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Dielectric investigation of electrically oriented ferroelectric smectic mixture CS-1013
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From dielectric spectroscopic study, a first-order ferroelectric phase transition has been observed in ferro-
electric smectic mixture CS-1013 having the phase sequence Cr-SmC* -SmA-N* -Iso. Frequency~100 Hz–10
MHz! and temperature-dependent dielectric measurements have been performed on an electrically aligned
sample~thickness 1561 mm! gold coated on glass plates. In the unidirectionally aligned sample, two dielectric
relaxation modes~Goldstone mode and soft mode! have been clearly observed in the ferroelectric SmC* phase
while only one relaxation mode~soft mode! is visualized in the paraelectric SmA phase. Low-frequency
molecular relaxation was also observed in the smectic phases. The experimental results have also been ana-
lyzed at different temperatures and biasing voltages for an understanding of the dynamics of dielectric pro-
cesses in the ferroelectric phase. Finally, we proposed the ‘‘pseudospin’’ model for understanding the
ferroelectric-antiferroelectric transition in liquid crystals. We associate the tilt angleu and the pitch of the
helix, respectively, with biaxial~b! and uniaxial~u! anisotropy parameters as fluctuating parameters around
their stability limit ~corresponding to the crystalline values!. Here, the director acts as the pseudospin variable.
This gives rise to a transverse Ising type~or anisotropic Heisenberg model under the mean-field approxima-
tion!. It is then shown that such a model with fluctuations of~b! and ~u! would explain the ferroelectric and
antiferroelectric phase transitions in such liquid crystals. Using Landau theory and the stability conditions, we
have also shown, in brief, the feasibility of different types of phase transitions in the ferroelectric liquid crystal
system.

DOI: 10.1103/PhysRevE.64.051708 PACS number~s!: 77.22.Gm, 77.84.Nh, 64.70.Md
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I. INTRODUCTION

After the discovery of ferroelectricity in some liquid crys
tals @1,2#, it has become one of the most attractive fields
current research on ferroelectric liquid crystals~FLC! be-
cause of their technological, as well as fundamental intere
Study of dielectric response in FLC showing th
SmC* -SmA phase transition@3–9# indicated two main re-
laxation modes. One is the Goldstone mode~GM! in the
SmC* phase arising because of the phase fluctuations in
azimuthal orientation of the director in the vicinity o
SmA-SmC* transition point. The other mode is the so
mode~SM!, which appears only at a transition temperatu
and a few degrees below the transition temperature in
SmA phase. The soft mode appears because of the fluc
tion of the amplitude of the tilt angle. It has also been sho
theoretically and experimentally@10# that in a FLC mixture,
the SM may appear in both phases very close to the tra
tion temperature (SmC* -SmA* ). While studying the phase
transitions in FLC, it has also been observed that mainly
types of ferroelectric liquid crystals are generally found. T
first one showing second-order phase transition has the p
sequence from crystalline~Cr! to a highly ordered smectic
phase such as SmH, SmI –chiral smecticC (SmC* ) –smectic
A (SmA) –chiral nematic (N* ) –isotropic~Iso!. On the other
hand, the second type of FLC showed first-order phase t
sition has the phase sequence of Cr-SmC* -N* -Iso. The
FLC showing first-order phase transitions are very intere
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ing and important as these materials have a large tilt an
~u! that do not depend greatly on the temperature and, th
fore, these FLC materials could be good candidates for p
paring Electro-optical switches@11#, guest-host displays
@12#, etc. It has already been shown that in a FLC, the L
dau model for the free energy may be expressed aF
5hPs

2-wPsu-gVPs
2u21dPS

4 where h, g, and d are con-
stants,w is the piezoelectric bilinear coupling coefficien
@13#, andV is the biquadratic coupling coefficient inducing
transverse quadrupole coupling.

In the present paper, we report the dielectric spectrosco
study in a typical FLC~viz. CS-1013! in the SmC* -SmA
phase—showing first-order phase transition and having
following phase sequence, viz.,

Cr-U.K-SmC* -63 °C-SmA-70 °C-N* -80 °C-Iso.

Frequency~100 Hz–10 MHz! and temperature~29–82 °C!
dependences of different modes have been investigated.
FLC of our present paper is particularly important becau
the ferroelectric transition~crystalline to chiral phase! tem-
perature~;35 °C! of the sample is very close to room tem
perature. We have also suggested a pseudospin-type m
for the phenomenological explanation of the ferroelect
phase transition in FLC by considering fluctuations of t
model parameters associated with the tilt angle.

II. EXPERIMENT

The ferroelectric smectic mixture CS-1013 used for t
present measurement was prepared by Chisso Petroche
Corporation, Japan. The basic parameters of this FLC
shown in Table I. The shielded parallel-plate capacitor h
©2001 The American Physical Society08-1
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TABLE I. Some important parameters of the CS-1013 ferroelectric liquid crystal.

Spontaneous polarization (Ps) 25 °C 215.0 nC cm22

Tilt angle ~u! 25 °C 26°
Helical pitch in theN* phase ;TN

a 38 mm
Helical pitch in the SmC* phase 25 °C 6mm
Response time~t! 25 °C,E5610 V/mm 739msec
Rotational viscosity~hb! 25 °C 1282 mPa s
Optical anisotropy (Dn) 25 °C,l5546 nm 0.12

aTN meansN* -SmA just above transition temperature.
bh05h/sin2 u.
-
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ing a thickness of (1561) mm was used for dielectric mea
surements. Gold-plated electrodes were made on glass p
by the sputtering technique. The active area of the cell is
mm2. The cell was filled with the desired FLC sample by t
capillary action technique in an isotropic phase@14#. We
used a stabilized low-frequency ac~;1.67 kV/cm! field for
better alignment of the sample for about 75 minutes. Diel
tric measurements were carried out by a computer-contro
Hewlett Packard 4192A impedance analyzer having a
quency range of 5 Hz–13 MHz. The temperature of
sample~between 25 and 85 °C! was controlled by a Euro
therm ~Germany! controller with an accuracy of60.1 °C.

III. RESULTS AND DISCUSSION

A. Dielectric study

In the following paragraphs, we discuss the dielectric
laxation processes in the SmA-SmC* phase of the ferroelec
tric smectic mixture~CS-1013! which exhibited spontaneou
polarization at the temperature 25 °C (Ps
5215.0 nC cm22). To study the dielectric relaxation pro
cesses showing up in the SmC* phase due to the Goldston
mode, precise measurements of the complex dielectric
mittivity ( «* 5«8– i«9) have been made in the frequen
range 100 Hz to 10 MHz. Figure 1 represents the temp
ture dependence of the imaginary part of dielectric perm
tivity ( «9) obtained at two different frequencies~1 and 10
kHz! for the Iso,N* ,SmA,SmC* , and crystalline phases.
is seen from this figure that the SmA-SmC* phase transition
is very strong~large shift!. Figure 2 showed the real part o
dielectric permittivity («8) in the SmC* phase, without bias
field, as a function of frequency for three different fixed te
peratures. The contribution of«8 is coming from the Gold-
stone mode for the ferroelectric smectic mixture~CS-1013!.
It is observed that the Goldstone mode is present upto
SmA-SmC* phase-transition point. It is interesting to no
that after applying a bias field of 1 V/15mm, there is a
certain change in the dispersion curve. Figure 3, obtained
the SmC* phase, indicated strong bias field dependence
the dispersion curve. In Fig. 4, we have shown a typical p
of the imaginary part of dielectric permittivity («9) as a
function of frequency at three different temperatures for
SmC* phase. This figure also exhibits the presence of th
relaxation modes, namely, Goldstone mode, soft mode,
molecular mode. Interestingly, for the SmA phase~Fig. 5!,
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we see that the Goldstone mode has disappeared. Th
because of the low-frequency relaxation caused by the
present in this sample. The experimental«9 data are fitted
with the following equation@15,16#:

«95
d0

«0v12s , ~1!

whered0 and s are the fitting parameters and«0 is the di-
electric permittivity in free space. The solid lines in Figs.
and 6 represent theoretical fitting curves with Eq.~1!. The
frequency exponent~s! is found to be 0.131 and 0.128, re
spectively, for the SmA and SmC* phases. These values ofs
indicate hopping conduction behavior of the carriers@16# in
the sample. The estimated values ofd0 are 2.06310210 and
8.32310210V cm21 respectively, for the SmA and SmC*
phases.

So far, we have discussed quantitatively the tempera
and frequency dependences of two components of diele
permittivity «8 and «9 showing dielectric anomaly in the
ferroelectric phase of the CS-1013 mixture. We are pres
ing below the dielectric relaxation processes in terms of

FIG. 1. Temperature-dependent dielectric loss~«9! of ferroelec-
tric CS-1013 for two fixed frequencies showing differe
mesophases.
8-2
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DIELECTRIC INVESTIGATION OF ELECTRICALLY . . . PHYSICAL REVIEW E64 051708
Goldstone mode@17,18# and soft mode@19#. The dielectric
spectra of the SmC* phase of the CS-1013 mixture me
sured in the frequency range 100 Hz–10 MHz clearly in
cated ~Fig. 1! the para to ferroelectric SmA-SmC* phase
transition occurring atTC563 °C. The dielectric spectrum
connected with the Goldstone mode has been shown in
form of the dispersion and absorption curves in Figs. 2 & 4
as discussed above. The corresponding Cole-Cole diag
near the SmA-SmC* phase-transition region is shown
Fig. 7. We first fit the experimental points~s and m! with
Cole-Cole modification@20# of the Debye equation written
as

FIG. 2. Frequency dependence of the real part of dielectric c
stant~«8! in the ferroelectric SmC* phase at different fixed tempera
tures at zero bias.

FIG. 3. Frequency dependence of the real part of dielectric c
stant~«8! in the ferroelectric SmC* phase at different fixed tempera
tures with bias~51.0 V!.
05170
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«* 5«`1
«s2«`

11~ ivt!12a , ~2!

where «s is the static dielectric constant,«` is the high-
frequency dielectric permittivity,t(51/2p f c) anda are, re-
spectively, the dielectric relaxation time and the distributi
parameter,f c is the relaxation peak frequency. Solid lines
Fig. 7 are the theoretical fitting curves with Eq. 2. Table
contains the corresponding fitting parameters for the Go
stone mode in the SmC* phase.

It may be seen from Figs. 2 and 4~obtained for the SmC*
phase! that there is a pronounced dispersion near 5 kHz c
nected with the Goldstone mode. However, near the (SA

n-

n-

FIG. 4. Frequency dependence of the imaginary part of die
tric constant~«9! in the ferroelectric SmC* phase at different fixed
temperatures.

FIG. 5. Frequency dependence of the imaginary part of die
tric constant~«9! in paraelectric SmA phase at 64.0 °C. The solid
line shows the conductivity contribution@according to Eq.~1!#.
8-3
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→SmC* ) transition region, another mode is present, wh
is knows as the soft mode. But for the present sample
dispersion takes place at much higher frequencies nea
kHz. In the SmA phase~Fig. 5!, the Goldstone mode disap
pears and the soft mode contribution appears. One may
clude from the temperature-dependent dielectric cons
data ~Fig. 1! that a ferroelectric first-order phase-transiti
course at 63 °C. In Fig. 8, the soft mode is presented in
form of Cole-Cole modification of the Debye equation~2!
for the SmC* and SmA phase, respectively. The scatter
points in Fig. 8 represent the experimental points and
continuous line represents the theoretical fit with Eq.~2!. The
fitting parameters have been shown in Table III.

FIG. 6. Frequency dependence of the imaginary part of die
tric constant~«9! in the ferroelectric SmC* phase at 60.2 °C. The
solid line shows the conductivity contribution@according to Eq.
~1!#.

FIG. 7. Cole-Cole diagrams obtained for the Goldstone mod
the SmC* phase.
05170
ts
50

n-
nt

e

e

It is well known that in polar liquid crystals, two principa
molecular reorientations, viz., the reorientations around
short and long molecular axes, generate separate diele
relaxation regions falling within radio and microwave fr
quency ranges@21,22#. From our experimental data, it i
clearly seen that both molecular motions give contributio
to the dielectric permittivities. In this case, the molecu
relaxation in both SmA and SmC* phases have the sam
frequency range near MHz region.

The Goldstone mode and the soft mode critical frequ
cies as a function of temperature are plotted in Fig. 9~a!. By
plotting the soft mode critical frequency (nc

s) as a function of
temperature, straight lines are obtained in the both parae
tric (SmA) and ferroelectric (SmC* ) regions @Fig. 9~b!#.
This result may be explained by molecular-field approxim
tion @23#. According to this approximation, the critical fre
quency of the soft mode should follow the following rel
tion:

nc
s5a~T-TC!1b, ~3!

wherea and b are constants. According to this approxim
tion, the slope ratio is predicted to be two. In the case of
CS-1013 mixture, the slope ratio is about 1.106 and the
tercept is of about 60 kHz. So, the frequency of the s
mode extrapolated to the transition temperature at ze
momentum transfer (q50) has a finite value and this cor
roborates the theory. However, the ratio of the slopes
44.7% lower than the theoretical value. The two soft mo

FIG. 8. Cole-Cole diagrams obtained for soft mode in the SmC*
and SmA phases.

TABLE II. Dielectric relaxation parameters corresponding
the Goldstone mode.

T ~°C! n ~Hz! t ~ms! «s «a a

56 5623.41 28.3022 88.768 28.08 0.0127
58 5011.87 31.7555 87.93 24.51 0.0314
60.2 5623.41 28.3022 79.137 26.957 0.009
62.2 5623.41 28.3022 77.17 21.064 0.028

c-

in
8-4
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TABLE III. Dielectric relaxation parameters corresponding to the soft mode.

Phase T ~°C! n ~Hz! t ~ms! «s «a a

SmC* 56 44 668.35 3.56 33.29 7.37 0.2067
58 44 668.35 3.56 44.5 6.16 0.41

60.2 44 668.35 3.56 32.41 8.06 0.317
62.2 56 243.35 2.83 28.07 7.71 0.106

SmA 63 63 095.72 2.52 21.28 0.637 0.184

64 70 794.56 2.25 20.211 0.839 0.41

65 79 432.8 2.0 19.45 1.71 0.3433
66 89 125.07 1.786 18.18 1.66 0.359
68 99 999.97 1.59 17.27 0.53 0.4496
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branches of the relaxation frequency in SmC* and SmA
phases in the present FLC meet at the Curie tempera
TC563.9 °C which is about 0.9 °C higher than theTC
(563 °C) observed from texture study under polarizing m
croscope@24#. This indicates that theTC obtained from the
extrapolation of the two relaxation frequency branches of
soft mode in SmC* and SmA phases are almost equal with
experimental error. The very small difference ofTC (DTC
50.9 °C) between texture and dielectric studies might
associated with the less importance of the biquadratic c
pling term in the present ferroelectric CS-1013 mixture.

Thus, in the present SmA-SmC* phase of the CS-1013
mixture, the observed high contribution to the dielectric p
mittivity was assigned to the Goldstone mode showing
Arrhenius-type behavior of the critical frequency. In the v
cinity of the SmA-SmC* transition point, the Goldstone
mode contribution to the dielectric constant is almost c
stant. The little deviation~around 0.9 °C! betweenTC deter-

FIG. 9. ~a! Variation of critical frequency of Goldstone mod
and soft mode with temperature in SmC* and SmA phases.~b!
Temperature dependence of the soft mode critical frequency in
vicinity of the SmA-SmC* transition of the ferroelectric smecti
mixture ~CS-1013!.
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mined experimentally andTC observed from texture indi-
cates small biquadratic coupling for this ferroelectric smec
mixture. We suggested below a theoretical model for
analysis of the ferroelectric phase transition in a liquid cr
tal.

B. Suggestion for a pseudospin model for the study of
ferroelectric and other properties in ferro and antiferroelectric

liquid crystals

The recent discovery of ferroelectric~FE! and antiferro-
electric~AFE! or ferrielectric~FI! behavior in liquid crystal-
line materials is very interesting as well as important. Fer
electric and antiferroelectric phase transitions in crystall
solids as in many hydrogen bonded~H-bonded! systems are
very well known@25#. The FE and AFE properties in crys
talline materials have been well represented using the c
cept of spin~better called ‘‘pseudospin’’! in analogy with
magnetic spin. The pseudospin concept in FE was first in
duced in crystalline medium by De Gennes@26# and Blinc
and Zeks@27# and subsequently such a pseudospin conc
has been widely applied to many FE and AFE crystals@27#
with success. During the last decade, different theories of
and AFE structures in different compounds and mixtu
have been proposed@28–33#. In many binary mixtures, for
example, MHPOOCBC and EHPOCBC, different possib
phases are observed@32,34#. These phases are designed
SmCA* -SmCg* -FIH-AF-SmCa* -SmA. The phase SmCa* is
considered as a coexistence of a variety of FE and A
structure@35–37#. However, the origin of such fluctuatin
phases is not very clear. The appearance of
FIL-Smg-FIH-AF was described by one-dimensional~1D!
Ising model with long repulsive interaction@34#. But 1D
Ising model is not at all sufficient to describe the quasi-2D
3D character of the FLC. Isozaki and coworkers@34# sug-
gested that this sequence of phase transitions revealed
devil’s staircase@38,39# intrinsic to these materials. Furthe
more, they also tried to interpret the successive SmC* to
SmCA* phase transitions by the devil’s staircase occurring
the Ising model with long-range repulsive interactio
@38,39#. Here, the Ising spins are considered to represent
a real molecular state, but the pair state of two neighbor
layers. This is actually the ‘‘pseudospin’’ concept, me
tioned above, used by several authors@26,27# to explain FE

he
8-5
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or AFE phase transitions even in nonmagnetic hydrog
bonded crystals. The repulsive interactions between
separate pairs of systems used by Matsumotoet al. @40# are
quite arbitrary. However, recently, Yamashita and Miazim
@41# used another type of devils’s staircase model, the a
next-nearest-neighbor Ising model~ANNNI !, viz.,

H52J1S i j s is j2J2S i j
As is j2J3S i j

As is j , ~4!

where the spin components I takes values61 andJ values
are exchange parameters, the sign and magnitude of w
designate the ferro, ferri, or antiferroelectric phase tran
tions. In this model, the AFE second-neighbor interaction
considered negative (J,0). Yamashita and Miazima@41#
also pointed out that in the absence of an external field
adjusting the coordinate system to the helix of chiral sme
and changing it along the helical axis, the state of the laye
different phases may be expressed only by two points on
projection spaceP2, corresponding to the directions of incl
nation ofn, the director field~considered uniform in a smec
tic layer!. They, however, did not give importance to th
change of the angle betweenn and the layer normal at th
phase transitions among SmA, SmCa* , and SmC* . This
model@Eq. ~1!# actually used the fluctuation of the exchan
interaction only to show different phase transitions in liqu
crystalline system of interest.

However, we believe that there is close resemblance
tween the FE or AFE phase transition occurring in ma
H-bonded crystals and in the FE or AFE liquid crystals, a
the phase transitions in the liquid crystalline state could
due to the successive fluctuations of tilt angle and magnit
of the pitch with change of temperature or other stimulat
agents~such as electric field, pressure, etc.!. So if some vari-
ables related only to the tilt angle and the pitch are int
duced in the expression of the Hamiltonian describing the
or AFE phase transition in crystalline medium, one may
vestigate the features of FLC, in general. In this case, a
Hamiltonian may be used to describe FE or AFE phase t
sitions in liquid crystals. Here, we should note that both
angle and the pitch are temperature-dependent fluctuating
rameters. Such fluctuations in these parameters will d
nitely cause~or will be responsible! for the change of polar-
ization and also the exchange interaction between
dipoles, and hence, different types of intermediate ph
changes would be possible@as in the Yamashita and Miya
zima theory with Eq.~4!# depending on the stability cond
tions. For this purpose, in the present paper, we are intere
to find a form of the pseudospin-type model taking into co
sideration of the tilt angle~u! and pitch or wave number
respectively, as biaxiality~b! and uniaxiality~u! parameters
~representing biaxiality and uniaxiality of the liquid-cryst
molecule! in the Hamiltonian. Here, it is worthwhile to men
tion that both u and b are temperature- and/or press
dependent fluctuating parameters and the pitch and ou
tention in this section is to show that the said fluctuatio
will give rise to different phases in the liquid crystalline m
terials of our interest. The coexistence of a variety of FE a
05170
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AFE phase in SmC* is the cause of these fluctuations. Th
fluctuation effect in the dynamics of liquid crystals wa
treated by Kats@42#.

In the present paper, our plan is to investigate the fer
electric phase transitions in FLC with a transverse Ising ty
of exchange Hamiltonian containing uniaxial and biaxial p
rameters as mentioned above. Using the Landau theory
have also attempted to explain, in brief, the nature of FE~for
J.0! and AFE~for J,0! phase transitions. The calculation
for polarization, transition temperature, etc., are made us
statistical Green’s function technique in the domain of t
mean-field approximation only.

Let us now consider a model Hamiltonian~anisotropic
Heisenberg model or a transverse Ising model with high
order terms! containing a pseudospin variable along the
rector ass I ~with componentss i

x , s i
y , and,s i

z , say! and
uniaxial parameters~u, which varies with the pitch! and bi-
axial parameter~b, which varies with the angleu! having a
simplified form

H52mEis i
zS iS is i

z2uS i~s i
z!22bS i j ~s i

x!22SJi j ~s is j !,
~5!

wherem is the electric-field~E! -dependent dipole momen
along s i

z , u is the magnitude of the uniaxiality paramet
representing single-molecular anisotropy in thez direction of
polarization~a measure of the magnitude of pitch!, b is the
magnitude of the biaxiality parameter representing sing
molecular anisotropy transverse to thez direction~a measure
of the angleu! and~Ji j .0 for ferroelectric transition and,0
for antiferroelectric interaction! is the effective exchange in
teraction between the pseudospins~dipoles! or it is a measure
of the interaction strength between u and b~or pitch andu! at
sitesi and j. All the three parameters u, b, andJ are fluctu-
ating parameters and they are not totally independent of e
other with change to temperature, pressure, and other e
nal stimulations. For the purpose of our calculation, we m
consider these parameters as independently variable pa
eters. In order to make the Hamiltonian convenient for th
oretical calculation, mean-field type approximation~MFA! is
performed so that Eq.~5! may be expressed as a sum
single-molecule Hamiltonian, viz.,

H5S iH0~ i !, ~6!

where

H052ms i
z2u~s i

z!22b~s i
x!222SJi j Pss i

z , ~7!

which has the form of transverse Ising model in presence
electric field. To find the statistical averages ofs i

z ,s i
x , etc.,

we used the statistical Green’s function technique of Zuba
@43# similar to our earlier work@44# and the spectral theo
rem. The higher-order Green’s function are decoupled by
RPA ~random-phase-approximation! type decoupling
scheme@45#. Using this Hamiltonian@Eq. ~7!#, the average
spontaneous polarizationPs related to the statistical averag
^s i

z& is expressed as

Ps5^s i
z&5Tr exp@2bH,s i

z#/Tr exp~2bH!. ~8!
8-6
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DIELECTRIC INVESTIGATION OF ELECTRICALLY . . . PHYSICAL REVIEW E64 051708
^ & indicates statistical average of of the enclosed opera
b51/(kBT), kB is the Boltzmann constant andT is the ab-
solute temperature. The corresponding energy spectrum
the Hamiltonian is given by

E0522b and E1,252u2b6l,

l5@m12Ps
2hJ1b2#1/2. ~8a!

We have used, for simplicity,J5S Ji j as the interaction
strength between thei th site and each with itsh nearest
neighbor. We also usês i

z&5^s j
z&5s. Now, following the

standard procedure@45# the expression for the average pola
ization @from Eq. ~8!# comes out to be of the form

Ps;@12~b/l!2#@ tanhbl/~11exp$2b~u

2b!%/2 coshbl!#. ~9a!

At T5TC ~ferroelectric Curie temperature!, Eq. ~9a! gives
the ferroelectric transition temperature, viz.,

tanhbClC /~11exp$2bC~uC2bC!%/2 cosh~bClC!50,
~9b!

where the suffixC indicates values at the transition tempe
ture. The expression of spontaneous polarization@Eq. ~9a!#
can be fitted with the experimental data of FLC. This expr
sion is similarly valid for the solid materials where there
no fluctuation of the parameters~one obtains only single set
of fitting parameters!. Thus, we see from Eq.~9! that PS is
dependent onu and b, i.e., pitch and the tilt angle, respec
tively. J is introduced throughl. So, from fitting of the ex-
perimental data of polarization, transition temperature,
with Eqs. ~9a!, ~9b!, it would be possible to get the stat
values of the tilt angle and the pitch or wave numbers
various temperature, pressure, etc. However, we did no
tempt for such calculations in this paper, as our intention
to show applicability of such a pseudospin model for e
plaining ferroelectric and also successive phase transiti
The dielectric susceptibilityx may also be calculated for th
statistical Green’s function using Kubo’s theory@46#, which
will be shown elsewhere. The average value of the squar
single-site polarization is a measure of short-range orde
FLC may be written as

r p5^~s i
z!2&5tanhbl/@11exp$2~b~u2b!/2~coshb!%#,

~10!

where ^s i
z)2& is the short-range order parameter depend

on uniaxial and biaxial parameters.
To study the nature of the phase transition, the free ene

of the system~F! may be obtained from the MFA using th
following equation:

2bF5 ln exp~2b!. ~11!

Therefore, one has from free energy
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5NPs
2,

whereN is the number of dipolar molecules or ions in th
system. Using Eqs.~8! and ~11!, we may write the free en-
ergy ~at zero external field! as

f 5F/NK5Ps
22~1/bJ!ln@exp~2BU!

12 exp~bJf!cosh~2bJ!~Ps
21B22!1/2#, ~12!

where the parametersJ5bN kB . B5b/N kBJ, f5J1U
andU5u/NJ.
The ferroelectric transition temperatureTc ~^sz&→0 at T
→Tc! is obtained from

2@sinh~bcJB!2cosh~bcJB!#5exp@2bcJ~D2B!#,
~13!

wherebc51/kBTc .
Within the mean-field approximation, the Landau theo

@47# of phase transition is generally used. The free-ene
difference between the finite and zero polarization state
given by

D f 5 f ~Ps!2 f ~Ps50! ~14!

5Ps
22~1/bJ!ln@$exp~2bJf!12 cosh~2bJ!~Ps

2

1B2/4!1/2%/$exp~2bJf!12 cosh~bJB!%#. ~15!

One can compare Eq.~15! with the following Landau equa-
tion:

D f 5aPs
21gPs

4dPs
61~higher-order terms!

3~neglected for simplicity!, ~16!

wherea, g, andd are usual parameters that may be obtain
by expanding Eq.~15! in powers of polarization and the
comparing with Eq.~16!. These parameters are functions
J, u, and b. For a second-order transition, one hasa50,
which gives

exp~bJf!12 cosh~bJB!2~4/B!sinh~bJB!50.
~16a!

Again, the additional condition for the second-order tran
tion is g>0 or

exp~bJL!<@sinh~2BL!#/bB cosh~2bBb!sinh~bB!,
~17!

where (L5U2B) must hold. When the second-order tran
tion becomes first order, the above inequality becomes
8-7
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equality. This is the critical point denoted by the suffixc. For
this critical point to appear one hasdc.0 or

32@cc1cosh~bcJcBc!#
2@~bcJc~Bc

3!~1/Bc
2!

1@~bc
2J2/3Bc

2!sinh~bcBc!2~bc
2J2/Bc

4!cosh~bcJcBc!#

232~bcJc/Bc!
2 sinh~bcJcBc!#@cc1cosh~bcBc!#

3$bcJc~Bc!cosh~bcJcBc!2~1/Bc!
2 sinh~bcJcBc!%

1$4bcJc~27Bc!sinh~bcJcBc!%.0, ~18!

where cc52(Uc2Bc)/2, bc51/kBTc ~Tc is the critical
temperature!. Now, from the minimization of the free en
ergy, one has to find the thermodynamic stability using
following condition:

] f /]Ps50, ~19a!

and

]2f /]Ps
2>0. ~19b!

The first derivative~19a! gives polarization similarly to@Eq.
~9!# and so need not be written again. The second condi
~19b! gives the stability conditions, viz.,

2@112bJ~Ps
21B2/4!#tanh~2bJ!~Ps

21B2/4!1/224bJ~Ps
2

1B2/4!1/2>0. ~20!

For the thermodynamic solution ofPs , the above inequal-
ity @Eq. ~20!# must be satisfied. When the equality holds, t
solution to Eq.~20! gives a line of critical points for a given
value ofB, which is a function of the tilt angle~u!, in par-
ticular. To investigate the first-order transition as the te
perature approaches zero, the free-energy difference (D f ) is
expanded in the limit thatPs→1 ~maximum! and bJ→}
~maximum!. This expansion gives a maximum value for t
U parameter, viz.,

uUumax5B2112~11B2/4!1/2, with 2~11B2!1/2.uUu

.B. ~21!

The solution for@Eq. ~20!# gives a family of stability curves
asB increases from zero. It is found that the thermodynam
solutions forPs exist above such stability curves. For a cri
cal value ofB, there is a critical value ofbJ ~the normalized
critical temperature! for Ps→0. The values ofU are the criti-
cal points for the first order transition in a FLC. Here, w
should note that the biaxial parameter, i.e., contribution fr
the tilt angle variation, must not be an appreciable funct
of the uniaxial anisotropy parameter, i.e., pitch or wave nu
ber. Otherwise, dipolar ordering could cease to exist~in case
of zero external field!. For this reason, the contributions fro
05170
e

n

-

c

n
-

the two types of anisotropy parameters would be opposit
sign. For the minimum values ofU, the straight line nature o
the curve is indicated from the solution of Eq.~21!. In case
of no biaxial anisotropy~i.e., tilt angle independent or con
stant! first-order transition takes place in the range21.5
<Uc<21 and 0<(bcJ)21<0.75 ~approximately!.

It is further noted that for different values ofU and B,
both first- and second-order phase transitions are observ
For the critical value ofB larger than that of the first-orde
transition, polarization curves continues from zero to o
However, as the critical value ofB increases, the possibility
of first-order transition increases. For the critical values oB
greater than those of the critical values of the first transiti
polarization jumps from zero to higher values. Here, th
exists the possibility of tricritical behavior under pressure
other external field. The situation resembles that of so
state ferroelectric material KH2PO4@27# where similar tric-
ritical behavior has been observed under pressure. T
from the present theoretical model with uniaxial and biax
anisotropies, one could expect tricritical behavior even
FLC, which was already reported@27#.

Finally, we should note that the fluctuations ofB and U
parameters, which are functions of the tilt angle and the p
of the FLC, affect the polarization, and hence, in the appe
ance of the sequence of phase transitions observed in
present CS-1013 and similar other systems. Interestingly,
combined effect of fluctuations of bothB andU may also be
used to show the re-entrant polarization behavior in FLC~not
shown in this paper!. Further, to note that using the Kub
theory@46# and standard relations, one may calculate diel
tric constant, piezoelectric coefficient, etc., which would
discussed elsewhere.

In conclusion, it is suggested that within the constraints
the MFA, the Heisenberg Hamiltonian~or a transverse Ising
type model! with uniaxial and biaxial anisotropic terms ma
be used to study ferroelectric~or antiferroelectric! behavior
in liquid crystals. Fluctuations in both the tilt angle~associ-
ated with the biaxial parameter,B! and the pitch~associated
with the uniaxial parameter,U! around their mean value
~equivalent to the corresponding crystalline values! have a
large effect on the polarization, the nature of phase tra
tion, and phase behavior of the system. Moreover, consi
ation of the fluctuation of these two parameters in the Ham
tonian would cause the polarization to go from continuous
discontinuous values. Simultaneous fluctuations of bothB
andU might also exhibit many features in liquid crystals.
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