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Taboo search by successive confinement: Surveying a potential energy surface
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A taboo search for minima on a potential energy surface~PES! is performed by means of confinement
molecular dynamics: the molecular dynamics trajectory of the system is successively confined to various basins
on the PES that have not been sampled yet. The approach is illustrated for a 13-atom Lennard-Jones cluster. It
is shown that the taboo search radically accelerates the process of surveying the PES, with the probability of
finding a new minimum defined by a propagating Fermi-like distribution.
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I. INTRODUCTION

Molecular dynamics~MD! and Monte Carlo~MC! meth-
ods have long become the basic tools of computational s
ies of multiatomic systems. Provided that the interatomic
tential is known, these methods allow one to obtain
desirable information about a system described in term
classical mechanics, including a knowledge of its poten
energy surface~PES!, equilibrium properties, and kinetics.

Potentialities of the MD and MC methods were increas
substantially due to Stillinger and Weber~SW! @1#, who sug-
gested supplementing MD~MC! simulations with a diagnos
tic quenching of the system at regular intervals. Eve
quench leads to a minimum on the PES, in the vicinity
which the system moves at the present moment. Due to
the current point of the MD~MC! trajectory can be related t
a certain minimum, and the points related to the same m
mum will represent the basin surrounding this minimum. E
ery minimum, in turn, can be associated with a certain inh
ent structure of the system, so that the PES is separated
basins for inherent structures. Following this approach,
can collect the phase points for each of the basins separa
Therefore, not only can the PES be surveyed, but the e
librium properties of particular inherent structures and ra
of the transitions between them can also be calculated.

The SW approach is very explicit and easy to impleme
but computationally it is not as efficient as desirable. T
reason for this is that conventional MD and MC metho
reproduce a ‘‘true’’ behavior of a system that obeys the la
of inherent dynamics and statistics, and, as a conseque
they suffer from the limitations imposed by these laws.
particular, according to the Boltzmann distribution, a syst
predominantly samples the lower part of a basin, and, a
result, it may dwell in the basin for a long time. Moreover,
complex systems, the basins often cluster into superba
~funnels! separated by high barriers. Therefore, on tim
scales accessible to current computers, the system ma
trapped in a superbasin, which results in nonergodic beha
of the system.

For the last two decades, a variety of methods has b
suggested to make sampling of PES’s more uniform. D
pending on the underlying concept, these methods
roughly be separated into three groups@2#: a modification of
the PES by introducing an appropriate biasing potent
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~umbrella potentials@3–5#, multicanonical sampling@6,7#, a
generalized ensemble approach@8,9#, and hyperdynamics
@10#!, biasing the temperature~weighted histogram analysi
@11,12# and jump-walking@13# methods, and simulated@14#
and parallel @15# tempering!, and a modification of the
method of surveying the PES~the eigenmode method@16#
and the activation-relaxation technique@17–19#!. In the case
of biasing the PES or temperature~the first two groups of the
methods!, the results for the true conditions are recover
from the results of the biased simulations by applying
formulas of statistical mechanics, specifically the Boltzma
law. In contrast to the SW approach, all these methods
not of multipurpose character; each of them pursues a
cific goal: either the calculation of equilibrium properties
~the weighted histogram analysis method@11,12#, umbrella
potentials@3–5#, simulated@14# and parallel@15# tempering,
multicanonical sampling@6,7#, generalized ensemble ap
proach@8,9#!, or the study of kinetics~hyperdynamics@10#!,
or surveying a PES~the jump-walking method@13#, the
eigenmode method@16#, and the activation-relaxation tech
nique @17–19#!.

Considerably less attention has been paid to the fact
the system, in accordance with the Boltzmann statistics,
peatedly visits the basins that were previously visited. At
same time, if the goal is to survey a PES, such events sh
be controlled, because many of them bear no new inform
tion about the PES. For this purpose one could employ
taboo search method, which has been elaborated for disc
surfaces@20,21# and extended to continuous surfaces@22#.

Also note that the problem of surveying a PES is clos
related to the global optimization problem~see, e.g., Ref.
@23#!. In the latter, the goal is the global minimum of th
surface rather than the surface itself. This utilizes cert
specific features in the above methods when they are app
to the search for the global minimum@23#.

Of particular importance for a system is the knowledge
its PES, because the PES completely defines a system’s
havior under specific conditions. The understanding of h
the PES is built provides a deep insight into the dynam
and statistics of a system@24–26#. Moreover, a knowledge
of the PES offers the possibility of writing a master equatio
which governs the system’s kinetics@27,28#, and thus opens
a way for replacing the time-consuming simulations by
relatively easy solution of the master equation.
©2001 The American Physical Society03-1
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To characterize a PES, one has to know, in the first
stance, the local minima and the saddles that connect t
minima @24#. Of most importance are the minima, partic
larly if an indication is given which of them are directl
connected. With this, finding the saddles becomes a stra
forward task, which can be fulfilled using one of the num
ous methods suggested for this purpose, e.g. theTRAVEL al-
gorithm @29#, the ridge method@30# or the method of
contangency curves@31# ~also see Ref.@32#, which contains
a comprehensive bibliography on these and related meth
as well as a comparison of typical methods in efficiency!.

One recently developed approach to surveying a PES
vokes successive walks from one minimum to an adjac
saddle, then from this saddle to another minimum, and so
@16–19#. These walks can be referred to as activation a
relaxation phases, respectively@17#. For the activation phase
one of the uphill climbing methods@32# can be used, e.g., th
eigenmode-following method of Cerjan and Miller@33# ~or
its variations@16,34#!, as in Refs.@16,19,35,36#, or a more
economical algorithm, which does not require an evaluat
of the full Hessian matrix at each step, as in Refs.@17,18#.
For the relaxation phase, one of the standard methods,
as the steepest-descent or conjugate gradient method, is
ployed. If the number of minima is not very large, all,
practically all, minima can be located by a direct walk fro
one minimum to another@16,35,36#. However, if the number
of minima becomes too large, just a statistical search for
minima is possible. For this purpose the transition betw
any two nearby minima is taken as an elementary Metrop
step@37#, that is, the move from one minimum to another
accepted with a probability of min@1,exp(2DE/kBT)#, where
kB is the Boltzmann constant,T is the temperature, andDE
is the change in energy associated with this move. The la
can be either the energy difference between the minima
the height of the barrier between the minima@17,19#.

In this paper we consider an approach to surveying a P
which implements a taboo search for minima by means
the confinement MD@38–40#. The technique of the latter, in
brief, is as follows. Suppose a system~namely, its represen
tative point! is within one of the basins on the PES. As in t
SW method, we quench the system at regular interv
(tquench) along the MD trajectory, but in this case in order
check if the system is still in a given basin or has left it f
another basin. If the system is found in another basin, i
returned to the given basin. For this, a certain procedure
the reversal of the MD trajectory is employed. In contrast
conventional dynamics, the system can now be kept i
basin for an arbitrarily long time, and thus the thermod
namic functions for the basin can be accurately calcula
Further, though the system does not leave the basin f
time longer thantquench, both the neighboring basins and a
attempts of the system to pass into them can be recor
Therefore, the rates of the transitions into the neighbor
basins can also be calculated, and thus the kinetics of
system can be determined.

Allowing an enhanced sampling of local regions of a PE
the confinement technique offers interesting possibilities
the study of many-body systems. Some of these possibil
were demonstrated in application to clusters: the calcula
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of the caloric curves and absolute densities of states of
cific structures~by the confinement of the system to the b
sins for these structures@39,40#!, the estimation of the rate o
complex transitions between specific structures~by succes-
sive confinement to the basins for the initial and intermedi
structures@38,40#!, and creating a simple subsystem of
complex system that retains characteristic features of the
tem ~by confinement to the area of the PES associated w
this subsystem@40,41#!. Originally designed for a detailed
study of specific structures and the channels of transiti
between them, the confinement technique was recently
plied with success to the study of a system~a solvated ala-
nine tetrapeptide! as a whole@42#. For this purpose, follow-
ing a certain taboo search strategy of surveying the P
~which allowed the system to pass just into the basins
were not previously sampled!, the MD trajectory of the sys-
tem was successively confined to various basins on the P
Note that no prior information about the PES landscape
required to sample the entire PES: being placed at an a
trarily chosen point on the PES, the system, basin by ba
can explore the entire PES. One essential feature of this
proach is that it retains the multipurpose character of the
approach@1#, allowing one to survey the PES and calcula
both the equilibrium properties and kinetics in the course
a single MD ~or MC! run. At the same time, the approac
does not suffer from the disadvantages inherent to the c
ventional simulations.

In this paper the process of surveying a PES by succes
confinement is examined in more detail. For a specific s
tem we will consider a 13-atom Lennard-Jones cluster, wh
possesses a large number of isomers and at the same
allows a complete survey of its PES. Applying a simple
boo search strategy, we will explore the PES for the clus
and compare the results with those obtained in the conv
tional ~SW! simulations as well as with the results of prev
ous studies@16,35,36,43#. It will be shown that the taboo
search radically accelerates the process of surveying the
face, with the probability of finding a minimum defined by
propagating Fermi-like distribution.

II. APPROACH AND COMPUTATIONAL BACKGROUND

With atoms interacting through a pairwise additiv
Lennard-Jones~LJ! potential, the potential energy of th
cluster is

U5(
i 51

n

(
j , i

4e@~s/r i j !
122~s/r i j !

6#.

Heren is the number of atoms in the cluster,r i j is the dis-
tance betweeni th and j th atoms, ande and s are, respec-
tively, the characteristic energy and length, which are s
cific for a specific system~for example, for Are5119.8 K
and s53.90431028 cm). Together with the atomic mas
(m), e and s constitute so called LJ systems of units; t
time unit, in particular, isAms2/e (2.15310212 s for Ar!.
In what follows, all numerical values will be given in thi
system of units.
3-2
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In this paper we use a constant-temperature MD met
based on numerical integration of the coupled Lange
equations

m
d2r i

dt2
1a

dr i

dt
52

]U

]r i
1Fi~ t !, ~1!

where a is viscosity, andFi(t) are random~Langevin’s!
forces due to thermal fluctuations in the system at giv
temperatureT. These forces have zero mean, and are rela
to the viscosity by the fluctuation-dissipation theorem

^Fi~ t !&50, ^F i
j~ t !F i 8

j 8~ t1t!&52akBTd i i 8d j j 8d~t!,
~2!

where the upper index atF stands for a component of th
vector (j , j 851,2,3), the angular brackets denote an e
semble average, anddkk8 and d(t) are the Kronecker and
Dirac deltas, respectively. Issuing phase trajectories from
ferent points of phase space, one can form acanonicalen-
semble of the systems that corresponds to a given temp
ture T. Equations~1! and ~2! were numerically integrated
using the algorithm by Biswas and Hamann@44#; the time
step is equal to 0.01, and the friction coefficient to 3.0~for
Ar, 2.15310214 s, and 1.431012 s21, respectively!.

To reveal a possible dissociation~evaporation! of the clus-
ter, the following criterion was used: the cluster was cons
ered to be in a dissociated state if it divided into fragme
~possibly consisting of a single atom! spaced at the distanc
of 2.6 or larger. In the course of the simulations the follo
ing characteristics of each inherent structure~the minimum
of the basin! were calculated: the energyUmin , the normal
mode frequenciesv1 , . . . ,v3n , the principal momenta o
inertia I a (a51,2,3), and the order of the point grouph. In
the general case of nonlinear atomic configurations, six
the above frequencies~corresponding to the translational an
rotational degrees of freedom! are equal to zero, and th
others are real.Umin was employed to compare the stru
tures, and the other characteristics were used in theore
estimates. Permutational structures were identified by ca
lating the distance in configuration space after a superp
tion of the structures.

Both conventional and confinement simulations were c
ducted. The conventional simulations followed the SW a
proach: the system freely explored the PES, and informa
for each basin was collected separately. In the confinem
simulations the system was successively confined to var
basins on the PES. To initiate the simulations, the sys
was placed into one of the basins, and the MD run w
began. Quenching the system at regular intervals and c
paring the quenched structure with that corresponding to
minimum of the current basin, we determined if the syst
was still in this basin or had left it for another one. If th
system was found in another basin, then, depending upon
strategy of surveying the surface~see below!, it either was
allowed to continue its motion in the new basin or was
turned to the given basin. In the latter case, a new trajec
had to be initiated in the given basin. In previous wor
@38–40# this was accomplished by the reversal of the traj
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tory at the boundary of the basin. However, this meth
sometimes fails, leading to a ‘‘cycling’’ of the trajectory i
the neighborhood of a saddle point of high order@40#. In
addition, since many quenches are required to locate
boundary, the method is time consuming. Therefore, a n
trajectory in a basin was initiated immediately at the po
where the system was found in the basin last time. T
atomic velocities required to initiate the trajectory we
taken as random values distributed according to the Maxw
law at temperatureT.

This procedure of initiating the trajectories was carefu
tested@42,45#. First, in the same manner as for the reversa
the trajectory at the boundary of the basin@39#, the confine-
ment simulations were checked for the reproduction of s
tistical characteristics of the system in an individual bas
For this, the MD trajectory was confined to a basin for t
ground-state isomer in the LJ13 cluster, and the data obtaine
in the confinement simulations were compared with tho
obtained in the conventional simulations@45# ~both the New-
ton and Langevin dynamics were examined, which are ap
cable to generating microcanonical and canonical ensemb
respectively!. The distributions of the microstates over th
potential and total energies~for the microcanonical and ca
nonical ensembles, respectively! and the distributions of life-
times were considered. In addition, to see how accurately
attempts of the system to escape the basin are distrib
among different channels, the rates of the transitions i
adjacent basins were compared. In all cases the results
found to be in good agreement, except for a slight differen
in the distributions of lifetimes smaller thantquench@45#. Fur-
ther, in the study of the solvated alanine tetrapeptide@42#, the
confinement and conventional simulations were also co
pared for the transition probabilities, and the results w
found in good agreement as well. Therefore, the emplo
way of initiating new trajectories in basins is complete
consistent with determining both the equilibrium propert
and kinetics of a system.

III. STRATEGIES OF SUCCESSIVE CONFINEMENT

The strategy of how to explore the PES is one of the m
essential elements in the confinement simulations. It p
scribes to which basin the system should be confined n
and for how long a time. The strategy may be based
different criteria, depending on the problem under consid
ation and the goal of the study@42#.

In this paper we examine one of the simplest strateg
which allows the system to pass into each new basin wh
has been encountered~when the system was confined to pr
ceding basins! but not yet sampled. This strategy is app
cable to the systems that are small enough so that a com
sampling of the entire PES is possible, as it was for the L13
cluster. In the underlying concept, it is very close to t
taboo search@20,21# mentioned in Sec. I. To realize thi
strategy, different protocols are possible. We will consid
the following two.

Protocol I. This corresponds to a direct taboo search
the terminology of Refs.@20,21#. The system is kept in eac
of the basins until, among the basins into which it attempts
3-3
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SERGEI F. CHEKMAREV PHYSICAL REVIEW E64 036703
pass, a new basin appears that has not been previo
sampled. To embody this protocol, a list of the basins
made and updated that indicates the basins that have
sampled. Each basin is characterized by its minimum~i.e., by
the inherent structure!.

Protocol II. This corresponds to a partial stochastic sa
pling @20,21#. The system is kept in each of the basins unti
makes a certain number of attemptskatt to pass into adjacen
basins. In this case two lists of the basins are made
updated: one indicates the basins that have been sample
in protocol I, and the other contains information about t
basins that have been encountered but not yet sampled.
information includes the characteristics of the minima of
basins~to recognize the basins! and the atomic coordinate
and velocities of the system in these basins~to start the sam-
pling of the basins!. The basins to pass into are then chos
from this second list of the basins. The simplest choice is
take them in the order they were encountered. Howe
preference may be given to specific basins, for example
basins with lower values ofUmin @42#. If no new minima are
found while the system is confined to each of the bas
encountered, it is returned into the first basin of the sec
list of the basins, and the exploration of the PES is contin
until the system visits each basinkret times~a new trajectory
is thus initiated in each of the basinskattkret times in total!. If
an isomer whose permutational copy has already b
sampled is encountered, in both cases~protocols I and II! the
transition into the basin corresponding to this isomer is f
bidden.

Optimal values oftquench, katt, andkret are generally de-
pendent upon many factors: the nature and size of the
tem, the conditions under consideration, and the goal of
study. Therefore, specification of these parameters is,
large degree, a matter of trial and comparison. In ot
words, one should try different values of the parameters
compare the results for convergence. Nevertheless, ce
recommendations can be given. For example, to efficie
survey a PES,tquenchshould evidently be of the order of th
lifetime of the system in a basin. This is applicable to bo
protocols I and II. As forkatt and kret in protocol II, the
results of the search are dependent upon the product of t
quantities rather than upon their individual values. Moreov
in a wide range ofkattkret, provided that none of the factor
is unreasonably small, this dependence is rather weak. In
simulations presented below the following values of the
parameters were typically used:tquench550 time steps,katt
520, andkret520.

IV. RESULTS AND DISCUSSION

The total number of geometrically different minima foun
for the LJ13 system grew with every work: Hoare an
McInnes@43#, employing a growth algorithm to seek for ca
didate structures, found 988 minima. Later Tsai and Jor
@16#, who used a direct search by walking on the PES w
the help of variation of the eigenmode-following meth
@33#, increased this number up to 1328. Finally, Doy
Miller, and Wales@35# and Ball and Berry@36#, who also
employed a direct search~with different variations of the
03670
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eigenmode-following method!, found 1467 and 1478
minima, respectively. The search for the total number
minima is complicated by the fact that there is no defin
criterion to decide when the exploration of the PES can
regarded to be complete. Also note that the search for s
cific minimum is related to the class of NP-hard problems~in
application to clusters, e.g., see Ref.@46#!, since the number
of minima grows with cluster size exponentially, the sear
generally requires not less than an exponential numbe
steps.

In this paper simulations were conducted at three cha
teristic temperatures, which are indicated by bars at the~ca-
nonical! caloric curve shown in Fig. 1. These temperatu
correspond to the solid-like state region~more definitely, to
approximately the upper bound of this region,T50.25), to
the melting region (T50.3), and to the liquid-like state re
gion (T50.35).

Figure 2 compares protocols I and II for the number
minima located with time in individual runs. The temper
ture corresponds to the liquidlike state (T50.35). In both
cases the system was initially placed into a basin correspo
ing to the ground-state isomer, which is the icosahedr

FIG. 1. Caloric curve for the LJ13 canonical ensemble.

FIG. 2. Number of minima located with time in the confineme
simulations: protocol I~solid line! and protocol II~dashed line!. T
50.35.
3-4
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TABOO SEARCH BY SUCCESSIVE CONFINEMENT: . . . PHYSICAL REVIEW E64 036703
Umin5244.3268. Thoughkret ~protocol II! did not reach its
maximum value (kret520) for each of the basins, both run
were terminated at 53107 time steps, where in the case
protocol II no new minima were found for approximate
13107 last steps. The total numbers of minima found und
protocols I and II are 1504 and 1506, respectively. In b
cases these exceed the maximum number of minima repo
in previous works.

As can be seen from Fig. 2, in the initial stage of t
search, when the list of sampled minima is almost empty,
number of minima in protocol I grows a bit faster than
protocol II. However, in the final stage, when that list
minima is almost complete, protocol I becomes less effici
because the system has to dwell in a current basin for a
time, until a basin which has not been sampled yet is enco
tered. Moreover, it may happen that the minima missed
the initial and intermediate stages of the search are not
cessible from the basins sampled in the final stage. Th
fore, protocol II seems to be more preferable for surveyin
PES.

Figure 3 shows typical results of surveying the PES
the temperatures indicated in Fig. 1. Three upper~thick!
curves correspond to a successive confinement taboo se
~SCTS! under protocol II, and the other~thin! curves to a
direct search by the SW method~SWDS!; in both cases the
quenching interval was the same, 50 time steps. First
could be expected, the SCTS is faster than the SWDS.
ond, and somewhat surprising, the SCTS results are slig
dependent upon the temperature: by the time the last of 1
minima was located atT50.35 (t543107 time steps!, there
were found 1502 minima and 1499 minima found atT
50.3 and T50.25, respectively; the total numbers
minima in the two latter cases were equal to 1502. This
particularly surprising in comparison with the SWDS sim
lations, where the decrease of the temperature from the
uidlike state (T50.35) to the solidlike state (T50.25) re-
sults in a radical reduction of the number of minima.

The energy spectrum of the minima located in these sim

FIG. 3. Number of minima located with time in the confineme
simulations under protocol II~thick curves!, and in conventional
simulations~thin curves!: the long-dashed lines correspond toT
50.25, the short-dashed lines toT50.3, and the solid lines toT
50.35.
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lations is presented in Fig. 4. The disconnectivity grap
which shows how the most significant minima in the LJ13
cluster are connected, can be found in Ref.@35#.

It should be noted that the conventional~SWDS! simula-
tions presented in Fig. 3 are not truely conventional: if an
of dissociation~evaporation! of the cluster was indicated, th
MD run was continued in the same manner as in the confi
ment simulations, that is, a new trajectory was initiated at
last point where the system was found in bound state. O
erwise, at higher temperatures the trajectories have to be
minated in a short time: in Fig. 3, in particular, at approx
mately 63104 and 33104 time steps forT50.3 and 0.35,
respectively.

To learn more about SCTS simulations, consider the d
tributions of the number of quenches over the minima
which these quenches lead. In the SWDS simulations su
distribution originates from the Boltzmann distribution. F
the PES divided into basins, the total partition function of t
cluster ofn atoms is written@1# as

Z5(
i

exp~2Umin,i /kBT!Zi~T!, ~3!

where

Zi5
1

~2p\!3n

1

hi
E exp$2Hi /kBT%dr (3n)dp(3n) ~4!

is the partition function fori th basin. Here\ is the Planck
constant, hi is the order of the point group, andHi

5( j 51
n pj

2/2m1Ui is the Hamiltonian of the cluster assoc
ated with thei th basin~the potential energyUi is counted
from the basin minimum energyUmin,i). According to Eqs.
~3! and~4!, the mean number of the quenches leading to
minimum of thei th basin can be estimated as

^Ni&5Ntot exp~2Umin,i /kBT!Zi /Z, ~5!

whereNtot is the total number of quenches, and the angu
brackets denote the ensemble average.

Figure 5 compares the SWDS distribution with Eq.~5!, in
which Zi are estimated according to the harmonic appro
mation @47#

t

FIG. 4. Energy spectrum of minima for the LJ13 cluster. The
energy is counted from the ground-state isomer energyUmin5
244.3628.
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Zi~T!5S kBT

\v̄ i
D 3n26

~2kBT!3/2~pI 1i I 2i I 3i !
1/2

hi\
3

, ~6!

wherev̄ i andI a i (a51,2,3) are, respectively, the geomet
cal mean of normal frequencies and the principal mome
of inertia for the inherent structure corresponding to
minimum of thei th basin. These characteristics, and alsohi ,
were determined in the course of the simulations. The fi
and second multipliers on the right-hand side of Eq.~6! cor-
respond to the vibrational and rotational degrees of freed
respectively; a contribution of the translational degrees
freedom is omitted, since it is the same for all isomers
discrepancy between the simulation data and the estima
Fig. 5 could be attributed to anharmonic effects, because
the liquidlike region, to which the value ofT50.35 corre-
sponds, the anharmonicity is appreciable~see, e.g. Ref.@48#!.

The taboo search changes SWDS distributions in the
of interbasin statistics, or more definitely, in the part of sa
pling of the basins that were sampled: once the system
visited a basin, it is not allowed to pass into this basin ag
Such a situation is characteristic of Fermi statistics. To fi
mean occupation numbers for the basins in this case, we
consider the collection of the isomers as an ideal gas. S
the intrabasin statistics remain Boltzmann statistics, thei th
isomer will contribute to the partition function a
@Zi(T)exp(2Umin,i /kBT)#Ni, whereNi is equal to 0 or 1. The
total partition function will then be

ZFL~T,Ntot!5(
$Ni %

)
i

@Zi~T!e2Umin,i /kBT#Ni, ~7!

where the summation is taken over all possible$Ni% that
satisfy the condition

(
i

Ni5Ntot . ~8!

FIG. 5. Distribution of the mean number of quenches over
minima in the conventional simulations,T50.35. Triangles corre-
spond to the simulation data, and crosses to Eq.~5!, with Zi esti-
mated in the harmonic approximation@Eq. ~6!#.
03670
ta
e

st

,
f

of
in

rt
-
as
.

d
an
ce

The calculation ofZFL(T) and related quantities is ham
pered by condition~8!. Therefore, as is usually done in suc
cases~see, e.g., Ref.@49#!, consider the grand canonical en
semble instead of the canonical one. The total partition fu
tion for the grand canonical ensemble will be

QFL~T!5 (
Ntot50

`

lNtotZFL~T,Ntot!, ~9!

wherel is the activity. Now condition~8! drops out, and the
summation on the right-hand side of Eq.~9! is easily taken,
and yields

QFL~T!5)
i

@11lZi~T!exp~2Umin,i /kBT!#.

The average value ofNtot is then calculated as

^Ntot&5~] ln QFL /] ln l!T5(
i

1

11Zi
21~T!e(Umin,i2m)/kBT

,

wherem5kBT ln l plays a role of chemical potential. Th
quantities under the sum in the latter equation can be con
ered the mean occupation numbers for the basins, and
eventually have

^NFL,i&5
1

11Zi
21~T!e(Umin,i2m)/kBT

, ~10!

wherem is determined by the condition( i^NFL,i&5^Ntot&. In
the case of small̂NFL,i&, corresponding to the Boltzman
statistics, the second term in the denominator prevails,
this equation transforms into Eq.~5!.

Equation~10! describes an equilibrium distribution in a
infinite system. Therefore, it is applicable to the SCTS d
tributions under two conditions: first, the SCTS distributio
should be of quasiequilibrium character; and, second,
front of the distribution should not be close to the upp
bound of the energy spectrum. Fortunately, both these c
ditions hold well for a considerable range of elapsed time

Figure 6 compares one of the SCTS distributionsT
50.35, t583104 time steps! with Eq. ~10!. To be consistent
with the latter, the distribution does not include the quenc
leading to the minima which were previously sampled. T
distribution was obtained by averaging over 500 runs sta
in randomly chosen basins; the choice of the basins did
affect the results noticeably.Zi in Eq. ~10! are calculated in
the harmonic approximation@Eq. ~6!#, as previously in Eq.
~5! ~Fig. 5!, and m is determined from the condition tha
^Ntot& is equal to the mean total number of quenches
cluded into the distribution.

The front of the SCTS distribution proceeds with time,
Fig. 7 shows. To avoid an overlap of the data for differe
elapsed times, the curves are presented in a smoothed f
each point represents an average number of quenches fa
into one of 25 boxes into which the energy range was u
formly divided. All curves, except for curve 6, are of quas
equilibrium pattern, i.e., the corresponding distributions

e
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described by Eq.~10! with approximately the same accurac
as in Fig. 6. Curve 6 clearly demonstrates the effect of fin
number of isomers.

Equation~10! is formally applicable to protocol I. How-
ever, at large elapsed times, when the time required to
ecutekatt attempts to leave a current basin becomes sma
comparison with the elapsed time, it can be applied to p
tocol II as well.

If tquench is not small relatively to the lifetimes of th
system in the basins, any two successive quenches ra
lead to the same minimum. Therefore, the sum of^Ni(t)&
over minima (̂ N(t)&5( i^Ni(t)&) gives an estimate for the
number of minima that will be found to timet in an indi-
vidual run. Figure 8 compareŝN(t)& calculated from the
SCTS distributions of Fig. 7 with the data of Fig. 2~protocol
I!. Only a part of the curve from Fig. 2 is reproduced, c

FIG. 6. Distribution of the mean number of quenches over
minima in the confinement simulations~protocol I!, T50.35, and
t583104 time steps. Triangles correspond to the simulation d
and crosses to Eq.~10! with Zi estimated in the harmonic approx
mation @Eq. ~6!#.

FIG. 7. Evolution of the SCTS distributions~protocol I! with
time, T50.35. Triangles indicate the simulation data, and
dashed lines are to guard the eye. Labels 1, 2, 3, 4, 5, and 6 c
spond to the elapsed times 1.253103, 53103, 23104, 83104,
3.23105, and 1.283106 time steps, respectively.
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responding to the times for which reasonably good statis
were gained for the SCTS distributions.

Using Eq. ~10!, we can also calculateZi(T) from
^NFL,i(t)&:

Zi~T!5@^NFL,i&/~12^NFL,i&!#e(Umin,i2m)/kBT. ~11!

The accuracy of the calculation ofZi for different i is
strongly dependent upon the elapsed time: For smallt, such
as for curve 1 in Fig. 7, a good accuracy is achievable o
for low-lying isomers, simply because the other isomers h
not yet been sampled. In contrast, for reasonably larget, as
for curves 3 and 4, most of the isomers have been sam
but the low-lying isomers are occupied irrespective of th
Boltzmann weight; therefore, a good accuracy can
achieved only for high-lying isomers. Figure 9 compares
values ofZi(T)e2Umin,i /kBT calculated from the SCTS distri

e

,

re-

FIG. 8. Number of minima located with time. The curve corr
sponds to an individual run~Fig. 2, protocol I!, and the triangles to
the mean total numbers of minima for different elapsed times~Fig.
7!.

FIG. 9. Distribution of the mean number of quenches over
minima. Crosses present the SWDS distribution from Fig. 5, a
solid and empty triangles indicate the numbers of quenches
mated through Eq.~11! from the SCTS distributions~they corre-
spond, respectively, to curves 1 and 3 of Fig. 7!. For more details,
see the text.
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butions corresponding to curves 1 and 3 of Fig. 7 (t5
1.253103 and 23104 time steps, respectively!, with the
SWDS distribution of Fig. 5. The data are normalized to
the SWDS distribution. Fort51.253103 time steps we
picked up the points for whicĥNi&>20, and for 23104

time steps those at^Ni&,20.
Finally note that such a simple picture of surveying

PES, expressed in terms of propagating Fermi-like distri
tion, is probably characteristic only of systems whose PE
consist of a single funnel, as for a LJ13 cluster and some
other clusters~e.g., LJ19 and LJ55 clusters@35#!. For multi-
funnel PES’s this picture will evidently be destroyed beca
of the overlap of the energy spectra in different funne
However, the employed strategy, by itself, turned out to
quite efficient for surveying multifunnel PES’s@42#.

V. CONCLUSION

We have shown that a taboo search carried out by suc
sive confinement of the MD trajectory of the system to t
ro

de
cu
c

y

. B

em

ys

P.

m

rs
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basins on the PES radically accelerates the process of
veying the PES. Due to this acceleration, we were able
perform an exhaustive survey of the PES for a 13-at
Lennard-Jones cluster.

We also found that the probability for finding a new min
mum is defined by a Fermi-like distribution, with the front o
the distribution propagating with time over energies of t
minima. The appearance of such a distribution in class
simulations may seem somewhat unusual. However, in f
there is no a great surprise in this, since the quantum c
acter of the Fermi statistics in its conventional applications
due to the Pauli exclusion principle and not to the statis
itself.
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