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Incoherently coupled steady-state soliton pairs in biased photorefractive-photovoltaic materials
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A theory on incoherently coupled soliton pairs for photorefractive screening solitons is developed that gives
rise to incoherently coupled steady-state soliton pairs and multicomponent spatial solitons in biased
photorefractive-photovoltaic materials, which result from both the bulk photovoltaic effect and the spatially
nonuniform screening of the external bias field. When the bulk photovoltaic effect is neglectable, these soliton
pairs are the previously studied soliton pairs for screening solitons, these multicomponent spatial solitons
predict incoherently coupled multicomponent spatial solitons for screening solitons, and their space-charge
field is the space-charge field of screening solitons. When the external field is absent, these soliton pairs and
multicomponent spatial solitons predict incoherently coupled soliton pairs and multicomponent spatial solitons
for photovoltaic solitons, and their space-charge field is the space-charge field of photovoltaic solitons. The
stability of these soliton pairs and multicomponent spatial solitons is also discussed using the modulation
instability theory.
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Photorefractive~PR! spatial solitons@1–22,26–29# have
been investigated extensively in the past few years.
present, three different types of PR solitons have been c
sidered in the literature. The first kind involves the so-cal
quasi-steady solitons@1–3#, which arise when diffraction is
exactly balanced by PR two-ware mixing phase coupli
The other two types, better known as screening@4–9# and
photovoltaic @10–17# ~PV! solitons, are possible unde
steady-state conditions. In particular, PV steady-state pla
solitons can be supported in PR materials with apprecia
PV coefficients, which result from the bulk PV effect. On t
other hand, screening solitons require the application of
external bias field in photorefractive-nonphotovoltaic mate
als, which result from nonuniform screening of the exter
field. Very recently, vector solitons have also been predic
for photorefractive screening solitons, which involve the tw
polarization components of an optical beam that are ortho
nal to one another@18,19#. Depending on the symmetry clas
of the appropriate crystal and its orientation, these solit
beams were found to obey a self-coupled or a cross cou
system of nonlinear evolution equations. Subsequently, in
herently coupled soliton pairs were proposed for photorefr
tive screening solitons@20#, which involve the two beams
that are incoherent with respect to each other, and s
thereafter demonstrated experimentally@21,22#. Moreover,
incoherent solitons are demonstrated, both theoretically
experimentally, in noninstantaneous nonlinear media, wh
are multicomponent solitons that are made up from mo
constituents that are incoherent with one another@23#. Fi-
nally, multicomponent composite solitons are addressed
noninstantaneous nonlinear media, which involve com
nents that are mutually incoherent@24–26#. However, we
should also pay attention to vector solitons and soliton p

*Electronic address: kg.lu@263.net
†Electronic address: yp.zhang@263.net
1063-651X/2001/64~5!/056603~9!/$20.00 64 0566
t
n-
d

.

ar
le

n
-
l
d

o-

y
ed
o-
c-

on

nd
h

al

in
-

rs

in biased photorefractive-photovoltaic materials, and mu
component composite solitons for photorefrative spatial s
tons.

More recently, we have shown theoretically that the a
plication of an external field enables steady-state spatial s
tons @27–29# in photorefractive-photovoltaic crystals, whic
are known as screening-photovoltaic~SP! solitons that result
from both the bulk PV effect and the spatially nonunifor
screening of the external bias field. Of particular interest
SP solitons which change into screening solitons when
bulk PV effect can be neglected, and PV solitons when
external field is absent. However, when the external field
absent,I 5I du( ĵ) ~I is the power density profile of the ligh
beam, andI d is the so-called dark irradiance! @13# and the
space-charge fieldE in Ref. @21#, yields Ê5(u`

2 2u2)/(1

1u2), where Ê5E/Ep and u`5u( ĵ→`). In this case, if
we let Ĵ5u`

2 , then Ê5( Ĵ2u2)/(11u2) has the same di-
mensionless parameters and form as Eq.~13! for the closed
circuit (ĴÞ0) condition in Ref. @13#; however, Ê5( Ĵ
2u2)/(11u2) is different from Eq.~13! for the open circuit
( Ĵ50) condition in Ref.@13# becauseu`

2 Þ0. The absence o
the external field signifies either an open circuit or clos
circuit in the absence of the external field. On the other ha
when the external field is absent, the physical system of
solitons becomes the physical system of previously stud
PV solitons@29#. Thus, when the external field is absent, t
space-charge field of SP solitons ought to become the sp
charge field of PV solitons in either closed-circuit or ope
circuit conditions.

In this article, we obtained accurately the space-cha
field of screening-photovoltaic solitons. When the bulk P
effect is neglectable, it is the space-charge field of screen
solitons. When the external field is absent, it is the spa
charge field of PV solitons. We show theoretically that
alternate type of the incoherently coupled soliton pairs a
multicomponent spatial solitons are possible in bias
©2001 The American Physical Society03-1
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photorefractive-photovoltaic crystals under steady-state c
ditions, which result from both the bulk PV effect and th
spatially nonuniform screening of the external bias fie
These soliton pairs and multicomponent spatial solitons
formed provided that the carrier beams share the same p
ization, and wavelength, and are mutually incoherent.
discuss the stability of these soliton pairs and multicom
nent spatial solitons by using the modulation instabil
theory. Finally, we find that when the bulk PV effect is n
glectable, these soliton pairs are soliton pairs for screen
solitons, and these multicomponent spatial solitons pre
incoherently coupled multicomponent spatial solitons
screening solitons, and that when the external field is abs
these soliton pairs and multicomponent spatial solitons p
dict incoherently coupled soliton pairs and multicompon
spatial solitons for photovoltaic solitons.

To start, let us consider two optical beamsE1 andE2 of
the same frequency but mutually incoherent that propaga
a photorefractive-photovoltaic material along thez axis and
are allowed to diffract only along thex direction. For dem-
onstration purposes, let the photorefractive-photovolt
crystal be LiNbO3 with its optical c axis oriented in thex
direction. Moreover, let us assume that the external bias e
tric field is applied in thex direction. Under these conditions
the perturbed refractive index for both beams~along thex
axis! is given byne8

25ne
22ne

4r 33E @5,20#, wherene is the
unperturbed extraordinary index of refraction,r 33 is the
electro-optic coefficient, andE5Ei is the space-charge fiel
induced in this photorefractive-photovoltaic crystal,i is the
unit vector pointing to thex direction. On the other hand, th
total electric-field componentE5E11E2 of the two beams
satisfies the Helmholtz equation

“

2E1~k0ne8!E50, ~1!

wherek052p/l0 and l0 is the common free-space wav
length. The optical fields are expressed as usual in term
slowly varying envelopes ~f,c!, that is E1
5 if(x,z)exp(ikz) and E25 ic(x,z)exp(ikz), k5k0ne is the
propagation constant. Substituting these forms ofE1 andE2
into Eq. ~1! yields the following evolution equations

ifz1
1

2k
fxx2

k0~ne
3r 33E!

2
f50, ~2!

icz1
1

2k
cxx2

k0~ne
3r 33E!

2
c50, ~3!

wherefz5]f/]z, etc. Moreover, the induced space-char
field E can be obtained from the rate and continuity eq
tions and Gauss’s law in a PR medium with electrons as
sole charge carriers. In steady state and in two dimens
these equations are@4,13,29#

~ ŝI 1bT!~ND2ND
1!2gnND

150, ~4!

“•J5“•@em̂nE1m̂kBT“n1k ŝ~ND2ND
1!I i#50, ~5!

“•~e0e rE!5e~ND
12NA2n!, ~6!
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e52E
2 l /2

l /2

dx E, ~7!

wheren is the electron density,ND
1 is the density of ionized

donors,NA is the density of negatively charged acceptor,ND
is the total donor density,ŝ is the photoexcitation cross sec
tion, g is the recombination rate coefficient,J5Ji is the cur-
rent density,bT is the thermal excitation rate of the electron
e is the electric charge,m̂ is the electron mobility,kB is
Boltzmann’s constant,T is the absolute temperature,k is the
PV constant,e r is the dielectric constant of the crystal,e0 is
the permittivity of the vacuum, ande is the external voltage
applied to the crystal between electrodes separated by
tancel. Notice thatE5Ei.

Even though the space-charge fieldE can be obtained in
principle from Eqs.~4!–~7!, this task is considerably in
volved. However, we can conveniently deriveE by taking a
similar way to that of Ref.@14#. In typical PR materialsND

1 ,
ND , NA@n @5,14#. In this case, Eq.~6! yields

ND
15NAS 11LD

]

]x

E

Et
D , ~8!

where Et5kBT/eLD5eNALD /e0e r , LD5(e0e rkBT/
e2NA)1/2 is Debye length. Substitution of Eq.~8! into Eq.~4!
yields

n5
ŝI 1bT

g f S 11LD

]

]x

E

Et
D 21S 12 f LD

]

]x

E

Et
D , ~9!

where f 5NA /(ND2NA). When x→6`, E(x→6`,z)
5E0 ~constant!, ]E/]x50 andND

15NA . Thus, Eqs.~5! and
~9! yield the following result

J`5em̂n`E01k ŝ~ND2NA!I ` , ~10!

where n`5n(x→6`)5( ŝI `1bT)/g f and I `5I (x→
6`). Equation~5! implies thatJ is constant everywhere an
thereforeJ5J` . In this case, one can get the space-cha
field

E5S E0

I `1I d

I 1I d
2Ep

I 2I `

I 1I d
1Ep

I

I 1I d
f LD

]

]x

E

Et
D

3S 11LD

]

]x

E

Et
D S 12 f LD

]

]x

E

Et
D 21

2
kBT

e H ]

]x
ln~ I 1I d!2F S 11LD

]

]x

E

Et
D 21

1 f S 12 f LD

]

]x

E

Et
D 21GLD

]2

]x2

E

Et
J , ~11!

where Ep5kgNA /em̂ is the PV field constant, andI d
5bT / ŝ. If the intensityI (x,z) varies smoothly with respec
to x, the diffusion effects in typical PR media may be n
glected relative to the PV effects in Eq.~11! @5,14#, and the
dimensionless termLD]E/]x is expected to be much les
3-2
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than unity @5,14#. Thus, by taking a similar way to that o
Ref. @4#, from Eqs.~7! and ~11! we obtain

E52~eh1Epŝh!
I `1I d

I 1I d
1Ep

I `2I

I 1I d
, ~12!

where h51/*2 l /2
l /2 (I `1I d) /(I 1I d) dx, and ŝ5*2 l /2

l /2 (I `

2I )/(I 1I d) dx. The total power density of the two optica
beams can be obtained by summing the two Poynting flu
i.e., I 5(ne/2h0)(ufu21ucu2), whereh05(m0 /e0)1/2. More-
over, for simplicity, let us adopt the following dimensionle
variables and coordinates, i.e., letf5(2h0I d /ne)

1/2U, c
5(2h0I d /ne)

1/2V, j5z/(kx0
2), ands5x/x0 . x0 is an arbi-

trary spatial width, and the power densities of the optical a
beams have been scaled with respect to the dark irradi
I d . By employing these latter transformations and by sub
tuting Eq.~12! in Eqs.~2! and ~3!, we find that the normal-
ized envelopesU andV obey the following dynamical evo
lution equation:

iU j1
1

2
Uss1~a1b!~r11!

U

11uUu21uVu2

2d
br2~ uUu21uVu2!cU

11uUu21uVu2 50, ~13!

iVj1
1

2
Vss1~a1b!~r11!

V

11uUu21uVu2

2d
br2~ uUu21uVu2!cV

11uUu21uVu2
50, ~14!

where r5I ` /I d , b5(k0x0)2(ne
4r 33h/2)e, a

5(k0x0)2(ne
4r 33ŝh/2)EP , and d5(k0x0)2(ne

4r 33/2)EP . To
simplify the analysis, we have neglected any loss effect
Eqs.~13! and ~14!.

We begin our analysis by considering first bright–brig
soliton pairs. In this case, where bright optical beams
involved in both components, the intensity is expected
vanish at infinity (s→6`) and thusI `5r50. From Eqs.
~13! and ~14!, we find that

iU j1
1

2
Uss1~a1b!

U

11uUu21uVu2
1d

~ uUu21uVu2!U

11uUu21uVu2

50, ~15!

iVj1
1

2
Vss1~a1b!

V

11uUu21uVu2 1d
~ uUu21uVu2!V

11uUu21uVu2 50.

~16!

The solutions of Eqs.~15! and ~16! can be readily obtained
by expressing the normalized envelopesU and V in the
following way: U5r 1/2y(s)cosu exp(imj) and V
5r 1/2y(s)sinu exp(imj), where m represents a nonlinea
shift of the propagation constant,u is an arbitrary projection
angle, andy(s) is a normalized real function bounded b
tween 0<y(s)<1. Substitution of these forms ofU and V
into Eqs.~15! and ~16! yields
05660
s,

d
ce
i-

in

t
e
o

y922my12~a1b!
y

11ry2 12d
ry3

11ry2 50, ~17!

with y(0)50, y8(0)50, and y(s→6`)50, where y9
5d2y/ds2. By integrating Eq.~17! and by employing the
y-boundary conditions, we obtain

m52
d2b2a

r
ln~11r !1d, ~18!

~y8!25
2~d2b2a!

r
@ ln~11ry2!2y2 ln~11r !#. ~19!

Further integration of Eq.~19! leads to

@2~d2b2a!#1/2s56E
y

1 r 1/2dŷ

@ ln~11r ŷ2!2 ŷ2 ln~11r !#1/2,

~20!

from which the bright envelopey(s) can be determined. It is
proved that the quantity in the square bracket of Eq.~19! is
always for all values of (y8)2 between 0<y(s)<1. There-
fore, bright solitons will be possible only when (d2b2a)
.0 ~so as (y8)2.0!. In this case, the soliton pair compo
nents can be considered as theu projections of the funda-
mental bright soliton envelope. To illustrate our results,
consider the following examples: letl050.5mm, l 51 cm,
x0540mm, ande5620 000 V. The LiNbO3 parameters are
taken here tone52.2, r 33530310212 m/V, andEp540 kV/
cm. Figure 1 depicts the normalized intensity profiles
these soliton pairs whenr 510, u5p/6, and e5
620 000 V.

The case of dark–dark soliton pairs can also be analy
in a similar fashion. These dark beams exhibit an antisy
metric field profile~with respect tox! and, moreover, they
are embedded in a constant intensity backgroundI ` , that is,
I ` andr are finite quantities. Therefore, from Eqs.~13! and
~14! dark-type pair envelopesU andV should evolve accord-
ing to

FIG. 1. Soliton components,uUu2 ~solid curve! and uVu2

~dashed-dotted curve!, for bright–bright pairs whenr 510, u
5p/6, ande5620 000 V are shown.
3-3
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iU j1
1

2
Uss1

~a1b!~r11!U

11uUu21uVu2
2

d br2~ uUu21uVu2!cU
11uUu21uVu2

50,

~21!

iVj1
1

2
Vss1

~a1b!~r11!V

11uUu21uVu2
2

d br2~ uUu21uVu2!cV
11uUu21uVu2

50.

~22!

To obtain dark–dark soliton pair solutions of Eqs.~21!
and ~22!, let us express the envelopesU and V in the fol-
lowing way: U5r1/2y(s)cosu exp(imj) and V
5r1/2y(s)sinu exp(imj), where uy(s)u!1. Substitution of
these forms ofU andV into Eqs.~21! and ~22! yields

y922my12~a1b!~r11!
y

11ry222dr
~12y2!y

11ry2 50,

~23!

with y(s→6`)561, y(0)50, and all the derivatives o
y(s) vanish at infinity. Using the boundary conditions
y(s) at infinity and substitutings→` into Eq. ~23! leads to

m5b1a. ~24!

We integrate Eq.~23! leads to

~ ẏ!2522~d2b2a!F ~y221!2
r11

r
lnS 11ry2

11r D G .
~25!

Further integration of Eq.~25! leads to

@22~d2b2a!#1/2s

56E
y

0 dŷ

F ~ ŷ221!2
r11

r
lnS 11r ŷ2

11r D G1/2, ~26!

from which the dark envelopey(s) can be obtained. It can b
readily shown that the quantity in the square bracket of
~25! remains positive for all values ofy2<1. Therefore, dark
solitons will be possible only when (d2b2a) is negative

FIG. 2. Soliton components,uUu2 ~solid curve! and uVu2

~dashed-dotted curve!, for dark–dark pairs whenr55, u5p/6, and
e5620 000 V are shown.
05660
.

@so that (y8)2.0#. The pair components can then be simp
obtained through au projection. A particular case ofr55
andu5p/6 is shown in Fig. 2. Whenl050.5mm, l 51 cm,
x0540 mm, ande5620 000 V. The LiNbO3 parameters are
taken to be the same as those considered in the prev
examples.

To find the bright–dark soliton pair solutions of Eqs.~13!
and ~14!, the normalized envelopesU and V are expressed
in the following way, U5r 1/2f (s)exp(imj) and V
5r1/2g(s)exp(inj), wheref (s) corresponds to a bright beam
envelope andg(s) to a dark one. Hence,f (0)51, f 8(0)
50, f (s→6`)50, g(0)50, g(s→6`)561, and more-
over, all the derivatives off (s) and g(s) are assumed to
vanish at infinity. The positive variablesr andr represent the
ratios of their maximum power density with respect to t
dark irradianceI d . Direct substitution of these forms ofU
andV in Eqs.~13! and ~14! yields the following results:

f 952Fm2
~a1b!~r11!

11r f 21rg2 1
d~r2r f 22rg2!

11r f 21rg2 G f , ~27!

g952Fn2
~a1b!~r11!

11r f 21rg2 1
d~r2r f 22rg2!

11r f 21rg2 Gg, ~28!

where f 95d2f /ds2, etc. We now look for particular solu
tions that also satisfy the conditionf 21g251. In this case,
Eqs.~27! and ~28! yield the following forms

f 952Fm2~a1b!
1

11s f 22d
s f 2

11s f 2G f , ~29!

g952Fn2~a1b!
1

11s~12g2!
2d

s~12g2!

11s~12g2!Gg,

~30!

wheres5(r 2r)/(11r). Integration of Eqs.~29! and ~30!
leads to

m52
d2b2a

r
ln~11s!1d, ~31!

~ f 8!25
2~d2b2a!

s
@ ln~11s f 2!2 f 2 ln~11s!#, ~32!

n5b1a, ~33!

~g8!252~d2b2a!F ~12g2!1 lnS 11sy2

11s D G . ~34!

The quantity in the square bracket of Eqs.~32! and ~34! is
always positive for ally values off 21g251. Therefore, the
solutions of Eq.~32! are possible when@(d2b2a)/s#.0
@so as (f 8)2.0#, and the solutions of Eq.~34! are possible
when (d2b2a).0. On the other hand, when the peak i
tensities of the two beams are approximately equal, i.e.,usu
!1, one can get an approximate analytic solution for
bright–dark soliton pair wave forms. In this case,m is ap-
proximately given bym>d2(d2b2a)(12s/2). Thus,
Eqs.~32! and ~34! can be simplified to
3-4



o

ev
-

po

aic

tia

-

ec-
e

u-

pes

o

se

INCOHERENTLY COUPLED STEADY-STATE SOLITON . . . PHYSICAL REVIEW E64 056603
f 95~d2b2a!s f 22~d2b2a!s f 3, ~35!

f 9522~d2b2a!sg12~d2b2a!sg3. ~36!

Equations~35! and ~36! can be integrated once and lead t

f 5sech$@~d2b2a!s#1/2s%, ~37!

g5tanh$@~d2b2a!s#1/2s%. ~38!

Note that these solutions are also consistent with our pr
ous conditionf 21g251. The approximate soliton pair solu
tions of Eqs.~13! and ~14! for usu!1 are given by

U5r 1/2sech$@~d2b2a!s#1/2s%

3exp$ i @~b1a!1~d2b2a!s/2#j%, ~39!

V5r1/2 tanh$@~d2b2a!s#1/2s%exp@ i ~b1a!j#. ~40!

These equations clearly show that these solutions are
sible only when (d2b2a)s.0. The soliton pairs obtained
for r55 in the LiNbO3 are shown in Fig. 3. Whens
50.01, l050.5 mm, l 51 cm, x0540 mm, and e5
620 000 V.

Now let us consider incoherently coupled 2N-component
spatial solitons in biased photorefractive-photovolt
materials. For simplicity, we assume that 2N self-trapped
mutually incoherent optical beams are made up of( j 51

N Ej

and (m51
N Em . A similar way is taken to that of studying

previously incoherently coupled two-component spa
solitons. By expressing( j 51

N Ej and (m51
N Em in terms

of a slowly varying envelopes( j 51
N f j and (m51

N cm ,
i.e., ( j 51

N Ej5( j 51
N if j (x,z)exp(ikz), and (m51

N Em

5(m51
N icm(x,z)exp(ikz), we find that the Helmholtz equa

tion leads to the following evolution equations:

i
]f j

]z
1

1

2k

]2f j

]x2 2
k0~ne

3r 33E!

2
f j50, ~41!

i
]cm

]z
1

1

2k

]2cm

]x2 2
k0~ne

3r 33E!

2
cm50, ~42!

FIG. 3. Soliton components,uUu2 ~solid curve! and uVu2

~dashed-dotted curve!, for bright–dark pairs whenr55, s50.01,
ande5620 000 V are shown.
05660
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wheref j (x,z) and cm(x,z) denote thej th component and
the mth component envelope of the optical beams, resp
tively. For the 2N mutually incoherent optical beams, th
total optical power density isI 5(ne/2h0)(( j 51

N uf j u2

1(m51
N ucmu2). By employing f j5(2h0I d /ne)

1/2U j , cm

5(2h0I d /ne)
1/2Vm , j5z/(kx0

2), ands5x/x0 , and by sub-
stituting Eq.~12! into Eqs.~41! and ~42!, we find that

i
]U j

]j
1

1

2

]2U j

]s2 1~a1b!~r11!

3
U j

11(
j 51

N

uU j u21 (
m51

N

uVmu2

2d

Fr2S (
j 51

N

uU j u21 (
m51

N

uVmu2D GU j

11(
j 51

N

uU j u21 (
m51

N

uVmu2

50,

~43!

i
]Vm

]j
1

1

2

]2Vm

]s2 1~a1b!~r11!

3
Vm

11(
j 51

N

uU j u21 (
m51

N

uVmu2

2d

Fr2S (
j 51

N

uU j u21 (
m51

N

uVmu2D GVm

11(
j 51

N

uU j u21 (
m51

N

uVmu2

50.

~44!

In what follows, we will discuss the possible soliton sol
tions of Eqs.~43! and ~44!.

2N-component bright solitons.—The boundary condition
for the bright soliton isI `50, i.e., r50. Soliton solutions
can be obtained by expressing the normalized envelo
( j 51

N U j and(m51
N Vm in the following way:

(
j 51

N

U j5(
j 51

N
1

AN
r 1/2y~s!cos~ j u!exp~ imj!, ~45!

(
m51

N

Vm5 (
m51

N
1

AN
r 1/2y~s!sin~mu!exp~ imj!. ~46!

Notice that the set (N,u) has to be judiciously selected s
that the optical beams( j 51

N Ej and (m51
N Em include 2N

components of different beam intensity. By substituting the
forms of ( j 51

N U j and (m51
N Vm into Eqs.~43! and ~44!, we

obtain
3-5
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y922my12~a1b!
y

11ry212d
ry3

11ry2 50, ~47!

which is known to allow bright solitons when (d2b2a)
.0 and m52d2b2a/r ln(11r)1d @Eq. ~47! has been
discussed in great detail in the previous bright–bright soli
pairs#. We can obtain the multicomponent composite brig
soliton components through au projection. Figure 4 depicts
the normalized intensity profiles of incoherently coupl
multicomponent bright solitons in the LiNbO3 when u
520°, N52, l050.5 mm, l 51 cm, x0540 mm, and e
520 000 V.

2N-component dark solitons.—One requiresI ` andr are
finite quantities. The envelopes( j 51

N U j and (m51
N Vm are

expressed again as

(
j 51

N

U j5(
j 51

N
1

AN
r1/2y~s!cos~ j u!exp~ imj!, ~48!

(
m51

N

Vm5 (
m51

N
1

AN
r1/2y~s!sin~mu!exp~ imj!. ~49!

Therefore, from Eqs. ~43!, ~44!, ~48!, and ~49!,
2N-component dark solitons should satisfy

y922my12~a1b!~r11!
y

11ry222dr
~12y2!y

11ry2 50,

~50!

which is known to be possible when (d2b2a) is negative
and m5b1a @Eq. ~50! has been discussed in the previo
dark–dark soliton pairs#. The multicomponent composit
dark soliton components can be simply obtained throughu
projection. Figure 5 depicts the normalized intensity profi
of the incoherently coupled multicomponent dark solitons
the LiNbO3 when u520°, N52, l050.5mm, l 51 cm, x0
540mm, ande520 000 V.

FIG. 4. Soliton components,( j 51
N U j and(m51

N Vm , for incoher-
ently coupled multicomponent bright solitons whenu520°, r
510, N52, l050.5mm, l 51 cm, x0540mm, ande520 000 V
are shown.
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N-component bright-dark solitons.—To find a solution of
this sort, the normalized envelopes( j 51

N U j and(m51
N Vm are

expressed in the following way:

(
j 51

N

U j5(
j 51

N/2
1

AN/2
r 1/2f ~s!cos~ j u!exp~ imj!

1 (
j 5N/211

N
1

AN/2
r 1/2f ~s!

3sin$@~N11!2 j #u%exp~ imj!, ~51!

(
m51

N

Vm5 (
m51

N/2
1

AN/2
r1/2g~s!cos~mu!exp~ inj!

1 (
m5N/211

N
1

AN/2
r1/2g~s!

3sin$@~N11!2m#u%exp~ inj!, ~52!

whereN is restricted to even numbers. Substituting Eqs.~51!
and ~52! into Eqs.~43! and ~44! leads to

f 952Fm2
~a1b!~r11!

11r f 21rg2 1
d~r2r f 22rg2!

11r f 21rg2 G f , ~53!

g952Fn2
~a1b!~r11!

11r f 21rg2 1
d~r2r f 22rg2!

11r f 21rg2 Gg, ~54!

which have been discussed in the previous bright–dark s
ton pairs, and are given byf 5sech$@(d2b2a)s#1/2s% and
g5tanh$@(d2b2a)s#1/2s%. The incoherently coupled multi
component bright–dark solitons obtained forr55 in the
LiNbO3 are shown in Fig. 6. whenu520°, N54, s
50.01,l050.5 mm, l 51 cm,x0540 mm, ande520 000 V.

The stability properties of these soliton pairs and mu
component spatial solitons will now be discussed. In parti
lar, their stability is investigated here using the modulati
instability theory. For incoherent beams in noninstantane

FIG. 5. Soliton components,( j 51
N U j and(m51

N Vm , for incoher-
ently coupled multicomponent dark solitons whenu520°, r55,
N52, l050.5 mm, l 51 cm, x0540 mm, and e520 000 V are
shown.
3-6
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nonlinear media, modulation instability exists only wh
k̂I 0 /ne. û0

2, wherek̂5ddn(I )/dI evaluated atI 0 is the mar-
ginal nonlinear index,dn(I ) is the tiny nonlinear modifica-
tion to the refractive index,û0 is the angular power spectrum
~spatial degree of coherence!, whereas whenk̂I 0 /ne, û0

2,
the modification instability is entirely eliminated@30#. In
photorefractives,dn(I )52 1

2 ne
3r 33E. Thus, Eq.~12! yields

the following results:

k̂I 0 /ne5Gr33~Ep2Epŝh2eh!, ~55!

where G5ne
2I 0(r11)/2(I d1I 0).0. When Gr33(Ep

2Epŝh2eh), û2, these soliton pairs and multicompone
spatial solitons are stable because incoherent modulatio
stability is entirely eliminated. On the other hand, wh
Gur 33(Ep2Epŝh2eh)u. û2, bright–dark soliton pairs and
N-component bright–dark solitons are stable in the range
r 33(Ep2Epŝh2eh),0; however, they are unstable in th
range ofr 33(Ep2Epŝh2eh).0 because incoherent modu
lation instability exists in the range ofGr33(Ep2Epŝh
2eh), û2. In order to explain that our analyses are corre
let Ep50. In this case,k̂I 0 /ne5Gr33E0 . Notice thatE05
2eh. According to the modulation instability theory, whe
Gur 33E0u. û2, for r 33E0,0 ~i.e., b̂5(k0x0)2(ne

4r 33h/2)E0

,0!, bright–dark soliton pairs for screening solitons a
stable; however, forr 33E0.0, they are unstable. This resu
is the same for result of numerical techniques for brigh
dark soliton pairs of screening solitons@20#.

Next, we discuss the relation between the space-ch
field in biased photorefractive-photovoltaic crystals and
space-charge field of both screening and PV solitons. W
the bulk PV effect is neglectable, i.e.,Ep50, the physical
system of SP solitons becomes the physical system of
previously studied screening solitons. In this case, Eq.~12!
reads

FIG. 6. Soliton components,( j 51
N U j and(m51

N Vm , for incoher-
ently coupled multicomponent bright–dark solitons whenu520°,
r55, N54, s50.01, l050.5mm, l 51 cm, x0540mm, and e
520 000 V are shown.
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E5E0

I `1I d

I 1I d
. ~56!

Equation ~56! has the same dimensionless parameters
form as Eq.~12! of Ref. @5#, in which the screening soliton
are discussed for the biased photorefractive-nonphotovo
crystals. When the external bias field is absent,NA /ND!1
@13# and Eqs.~5! and ~9! yield

Ĵ5
I `2sh~ I `1I d!

I d
, ~57!

whereĴ5J/( ŝI dNDk) @13#. Substituting Eq.~57!, e50 and
I 5u2( ĵ)I d into Eq. ~12! yields

Ê5
Ĵ2u2

11u2 , ~58!

Equation ~58! has the same dimensionless parameters
form as Eq.~13! for the open- and closed-circuit condition
in Ref. @13#, in which PV solitons are discussed i
photorefractive-photovoltaic crystals without the extern
bias field. To illustrate further our result for the open circu
substituting Ĵ50, Ê5E/Ep , and I 5u2I d into Eq. ~58!
yields

E52Ep

I /I d

11I /I d
. ~59!

Equation ~59! has the same dimensionless parameters
form as Eq.~6! for the open circuit in Ref.@10#, in which PV
solitons are discussed in photorefractive-photovoltaic cr
tals for the open circuit.

Finally, we discuss the properties of the incoheren
coupled soliton pairs and the multicomponent spatial solit
in biased photorefractive-photovoltaic crystals. First of a
soliton pairs for screening and PV solitons can be sim
obtained from the incoherently coupled soliton pairs in
ased photorefractive-photovoltaic crystals under appropr
conditions. When the bulk photovoltaic effect is neglectab
i.e., d5a50, substituting b52(k0x0)2(ne

4r 33h/2)E05

2b̂ into Eqs.~13!, ~14!, ~17!, ~23!, ~27!, ~28!, ~39!, and~40!
yields

iU j1
1

2
Uss2b̂~r11!

U

11uUu21uVu2
50, ~60!

iVj1
1

2
Vss2b̂~r11!

V

11uUu21uVu2
50, ~61!

y922my22b̂
y

11ry2 50, ~62!

y922my22b̂~r11!
y

11ry2 50, ~63!
3-7
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f 952Fm1
b̂~r11!

11r f 21rg2G f , ~64!

g952Fn1
b̂~r11!

11r f 21rg2Gg, ~65!

U5r 1/2sech$@b̂s#1/2s%exp@2 i b̂~12s/2!j#, ~66!

V5r1/2 tanh$@b̂s#1/2s%exp@2 i b̂j#. ~67!

Equations~60!–~67! have the same dimensionless para
eters and form as Eqs.~4!–~11! in Ref. @20#, in which inco-
herently coupled soliton pairs are discussed for screen
solitons. When the external bias field is absent, i.e.,b50,
Eqs.~13!, ~14!, ~17!, ~23!, ~27!, ~28!, ~39!, and~40! yield

iU j1
1

2
Uss1a~r11!

U

11uUu21uVu2

2d
br2~ uUu21uVu2!cU

11uUu21uVu2
50, ~68!

iVj1
1

2
Vss1a~r11!

V

11uUu21uVu2

2d
br2~ uUu21uVu2!cV

11uUu21uVu2
50, ~69!

y922my12a
y

11ry2 12d
ry3

11ry2 50, ~70!

y922my12a~r11!
y

11ry222dr
~12y2!y

11ry2 50,

~71!

f 952Fm2
a~r11!

11r f 21rg2 1
d~r2r f 22rg2!

11r f 21rg2 G f , ~72!

g952Fn2
a~r11!

11r f 21rg2 1
d~r2r f 22rg2!

11r f 21rg2 Gg, ~73!

U5r 1/2sech$@~d2a!s#1/2s%exp$ i @a1~d2a!d/2#j%,
~74!

V5r1/2 tanh$@~d2a!s#1/2s%exp@ iaj#. ~75!
nd

G.

nd

B

05660
-

g

Equations ~68!–~75! predict incoherently coupled solito
pairs for PV solitons. Moreover, under appropriate con
tions incoherently coupled multicomponent spatial solito
in biased photorefractive-photovoltaic crystals predict inc
herently coupled multicomponent spatial solitons for scre
ing and PV solitons. When the bulk photovoltaic effect
neglectable, i.e.,d5a50, incoherently coupled multicom
ponent bright solitons for screening solitons can be de
mined from Eqs.~45!, ~46!, and ~20!, incoherently coupled
multicomponent dark solitons for screening solitons can
determined from Eqs.~45!, ~46!, and~26!, and incoherently
coupled multicomponent bright and dark solitons for scre
ing solitons can be determined from Eqs.~45!, ~46!, ~37!,
and ~38!. When the external bias field is absent, i.e.,b50,
incoherently coupled multicomponent bright solitons for P
solitons can be obtained from Eqs.~45!, ~46!, and ~20!, in-
coherently coupled multicomponent dark solitons for P
solitons can be obtained from Eqs.~45!, ~46!, and~26!, and
incoherently coupled multicomponent bright and dark so
tons for PV solitons can be obtained from Eqs.~45!, ~46!,
~37!, and~38!.

In conclusion, we have shown that a kind of the incoh
ently coupled soliton pairs and multicomponent spatial s
tons are possible in biased photorefractive-photovoltaic c
tals under steady-state conditions, which result from both
bulk PV effect and the spatially nonuniform screening of t
external bias field. These soliton states can be obtained
vided that their carrier beams share the same polarization
wavelength, and are mutually incoherent. If the bulk PV
fect is neglectable, these soliton pairs are the previou
studied soliton pairs for screening solitons, these multico
ponent spatial solitons predict incoherently coupled mu
component spatial solitons for screening solitons, and th
space-charge field is the space-charge field of screening
tons. If the external field is absent, these soliton pairs
multicomponent spatial solitons predict incoherently coup
soliton pairs and multicomponent spatial solitons for PV so
tons, and their space-charge field is the space-charge fie
PV solitons. Their stability properties were also investiga
using modulation instability theory.

This work was supported by the Chinese National Nat
Sciences Foundation~Grant No. 69978019! and the State
Key Laboratory Foundation of Transient Optics Technolo
~Grant No. YAK20006!.
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