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Evolution of induced axial magnetization in a two-component magnetized plasma
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In this paper, the evolution of the induced axial magnetization due to the propagation of an electromagnetic
(em) wave along the static background magnetic field in a two-component plasma has been investigated using
the Block equation. The evolution process induces a strong magnetic anisotropy in the plasma medium,
depending nonlinearly on the incident wave amplitude. This induced magnetic anisotropy can modify the
dispersion relation of the incident em wave, which has been obtained in this paper. In the low frequency Alfven
wave limit, this dispersion relation shows that the resulting phase velocity of the incident wave depends on the
square of the incident wave amplitude and on the static background magnetic field of plasma. The analytical
results are in well agreement with the numerically estimated values in solar corona and sunspots.
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I. INTRODUCTION in a two-component plasma, this induced magnetization were
found to be inversely proportional to the cube of the ambient
The investigation of the propagation of electromagneticmagnetic field and the square of the incident wave ampli-
waves is a long studied subject of plasma phy¢see[1] tude, and acts in the direction of the incident wave propaga-
and references thergirin the traditional approach one stud- tion. Such effects are expected to be significant in the study
ies low amplitude waves propagating in an uncorrelated®f various processes in the sun and other stars, including
plasma. Important information on the properties of plasmadulsars. This effect may be demonstrated in laboratory plas-
in the linear response regime can be obtained from th&as.
knowledge of the dielectric tensor. The dielectric function of ~In this paper, it has been shown that the zero harmonic
a magnetized uncorrelated plasma has been extensively stufiagnetic moment generated from an elliptically polarized
ied by Horing[2]. The dispersion of low amplitude waves or €M wave along the direction of its propagation induces
the interaction of low intensity particle beams with plasmasstrong dc magnetic permeability depending nonlinearly on
may be studied by emp|oying the dielectric function. Re_the incident wave amplitude and acts in the same direction as
cently, the stopping power of an uncorrelated plasma hathe induced magnetization. Moreover, a small perturbation of
been investigatefi3]. There have been two basic lines be- the self-generated zero harmonic magnetic moment starts to
yond the traditional investigations of electromagnetic mode§Volve. This evolution can be investigated by using Block
propagation. One line considers the influence of correlatioffquation mode[14]. In this paper this evolution has been
effects on the plasma dispersion relations. Recent papers aftidied and it has been shown that it induces strong magnetic
devoted to the study of the dielectric tensor of correlatecnisotropy in the plane perpendicular to the direction of the
magnetized plasmas and to the investigation of the electrgncident wave propagation. This induced magnetic anisot-
magnetic mode dispersion in coupled magnetized plasmd®Py is evident from the existence of nonvanishing off-
[4,5]. The other line is aimed at the investigation of nonlin- diagonal elements of the magnetic permeability tensor,
ear effects in uncorrelated plasmas. A growing number ofvhich also depend nonlinearly on the incident wave ampli-
papers is dedicated to the study of the propagation of intendélde. _ ) ) _
radiation in plasmagrecent works are cited if6]). In general plasma medium is not a magnetic material.
One of the important area in these investigations is thétowever, the propagation of an incident em wave in a
generation of magnetic fields under the influence of electroplasma generates a self-generated uniform magnetizistjon
magnetic(em) waves[7]. One of the sources of the genera- that induces a strong magnetic permeability in the plasma
tion of induced magnetization is the inverse Faraday effecinedium depending nonlinearly on the incident wave ampli-
(IFE). The induced magnetization from IFE due to propagatude. As magnetic permeability of a ferromagnet is very
tion of several waves in plasma, has been previously invedarge, we can assume our resulting plasma medium as a
tigated (see Ref[8-12] and references therginThis phe-  weakly ferromagnetic medium in which magnetic permeabil-
nomenon arises from magnetic moment per unit volume ofty is large but not as large as for a ferromagnetic material
the ordered motion of charges of both signs, in the presenamedium. The self-generated uniform magnetization may be
of an electromagnetic wave propagating in plagmA3]. considered as the ground state magnetization. Since we have
This induced field must have axial as well as lateral compo€onsidered long wavelength excitations, a continuum theory
nent depending on the nature of the wave-wave and wavds appropriate to study the evolution of small perturbation in
particle interactions. For an elliptically polarized Alfven the ground state magnetization.
wave propagating along the static background magnetic field Thus a weak ferromagnetic behavior of plasma is ex-

1063-651X/2001/641)/0464017)/$20.00 64 046401-1 ©2001 The American Physical Society



S. SARKARZet al. PHYSICAL REVIEW E 64 046401

pected that can change the orientation of the bulk magnetiwhich has been presented in the Appendix. This magnetic
zation of the plasma that can reduce the mobility of electronsnoment can be expressed in the form

and ions and as a result the displacement current dominates

over the conduction curreftl4]. This effect modifies the |\7I0=(MOX,M0y,MOZ), 2
dispersion characteristics of the incident em wave. The dis-

persion relation of the incident em wave in the resultingwhereMy,=0, Mo,=0, and

plasma medium has been obtained in this paper. In the low

frequgncy Avagn wave limit, it has bgen seen thgt the phase L Os(ast YsBs)(Bst Ysas)

velocity of the incident Alfven wave in the resulting plasma Mo,=— 20 &~ 2,2 &)
- - e s=e,i (1-Y9)

medium depends on the static background magnetic field of s

the plasma as well as on the square of the incident wave .

amplitude. As the induced magnetization is directly propor-

tional to the square of th_e incident wave amplitude, the in- gea qb Q. 9sHo

crease in the wave amplitude causes to increase the induced ag= , = , Ye&—, Q= ,

IFE magnetization. This pronounces the induced magnetic MswC MswC @ msC @

anisotropy, and ultimately inhibits the Alfven wave propaga-

tion in the resulting plasma medium. These results have bee@ me., Q. (s=e,i) are charge, mass, and cyclotron frequen-
verified numerically both in the solar corona and sunspots. ;¢ gf elsectron’s and ions re’specti\}ayandb are the am-
On the basis of this mechanism many authors have alsjiv qes of the incident elliptically polarized em wave, and

lreac:jyéigl\l/elqped anew rg%chgnislm of staziliza;ionl of stimupy is the static background magnetic field. The unperturbed
ated Brillouin scatteringSBS in laser produced plasmas, ,asma density is given hyy=ng.= ng; andc is the velocity

which is a consequence of the self-generated magnetic field: . : . __

in the SBS proceqssll 15, In that casge a temporal?y expo- 8[f I|gh£ in vacuum, w is the frequency of the incident em
nentially growing zero harmonic magnetic field was gener—""aﬁe’Z IS tkr]‘e .dl(;ectlc(;n of |nC|d'ent. wave propagation.
ated in both axial and lateral directions. The lateral magnetic €nce the induced magnetization Is
field was found to be responsible for the initiation of mag-

netic anisotropy in the plasma medium, which can exponen- N4 M= — 4mneC As(@st YsBs) (Bst Ysats)
tially reduce the phase velocities of incident and scattered * 0z 20 =% (1_y§)2 '
light waves. However, for an elliptically polarized em wave (5)

propagating parallel to the static background magnetic field,

a zero harmonic induced axial magnetization is only generwhich also acts along the direction of wave propagation.
ated. This axial magnetization in the ground state cannoBubstituting Eqs(1)—(3) in the constitutive relation

induce magnetic anisotropy. The evolution of its linear per-

turbation induces magnetic anisotropy in the plasma me- B=puH, (6)
dium, which has been investigated in this paper by using
Block equation model. with

In Sec. Il, the dc magnetic permeability induced by the
self-generated axial magnetic moment has been obtained. Its ~ B=H+47M, H=H,, M=M,, u=p,, (7
evolution has been studied in Sec. lll. The effect of this
evolution on the incident em wave is investigated in Sec. [IVwe obtain
Section V describes these results in the low frequency Alfven
wave limit. Calculation of the magnetic moment induced by Ho+47Mo,= poHo, 8
the Alfven wave is given in the Appendix. Numerical esti-
mation has been followed by discussion cited in Sec. vI. @nd hence

—1_ E é (astYsBs)(Bst Ysas)
II. dc MAGNETIC PERMEABILITY INDUCED Hoz 2% Ys (1_Y§)2
BY SELF-GENERATED AXIAL MAGNETIC MOMENT

)

In the classical approximation, the bulk magnetizationand as,Bs are the dimensionless amplitude of the incident
em wave, where&X,= w3/ w? and wj=4mqiny/m; is the

present in a magnetic material should be due to orbital an® )
gular momentum of charges, because of the distortion ofl@sma frequency adth species of charges. _
orbital motion under the inference of em fiel®-12,7,13. ) This SPOWS that the zero harmonic magnetic moment
When an em wave propagates along the static backgrourd =M,z induces a strong dc magnetic permeability,
magnetic field, in a two-component plasma, the magnetielepending nonlinearly on the incident wave amplitude and in
moment is generated from the IFE mechanism alongzthe thezdirection. Thus the resulting plasma medium behaves as
direction, a ferromagnetic medium with the IFE magnetization as the
ground state magnetization. In the next section, the dynamics
R R of this self-generated axial IFE magnetization will be stud-
MOZ M 0Z, (1) ied.
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MAGNETIC MOMENT IN A WEAKLY FERROMAGNETIC Viss=(Maz, Mis ) and Hi=(Hy Hy,0) - (47
MEDIUM
are the first order perturbations Ii?hs andﬁeff, respectively.

From a macroscopic point of view, we may consider theUsing Egs.(12) and(13) in Eqg. (11) and linearizing we ob-
ferromagnetic media as continua characterized by a magnetiain
moment density called magnetization. The ground state of a
ferromagnet is of uniform magnetization at absolute zero d|\7|1s ) R R R
temperature. A small disturbance in this magnetization will ——=—{(MggXHq)+(MsXHp)}. (18
propagate in such a medium, and this propagation can be

studied by Block equation modglLQ] o _ _ _
Substitution of Eqs(15) and (17) in the right-hand side of

aM  y - . Eq. (18) gives
Gt = c MXHero, (10
. . Mlsx: —oysH 1y+Qs|\/I 1s,r (19
whereM is the bulk magnetization and; is the effective
magnetic field in the mediumy is the charge to mass ratio, T B
andc is the velocity of light in vacuum. Mis, = OmsH 1™ QsMas,, (20

The propagation of an elliptically polarized em wave in a
two-component magnetized plasma induces a zero harmonighere wys=qsM 0s, /mgc is the magnetization frequency of

axial magnetic moment from IFE, which generates a nonlinthe sth species of charge particles, which depends on the
ear magnetic permeability in the same direction. The plasmgduced magnetizatio 0s,- It is actually the frequency of

behaves as a weakly ferromagnetic medium and the 'nducegﬂ/ranon of charge partlcles about the lines of forces of the

magnetic momenMO acts as its bulk magnetization. This induced maanetic fieli ... Substitutin from Ea.(16
bulk magnetization is immediately perturbed and the result- 9 Os- Mos, a.(16
n wys, We obtain

ing magnetization follows the equation

>

Ms_ Vs =3 . Xs(astYsBs)(Bst Ysas)

wheres=e(electron)i(ion) and the effective magnetic field
He¢s is the sum of the background magnetic fielg and the

first harmonic magnetic fielclﬁ1 of the incident em wave.
Thus, we have

From Egs.(19) and (20) we obtain the coupled differential
equations

(D2+Q§)M15X:_stH1y+stMsH1X1 (22)

Herr=Ho+H;. (12

: D2+ Q2)M 1 =wysH1x— QsomsHay - 23
Moreover, the resulting magnetization is ( IMis, = ousH— QsousHiy @3

|\7|S: |\7|05+ |\7|15' (13) Hix,H,y are thex andy components of the magnetic field

H, of the incident em wave propagating along #irection
whereM y is the linearized perturbation of the bulk magne-and henceM,s ,M;s are all proportional to exp(kz—w)].

tization M os. Both M ;5 andH satisfy the condition Hence Egs(22) and(23) can be written in the form

My <|Mogl, [Hil<[Hol. (14 Qops iwwys
N M lSX: Qz 2 111X Qz H ly s (24)
Mos being the zero harmonic magnetic moment from the s— @ s— @

orbital motion of $h species of charges given by

—lwwys Qswps
Ms=(0,0M s ), 1 Mis=— 5 Hixt —5——Hyy, 25)
0s=( 032) (15 1s, Qg_wg 1x Qs ? 1y (
where _
or, equivalently,
NoC Os( st YsBs)(Bst Ysas)
Mos =— = 16 - ~ -
" 20 (1-v2? (10 Mise=XeH1, (26
is independent of both space and time. Here, where

046401-3



S. SARKARet al.

ODsoys  1woys
Qg—wz Qg—wz
5(52 —lwoys Qsoys ol (27)
02— 0? 02-0?
0 0 0

is the magnetic susceptibility tensor, whose nonvanishing

components are

_ _ Qsoys
Xsyy Xsyy Qg—wZ’
W\
X5, = Xs : (28)

Xy yX Qg_wZ

Hence the net induced magnetic susceptibility of the result-

ing plasma medium is

X=Xet Xi= Ei Xs- (29)

s=eg,

PHYSICAL REVIEW E 64 046401

IV. EFFECT OF MAGNETIC ANISOTROPY
ON THE INCIDENT em-WAVE PROPAGATION

Since we are studying magnetic moment dynamics in the
plasma medium under the influence of long range coulomb
forces between the charged particles, classical theory is more
appropriate than quantum mechanical theory because any
disturbance propagates through a plasma medium with a
wavelength much greater than the atomic distances.

In this section we shall investigate how this induced mag-
netic anisotropy changes the dispersion characteristics of the
incident elliptically polarized em wave.

The induced magnetic anisotropy reduces the mobility of
the charge particles. Hence the conduction current becomes
negligible and the displacement current dominates over con-
duction current. Thus in such an insulated ferromagnet, the
propagation of an em wave obeys the following Maxwell
equations:

Consequently, the induced magnetic permeability of the mewith constitutive relations

dium becomes
;L:T+47T E )A(S, (30)

wherel is the unit matrix of order 3. Substitution of E@8)
in Eq. (30) gives

A7Qswps
Moxx s=2e,i Qg_ o2 ( )
Arwwys
=— —_—, 32
Mxy s;e,i Qg_ w2 ( )
and hence
1 XsYs(ast YsBs)(Bst Ysa)
=1+ = , (33
IL'LXX 2 Szze,i (1—Y§)3 ( )
1 X(ast+Y +Y.a
foy=— 5 | slas sBs)(ZIB; sQs) . (34)
s=eii (1-Y9)

It is seen from expression83) and (34) that u,, and wuy,

depend on the square of the incident wave amplitude. Th
nonvanishing off-diagonal elemenys,, and u,, indicate
that a strong magnetic anisotropy is developed in xiye
plane, perpendicular to the direction of incident wave propa-
gation (along thez direction. This anisotropy is exclusively

due to the evolution of the perturbatidh; in a plasma me-

dium, having weakly ferromagnetic properties.

VXE= . 35
ﬁxﬁ—laﬁ 36
D=¢E,
B=puH, (37)

wheree, u are, respectively, the dielectric tensor and mag-
netic permeability tensor of the resulting plasma mediy]m,
has been already obtained in Sec. Ill. Since the plasma under
consideration is initially magnetized, it has a dielectric an-
isotropy of the form

€xx —i€y O
= iexy €yy 0], (38)
0 0 0
where
XsYs
= . 39
Exy =t 1—Y§ (39

Since the electric fiel&,, ,E;, and magnetic fieldH,, , H,,

of the incident electromagnetic wave contain the phase factor
exdi(kz—wt)], where w andk are its frequency and wave
number, the Maxwell equation85) and (36) together with

ahe state relation&37) reduces to

n( Elx) :< i/vay -/J'yy) ( Hlx) , (40)
E1y — Mxx T Hxy Hly
H ie € E
L Bl [y R
Hly — €xx |€Xy Ely
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SubstitutingE,, ,E;y ,Hqx,H;y from Egs.(A15) and (A16), Only very long wavelength Alfven waves can propagate if
we obtain
2 2
n?= (€xx=™ exy)(ﬂxxi Mxy) ) (42) % Ha =1 (48)
L S . . o c? a®Fab+b?
which is the modified dispersion relation of the incident em

wave in the anisotropic plasma medium. Substitutiop gf, ) ) )
Fxys €xxs €xy from EGs.(33), (34), and(39) in Eq. (42) gives The first branch of the nonlinear Alfven wave has a cutoff if

) W2

+ _—< 49
e s c? a®+ab+b? 49
1+E 2 Xs(ast YsBs)(Bst Ysas) (43 .
2s=ei (1xY(1-Y))? the second branch hagh cutoff if
where n=kc/w is the refractive index of the resulting 2 H2
plasma medium. This dispersion relation shows that the dis- A% (50)
persion characteristics of the incident em wave depend on c? a?—ab+b?

the product of the incident em-wave amplitude. In the next
section we shall investigate such characteristics for the ca

We see that for a given amplitude of the Alfven wave the
of Alfven waves.

magnetic field strengthl; should exceed a certain threshold
Ho>[4mnym;c?(a®+ab+b?)]Y* to make propagation of
the Alfven wave possible.

If the incident em wave propagating in a two-component
plasma along the static background magnetic field is an Al-
fven wave, the wave frequency satisfies the condition

V. ALFVEN WAVE APPROXIMATION

VI. NUMERICAL ESTIMATION

In the solar corona, the ambient magnetic fieldHg
0<Qe,Q;. (44 =102 G and the plasma mass densitypis 10~ g/cn?.
Hence the Alfven speed in a solar coronacjs=2.75X 10°
cm/sec. If an Alfven wave of amplitude= 108 esu propa-
reduces to gates in the solar corona, the induced magnetic field would

K2c2 be of the order of 10* G and the phase velocity of the
ni=(—c) incident wave in the resulting anisotropic plasma medium is
- w? . very large but finite. This implies that only very long wave-
(45) length waves can propagate in such a medium. For an inci-
dent wave amplitud@=10"' esu, the induced magnetiza-
whereci =H3/4mnym; is the Alfven velocity in the plasma. tion is 1072 G, and the wave phase velocity'k becomes
Thus we get two branches of mode propagation. In the casafinite. Moreover, if the incident wave amplitude increases
of a low amplitude wavea,b— 0, we obtain from Eq(45)  to a value 10° esu, the induced magnetization becomes 1.13
the dispersion relation of the ordinary Alfven wave with only G and the phase velocity of the incident wave becomes
one branch. Consider the modifications of wave propagatioimaginary and no further wave propagation is possible. The
caused by the nonlinearity. First, the nonlinearity produces &efractive index of nonlinear circular polarized Alfven wave
splitting of the Alfven branch into two branches correspond-with amplitudea=b and propagating in the solar corona is
ing to the left elliptically polarizedd andb of equal signor ~ shown in Fig. 1. With increasing wave amplitude the refrac-
to the right elliptically polarized Alfven wavea( and b of  tive indices of both nonlinear Alfven brunches decrease. The
different sign, respectively. Second, the phase velocity offirst brunch @2) has its cutoff at an amplituda=5.3
the incident Alfven wave in the resulting anisotropic plasmax 10~ 8 esu, whereas the second brunch ranges up to an am-
medium becomes plitude ofa=9.1x10 8 esu.
Similar results have also been obtained in sunspots, where
w c a*¥ab+b? 2Fab+b? Ho,=3000 G, mass densitp=10° g/cn?, and Alfven
( ) m/ . (46)  speedc,y=2.7x10° cm/sec. In that case fa=10"2 esu,
H'"=420 G, andw/k is very large but finite. Fora
=101° esu, H'™ becomes 4200 G and/k is infinite, and
Gor a=10"1 esu,H"=4.2x 10* G, w/k is imaginary.
These numerical results confirm that the increase in the

Under the approximatiof¥4) the dispersion relatiot43)

c:2 c? a’Fab+hb?

CA C,ZA H g

This shows that Alfven waves can propagate with very larg
but finite phase velocity, Eq46), if

2 2 incident wave amplitude produces a magnetic anisotropy via
Ca Ho the increasing induced tization in the pl di
29 o9 (47) g induced magnetization in the plasma medium
c? a’Fab+b? and consequently inhibits the Alfven wave propagation.
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V-E=4mp, (A5)
V.-H=0, (AB)

where p=3¢_.ns and | =3,_.nqsUs are the charge
and current densities in the plasma. Assuming the plasma is
initially quasistatic and quasineutral, such that

Uso=0, No=Nge=ng;. (AT)

We linearize the field variables,

- - - -

U5=U50+ L—jsl, ns= nso+ nsl, E=Eo+ El,

1x10”

0 sx10™
wave amplitude (in esu)

210 ax10™ ex10™

FIG. 1. Squares of refraction indiced of nonlinear left circu-

(A8)

lar polarized Alfven wave propagating in the solar corona vs wavevhere I:|0= (0,0H,) is the ambient magnetic field acting

amplitudea (in esy: solid line,n?; dashed Iineni . Magnetic field

strength is Hy=10"2 G and plasma mass density ip

=10"1¢ g/ent.

VII. DISCUSSION

along thez direction ancﬁsl, N1, El, ﬁl are the first order
perturbations in the field variables about their equilibrium
value.

Linearizing the basic equatiori&1)—(A6) with the help
of Eq. (A8), we obtain

From the results so far obtained in this paper, it is evident
that for a strong em wave propagating along the static back-
ground magnetic field in a two-component plasma, the self-
generated zero harmonic axial magnetic moment starts to
evolve. This evolution induces a strong magnetic anisotropy
in the plasma medium and the medium consequently behaves
as a weakly ferromagnetic medium with the zero harmonic
magnetization as the ground state magnetization. This anisot-
ropy inhibits the incident wave propagation in the resulting
plasma medium. Moreover, as the wave amplitude increases,
the anisotropy becomes strong and absorption of the wave by

the medium is pronounced.

APPENDIX: CALCULATION OF THE MAGNETIC
MOMENT FOR AN ELLIPITICALLY POLARIZED em
WAVE IN A TWO-COMPONENT MAGNETIZED PLASMA

We consider the propagation of a transverse em wave in a

two-component cold magnetized plasma in which electrons

‘9651 qs—> QS - >
P _EEﬁm—Sc(uSlXHO)’ (A9)
g - -
T‘FV'(nousl):O, (AlO)
VXE, - 9Hy A1l
1= (A11)
> - 1 ﬁél 477”0 >
VXHl_ET c S;‘;J QsUs1 (A12)
V-E;=47 2 gy, (A13)
s=e,i
V-H,=0. (A14)

and ions are both mobile. Collisions have been neglected. ) o )
The basic equations describing such a p|asma model, in tH@t the first order electric field of the em wave that induces
cold plasma limit are

W s V)USZHSE msC(USXH), (Al)
an N
—+V-(ngug)=0, (A2)
at
VXE= L H A3
- EW: ( )
ﬁxﬁ—l&é ame A4

the perturbation in the plasma model be

E,=(acosf,bsing,0), 6=kz—wt, (Al5)

wherez being the direction of propagation of the em wave.

Substitution of Eq(A5) in Eq. (All) gives
H,=n(—bsin#,acoss,0), (A16)

wheren=Kkc/ w is the refractive index of plasma, andk are

the frequency and wave number of the incident em wave.

Solution of the linearized set of equatiots9)—(A14) with

the help of Eqs(A15) and (A16) gives the first order per-

turbed velocity of the charged particles;, induced by the
first order transverse em wave
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L-jsl: (Uslxi usly7 0), (A17)
- Qs wat (O
Usy, = — me msm 0, (A18)
s
- O wb+Qga
usly_ Hs Tﬂg 0S6. (Alg)

After integrating Eqs(A18) and (A19), we obtain the first
order wave induced displacement of the charge particles

B gs watQgpb 9 A20

YL e o202 cosé, (A20)
b+Q.a

Gs @BT8ine. (A21)

Ys1, =
Yy Msw wz—Qg

PHYSICAL REVIEW E 64 046401

M=(0,0M,), (A24)
where
_— E 0s( as+Ysﬁs)(2Bs+Ysas) . (A25)
2w s=% (1_Ys)2
where (as,8s)=0s(a,b)/mswc, Y=Q. /0w, and Qg

=gsHq/mgc. Hereqs andmg are charge and mass of tht
species of charge patrticles.

This is the induced magnetization from IFE generated
from the distortion of the ordered motion of charge particles
under the influence of incident em wave. Equati@®4)
shows that this induced magnetic moment acts alongzthe
direction that is the direction of the incident wave propaga-

tion. This is the ground state magnetizatibh=M, of the
weakly ferromagnetic medium as discussed in this paper.

Hence the induced magnetizatioh" is

Hence the magnetic moment induced by the electrons and

ion motion under the influence of the incident em wave is

M= > Mg, (A22)
s=e,
where
R
MSZZ_C(VSIXJsl)v (A23)

with fsl= noqsl]sl, is the first order perturbed current density

due to the wave induced motion of charge particles. From

(A18)—(A22) we obtain

Hi"=47M. (A26)

Substituting Eqs(A24) and (A25) in Eq. (A26), we obtain

H"=(0,0H7), (A27)
where
Hin: — 27Tn0C qs(as+YSBS)(Bs+Ysas)
‘ W s=e,i (1—Y§)2 :
(A28)
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