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Synchronization effects in a dual-wavelength class-B laser with modulated losses
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Different types of synchronization: in-phase, antiphase, phase, and lag synchronization, as well as amplitude
death have been found theoretically in a dual-wavelength class-B laser with modulated losses in one of the
channels. Depending on the laser parameters, oscillations in master and slave channels can be either completely
or partially synchronized. The conditions for the dual-wavelength regime have been established. The analysis
has been performed on the basis of transfer functions of the master and slave channels.
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[. INTRODUCTION chaotic systems can be made to synchronize by linking them
with a common signal. Later, their method has been realized
During recent years, an interest in studying synchronizawith two coupled Nd:YAG(yttrium aluminum garnetlasers
tion phenomena in various systems has increased signifi15], two CGO, lasers, one of which was driven by the output
cantly. The main reasons of such interest are the fundamentaf another lasef16], and semiconductor lasef&7]. More
aspects of a deeper understanding of coherent dynamical beecently, the synchronization effects have been demonstrated
havior of coupled systems in different areas, including chemin a bidirectional Nd:YAG ring laser with modulated pump-
istry [1], physics, biology, and economif2], as well as due ing [18], in arrays of three Nd:YAG lasergl9], in two
to the important practical application to secure communicaNd:YVO, microchip laserg20], in two pulsing CQ lasers
tions [3]. By synchronizationis commonly meant that the Ccoupled through a common saturable absoff, in two
states of ensembles of two and more coupled oscillators witgrPium-doped  fiber laserd22], and in a microchip
different individual frequencies are properly adjusted. LiINdP,O,, laser array with self-mixing feedback modulation
It is known that depending on the coupling strength and 23]- ) o .
individual frequencies of coupled systems, synchronization !N this paper we study synchronization effects in a class-B
can be eithecompleteso that the states of the interacting |aser with modulated losses in one of the coupled channels.
systems coincidémaster-slave synchronizatipar have op- Thg laser is formed by two-channel cavity with a common
posite phasegantiphase synchronizatipfd—6] or partial so ~ active medlum. that acted as a coupling. Such dual-
that the states are slightly differeff]. Particular cases of Wavelength optical sources have recently attracted much at-
partial synchronization arphase synchronizationvhen the ~ tention for potential applications in wavelength division mul-
phases of coupled oscillators are equal while their ampliliPléxes transmission systems and optical signal processing.
tudes are noncorrelatdd] and lag synchronizationwhen N particular, a dual-wavelength GQaser is promising in
the amplitudes are correlated but one system lags in timgémote sounding of the atmosphere, isotope separation, and
behind the othef8]. In general, synchronization can be de- Metrological application$24,25. In molecular gas lasers
fined as the presence of a functional relation between thEany wavelengths can be emitted as a result of several speci-
states of master and slave systeigesneralized synchroniza- fied vibrorotational transitions. The dual-wavelength regime
tion [9]). For stronger coupling or time delay in the coupling in @ low-pressure cw CPOlaser has been first realized in
an intriguing effect arises where the oscillators pull eacht980 [26]. Some dynamical regimes of such a laser with
other off their limit cycles and collapse to a state of zerofixed modulation depth and losses in both channels have
amplitude[10,11]. This effect known asmplitude deatthas ~ been recently demonstrated experimentgly]. The goal of
been theoretically predicted by several authfi8,12,13 the present study is a detailed theoretical analysis of synchro-
and recently demonstrated experimentally by Herretral.  Nization phenomena in a dual-wavelength Claser in a
[14] with a pair of thermo-optical oscillators linearly coupled Wide range of modulation depths and frequencies, and fur-
by heat transfer. However, to our knowledge, this effect hagher generalization of our approach to class-B lasers. We
not been reported for laser systems. emphasize that such lasers with independent tuning in each
Lasers are among the most convenient dynamical systené§1annel is an optical analog of a system of two coupled
as for theoretical and experimental study of these phenomerf$cillators. The coupling between lasing lines is realized
for secure communications. The ability to synchronizethfough the rotational relaxation, i.e._, collisional processes of
coupled chaotic systems was first demonstrated by Pecoffs molecules. In most of the previous works synchroniza-

and Caroll in 19946]. They have shown that two identical tion effects were studied versus the coupling strength. As
distinct from the previous studies, all calculations in this

work have been performed for the fixed coupling that is de-

*Email address: apisarch@foton.cio.mx fined by the constant pressure and composition of the active
On leave from Stepanov Institute of Physics, National Academymedium. However, a change in the modulation frequency
of Sciences of Belarus, Minsk, Belarus. leads to a change in the time delay in the response of the
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population inversion in the slave channel to the loss modu- dn%

lation in the master channel. We demonstrate different stages T Blul(n%— n%) - VR(ni— F}nl) - Vl(n}— FiNl),

of synchronization in the dual-wavelength laser: from com- ®)

plete synchronization to partial synchronization including

phase and lag synchronizations. We report for the first time ;.1

in laser systems on a combinéd-phase—antiphaséype of R Blul(n%_ ni) _\/R(n%_ F%nz) —Vz(n%— F%Nz),

synchronization and an amplitude death effect when lasing in

the master channel disappears and oscillations in the slave )

channel are damped out to reach a steady state. We also o2

describe for the first time to our knowledge phase synchro- 1 2.2 2_ 2 2_p2

nization in coupled chaotic laser oscillato?s. P g gt Bat2(Nz=ny) = Ve(ni—Fing) =Va(ni—FiNy),
The paper is organized as follows. In Sec. Il we describe 8

the complete system of equations for a L£laser, which

accounts vibrational and rotational relaxation processes. Indn3

— 2 2 2 2 2 2
Sec. Il we discuss the results of the simulations. The syn- gy — ~ B2U2(N2—N1) — VR(N;—F3Nn2) = Va(nz —FoNy),

chronization effects are generalized in Sec. IV to class-B (9)
lasers on the basis of a two-level model for the active me-
dium conditions. Finally, the main conclusions are presented du,
in Sec. V. gt~ Usxayi—kyug, (10)
Il. NUMERICAL MODEL du,
W:UM(Xzyz_kz)UZ: (11)

As a particular case of the class-B lasg28], in which
polarization effects can be adiabatically eliminated, we shall - s .
consider a system of equations successfully used earlier fo¥herey;=n;—n; andy,=n;—nj are the rotational popu-
the description of a single-wavelength ¢@ser[29,30. lation inversions.

Below, in Sec. IV, the main results will be generalized to a HereMg andM; are the relative populations of the fun-
simplest two-level model of the active medium. damental and first excited vibrational levels 0f;NNg,N;,

For the sake of definiteness, we suppose a single-mod@d N, are the relative quasiequilibrium populations of the
lasing in the centers of P20 and P16 lines within thevibrational 060, 100, and 081 levels of CQ; n; andn;
00°1-1°0 vibrorotational transition. Let the losses in the are the relative quasi-nonequilibriufimstantaneoyspopula-
first channel (mastey be modulated as followsk,=k;, tions of the vibrational 1% and 061 levels of CQ; ni, nj
+kqq[ 1+ sin(2mt)], where X4, and v are the modulation and ni, n% are the relative populations of lower and upper
amplitude(depth and frequency andt;, is a constant loss. laser rotational sublevels in the master and slave channels;
The losses in the second chanfghve are fixed,k,= k. N, is the free-electron density in the active mediuiy; and
The same active medium is responsible for the lasing in bothV,q are the effective rates of the collisional relaxation in the
channels. Then the equations can be written as follows: 00°1-10 and 160-000 transitions;V is the rotational
relaxation rate}/,; andV, are the vibrational relaxation rates
that describe the relaxation of the instantaneous populations
n, andn, to their quasiequilibrium valued; andN,; Wyc
is the rate constant of the vibrational energy transfer fram N
dN;, to CO,; B1,B2, and B; are the pumping rates of the vibra-
——=B1NgNg— W;gN; + W,;N,+ Byuy (ny—ni) tional levels of CQ and N, in the electric dischargéyc and

dt Ny are the volume densities of G@nd N,; F1, FZ andF3,

F3 are the normalized Boltzmann functions determining the
portion of the molecules in the corresponding rotational sub-
levels in the master and slave channels; B, andu,, B,

are the radiation densities and spectral Einstein’s coefficients
for the master and slave channalsis the speed of light in
the active medium, ang is the packing coefficient for the
active medium in the cavity.

All necessary parameters were calculated on the basis of

dM,
WzﬂaNeMo+WNch(N2M0_NoM 1) 1

+Byuy(n3—n3), 2)

dN,
ot B2NeNo+WyecNy(NoM 1 —NoM o) —Wo9N,

—B,u;(n3—N7)— Byuy(n—nd), ©)

%=Blul(nﬁ—ni)JrBzuz(nﬁ—nf)—vl(nl—Nl), the analysis of the data _presented in R¢R5,31,32. We
dt assume that before the discharge switches on the active me-
(4) dium CG,:N,:He=1:1:8 has gressure of 15 Torr. When
q the discharge switches on, the dissociation reaches[38%
an, 11y 2o _ The lengths of the active medium and cavity are taken to be
gt~ Bala(nz=ny) = Balia(nz=n1) = Va(nz = No), 35 cm and 100 cm, respectively, and the temperature in the
(5 active medium is supposed to be 350 K. We assume in the
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calculations that Mg=Ms—M; and Ng=Ng—N;—N,, u, (arb. units) u, (arb. units)
where M and N, are the relative total populations of the 10, @ 10; @)
corresponding states of the g@nd N, molecules at stan-
dard conditions in the absence of pumping and lasing. 051 05}
00 4.0 6.0
Ill. RESULTS AND DISCUSSIONS : |
1201 ®) 5.0 )
Numerical simulations on the basis of the complete model
Eqgs.(1)—(11) yield four stationary solutions. These solutions 91 25
depend on the system parameters. The fixed point for two- [ s Al dla Al s Al ] | | J\
level model of the active medium will be obtained analyti- °$oo 3.08 0260 3.05 3.10
cally in Sec. IV A. Here we consider only the results for the .
. . © 2.0 ©)
case of a dual-wavelength lasing, which corresponds to pe
riodic or chaotic oscillations in both channels. Such a dual- , .| 10
wavelength regime is the most interesting with a practical n nE ' A A A
point of view. AMARANGARBANEANARES 0.0 .
3.00 3.05 3.10
A. Types of synchronization 200 @ 1or @
The dual-wavelength CQOlaser with modulated losses in  10.0 05

one of the channels exhibits a wide range of dynamical re- .
gimes ranging from periodic to chaotic pulsations. Some dy- 0945 -y 540 o 365 310
namical regimes of this laser are illustrated in Fig. 1. The
time evolution of the power densities at different modulation 180f
frequencies in the master and slave channglgndus, , are
shown respectively on the left-hand and right-hand sides ol oo
the figure. The alternative component of the losses is showr _ | ;
for reference by the dashed lines. The analysis of the curve: "3.00 3.04 3.08 3.00 3.04 3.08
shown in Fig. 1 allows one to reveal the following synchro- 4, @ 05¢ )

nization regimes.

(i) At very low modulation frequencygntiphase synchro- 3} 0.3}
nizationis observedFigs. Xa) and ia’)]. During one-half Koaoalhoaa
pf th_e _modulanon period when the Ioss_ in the master channe 0,9 LRALIL o 0055 35 —
is minimal [ sin(2m1t)<0], the lasing exists only in the mas- (ms) t(ms)

ter channel, while in the slave channel it is absent. During
the next half of the period when sinf2t)>0, the opposite FIG. 1. Temporal behavior of radiation density of the dual-
situation is realized: the rectangular pulses lase in the slaugavelength CQ laser in the mastefleft-hand colump and slave
channel while in the master channel the lasing is absenthannels(right-hand colump The alternative losses are indicated
These phases are repeated sequentially. Thus, in this case )¢ the dashed lines. k;p=3.11x10"% cm !, ky,=3.3
guasistationary regimes are realized in both channels, i.ex10% cm?, k;;=3x10™* cm™*. (a), (@) v=1, (b), (b’) 120,

the loss and gain coefficients have the same valuek), (c') 195,(d), (d') 205, (e), (€') 270, and(f), (f') 400 kHz.
xi(V)yi(t)=k;(t) (i=1,2). Therefore, the pulses in the slave

channel are flafk,(t) =consj and the pulses in the master yiqh|avs antiphase dynamics: the maxirtinimal) ampli-
channel lase in the opposite phase with the value () . N~y 4o5"in the master channels correspond to the minimal

th's. regime Fhe lass madulation leads to the switch betwge axima) amplitudes in the slave channel. In addition, we
oscillations in the master and slave channels. By changin . . )
all attention to the double pulses in the master channel: the

kq; it is possible to control the duration of the rectanguIarsmall_am litude pulse comes before each large-amplitude
pulses in the master and slave channels: with incredsing pulse P P 9 P

the pulse duration in the mastélave channel decreases . . . .
P eslave (iii) With further increase in the modulation frequency,

(increasep o ) : ;
(i) At higher modulation frequency, synchronization re- Synchronization becomegartial. In Figs. Xc) and Ic') lag

mains complete but the dynamics is more complex. Now th&ynchronizatioris observed where bpth the pulses anq th.eir
shape of the pulses is not rectangular and their duration b&nvelopes, even though they remain correlated, lag in time
comes shorter. As seen from Figgbjland ib’) the laser behind each other. The small-amplitude pulses also exist in
operates in the period-4 regime. In this case we observ#1e master channel and they are preceded by each large-
mixedin-phase-antiphase synchronizatiohe phase of the amplitude pulse. The pulses in the slave channel lase be-
large-amplitude pulses in the master channel coincides withween the small and large pulses in the master channel. As
the phase of the pulses in the slave channel so that in-phaseen from these figures, the laser operates in the period-9
dynamics is realized. However, the envelope of the pulsesegime.
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:g 15t (a) u, (arb. units) u, (arb. units)
= 3.4 v, (@ 3.4 (@)
g10}
&
~ 5 L hL 1.7 1.7
—_ 0 LR Vv oy
2 0.0 0.0
S 5| ) 200 400 0 200 400
; 9.0 v 9.0
E Ve () (®)
54T
45 45
b (c)
—~ 4 ) 0.0 0.01\
@ 3.2 0 200 400 0 200 400
= ) 7.0 v 7.0
3 _ 12 ¥
g 2 \g, Vip © ©
< o 3.1 y asl v
= 3.5 1 - 21 v
0 22 V2p2
0 5 10 15 3.0 3.1 3.2
u, (arb. units) T, (ms) 0% 200 00 *% 200 400
3.0 3.0 @
FIG. 2. (a) Phase synchronization of chaotic oscillations in the @
master and slave channels. The alternative losses are indicated
the thin line.(b) u,-u; plot shows that the amplitudes are noncor- 13 15
related. (c) Phase correlationk;q=3.1x10"% cm™!, k,=3.3 \
x107% em™L, ky;=3%107* cm™1, »=160 kHz. 0.0 0.0
0 | 200 400 0 200 400
(iv) A small further increase in the modulation frequency ‘¢ v (kHz) v (kHz)

makes the system again completely synchroni@edster-
slave synchronization when the laser operates in the
period-6 regime, as shown in Figgdl and 4d’). The stan- i e ; e e
dard case otomplete synchronizatias also realized in the Egdesg,")’ d)gk;l—o%f t?n, i(b’ E)—Szﬁx ié?’adgmgﬁx 1Ok ,_znf

. _ . . . . . , . 10— 9. ) 20— 9-
period-3 hreglm?:.but V¥'th |3te][med|ate small peaks in thex 103 cm . Natural frequencies of the system are indicated in
master ¢ apne{l igs. 1f) an, f)]. _ the figure.

(v) In Figs. 1e) and 1€') we demonstratén-phase-

antiphase synchronizatioas in Figs. 1) and ib’) but the in the master channel. In fact, the TFs shown in Fig. 3 are the

intermediate small pulses are absent. Here the laser Operatl%urcation diagrams with the modulation frequens\as a
in the period-8 regime. 9 q w8

(vi) Finally, phase synchronizatioaf chaos is illustrated control paramet.er. : .
in Fig. 2. As seen from Fig.(@), the phases of the pulses in The general informative analysis of the results performed
the master and slave channels are locked while the ampIB:;t}::euibsislcieO];oﬁlrloe\/v;:r]OnSIgse;i%tllgnsiSaiihoensTFS allows us to
tudes remain noncorrelated and sustain an irregular motioﬂ Ing g poss i
of their own[see Fig. o). In order to examine the phase (i) At small k;; the conditions for the dual-wavelength

correlation of the chaotic pulsations, the time of thih peak regime is not r_each_ed and the Ias;er operates i_n the _single-
for the slave channell,, is plotted against that for the mas- wavelength regiméFigs. 3a) and 3a)]. The radiation emits
ter channelT,, in Fig. Ac). only from the master channel whose TF has a standard shape

of a linear responsg29] with the single resonand@atura)
frequencyv;.

(i) With increasingk,4 the laser response beconmesn-
linear. The maximum of the TF at, is shifted to the low-

It is important, first, to establish conditions for the dual- frequency region and a second resonance peak in the
wavelength regime because only in this regime synchronizgperiod-2 regime appears at the frequengy~2v, [Fig.
tion can be possible. The conditions for realization of the3(b)]. The necessary conditions for the appearance of oscil-
dual-wavelength regime can be revealed from the analysis détions in the slave channel is, first, a 100% modulation
transfer functiongTFs), i.e., amplitude-frequency character- depth in the master channel. This condition can be achieved
istics of each channel. The TF describes the laser responselty increasind,;. Second, no lasing time in the master chan-
the parameter modulation. In Fig. 3 we plot the TFs of thenel should be sufficiently long for the development of oscil-
master (left-hand colump and slave channelgright-hand lations in the slave channel. Here, the dual-wavelength re-
column for differentk,,. Note, that the relation betwedén, gime is realized only in the low-frequency range; 30 kHz
andks,g is chosen so that &t =0 the oscillations exist only [Fig. 3(b")].

FIG. 3. Transfer functions of masteleft-hand column and
slave channelgright-hand colump at different modulation ampli-

B. Conditions for dual-wavelength regime
and transfer functions
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(i) A further increase irky; leads to the appearance of 4 (arb. units) u, (arb. units)
the dual-wavelengthregime over all frequency randéig. 16 16 @)
3(c) and 3c’)]. This results in three resonance frequencies in
both channelsy;;=56 kHz, v;,=98 kHz, andv;,,=234
kHz. The resonance frequencies of the laser can be presente 8
asvi1=vo—A and vi,= v+ A, wherevg=(vj1+v;2)/2 is
the average natural frequency and 2 the mismatch be- ¢
tween the resonance frequencies of the dual-wavelength I320°
ser. The resonance peaks in the period-2 regime appear i
Vipa~2vp+ 2A. s
When the slave channel is shut off and the laser operatew/A[\\

250 500 0 250 500

(v

in a single-wavelength regime, the energy is distributed only
in the master channel. In this case the TF for the same lase Py
parameters is quite different. It has only a single peak in the © 250 500 0 250 500
period-1 range that corresponds to the resonance frequenc0 20 ,
of the master oscillatow,,=81 kHz. The resonance fre- © ©

quency of the slave oscillatoy;=80 kHz, was calculated |, 10

when the master channel was shut off and the losses wer A’J\J

modulated in the slave channel. One can see that these fre r\

guencies are very close ig and that the mismatch between 9; - 550 S0 o 550 500
these frequencies,,,— v<2A. 14 14

(d) ()
investigated analytically in a linear approximation for me-
chanical and electric circuit systerf4]. A number of natu- 7
ral frequencies of such a coupled oscillatory system is equa
to the number of its degrees of freedom. The dual-
wavelength laser can be referred to as an optical analog o ° |
the coupled systems. In our case the laser has two degrees v
freedom. The additional resonance pea#s v;,,) appear

due to nonlinear response of the system. The nonequality for, £15; & TErs®r Ttots & s Seremend solmn 810
ponse of the sy: nequali _
o g g IS Ym e viz CONCUIS W PIEVE™ o ), —210°4, (b, ) 3x10 *, (c, ©) 4X 10, and(d, o)

: o o 6x107% cm™1 kyu=3.11x 1072 cm™1, ky=3.3x10"% cm™ .
The analysis shows that synchronization dynamics is gov- cm 10 cm = Ko em

erned by the relationship between the resonance frequencigse lasing is absent and with increasing amplitude the oscil-
and the modulation frequency. Antiphase synchronization ifations are developed. After that, the response in the slave
observed av<v, and in-phase synchronization takes placechannel decreases up to a steady state.

at v>wvy. At the modulation near the average natural fre-

guency of the systemy~ vy, when synchronization trans- C. Large-amplitude modulation

forms from antiphase to in-phase, combined in-phase—

antiphase and_ lag synchronization can be reallzed Wit ronization of chaos in the dual-wavelength laser. Now we
double pulses in the master channel, as shown in RlY. 1 o consider the TFs of the laser with larger-amplitude
and 1c). - modulation that can result in chaotic oscillations. Chaotic
(iv) Finally, in Figs. 3d) and 3d’) we show the TFs for  yegimes can be realized when both the loss in the slave chan-
very high modulation amplitudek(;=3x10"* em ). In " nel k,, and the modulation amplitude,; are increased. In
this case the lasing in the master channel occurs only at |0\4&2ig_ 4 we show the TFs for differefit;;. At relatively small
frequencies, while in the slave channel the radiation existg,, the lasing in the master channel is observed over all
over all frequency range. Due to the sluggishness of the sygrequency rangéFig. 4(a)], while in the slave channel the
tem, the time intervals, at which the average loss coefficienpscillations appear only at very low frequencies where the
in the master channel exceeds the average gain coefficiejuasistationary regime is realiz¢Big. 4(@)]. One can see
increase. This leads to the disappearance of lasing in thimat the TF of the master channel becomes more complex
master channel at=v4 and immediately results in the es- than in Fig. 3. It contains different periodic and chaotic
tablishment of a steady state regime in the slave channelnges. Therefore it is not possible to distinguish the peaks of
[horizontal line in Fig. &')]. In fact, here we deal with a natural frequencies as in Sec. Ill B. With increaskqg, the
kind of amplitude deathThis effect will be considered in dual-wavelength regime is realized over wider frequency
Sec. llID in more details. range[Figs. 4b), 4(b"), and Figs. 4c), 4(c’)]. At very high
Thus, an increase in the modulation amplitude leads firsk,, the oscillations in the master channel are suppressed and
to the enhancement of the laser response in the master chasen disappediFigs. 4c¢) and 4d)] and in the slave channel
nel and then to a decrease of oscillations and their disappead- steady state regime is reachgwbrizontal lines in Figs.
ance. In the slave channel at the low-amplitude modulatior(c’) and 4d’)].

Note that systems of two coupled forced oscillators were /JBK

Va
250 500 0 250 500
d

v (kHz) v (kHz)

We have already mentioned in Sec. Il A about phase syn-
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However, some features in synchronization can be distin-
guished for the large-amplitude case.

(i) At low modulation frequencies<<50 kHz, for all
casesantiphasesynchronization takes place. At low modu-
lation amplitude the dual-wavelength regime is observed
only at low frequencie$Figs. 4a) and 4a)].

(ii) At 60 kHz <»<100 kHz for the case shown in Figs. h
4(b) and 4b’) in-phasesynchronization is realized. The os- ol J‘
cillations in the slave channel are suppressed to the very low
level [the dip in Fig. 4b")].

(i) In the intermediate range 50 kHzr <60 kHz nega-
tive lag and combinedsynchronization take place.

(vi) At v>100 kHz for the case shown in Figs(b4 and
4(b") the laser operates in the chaotic regime witimcorre-
lated oscillations.

(v) At high k4 the oscillations die av= vy [Figs. 4c) me
and 4d)]. This case will be considered in the next section. o —#

Thus, the type of synchronization can be changed with the 5.0 5.2 5.4
modulation frequency and amplitude for various values of
the constant cavity losses. The above calculations have been
performed for the OL-10°0 lasing transition. However, ad- [ 5. Response af) master andb) slave channels when the
ditional investigation has shown that similar features holdsjave channel is blockegeft-hand sideand when it is opefright-

also when the laser operates in other vibration-rotationahand side The laser parameters are the same as for Fig). 3
transitions, for example, 60-020, 00P2-1°1, 02-021, =100 kHz.

and 0f1-11%0.

(a)

-
&)
T

~
(=)
T

u, (arb. units)

15l

close open

u, (arb. units)

t (ms)

frequency for the amplitude deatly and the modulation
D. Amplitude death amplitudekq, are related by the following scaling law:

Earlier theoretical studies showed that amplitude death p—y (12)
. . . . . . d 111
occurs if the coupling between oscillators is sufficiently

strong and when the natural frequencies are sufficiently dishere the power=—1/2 is independent on the constant
parate[12]. However, more recent |nyest|gat|oftl§3] indi- losses. A power law behavior at the transition between the
cate that the presence of time delay in the coupling remove§aath and phase locked regions has also been obtained by

this restriction'. Time dela_y in.the dual—wavele.ngth laser apramana Reddyt al. [35] for limit cycle oscillators with a
pears due to finite relaxation times of the rotational sublevelsg; delayed coupling.

of the CQ molecule and the delay in the rotation population
inversion of the slave channel increases with the modulation
amplitude.

The amplitude death for small and high cavity losses is There are few works on experimental observation of the
seen in Figs. @) and 4c), 4(d). The oscillations in both dual-wavelength radiation in lasers. However, some of our
channels disappear at large-amplitude modulation above th@eoretical results can be compared with existing experimen-
certain value of the modulation frequency through the Hopftal results. For instance, the nonlinear TFs presented in Figs.
bifurcation. In Fig. 5 we show the laser response when the
slave channel is blocke(deft-hand side and when it is open 2.0F
(right-hand sidg for the parameters corresponding to Fig.
3(d). Blocking the master channel, the large-amplitude oscil-

E. Comparison with experiment

lations are present in the master channel while they disappear i 15F
after transients when both channels are open. The oscilla- =
tions in the slave channel are damped out to reach a constant =

steady state while in the master channel the steady state is 1.0F
the noise level. The same situation is observed for the pa-
rameters corresponding to Fig.dd.

In Fig. 6 the death regions are shown at constant losses in 35 30
the master and slave channels corresponding to Figs. 3 and 4
for different values of the modulation frequency. The death
region ceases to exist below a certain threshold frequency FiG. 6. Power law behavior of the death frequency vs the modu-
vq. Below the death curves there exist different synchroniqation amplitude for the parameters corresponding to Figs. 3
zation regimes exhibiting in-phase and antiphase oscillation&quaresand 4(dots. The slopes give the same scaling exponents
or noncorrelated oscillations. As seen from Fig. 6 the onsetr=—1/2. The base of logarithms is 10.

-2.5 -2.0
log k,, {cm™
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3(c) and 3c’) are in a good agreement with experimentalwhereW,=v uk; (i=1,2),a;=x;/k;, b;=R;/D, and we as-
TFs presented in Ref27], where three resonance peakssumek;=k;,.
were observed in the dual-wavelength J@ser with modu- Setting @du,/dt)=(du,/dt)=(dy/dt)=0 we obtain
lated losses. four equilibrium states for the system E¢$6)—(18).

It is also of interest to compare our numerical results with (i) The first fixed pointO; is trivial: u;,=0, u,,=0, and
the experimental ones obtained in other laser systemsgg,=y,,.
Zenchenkoet al. [36] studied experimentally the temporal (i) The second poinD, corresponds to the absence of the
behavior of a dual-beam Nd:YAG laser in which the cou-lasing in the master channell;;=0, Uy=(a,yy,—1)/b,
pling between two beams was realized by a partial overlap o&ndy,= 1/a,.
the volumes in the active medium. The losses were modu- (jii) In the third pointO; we find the opposite situation,
lated in one of the laser channels. They have observed afhe lasing is present in the master channel and absent in the
tiphase synchronization at low-frequency modulation and inslave channelu;o=(a;yn—1)/b1, Uy=0, andy,=1/a,.
phase synchronization at high-frequency modulation. There (jv) Finally, in pointO, the lasing exists in both channels
are also some other experimental works in different systemgjual-wavelength regime u;o#0 andu,#0. As follows

(see, for example34]), the results of which are in a good from Egs.(16) and (17), the last situation is possible only
qualitative agreement with our results that confirms their vawhen y,=1/a;=1/a,=1/a,. In this case b;u;y+byuy

lidity and generality. =agym—1. If by=b,=bg, then uy+ U= (aym—1)/bo.
This means that the sum of the radiation densities in the
IV. TWO-LEVEL MODEL master and slave channels cannot exceed some critical num-

. : er. The relationship betwe andu,g in general case is
The main results presented above can be generalized P &No 201N g

; . defined by coefficient®,; andb,. Note that for simplicity
the class-B lasers. The simplest two-level model of the active X
medium is used for this purpossee, for exampld37]). The and by analogy with other works we assume thgfanduz,

. are zero. Actually, these values cannot be less than some
system of equations for the dual-wavelength laser can bg_ .~ . .

; . . ) noise” value of the radiation density.
written in the following form:

Some qualitative information on the operation of the dual-

du wavelength laser for different system parameters can be ob-
1

——=vulxy—kouy, (13) tained from stability analysis of the stationary solutions. A

dt standard method of linearization of the initial system of
equations near fixed poin@®;, O,, O;, andO, can be used

du, for this purposd34,3§.

gr " Umlxay —ka)u, (14) (i) If U, Uy, andy, are the coordinates of poi@;,

then the linearization of the equations in the vicinity of this

q point leads to the following characteristic equation:

S ~Dlyn—y(1+RyW, D +Ryu,/D)], (19
)\3+ Cl)\2+ C2)\+C3:0, (19)

wherex; , andR; , are the values proportional to the limiting

gain coefficients and spectral Einstein’s coefficients for theyhere

master and slave channelsandy,, are the population in-

version at the presence and absence of the field in the cavity,

andD is the inversion relaxation rate. ¢1=D—-Wy(arym—1)—Wa(azym—1),

The simplest system Eq&l3)—(15) allows some analyti-
cal analysis for revealing the conditions of the dual- _ _ T _
wavelength regime. Co=W Wa(a1ym—1)(aym—1) —D[Wi(arym—1)
+(Wa(azym—1)],

A. Equilibrium conditions and stability analysis

In order to simplify the analysis, we rewrite the systemand
Egs.(13)—(15) as follows:

du, C3=WiWoD(aym—1)(azym—1).
—— =Wi(ary—1)uy, (16)

If the real parts of all the eigenvalues, \,, and\; are
U negative, then the equilibrium state is stable, i.e., it is an
ar =Wy(azy—1)uy, (17)  attractor(stable node or focyslf at least one of the roots of
Eqg. (19) has a positive real part, then the corresponding fixed
d point is unstable. Different signs of the roots indicate that the
y B fixed point is a saddle point. If the eigenvalues are complex
at ~ Phym=y(1+byus+bauz)], (18) values, then the approach to the stationary regime has an
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oscillatory character and the imaginary part of the eigenval- v, (arb. units) u, (arb. units)
ues defines the oscillation frequency. 5.0 (a) 5.0 @)
The eigenvalues found from E(L9) are 05 r o5
N=Wi(aym—1), A=Wy(ayn,—1), and 0.05 160 20 %% 160 200
5.0 5.0 )
=-D. b
N3 D (20 - JN 25
Remember that poin®, correspo_nds to the absence of 00 190 200 0-00%0
lasing in both channels. Actually, it is evident from ER0) 10 ‘0
that if the threshold conditions for lasing are fulfilled in none ' © ' ()
of the channelsd;y,<1 anda,y,,<1), then pointO, is an 05 0.5A_
attractor, i.e., three eigenvalues are negatstable nodg If 0 0)\ 00
the threshold condition is fulfilled at least for one of the Y 100 200 70 100 200
channels, then poinD; becomes unstable, i.e., one of the v (kHz) v (kHz)

eigenvalues is positivesaddle point

(ii, iii ) In a similar way one can find the eigenvalues for _F!G- 7. Transfer functions of mastefef-hand column and

slave channelgight-hand columpfor two-level model at different

point O, modulation amplitude&, &) ky;=2.8x 1075, (b, b') 4x 10°5, and
) o (c, ) 5%x107° cm i kig=4X10% cm™},  k,o=3.9
N1 o= —(aymD/2) =[(azymD/2)*—W,D(azym—1)]7% x1073 cm™L.
As=—W,(1—a,/a,) (21) B. Numerical results and discussion
The numerical simulation of the simplest model Egs.
and for pointOs, (13)—(15) is performed in a similar way as in Sec. Ill. The
same synchronization types have been observed at the fol-
N12=—(a1YmD/2) = [(81ymD/2)?~ WD (a1ym—1)]", lowing system parameter®=1.4x10* s andy,=4.7

X102, For comparison we present in Fig. 7 the TFs for
different modulation amplitudes. Similarly to the complete
model(see Fig. 3 at smallk,; the typical nonlinear response
o . . in the master channel with the resonance frequencjesnd
The equilibrium stated; (j=2,3) can be realized when ,, , is realized[Fig. 7(a)]. In the slave channel the lasing is
the lasing threshold is exceeded just in one of the channelshserved only in the quasistationary range of the modulation
while in the adjacent channel the threshold condition is notrequencieiFig_ 7(a’)] The dua|_Wave|ength regime can be
reached. In this case the following possible situations can bgsached at certain modulation amplitudégs. 7b and B)].

)\3=—W2(1—a2/a1). (22)

realized. . As before, the peaks of the resonance frequencigs
(1) Let us assume thai; exceeds the corresponding value =, where antiphase dynamics takes place, are presented.
for the adjacent channel. Then for both fixed poiRgs<0.  |n the high-frequency range, the period-2 peaks are also ob-

There can be two possibilitiesi) If D(a;ym/2)*>W,(ajym  served ¢1p2=v2p2). The absence of the resonance peak
—1) (for instance, close to the lasing thresholthenX;,  in the slave channel can be explained(bya strong compe-
<0 and fixed pointO; is a stable node andii) if tition between the laser channels due to ignoring rotational
D(a;ym/2)*<W;(ajym—1), then, , are complex an®; is  sublevels in the two-level model ariil) the limitation con-
a stable focus. dition Uqo+ Uye=(aoym— 1)/by (see Sec. IVA Antiphase

(2) Let us suppose tha; is less than the corresponding and in-phase synchronizations are observed, respectively, at
value for the adjacent channel. Then for both poiys-0. v<vg and v> vy,

In this case(_i_) i_f D(ajym/2)2>Wj(ajym—l), thenO; iS a The amplitude death, as before, is observed at the rela-
saddle, andii) if D(ajym/2)°<W;(ajym—1), thenO;j is a tively high modulation amplitudéFigs. Ac and ¢)]. The
saddle focus. same scaling law Eq12) has been obtained for the two-

(iv) For pointO, one of the eigenvalues always is equal level model(Fig. 8), «=—0.53+0.03. Thus, we have every
to 0 (for example, \;=0) and two other eigenvalues reason to believe that this scaling law is universal and prob-
are \» 3= — (agymD/2) %[ (agymD/2)*~W,D(agym—1)1"?  ably obeyed for different dynamical systems.
while W; =W,=W,. A zero eigenvalue is the characteristic  Finally, in Fig. 9 we illustrate phase synchronization of
property of the limit cycle. If in this case the threshold con- chaos for the two-level model.
ditions in both channels are fulfilled an®(agy,/2)? Thus, it is seen from the short comparison that both mod-
>Wo(agym— 1), thenk, and\ 3 are also negative. This cor- els demonstrate the same qualitative relationship. Therefore,
responds to a stable limit cycle, i.e., a periodic regime. In thave believe that the synchronization effects considered in this
next section the main attention will be just paid to a study ofpaper can be observed in dual-wavelength lasers belonging
the most important regime of the periodic or chaotic oscilla-to the class B as well as in other systems of two coupled
tions in the dual-wavelength laser. oscillators with an external force in one of the channels.
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FIG. 8. Death frequency versus the modulation amplitude in 0 2.04 ;"'.
log-log scale for the parameters corresponding to Figs. 7. The slope < g
gives the scaling exponent~ —1/2. The base of logarithms is 10. g 202 _,."
V. CONCLUSIONS 2.00 !
' 0 10 20 30 200 2.02 2.04
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In this paper we have studied theoretically synchroniza-
tion phenomena in a dual-wavelength class-B laser with FIG. 9. () Phase synchronization of chaotic oscillations in the
modulated losses in one of the channels. The detailed invessaster and slave channels for the two-level model. The alternative
tigations have been performed on the basis of the completesses are indicated by the thin lin®) u,—u, plot shows that the
laser model that describes well a real £@ser with modu- amplitudes are noncorrelatedc) Phase correlation.k;,=4
lated parameters. The further analysis and numerical simula<10~® cm™, ky=3.9x10"% cm™?, k;;=4.4x107° cm™?, »
tions made with the use of the two-level model of the active=92 kHz.
medium have shown that the main relationships are valid for
the class-B lasers. ) . . i

The conditions for the dual-wavelength lasing regimegdions in the parameter space of the modulation amplitude
have been revealed. This regime can be realized when trf"d frequency. This scaling law is independent on the con-
excesses of the unsaturated gain over the losses in the mastént cavity losses. The same scaling law has been revealed
and slave channels are approximately equal. The analysis $fith the use of the two-level model for the active medium.
transfer functions of the master and slave channels and thef¥e believe that this scaling law is general and can be ob-
comparison allowed us to emerge general features in Syrger\{ed in other systems of coupled oscillators with external
chronization phenomena in the dual-wavelength class-B 1aforcing in one of the channels. _ _
sers. Several types of synchronization representing different !t is important for some application to obtain a desirable
degrees of correlation between the master and slave channéid@pe of laser pulses, in particular, a rectangular shape. Some
have been identified and are referred to as complete synchrégsearcherssee, for exampl¢39]) proposed to change the
nization (in-phase, antiphase, and combined in-phase-lransmittance of the output mirror by a parabolic law. How-
antiphase synchronizatipnphase synchronization, and lag €Vel: this is tech.nlcally difficult to realize. Whereas the dual-
synchronization. The transfer functions of the dual-wavelength regime allows one to obtain the rectangular
wavelength laser can contain resonance peaks correspondiRgSes in the slave channel without any change in transmit-
to two natural frequencies of the system with two degrees ofance[see Fig. 1a')]. . _ .
freedom and nonlineae.g., period-doublingpeaks. When Some resu_lts Of.OL_JI’ numenpal calculations are in a good
the modulation frequency is closer to one of the natural fre2greement with existing experimental data. We believe that
quencies, either antiphase or in-phase synchronization is rélifferent types of synchronization and amplitude death in a
alized. When the modulation frequency is between these frédual-wavelength laser that are related to different system pa-
quencies, the intermediate combined type of synchronizatiof@meters will be found in experiments and will have a num-
takes place: the phases of the laser pulses and their envelog® ©of applications, for example, for pulse shaping and in
are different. We have also demonstrated phase synchroniz&ommunications.
tion of chaotic oscillations.

We have observed for the first time in laser systems the ACKNOWLEDGMENTS
amplitude death effect that appears at large modulation am-
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