. (3) and (4) should be analytic in Im=0 (i.e., the

branch cut introduced by the square root there should be ifN€re the volum& is bounded by the surfade= 3V, which

Im w<0). has the unit outward-pointing normaﬂg. The form of
As an example, consider the lossy Drude medium, sugPoynting’s theorem in a homogenous, nondispersive medium
gested i3] in connection with the DNG slab is
w5, . 1o, 1
G(w)—Eo(l—a)(Tire)), (163 _J'Eza\/S'nng—o"tfv §€|E| +§,M|H| }dV—&tUem.
(20)
w2 . . . .
M(w)=Mo(1— $) (16  Discrepancies between Eqd9) and(20) are immediately
o(w+il'y) apparent. In a homogeneous, nondispersive DNG medium,

) ) o . ) ) the quantityU,, in Eq. (20) is negative. Thus, if an electro-
We provide a slight variation of this for discussion purposesimagnetic field enters a DNG region, the right-hand side
(RHS) of Eq. (20) is then negative. In contrast, the RHS of

2 Eqg. (19) is expected to be positive if the polarization and

e(w)= 60( 1— _ Ppe - ) (17a  magnetization fields are in the same direction as the electric
(0+iler)(0+iTe) and magnetic fields, as they would be in the case of the
Drude medium. As pointed out {#], the DNG medium has
w2 to be dispersive so one should use Ef) in any consider-
= — pm ations of the power flow for that case.
wle) “°<1 <w+irml><w+irmz>>' (o P

In addition, because the two square root choices lead to
o - __different results for the left-hand sid&HS) of either Eq.
where all thel” coefficients are positive to ensure analyticity (19) or Eq. (20), the power flow into the medium becomes
in Im»=0 and represent losses that may be taken to b@nother identifier of the correct choice of the square root. In
small. These models are actually Lorentz medium modelsparticular, let the volum be a large semi-infinite space in
e.g. the x-y directions. Let the entrance face to this region be the
planez=0 and let the exit face be= so that for a finite
time the pulse has no interactions with the exit face. Since

, (18 ﬁzz —Zis the outward-pointing normal on the entrance face,
Eqg. (9) gives a LH plane wave with respect tothat is

5 _ B propagating in thek=+2z direction and gives a positive
wherel'e=I¢; + ey and wge=Ie1l'ep. One readily verifies o yer flow (negative flu into the volumeV. On the other
that Ree; <0 for » roughly smaller thanw,e, with Ime.  hang, Eq(10) gives a LH plane wave that will have negative

>0 (Ime >0 is relatively small for reab if the I' coeffi- - power flow into the volume/ through the surfacs because
cients are small A similar relation applies forw and its jis flux is positive.

imaginary part.
As discussed above/e and yu should be analytic in

2
Wpe

—w?—iTsw+ wée

e (w)= eo( 1+

Imw=0. Thus, choosing the positive root fars> wpe, wpm F. Interface and slab problems
[i.e., Ve—eu and u— \uq as implied by Eq(15¢)] and From the discussions in previous sections it follows that

then continuing the square root analytically along the reathe behavior of the wave scattered from a DNG interface or
axis (more generally, in Inm=0) to the regionsw slab can serve as an another indicator of the correct choice of
<wpe,wpm, Where e and u are approximately negative the square root. We therefore pay special attention to these
(with small positive imaginary part one finds there that examples, both analytically and numerically.
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The reflection and transmission coefficients for a wave woe———————————— 71—
impinging normally from the free space side on a DNG in- - (a)
terface are given by 00 -

Z_ZO

r01:Z+—ZO, t01:1+r01:Z+—ZO. (21)

Amplitude
8
=S
I

Consider, for example, a “matched medium” where u.

-20.0 |

For the choice ok in Eq. (9), we obtainZ=Z, andry;=0. —— 100 GHz

We also obtain for this case thdf, of the transmitting wave 100 e—oggg?}é‘,ﬂz

. . . -400 - H>—& V4 -
in the DNG medium propagates away from the interface, but — 1000 GHz

the phase of this wave decreases away from the interface so
that the wave on the DNG side seems to be propagating -50-0oo ——0 llo —
towardthe interface. For the choice in E{.0), on the other ’ Relative f ’ (@/a,)
hand, the phase of the transmitted wave incredpespa- alive frequency { /@,
gate$ away from the interface b8, propagates toward the 0.00
interface. Furthermore, in this case we h@we —Z,; hence,
ro; andty, blow up.

The fact thatry; andtq; blow up does not rule out the
choice of the square root in ELO) since this special case
can be treated in a proper limit sense. For the DNG slab, the g
series of multiple internal interactions can be summed up in
closed form even in this pathological limit and the final re-
sult provides a regular expression for the field which is given
in Egs.(43) and(46) below. It should be pointed out that this
final result is, in fact, independent of the choice of the square
root in either Eq(9) or Eq.(10). Thus in order to address the
issue of the “correct” or “physical” choice for the square
root it is suggested to study first the problem of an interface
with a matched DNG under transient excitation. Conse- -0.02 —h— —

. . . T . 0.0 1.0 20

quently, one-dimensiond[LD) time domain simulations of Relative f (@/a,)
both the one-dimensional interface and slab cases are consid- ative lrequency { &/
ered in this regard next.

-0.01

Am plitu

—— 100 GHz
O0—©266.5 GHz
—© 500 GHz

#—% 1000 GHz

FIG. 1. (a) Real part of the relative Drude,x model for the
angular plasma frequencyw,=1.0x 10" rad/s, «,=2.665
IIl. 1D FDTD SIMULATIONS OF THE DNG INTERFACE X 10" rad/s, 0, =5.0x 10 rad/s, 0p=1.0x 10%rad/s whereT

AND SLAB PROBLEMS =1.0x 10 rad/s. (b) Imaginary part of the relative Drude,u
model for the angular plasma frequeney=1.0X 10" rad/s, wp
With the square root choices and their consequences iff 2.665< 10" rad/s, w,=5.0x10" rad/s, w,=1.0x10"*rad/s
hand, we simulated the interaction of a plane wave with thevherel'=1.0x10° rad/s.
DNG slab in 1D and the interaction of a line source field
with a DNG slab in 2D using a finite difference time domain
simulator[10,11]. The DNG slab was modeled by the lossy
Drude medium(16). These material models are incorporatedwp: 1.0x 10" rad/s, wp=2.665% 10" rad/s, wp=5.0X 101!
into a standard FDTD simulator with the corresponding auxrad/s, andw,=1.0x 10*? rad/s are given, respectively, in
iliary differential equations for the polarization and magne-Figs. 1(a) and 1b). The angular frequency has been normal-
tization currents. As noted previously, the Drude DNG me-jzed to the target frequenay,=2f,, wheref,=30 GHz.
dium modeled with the FDTD simulator is temporally This target frequency valuk, was chosen arbitrarily. All of
dispersive. However, there is no loss in generality in thethe results can be achieved in a similar fashion at any set of
results for the choice of the square root. Moreover, this auxmicrowave, millimeter, or optical frequencies with the ap-
iliary material approach allows one to isolate the mediumpropriate frequency values in the Drude models. As shown in
physics from the field physics for postprocessing purposesrig. 1(a), the case withw,=1.0x 10" rad/s does not pro-
Note that there is no possibility of inserting a constant negaduce a DNG medium at the target frequency, while the cases
tive permittivity or permeability into a leapfrog staggered with w,= 2.665% 10 rad/s, wp=5.0x 10" rad/s, andw,,

grid FDTD simulator and having it run stably. . ~ =1.0x10" rad/s do. In particular, the values of Ref})
We considered a low loss, matched DNG medium withat the target frequency are approximatelyl.0, — 6.0, and
wpe= wpm=wp and =T =T" so thate=u=1+x. Plots =~ —27.0. As shown in Fig. (b), the losses in all cases are

of Re(1+y) and Im(1+y) for [=1.0x10° rad/s when small in comparison to the real parts.
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A. 1D FDTD simulations

The 1D time domain equations solved with the FDTD
simulator for the matched DNG medium were

At
1/2;: _ —1/2/: : ;
HO* Y21 + 1/2)=HD (|+1/2)——MOAZ[EQ(|+1)—EQ(|)

1 +K;(i+1/2)AZ],
atExze_O(_azHy_‘]x):

—05MAt
Ky(i+1/2)

n+1,; _ )
Ky (+ 1= 1255 At

ddx+ T I= €wiEy, 2
L + %HQ“’%H/Z),
GiHy=_ (= 9B Ky),
2Ky +TKy= pow?H, 22) EQ“(i)zEQ(i)—% [Hy ™4 +1/2) - Hy (i - 1/2)]

whereK, has been normalized hy, to make the magnetic
current equation dual to the electric current definition. These
equations are discretized with the standard staggered grid,
leapfrog in time approach. The electric field is taken at the ) 1-0.9r'At ,

) A . . . n+3/2( +1/2): Jn+1/2( +1/2)
cell edge for integer time steps; the magnetic field is taken atJx ! 1+ 0.5 AL X '
the cell center for half-integer time steps. The electric and

1
+ E[JQ“’Z(i +12+ 30 Y4 i-1/2)]Az),

magnetic currents were located together at the cell centers in 1 eongt Nl N

order to achieve the matched medium conditions numeri- toTr0aar e (DHEC(+D]
cally. This required averaging of the electric field and elec-

tric current values in the discrete equations. If (23

EX(D)=E.(iAznAt),  JXi+1/2)=3,((i+1/2A2,(1  The initial field is launched from a total-field/scattered-field
+1U2)At),  Hy " (i+1/2)=Hy((i+1/2)Az,(n+1/2)At),  (TF-SP plane within the mesh10]. Two types of unit am-

and K;(i +1/2)=K((i + 1/12)Az,nAt), the discretized equa- plitude pulse were used. One was a single cycle, broad band-
tions in the FDTD simulator are width pulse

t—T,/2 t—T,/2\?]°
X|1— for O<t<T,

3
J7.0(7.0/6.03% T2 2

0 for t>T,,

(24)

whereT, is the length of time the pulse has a nonzero valuewhere  X,,=1.0—-(mT,—t)/mT, and X, =[t—(m

This single cycle pulse has a broad bandwidth, and the peakn)T,]/mT,. Them-n-m pulse is a sinusoidal signal that

of its frequency spectrum occurs &gyf=1/T,. The other in- has a smooth windowed turn-on fon cycles, a constant

put signal is the multiple cyclen-n-m pulse: amplitude fom cycles, and then a smooth windowed turn-off

for m cycles; hence, it has an adjustable bandwithinough

the total number of cyclesn+n+m) centered at the fre-

sin(wot) for mT,<st<(m+n)T, quencyf,. For the cases considered below, either a 20-cycle,

Gorr(t)sin(wot)  for (m+n)Tp<t<(m+n+m)T 5-10-5 pulse or a cw signdb-1000-5 pulspwas used to
probe the DNG slab.

0 for t>(m+n+m)T,, The 1D FDTD grid was terminated at both ends with a

one-way wave operator absorbing boundary condition. For a

whereT,=27/wo=1/f, is the period of one cycle and the Courant numbecAt/Az=1.0, this is an exact truncation.

three-derivative smooth window functions are given by theThe Courant number must be less than or equal to 1 for the

Jon(t)sin(wet)  for O<t<mT,

f(t)=
p

(29

expressions FDTD simulator to be stable for free space problems. When
the Drude model is included, the Courant condition is more
on(1) =10.0¢3,— 15.0¢5,,+ 6.0x3,,, (26)  complicated but is well known. A recent revieig2] dis-
cusses the various discretization schemes for a variety of
Gorf(t)=1.0-[10.0¢5 11— 15.0¢5 ¢+ 6.0¢g (], dispersive media.

056625-6



WAVE PROPAGATION IN MEDIA HAVING NEGATIVE . ..

| T
- Electric negative & {A‘; 7]
=] Magnetic negative A -
~ Double negative Py ]
> i ]
- P .
[T ]
= A I B
IC: TR RN ]
- Y ! r e ]
o Voh .
—— H H
™ [ I ]
- [ F -
[ i it
2 A ]
= IR
i -
Vo ]
Ll 1. )
1000 1500 2000

FDTD time step

FIG. 2. The time histories of the electric fiell, measured in
front of the total field/scattered field plane for a negative permittiv-
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— Point 1
—-- Point 2
Point 3

Amplitude of Poynting's vector [ W/m?)

0

FDTD Time atep

ity medium, a negative permeability medium, and a DNG medium.

Unless otherwise noted, the 1D FDTD problem space fo

FIG. 3. The time history of the Poynting vector teigH, was

rmeasured at three points in the DNG medium.

the simulation results discussed below was taken to be 5000

cells long whereAz=3.0x 10> m=X\,/300 where the tar-
get frequencyfy=c/\y=30.0 GHz. The corresponding time
step wasAt=0.95Az/c=9.5x10 * s=95 fs. The total
field/scattered field plane was setztiAz wherei=600;
the front face of the DNG slab at=i Az wherei =1200; and
the back face of the DNG slab at=iAz where eitheri
=1800 ori=2400. Thus, the DNG slab was 600 or 1200

cells thick. The slab was defined by the DNG cases shown iff

Figs. 1.

B. DNG medium results

First, the matched nature of the FDTD equati@2® was

tested with a simple interface problem. The single cycle
pulse was launched toward a 600-cell slab that had negative

permittivity only, negative permeability only, and both nega-
tive permittivity and permeability. Th&, field was mea-
sured ati=610, 10 cells in front of the TF-SF plane. The

the direction of propagation Although there is some peak-
ing in Fig. 3, the ternE,H, decreases in the DNG slab. This
was tested further with the cw incident pulse. The steady
state values for the teri,H, were successively less at each
of the three observation points. This is confirmed in Fig. 4.
The DNG medium is lossy and does absorb some of the
energy. There is no gain in the signals. The peaks in Fig. 3
re due to the “turn-on” and “turn-off” portions of the
incident pulse. These broad bandwidth components have dif-
ferent propagation characteristics from the main part of the
pulse as confirmed by the cw runs.

Figure 4 also demonstrates that the DNG medium slows
down the propagation speed of the pulse considerably. The

—— Incident
G—ORef
©&—© Short
*—k Long

results are shown in Fig. 2. The incident pulse appears on the
left, the reflected pulses on the right. The measured electric
field has the correct, opposite polarities for the single nega-
tive parameter cases. The reflected pulse in the DNG case
was 1.5<10 * smaller than the incident field, essentially at
the expected “matched” level for the discretization used.
Next, the propagation characteristics of the pulses in the
DNG were investigated. Several quantities were measured in g
the 600-cell DNG slab case. The tefgH, was measured in =
time at three points=1205, 1500, 1795. The energy quan-
tity JExHyAt was measured just in front of the TF-SF plane
ati=610 and just after the slab &t 1810. The results for
ExH, for the 20-cycle incident pulse are shown in Fig. 3;
those for the energy quantityE,H,At are shown in Fig. 4.
The energy calculation for a 1200-cell DNG slab is also pro-  FIG. 4. The energy received at a fixed observation point behind
vided in Fig. 4 as is the free space result. From Fig. 3 wehe DNG slab is plotted as a function of the simulation time. Values
found thatE,H, was positive. The wave in the DNG slab for thin and thick slabs are compared to reference values. The DNG
was definitely LH with respect th, but RH with respect to  medium can dramatically slow down a wave propagating through it.

malized energy

10000
FDTD time step
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steady state wave front propagates at the group velocity of To further confirm the signs of Poynting’s vector and the
the target frequencfy. In particular, the general formula for energy, several more quantities were calculated. In particu-

the group velocity is lar, by calculatingP= [JAt and woM= [KAt, the RHS of
. . Eqg. (20) was calculated for the DNG slab as
vg(w)=[d,k]""=c[d,(wn(w))] (273
600Az
e . © &”Xe+ JuXrm -1 Uem=(1/2)J0 [(egE+P)-E+ uo(H+M)-H]dz
- 2\ ¢ u ’ (30)
(27b

As expected, the energy., was found to be negative over
where in the last expression the susceptibility terensl the extent of the pulse duration. The corresponding result for
the RHS of Eq(19) for the 60z DNG slab under consid-

+xe and u=1+ yx,, have been used. Note also that theeration becomes

phase velocityv ,=c/n(w). For the Drude DNG(17), we

have
600A
» . ) . -1 —[EH,2-1800z— Z[e E-9E+E- 9P+ uoH-dH
wpew+iTe/2)  wp(w+il'y/2) X lydz=1200z | 0=""1 t ot
Ug((x))z ﬁ + - — + - —
] o(o+ily)%e o(o+il ) + uoH- dM]dz. (31)
(283
) 5 1-1 The calculated results are shown in Fig. 5 for the 20-cycle
|8 14 @re, @om (28D pulse excitaton of the w,=5.0<10" rad/s, T
N wle o?u| =1.0x 10° rad/s slab. The power in the medium as calcu-

lated by the LHS of Eq(31) will be labeledP, ys; it is the
where the last approximation applies if the loss term is smallpegative of the difference in the flux through the DNG slab.
i.e., w>Tg . For our target frequencfp, sincee,u<—1  1he results for this quantity are given in Figiah Notice
for o<w,, we havecu;‘;e/wzaz; hence, one verifies that thatPys is positive across the entrance face, but negative
vy(0)>0 (i.e., it is in the +z direction and that|vy(w)| ~ 2CrOSS the exit face. This can occur onl§ifH, is a positive

<|c/n| G.e., it is very slow. In fact, for the low loss quantity. The ability to distinguish the powers across the two

matched DNG medium witie= 2. one has approximatel faces occurs because the wave speed in the DNG slab is so
s PP Y slow. On the other hand, let the power in the medium as

that calculated by the RHS of E¢31) be labeledPgs. Let the
W21t maximum instantaneous value Bf 45 be PLRS. The nor-
vg(w)~c| 1+ _2 . (29 malized square difference between these two power calcula-
1) tions,

For the 2.66%10% rad/s, 5.x10% rad/s, and 1.0
X 10* rad/s DNG media, the wave group spd&8) is, re-
spectively, 0.333d, 0.124, and 0.0348. A precise measure
of the speed from the simulation results is quite difficult.
Here, it is desired to avoid the earliest time points since thgs shown in Fig. ¥). Despite the spatial integraticiaver-
envelope of the excitation pulse contains a variety of highaging and the time derivatives associated Wi, its
frequency components whereas late times require dealingredicted values agree quite precisely with the instantaneous
with issues of the medium’s relaxation rate. Selecting thesower flow difference calculations. Moreover, both expres-
point on the curves in Fig. 4 at which 50% of the energy hassjons yield positive power values in the DNG slab. This fur-
been collected at the observation point, one finds that thgher confirms the fact that the wave in the DNG medium is
difference in the number of time steps between the referenceH with respect tok but RH with respect to the direction of
and the short DNG slab is 4442, and for the long DNG propagatiorfz. Positive energy flows into the DNG medium
slab is 890At. The expected values were (600/0.124, c5,se the term 9,U,, to increase: i.e., if we let the DNG
—600)At/0.95=4462At and (1200/0.124 1200At/0.95 o 4iym's permittivity and permeability exhibit small losses,
=8924At. The difference between the analytical and the NUihen e have the result that the power flow is increasing as
merical times is~0.26%; hence, the agreement is very good.tne wave enters the medium while the energy density be-

No change in the direction of causality was observed in,omes more negative. This has been previously confirmed
the 1D FDTD simulation results; only propagation in the numerically for related media if7].

forward direction was observed in the slabs for time prior to
the waves interacting with the back side of the DNG slab.
Moreover, since the slab was matched to free space, no re-
flections from this back side of the DNG slab were observed. Finally, the relationship between the causal propagation
The wave simply slowed down in the DNG slab and finally and the negative index of refraction predictions for the DNG
made its way out of it. medium was considered. The negative index was also calcu-

2

PRHS_ PLHS (32)

LHS
Pmax

C. Index of refraction

056625-8



WAVE PROPAGATION IN MEDIA HAVING NEGATIVE . .. PHYSICAL REVIEW E 64 056625

0.008 P—————————————+—————————————— 3

(@)

0.002 |

0.001 |

-0.001 |

Power flux ( W/m?)

Blectric field ( V/m )

-0.002 |

_0.003:)5 . . .lmlmo. PR T TR T T .m%oo “' P RPN B B B
FDTD ti t 1250 1260 1270 1240 1290 1300
ime step

FDTD time step

e
=%

L2p
10
08 |
08 |
04 |
0.2
0.0 [4

-02 |

-04 |

] 06 |
20000 08 |
FDTD time atep -10 L

Normalized square difference 10%°
=

Electric field ( V/m )

=4
(=3
1=

FIG. 5. (a) The negative flux of the instantaneous Poynting vec- 12 42'00 ' “'m * 46'00 ' m'm 5000
tor through the DNG slab withw,=5.0X 10 rad/s and T FDTD time step
=1.0x10P rad/s is plotted against the number of FDTD time steps
for the 20-cycle pulse excitatiorib) Normalized square difference FIG. 6. FDTD predicted electric field time histories at two
between the negative flux of the instantaneous Poynting VeCt%oints: point 1 withz=130Az, 50 cells into the DNG medium, and
through the slab and the integrated local power density in the SaMSoint 2 with z=140Az. The DNG medium is specified by,
slab. =2.665< 10" rad/s and I'=1.0x1C® rad/s to give n,(fy)
=—1.00.(a) Early-time results{b) late-time results.
lated explicitly. The cw was driven into a DNG medium with
w,=2.665< 10" rad/s andl'=1.0x 10° rad/s so tham,= histories contained 20 000 FDTD time steps and were then
—1.00 and n;=1.06x10 % at the target frequencyf, zero-padded out to 32 768 time points. The discrete Fourier
=30 Ghz. The electric fields at the center of the slab and 1@ansforms were calculated and are labele® gz, w). We
were sampled. The very early-time responses of these mea-
surements are shown in Fig&h. It is clear that the response
of the field at the first point; =130Az occurs before the one n _ 1 n
at the second point,= 140Az. This demonstrates that cau- FPTD ik o(z,— 21)
sality in the direction of wave propagation is indeed pre-
served in the DNG medium. The later-time results at theThe values R@rprp=—1.00 and IMgprp=1.07x10 3
same points are shown in Fig(§. The negative index of were obtained forf =f,. The agreement is very good and
refraction nature of the DNG medium is clearly seen. Thefurther confirms the presence of the negative index of refrac-
response at,=140Az leads the one at;=130Az. The tion for the DNG medium.
negative index of refraction expresses itself after only a few Note, however, that in contrast to the descriptior]4m
cycles. the wave in the medium travels away from the source in a
To calculate the index of referaction, Fourier transformsdirection opposite to the direction determined by the nega-
of the two electric field time histories were taken. The timetive index. Causality, i.e., the wave propagating away from

(33

Ex(zz,m}
~EX(Zl!w) .
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the source, does remain intact despite the presence of what 1 _
appears to be a wave propagating in the DNG medium to-  G(r,r')= ZJ’ dkdk,e' ®* ¥, g(z,2" k), (38)
ward the source. (2m)

The 1D FDTD numerical results essentially confirm that
the correct choice for the square root is indeed @y. The ~ Whereki= vk +kj and
wave physics in a DNG medium is thus described by all of
the expressions associated with that choice.

d2
— +k2—k?

= 9(z2k)=—-5(z-2) (39

IV. FOCUSING PROPERTIES OF A DOUBLE NEGATIVE . . .
SLAB subject to the same boundary conditions as in B§b).

The spectral wave numbers and wave impedances in free
We consider the focusing of point sources through a DNGspace and in the slab are

slab of widthd located betweez=0 andz=d. It is suffi-

cient to explore the focusing properties for the TM and TE Ny _ Ko
Green’s functions, defined by the equatigiis3], Sec. 2.3 or Ko= VKoK, ZO_I’ (403
5.2)

[V2+K2(2)]G(r,1")=— 8(r—r") (34) k=G -KE Z=— (40b)

subject to the continuity conditions . L. - .
) y The reflection and transmission coefficients of the interface

G™ ande 19,G™ are continuous a;, (359  from the double negative medium into air are
TE -1, ATE : Zy—Z 27
G'Fandu”-9,G'* are continuous a,; , (35b) " Ct=14r= o (41)
Zo+Z Zo+Z

wherez; are the points of any discontinuity in the medium.
These functions may be used to describe the field of anffhe ABCD matrix analysis iff14], Sec. 3.7, and in particu-
other source configuration. For example, the field due to dar Eq. (3.56 there forR and T, gives the reflection and

longitudinal dipole source transmission coefficients from the slab:
JN)=Zo8(r—r") (36) —i3sing(ZIZo—2Z412)
R(ky) = . : (423
located atr’'=(0,0z,), zo<0, is given by[[13], Sec. 5.2, cosy—izSiny(ZIZo+Zo12Z)
Egs.(1) and(4c)]
L yxvxie™ T(ky - (42b)
E(rn)=lg———=VXVXzG"", 37 = T )
") O —iwe(2) 379 Y cosy—ilsing(ZIZy+Zo1Z)
H(r)= IOVXEGT’V'. (37  Wherey=«d. Note thatr andt are subject to the definition

of the square roots, becau&as. On the other hand, bofR
Henceforth we shall consider on3™ and remove the su- andT are independent of these definitions because they are
perscriptT M. It can be synthesized by plane wave superpo-even functions ofk.

sition The solution forg is now given by
r elxolz—2| el «o(lzol=2)
: - - < 43
_2|K0 R _2|KO ' z 0’ ( a)
el ol Zo . A gl <olzol d

_ 0 ¢ tik(z—d) _ pa—ik(z—d)y — _ i =i _ <7< 43D

g= ¢ —2iK0TtZ{e re } —2iK0T cosk(z—d)+i—sink(z—d), 0<z<d, (43b)

—— giro(z=d+|zo)T 7>, (430
\ _2|K0 '

BecauseR and T are symmetrical inc and inZ, as is the field term in the slab region, the solutidt)—(43) is independent
of either analytic continuation choice of the sign in the square root for the DNG slabs a&dZ appear with opposite signs
for either choice. This formulation is therefore a convenient starting point to explore the effects of the DNG slab.

056625-10



WAVE PROPAGATION IN MEDIA HAVING NEGATIVE . .. PHYSICAL REVIEW E 64 056625

A. Solution in a matched DNG slab respond to the definition of the square root in E2).and in
Specifically, if one takes a slab matched to free space sb9- (10, respectively. Thusiegardlessof the choice of the
that square root, Eq42) becomes

- R=0, T=[coskd+isinxd] ‘=e ¢ (45
€=U, (44)

Note explicitly that for the choic€9) one hasZz=+2; so
then, denoting the standard definitidhe., with positive thatr=0p andyt:1 while for theeécrzoice(m) one hasoZ=

real parj of the square root in E40b) as, we find that 7, so thatr = andt=s. Consequently, for either choice
k— Tk andZ— *+Z, where the upper and lower signs cor- of the square root, Eq43) yields

( eiKO|Z*ZO‘
—, z<0, (4639
—2|K0
o i) (o2l ~ %)
— _ —lkda—Ik(z—d) _ _ +1(kolZgl — kZ <7< 46Db)
9= T T , 0<z<d, (46b)
~ eilko(zt|zol =) =kd] S~ . (460
\ _2|K0 '

Thus, one does find that the slab solution is completely inof [3]. The presence of the foci results from the negative
dependent of the choice of the square root. Inside the slalndex of refraction which causes the transmitted angle to be
the phase progression is negative as implied by(EGp). negative, i.e., in this case

Now consider, as did Pendry 8], the lossless, disper-
sionless case for which= u=—1 so thatk = xo. Equations

o SinGipnc
(46b) and (460 become btrans=SIN 7| ———

n

! == 0inc, (49)

so that the incident and transmitted rays are located on the

1 +iro(lzol=2) d (473 same side of the normal to the interface rather than on op-
—2j Koe , 0<z<d, posite sides. Yet the arrow directions on these rays are open
g= for interpretation. One may associate the arrows with the
~_gilxo(ztzg-2d) 5~ (4709  energy directior(as in Pendry’s papgbut one may alterna-
—2ikg tively choose to associate them with the phase progression,

giving the opposite direction. The analysis above, however,
does not assume a specific choice of the square root and thus
of the “ray directions.” Note also that Pendry’s choices for
Then one observes that the arguments of the exponentials ihe square roots i3] for the propagating and evanescent
Egs. (479 and(47b) vanish at the points spectra were not consistent. Different choices were made for
these two spectra. Our derivation is complete and is indepen-
dent of the square root definitions.
z=|2q|,  zfp=2d—|z|. (48) Next, consider the more general case in E) where

e=pu# —1. Here the phases in EG6) do not vanish iden-
) o _ tically at a given point and the focusing effect is lost. How-
Thus, if|zo| <d, then the field in the slab and the transmitted gyer. we shall explore the possible focusing of the paraxial
field beyond the slab have perfect focizaf andzs,, respec-  gpectrum componentsmallk, /k,) for which
tively. The final field description within this DNG slab con-

sists of a single wave species whose phase propagation di-
rection is backward with focus at poiat=|zy|. As a result,

the field forz>d focuses again a=2d—|zy|. This obser- 2 K2

. . . t ~ ~ t
vation applies for both the propagating spectrum and the ko~Ko— 55—, Kk~kon———=, (50)
evanescent spectrum. The ray picture is thus as seen in Fig. 1 2ko 2kgn
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where, following the definition ok as explained before E¢45), n denotes the standafgositive real pajtsquare root of

(i.e.,n is positive in the lossless DNG medium and has a negative imaginary part for the lossyEcasessiong46b) and
(460 become, respectively,

We+ik0(|zo|—Ez)e—i(kf/zko)qzo\—z/ﬁ), 0<z<d, (513
—<lKg
g~ 1 ~ , ~
9~ o e+ikolz+|zol~d(1+ W] =i (K 12Ko) 2+ |20 ~d(1+1M)] 5~ (51b)
— 21Ky
|
Thus, the paraxial components may focus at elklr=r']
G= T =[*(z—a)—ib]” 1exp{|k[( [z—a]—ib)
- - r—r
z1=n[2o|,  Zi=d(1+1/n)— |z, (52
1 x2+y?
> Tz—al—ioll- (59)
provided, of course, that;; <d andz;,>d. Note that these t[z—-a]-i

“paraxial foci” become the “perfect foci” of Eq(48) when  1piq expression is readily recognized as a Gaussian beam

n—1. Also note that for a DNG slab with a large negative field that propagates along thez axis, with a waist
index of refraction, these paraxial focus locations would be

very difficult to distinguish from any interface effects; i.e., as W,= Jb/k at z=a (56)
n—o, a paraxial focus at;;=d/2 can be achieved only if
|zo|=d/(2n)—0 and hence;,—d.

Finally, let us return to the focusing issue from the per-
spective of the DNG Drude medium. In that case, one has

2 ‘”12)
K= KO—Z?

Again, the phases in E¢46) do not vanish identically at a
given point, and the focusing effect is indeed lost. However,
in this case the dispersive nature of the medium contributes 1
significantly to the loss of any focusing. g= “Jikg

and collimation length B. Furthermore, referring to the
spectral representation in E¢38), the paraxial expression
for the spectrum of the fields in E¢G5) is given by

1 . 2 .
g= _2ikoe+|[k0_(kt/2k0)][i(z_a)_lb]' (57)

0] 1 wrz)
w+il 2 (w+il)?

(53

Thus the beam parameters in the lossy DNG medium and, in
particular, the waist width may readily be obtained by com-
paring Eq.(51) with Eq. (57). To this end Eq(51) is rewrit-

ten here as

e+ikoﬁ(—z+|zo\/ﬁ)

B. Solution in a lossy DNG slab

k? ~
xexp{— [—(z—|zo|Ny) — ||zo|ni]], 0<z<d,

Recalling next thaf4] shows that a lossless, dispersion- 2kon
less DNG medium such a{w)=—1 is not physically re- (583
alizable, we consider the lossy DNG Drude slab. Expressions
(52) for the foci are still valid but they become complex and
hence there are no real foci and the lens effect is completelg=
lost. However, since the foci are located at complex points,

e+ikolz+|zol ~d(1+1)]
—2ikg

one might expect that the resulting fields will take on beam- t2 ﬁr n,
like forms, i.e., a point source located at a complex position xexp{ —i k. z+ |z —d( 1+ =5 —id =5 ] ,
produces a Gaussian beam field loc4ll]. n| n|
We therefore consider a so-called complex source beam,
which is generated by a source at z>d, (58b
r'=(0,0a*ib), b>0. (54)  where we have used explicith=n,—in;, recalling the

definition ofn in Eq. (50) with n,>0 andn,>0. Comparing

The field due to this source is a globally exact beam solutlormet (#]Jadrat'c terms in qusS?a) agd (57)thotne conclutdes |
of the wave equation that is confined essentially nearzthe at this expression represents a beam that propagates along

axis. Here, however, we consider only the paraxial reg|méhe negativez axis in a medium witm and has its waist at
near this axis where the solution due to the sosek being =|zo|n, and its collimation lengtty= +|z,|n;>0. Expres-
located in uniform free space is given by sion (58b) represents a beam that propagates in free space
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FIG. 9. The electric field intensity over the FDTD simulation
space at t=370Qt for the w,=1.0x10" rad/s and I
=1.0x10° rad/s DNG slab. The DNG slab is outlined and the
source is located at the intersection of the vertical and horizontal
lines.

[16-18. The index labels werk andJ, respectively, for the

FIG. 7. The electric field intensity over the FDTD simulation ¥ andZ directions. The line source was locatedKat 410,
space at=390QAt for the losslesso,=2.655<10" rad/s andl' 3 g0 in all cases. The DNG medium parameters were again
=0.0 I?NG slap. The DNG slgb is outlined ar!d th(_e source is Ioca’[eqhose shown in Fig. 1, except for the lossless case in which
at the intersection of the horizontal and vertical lines. the wp=2.665< 10 rad/s case was used wilh=0.0. In

. ) ) ) the intensity figures below gray-scale contours represent dif-
along the positivez axis and has its waist a=d(1  ferent levels. The darketlighter) regions correspond to
+n,/[n|?)—|zy| and its collimation lengtrb=+dn;/[n|>  higher(lowen intensity levels. In the Poynting vector figures
>0. below, the darker(lighter) regions correspond to higher

(lower) magnitude values. In both types of figure, some of
C. 2D EDTD simulations the contours in regions o_f expected Iow valyes are unavoid-
ably black in order to achieve the targeting lines and the slab

The 2D FDTD simulator solved the equivalent TM set for outline. Note that the line source takes a time derivative of
Ey, Hx, andH,. These equations were again discretizedwhatever excitation signal is specified. The single cycle, 20-
with a standard leapfrog in time, staggered grid approachgycle, and cw pulses were used to investigate the wave
Square FDTD cells were used. The magnetic fields wer@ropagation effects in the DNG slab. The amplitude of the
taken at the cell edges; the electric field was taken at the cedlxcitation was normalized by 1/3%00 ° to compensate
centers. The magnetic and electric currents were taken at thgr the change in the incident pulse amplitude caused by the
cell centers. Thus, in contrast to the 1D case, the appropriatgme derivative. The line source was driven with the cw pulse
averaging occurred here in the magnetic field and currenfor all of the cases reported below.
equations. In an attempt to view the perfect lens foci, a lossless DNG

The x-z FDTD simulation space was 820 cells in tke Drude slab withw,=2.665<10" rad/s and'=0.0 was
and 620 cells in the direction for the lossless DNG Drude considered. The DNG slab was located in the cell redlon
case and 820 cellx 320 cells for the lossy DNG Drude =[12,808 and J=[110,21Q. The slab was thusd
cases reported below. The cell sides wetx=Az  =100Az thick in the direction of propagation and the
=0.01 cm long, corresponding t8y/100. The time step Source-to-slab distance whgs|=50Az<d. Thus, the condi-
was set to be At=0.95z/(\2c)=223.917% 1015 tions specified by the analytical solutions for the f¢48)
s=0.224ps. The FDTD grid was terminated with a 10-cell-inside an_d outside the DNG slab geometry were met. Note
layer, two-time-derivative Lorentz materi€@TDLM) ABC that the line source was placed at 50 cells from the front of

iy

FIG. 8. The electric field intensity over the FDTD simulation FIG. 10. The electric field intensity over the FDTD simulation
space at t=390Q\t for the w,=5.0x10'" rad/s and I space at t=370Qt for the w,=5.0<10" rad/s and I
=1.0x10® rad/s DNG slab. The DNG slab is outlined and the =1.0x1C? rad/s DNG slab. The DNG slab is outlined and the
source and the paraxial foci locations are located at the intersectiosource is located at the intersection of the vertical and horizontal
of the horizontal and vertical lines. lines.
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-

FIG. 11. The electric field intensity over the FDTD simulation ~ FIG. 12. The term-E H, is plotted over the FDTD simulation
space at t=395Qt for the w,=1.0<10" rad/s and I space at t=375Q\t for the w,=5.0<x10" rad/s and I
=1.0x1C® rad/s DNG slab. The DNG slab is outlined and the =1.0x1C? rad/s DNG slab. The DNG slab is outlined and the
source is located at the intersection of the vertical and horizontasource is located at the intersection of the vertical and horizontal
lines. lines.

this DNG slab with the hope that the focus in the slab woulgand the source-to-slab distance wag|=20Az<d. Slabs
occur at the center of the slab, 50 cells beyond the front oWith  wp,=1.0x10" rad/s, 5.0<10"'rad/s, and 1.0
the slab, and that the focus outside the slab would occur at 58 10" rad/s and’ = 1.0x 10° rad/s were considered. For all
cells beyond the back of the slab along thaxis. The elec- 0f these cases, the conditions for foci or paraxial foci speci-
tric field intensity EZ in the FDTD simulation space at fied by the analytical solutions for the DNG slab geometry
=390Q\t is given in Fig. 7. The FDTD problem space was Were not met. The numerical intensity of the electric fiEﬁj
increased in size in this case with the hope of seeing thé the FDTD simulation space is plotted in Figs. 9-11 for
wave dynamics better, particularly any misplaced foci. Whilethese three DNG slabs at the times370QAt, t=3700At,
something like large amplitude fields occur in the neighborand t=395Q\t, respectively. For all of these cases, these
hood of the expected foci as shown in Fig. 7, these locationgbservation times represent enough time for many cycles to
vary dramatically over time, sometimes even completely disPropagate through the slab and enter back into free space
appearing. No steady state foci were found. This behavior i§eyond the slab. Recall that Fig. 9 represents the case where
symptomatic of the highly dispersive nature of this DNG the slab has positive permittivity and permeability at the tar-
medium as discussed in Séb/ A). Thus, despite numerous get frequencyf,. In contrast, Figs. 10 and 11 represent the
attempts with the lossless cases, Pendry’s lens effect was nigsults for DNG slabs at the target frequerfgy As pre-
found for this;=;r=—1 case. In fact, almost identical dicted, one filnds thgt there are no chal points in any of these
results were obtained for the slightly lossy,=2.665 cases. This is particularly ObVIOUS. in both the reg|0ﬁszo.
% 10 rad/s andl’'=1.0x 10° rad/s DNG slab. The defo- =d andz>d. These results confirm that a large negative
cusing is inherent in any realistic DNG medium. index of refraction, dispersive DNG slab completely lacks
In an attempt to view the paraxial foci, the lossy DNG the presence of any foci. It was found that the fields were LH
Drude slab with w,=5.0<10" rad/s and '=1.0 with respect tok, but were RH with respect to Ehe propaga-
x 1% rad/s was considered. The DNG slab was located ifion axis +z, and they were not growing in the z direction
the cell regionk =[12,808 andJ=[70,190. The slab was as steady state conditions were obtained. While there are no
thusd=120Az thick in the direction of propagation and the focal points, Figs. 10 and 11 do show a distinctive beamlike
source-to-slab distance whg| =10Az<d. Thus, the condi- channeling of the waves near the normal as the permittivity
tions specified by the analytical solutions for the paraxialand permeability become more negative. As the waves reen-
foci (52) are zf1=ﬁ|zo|%60Az and zf2=d(1+1/ﬁ)—|zo| ter free space f_rom the DNG slab, they_ begin to diverge as
=130Az from the front of the DNG slab. The first paraxial though they orginate from an extended line source at the rear

focus should therefore appear near the center of the DN(Bace of the slab. This channeling Of. the wave energy within
slab, and the second should appear 10 cells beyond its ba DNG slab is further described by viewing the
face. The numerical intensity of the electric fid‘ﬂﬁ in the
FDTD simulation space at=390Q\t is plotted in Fig. 8.
The locations of the source and the paraxial foci are noted.
One does observe a paraxial focus near the center of the
DNG slab. As noted in SedlV A), the paraxial focus be-
yond the rear face is very difficult to distinguish from the
behavior of the field as the wave exits the slab. Nonetheless,
there is an enhanced field level where it is expected just
beyond the rear face.

Finally, it was desired to determine the structure of the = FiG. 13. The term-EH, is plotted over the FDTD simulation
fields for cases when no paraxial foci should appear in thgpace at t=3750t for the ©,=1.0x10% rad/s and T
DNG slab. The slabs that were simulated were all located in-=1.0x 10° rad/s DNG slab. The DNG slab is outlined and the
the cell regionK=[12,808 and J=[80,180. The slabs source is located at the intersection of the vertical and horizontal
were thusd=100Az thick in the direction of propagation lines.
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Poynting vector component-E,H, which is plotted Numerical FDTD simulations of these 1D and 2D cases were
throughout the simulation space &t375Q\t for the w,  provided.

=5.0<10" rad/s case in Fig. 12 and for thev, It was demonstrated that the choice of the square root that
=1.0x 10" rad/s case in Fig. 13. One can see that the poweproduces a negative index of refraction and positive wave
flow is positive in the DNG slab and is being concentratedMpedance is the correct choice. The presence of the negative
along the+ 7 axis. Note that in Figs. 12 and 13 the Wavesindex of refraction was shown to be not in disagreement with
along thez axis are traveling at speedg<c. The waves ca_usallty, and its presence was verified with the FDTD simu-
away from the axis travel faster than those on this axisIatlons. The analytical solution for a matched DNG slab

which further explains the channeling of the wave energ :;?ogstrgglad itnh?:]éherepse::g opfe;fe:ér:ZFSS eg{\?gt foa}sglggs
along the propagation axis. This behavior is readily seen ifealiz y pres P '

the time slice shown in Fig. 12. DNG medium havinge=u=—1; i.e.,n(w)=—1. The lens
effect was shown not to exist for any realistic dispersive,
V. CONCLUSIONS lossy DNG medium. The FDTD simulations further con-

firmed this conclusion. No focal points either within the slab
We have investigated the propagation of electromagnetior in its exterior were found in any of the FDTD simulations.
waves in DNG media from both analytical and numericalThese simulations did, however, show a channeling or
points of view. Analytical continuation based choices of theparaxial focusing of the wave energy due to the presence of
square roots associated with the index of refraction and tha DNG slab, particularly when the index of refraction had
wave impedance were introduced. The wave physics assodarge negative values. This possibility was correctly pre-
ated with each of these choices was clarified. Results for thdicted by the analytical solution. The DNG slab converted
1D plane wave scattering from a DNG interface and a DNGthe cylindrical wave into a beamlike field as it propagated
slab and the 2D line source cylindrical wave excitation of thethrough the DNG slab. This channeling effect may have
DNG slab were presented. The DNG slab solution wasnany practical considerations and is being investigated
shown to be independent of the choice of the square roots$urther.
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