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Computer simulation study of the phase behavior of a nematogenic lattice-gas model

Martin A. Bates
Department of Chemistry, University of Southampton, Southampton SO17 1BJ, United Kingdom

~Received 8 May 2001; published 12 October 2001!

The phase behavior of a mesogenic lattice-gas model consisting of freely rotating spins located at the sites
of a three-dimensional cubic lattice has been studied using grand canonical Monte Carlo simulations. When
two neighboring sites are occupied, the spin vectors interact via the extensively studied anisotropic Lebwohl-
Lasher potential, plus an isotropic term of variable strength. The interaction between occupied and empty sites
and two empty sites is taken to be zero. If the parameter governing the strength of the isotropic term is zero,
the model exhibits an isotropic fluid-nematic transition, which becomes increasingly stronger as the tempera-
ture is lowered. The additional isotropic term is found to be important if the model is to reproduce experimental
phase behavior, that is, to exhibit both nematic-vapor coexistence at low temperature and isotropic-vapor
coexistence at higher temperatures.
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I. INTRODUCTION

Computer simulation has become an important techni
for understanding the physical properties and the phase
sitions of liquid crystals at the microscopic level. For
model to be useful, it should be able to reproduce the pha
of interest, and the transitions between them, and also
vide properties of interest for comparison with experime
In recent years, there have been a number of simulat
based on atomistic models of liquid crystals@1# and these
show encouraging signs, such as exhibiting nematic ph
at temperatures where experimentally the nematic is kno
to be stable for the particular mesogen in question. Howe
a major drawback of such models is that the simulations
limited to both very small systems (;100 molecules! and
short time scales (;10 ns). These models do not, therefo
lend themselves to either the study of phenomena that o
over large length scales nor to investigations over a rang
temperatures, pressure, and densities. Single-site mode
tentials, such as that devised by Gay and Berne, have
been introduced@2#. These contain the essential molecu
features, namely, the anisotropic shape and dispersion fo
and also retain the translational and rotational freedom of
atomistic models, although specific chemical detail
stripped away. While this class of potentials has been us
for studying the generic phase behavior of liquid crystals@3#,
there are typically two major problems when it comes
mapping out phase diagrams; these are the number of
able parameters in the potential~four for the Gay-Berne
model! and the computational complexity of the interaction
Although it is possible to map out phase behavior for spec
parametrizations of the potential@4#, it is computationally
expensive to do so; mapping out a global phase diagram
which all the parameters of the generic potential are varie
impossible. Moreover, it is not always obvious how to sel
the values for the small set of parametrizations to be inv
tigated. For example, we would intuitively assume that, fo
real liquid crystal, the interaction between a pair of m
ecules aligning side by side should be stronger than that
pair aligning end to end. However, it turns out that to s
even a common phenomenom such as nematic-vapor c
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istence with a Gay-Berne model, a counter-intuitive para
etrization in which the strength of these interactions are
sentially equal must be chosen@4#. This clearly makes the
task of identifying the regions of the global phase diagr
that exhibit realistic behavior difficult.

An alternative view is to use very simplified, primitiv
models that contain the basic physics of the system of in
est, but have the detailed short-range structure stripped a
This class of potentials is useful if we require an understa
ing of the truly generic or universal features of a system, t
originate at longer length scales than the molecular size@5#.
One of the most extensively studied models for liquid cry
tals, the Lebwohl-Lasher model@6,7#, fits into this class. This
model consists of a system of uniaxial particles placed at
sites of a cubic lattice, interacting via a potential of the fo

Ui j 52e i j P2~cosb i j !, ~1!

where e i j is a positive constant,e, for particlesi and j at
neighboring lattice sites and zero otherwise.P2(x)
51/2(3x221) is the second-rank Legendre polynomial a
b i j is the angle between the symmetry axes ofi and j. Ex-
tensive simulations by Fabbri and Zannoni@8# in the region
of the nematic-isotropic~NI! transition indicate that this
simple model gives an extremely good description of
transition. Indeed, it accurately predicts the small differen
in temperature between the observed first-order NI transi
and the second-order limiting instability of the isotrop
phase, where the second-rank Kirkwood coefficient diverg
The success of the Lebwohl-Lasher model can be tra
back to the fact that the dominant orientational correlatio
of the nematic phase occur on a length scale consider
larger than the molecular interactions, and so the simplifi
tion of the molecular potential and the location of the m
ecules at fixed lattice sites have no adverse influence on
phase behavior.

One particular drawback of the Lebwohl-Lasher latti
model is that, by definition, the NI transition occurs at co
stant volume, whereas in real liquid crystals, we expect
observe a change in density, albeit small. Moreover, si
the model is based on a fully occupied lattice, this a
©2001 The American Physical Society02-1
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means that we cannot investigate phenomena such
isotropic-vapor~IV ! or nematic-vapor~NV! coexistence, al-
though we should point out that simulations have been p
formed using ‘‘hard’’ nematic-vapor interfaces, in which th
density drops from its bulk value to zero within one latti
spacing@9#.

We address these drawbacks in this paper, introducin
lattice-gas extension of the Lebwohl-Lasher model. T
model and grand canonical Monte Carlo simulations are
scribed in Secs. II and III, respectively. In Sec. IV, we sho
that, depending on the strength of the single-variable par
eter in this model, it is found to exhibit NI, NV, and IV
coexstence. Our conclusions are presented in Sec. V.

II. THE LATTICE-GAS LEBWOHL-LASHER MODEL

The lattice-gas model provides us with probably the s
plest model with which to investigate liquid-vapor conde
sation phenomena@10#. In a lattice-gas model, each lattic
site can host either zero or one particle, with the total oc
pation or densityr of sites governed by an imposed chemic
potential,m @11#. The pair potential between two sitesi and
j is simply

Ui j 52sisje i j , ~2!

wheresi50,1 is the occupation number of sitei, ande i j is a
positive constante for neighboring lattice sitesi and j and
zero otherwise. This model exhibits liquid-vapor coexisten
~or a high-density–low-density transition! at low tempera-
tures. As the temperature is increased, the density gap b
teen the phases decreases, and eventually the coexis
curve is terminated by a critical point, just as we expect
liquid-vapor coexistence.

This isotropic potential is readily extended to an anis
tropic form reminiscent of the Lebwohl-Lasher model
multiplying the interaction in Eq.~2! by P2(cosbij),

Ui j 52sisje i j P2~cosb i j !. ~3!

This model has recently been investigated using comp
simulation and the phase diagram determined and comp
to that of molecular-field theories@12–14#. The results of
these simulations~see Fig. 1! were described in the contex
of mixtures of rod-shaped and spherical molecules in wh
the rods are modeled by the occupied sites and the sph
by the vacancies@15#. For a mixture with fixed-rod and
sphere concentrations, the phase diagram is interprete
follows. At high-rod concentrations, the phase sequence w
decreasing temperature is observed to be isotropic, follo
by a biphasic region of coexisting rod-rich nematic and ro
poor isotropic phases, followed by pure nematic and final
re-entrant biphasic region. At lower-rod concentrations,
biphasic region observed on cooling from the isotropic ph
is stable at all lower temperatures.

This phase diagram can also be~re!interpreted along the
lines of constant temperature in the terms of a sing
component system undergoing a nematic-isotropic ph
transition. Starting at a low temperature, a high-density ne
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atic coexists with a low-density isotropic fluid. On heatin
the coexistence density of the isotropic phase increases
that of the nematic decreases. AtT* '0.87, the coexistence
density of the nematic starts to increase, but the strengt
the transition continues to decrease, until atT* 5TNI*
'1.127, the nematic and isotropic phases coexist at full
tice occupancy, that is, the Lebwohl-Lasher limit is reco
ered@8#.

While this model exhibits interesting behavior, there is
major difference between the phase behavior observed
that for real mesogens. Namely, for real systems, we exp
to observe an isotropic phase in coexistence with its vapo
high temperature and a nematic phase in coexistence wit
vapor at lower temperature. Thus, the model as it sta
exhibits neither the IV or NV coexistence we intuitively e
pect, but just coexistence between a nematic phase an
isotropic fluid. As we have already discussed for the isot
pic lattice-gas model, isotropic dispersion forces lead
liquid-vapor coexistence. It therefore seems reasonable
the liquid-crystal model described exhibits just an isotro
fluid, rather than distinct isotropic-liquid and vapor phas
because the isotropic term in Eq.~3! is too weak in compari-
son to the anisotropic term. Note that because it contains
second-rank Legendre polynomial, Eq.~3! is not purely an-
isotropic, but contains both isotropic and anisotropic con
butions to the potential. Alternative versions of the poten
sometimes used for Lebwohl-Lasher model simulations t
are shifted by a scalar isotropic term, such asUi j 5
2e i j cos2 bij , would lead to different phase behavior tha
that observed for the lattice-gas Lebwohl-Lasher model
fined by Eq.~3!, even though they exhibit the same behav
for the fully occupied lattice.

We have, therefore, used a model that allows the isotro
interactions between the occupied lattice sites to be var
The interaction between a pair of sitesi and j is then given
by

FIG. 1. Temperature-density phase diagram for the lattice-
Lebwohl-Lasher model withl50 @15#, showing the regions of sta
bility of the nematic- and isotropic-fluid phases. The unmarked
gion in the middle of the phase diagram is the biphasic regi
Squares: isotropic coexistence density, triangles: nematic coe
ence density. The dotted line is a guide to the eye. Units: temp
ture T* 5T/e, densityr5Nm /Nl , whereNm is the number of oc-
cupied sites andNl is the number of lattice sites.
2-2
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Ui j 52sisje i j @l1P2~cosb i j !#, ~4!

where the addition of the single-variable parameterl in-
creases the isotropic contribution to the potential betw
two neighboring occupied sites~for l.0). For l50, we
trivially recover the original anisotropic potential Eq.~3!. In
the limiting case of a completely saturated lattice, the ad
tion of the isotropic terml has no influence on the phas
behavior because all lattice sites are occupied, and so
term serves only to shift the total potential energy of t
system. This means that for all values ofl, we expect the
system to behave exactly as the Lebwohl-Lasher mo
when the lattice is fully occupied, and so can actually gu
antee the existence of an orientationally ordered nem
phase for this model, although this may be confined to
fully saturated line of the phase diagram (r51). However,
we cannota priori guarantee isotropic liquid-vapor coexis
ence, since, as we shall see, this depends on the streng
the isotropic interaction. Recall that the isotropic term sho
lead to IV coexistence, but this may be metastable with
spect to nematic-isotropic fluid coexistence that arises du
the anisotropic potential. We should point out that while
may be able to reproduce the generic phase behavior
nematogen and so study the properties of the nematic,
tropic, and vapor phases we cannot study, by definition,
translationally ordered smectic or solid phases with a lat
model.

III. SIMULATION DETAILS

The lattice-gas Lebwohl-Lasher models defined by Eq.~4!
for various values of the variable parameterl were studied
using grand canonical Monte Carlo simulations at fix
chemical potential m @16#. One cycle involved Nt

5min(5Nm
† ,2Nl) trials, whereNm

† is the number of molecule
~occupied sites! at the start of the cycle andNl is the number
of lattice sites. The trials were conducted as follows:~a! A
canonical trial, chosen with probabilityNm

† /Nt , in which a
moleculei was chosen randomly and given a random ro
tion. Twenty percent of these trials also employed a tran
tional move, in which the molecule is moved to either one
the six neighboring sites or to a completely random positi
these were rejected if the trial position was already occup
These trials are accepted or rejected with the usual Metro
lis rules@16#. ~b! A grand canonical trial, chosen with prob
ability (Nt2Nm

† )/Nt , in which a particle is either removed a
random~and no record of its position or orientation is kep!
or inserted at a random position with a random orientati
These removal/insertion trials are chosen with equal pr
abilities and accepted or rejected with the usual grand
nonical rules@16#. Rejection is immediate if the chosen si
for an insertion is already occupied. Note thatNm

† , the num-
ber of molecules in the system at the start of the cycle
used rather thanNm , the instantaneous number of molecule
This is to ensure that the probability of choosing the differ
types of trials does not change during the cycle, that is, a
the insertion or removal of a molecule, and so strict deta
balance is maintained within each cycle.
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Initial simulations were performed on lattices of sizel 3

5153 to find values for the potential parameters and te
peratures for which interesting phase behavior could be
served. These were followed by simulations of larger s
tems of size l 35403, which were used to accuratel
determine the equation of state in the (r,m) plane along
various isotherms. A series of simulations for each tempe
ture were performed in cascade, for both increasing chem
potential starting with an empty lattice and decreas
chemical potential starting with a saturated lattice of co
pletely aligned particles. For thel 35403 system, equilibra-
tion runs of 10 000–20 000 cycles were found to be a
equate, and were followed by production runs of at le
25 000 cycles. Near any transitions, longer equilibration a
production runs of 100 000’s of cycles were used. Two ty
cal equations of state are shown in Fig. 2 forl50.80, one
below the NIV triple point~ie., where NV coexistence is
observed! and one between the triple point and the IV critic
point ~i.e., where both IV and NI coexistence can be o
served, depending on the chemical potential!.

The equations of state~see Fig. 2! were used to estimate

FIG. 2. Equation of state for the lattice-gas Lebwohl-Lash
model with l50.80. ~a! Nematic, isotropic liquid, and vapo
branches of the equation of state atT* 51.04, ~b! nematic and va-
por branches atT* 51.00. The inset in~a! shows the nematic-
isotropic transition in more detail. Open points: simulations star
in the nematic phase. Closed points: simulations started in the v
phase.
2-3
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MARTIN A. BATES PHYSICAL REVIEW E 64 051702
the coexistence densities of the observed phases. In pra
for the higher temperatures, it is straightforward to extr
the coexistence densities from the small but finite hyster
in the equation of state. At lower temperatures, the hyster
is somewhat larger, but this region of the phase diagr
typically corresponds to a high-density nematic~almost fully
saturated lattice! coexisting with a low-density gas~virtually
empty lattice!, and so is not as interesting as the high
temperature region of the phase diagram. Indeed, these
peratures for the model system would most probably co
spond to the regions of smectic or crystal stablility for re
systems, which cannot, by definition, be investigated w
the lattice model.

IV. PHASE BEHAVIOR AND DISCUSSION

The phase behavior was determined as outlined in
previous section for the lattice-gas Lebwohl-Lasher mo
with l50.50, 0.75, 0.80, 0.85, and 1.00. The phase diag
for l50 @15# has already been discussed in Sec. II and
shown in Fig. 1. The phase behavior forl50.50 is similar to
that exhibited by the model withl50 in that only nematic-
and isotropic-fluid phases are observed, although
nematic-isotropic fluid coexistence curve is shifted to hig
temperatures. This temperature shift reduces the regio
stability of the nematic phase. The phase diagram for
larger value ofl50.75 highlights this effect@see Fig. 3~a!#.
The nematic is not stable at any temperatures belowr
'0.92, compared tor50.84 for the original model withl
50. At this strength parameter, the first evidence of an
critical point may be found. The equation of state~not
shown! obtained for increasing chemical potential indica
that a density jump occurs between an isotropic-vapor
liquid phase, although the liquid phase exists only ove
very narrow chemical potential range, as a second jump
density to nematic phase occurs on increasing the chem
potential further. On lowering the chemical potential starti
in the nematic phase, the isotropic phase is not obser
rather the nematic transforms directly to a low-density va
phase, with no further transitions observed. It seems lik
that, for l50.75, the isotropic liquid-vapor coexistence e
pected for a purely isotropic potential is just metastable w
respect to the phase separation into a nematic- and isotro
fluid phase. Thus, the liquid-vapor critical point is very clo
to the nematic-isotropic-vapor triple point forl50.75.

On increasingl to 0.80, the isotropic branch of the equ
tion of state is clearly stable with respect to both the va
and nematic phases over a range of temperatures@see Fig.
2~a! for the equation of state atT* 51.04# and so we do
observe isotropic liquid-vapor coexistence. If the chemi
potential is increased at fixed temperature, the system un
goes a further transition to the nematic phase, at whic
much smaller change in density is observed. This, of cou
is nothing strange since increasing the chemical potentia
the simulation is similar to increasing the pressure in a r
system@17#. It turns out to be much easier~for a lattice
system! to specify the chemical potential rather than t
pressure.
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Note that forl50.80@see Fig. 3~b!#, the critical point for
the isotropic-vapor transition is below the upper bound
the nematic-isotropic transition for the fully saturate
Lebwohl-Lasher model. This means that for all temperatu
where a distinct isotropic liquid is observed, a transition to
nematic phase will be observed at higher-chemical poten
~or pressure!. Since the energy parameter for the isotrop
lattice-gas model@Eq. ~2!# simply scales the temerature d

FIG. 3. Phase diagrams for the lattice-gas Lebwohl-Las
model with ~a! l50.75, ~b! l50.80, and~c! l51.00. The solid
lines are guides to the eye, and the dotted lines indicate the nem
isotropic fluid coexistence curves for the model withl50 ~see Fig.
1!. N: nematic, I: isotropic liquid or fluid, V: vapor. Units are a
Fig. 1.
2-4
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COMPUTER SIMULATION STUDY OF THE PHASE . . . PHYSICAL REVIEW E 64 051702
pendence of the coexistence curve for liquid-vapor sep
tion, we expect that increasing the strength of the isotro
parameterl in the mesogenic model should raise the liqu
vapor transition to higher temperatures. This is indeed w
is observed, as shown in Fig. 3~c!. The IV critical point
occurs at a temperature higher than the NI transition te
perature for the Lebwohl-Lasher model. This may be see
an artifact of the model. Although we may expect the
transition to occur at higher densities at higher temperatu
the model cannot access densities greater thanr51. Clearly,
increasingl would raise the critical point to even highe
temperatures and further reduce the region of stability of
nematic phase. Indeed, ifl is increased so that the coexistin
liquid and vapor phases have densitiesr51 and 0, respec-
tively, above the NI transition temperature of the Lebwo
Lasher model, then the nematic phase would only be
served along ther51 isochore, that is, for the fully occupie
lattice model.
-
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V. CONCLUSIONS

We have performed grand canonical Monte Carlo simu
tions on a lattice-gas extension of the well-known Lebwo
Lasher model. We find that depending on the strength of
single-variable parameterl, the model may exhibit either a
two-phase phase diagram involving isotropic fluid and ne
atic phases or a three-phase phase diagram, containing
tinct isotropic-vapor and liquid phases in addition to the o
entationally ordered nematic. This, therefore, provides
useful model with which to study condensed mesogens
coexistence with their vapor phase, for example, at nema
vapor and isotropic-vapor interfaces.
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