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Effective nonlinear optical properties of metal-dielectric composite media with shape distribution
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The effective linear and nonlinear optical properties have been investigated in granular metal-dielectric
composites taking the geometric shape of inclusions into account. Recently derived Maxwell-Garnett-type
approximations are generalized to study the spectral function for composites in which the metal inclusions have
a uniform distribution of geometric shapes. The numerical results show that the spectral density function
becomes a prominent peak around small spectral values within the non-self-consistent Maxwell-Garnett
approximation but a broad continuous spectrum around larges besides the prominent peak around smalls
within the self-consistent Maxwell-Garnett approximation. Based on the spectral representation, we investigate
the optical absorption and third-order nonlinear optical susceptibility. The results indicate that the shape
distribution can lead to the separation of the nonlinearity enhancement peak from the absorption peak and
thereby make the figure of merit more attractive.
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I. INTRODUCTION

Nonlinear optical properties in random metal-dielect
composite media have been the subject of growing intere
recent years because of their potential applications in phy
and engineering@1,2#. A typical system is composed of met
granular particles with a nonlinear dielectric response e
bedded in a dielectric host with a linear or nonlinear
sponse. It is well known that at frequencies close to the
face plasmon resonances, the third-order nonlin
susceptibility of such a composite system may be gre
enhanced through the local field effects@3–9#. The metal-
dielectric composite media are also known to have
anomalously large optical absorption in the infrared reg
@10#. Both the absorption spectrum and optical nonlinea
are sensitively dependent on the composite microstruc
@11–13#.

More recently, we derived two different Maxwell-Garne
type approximations based on whether a self-consistent
dition on the net polarization is invoked@14#. The results
show that the optical absorption and the third-order nonlin
susceptibility are strongly dependent on the shape of in
sions. However, a large nonlinearity enhancement is alw
accompanied by a large optical absorption, which hind
practical applications. In this regard, geometric anisotro
@5,15#, fractal @7# or correlated microstructure@13# in com-
posites can lead to the separation of the absorption peak
the nonlinearity enhancement peak, resulting in a large fig
of merit.

According to the analysis of the absorption coefficient a
conjugate reflectivity in related experiments, it has be
shown that the granular inclusions may deviate from per
spherical shape, which possess certain shape distribu
@16#. The distribution of granular shapes may also be imp
tant in understanding the Lichtenecker’s formula@17# and
explaining the anomalous far-infrared absorption of sm
metallic particles@18#. Therefore, in this work, we examin
1063-651X/2001/64~3!/036615~8!/$20.00 64 0366
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the metal-dielectric system in which metallic inclusions a
ellipsoidal in shape, described by some shape distributio
Each ellipsoidal nanoparticle is described by three depo
ization factorsLx , Ly and Lz ~satisfying the sum ruleLx
1Ly1Lz51). Generally, the granular inclusions are ra
domly oriented and the effective response is still isotrop
We will generalize the Maxwell-Garnett-type approxim
tions @14# in conjunction with the spectral representatio
@19–21# to investigate both the linear and nonlinear optic
properties of such composite media.

We organize the paper as follows. In the next two s
tions, we derive the two Maxwell-Garnett-type approxim
tions by taking the shape distribution of inclusions into a
count, and then calculate the spectral density funct
numerically. With the spectral density, we study the opti
absorption and the enhancement of third-order nonlinear
ceptibility in Sec. IV. A summary of our results and discu
sions will be given in Sec. V.

II. NON-SELF-CONSISTENT MAXWELL-GARNETT
APPROXIMATION „MGA1 …

Let us consider a nonlinear granular composite in wh
randomly oriented, ellipsoidal metal particles of volum
fraction f are embedded in an isotropic dielectric host
volume fraction 12 f . We assume that the particle size
much smaller than the wavelength of light so that the qua
static approximation can be adopted. The local constitu
electric displacement (D)-electric field (E) relation is given
by D5e i

(0)E1x i
(3)uEu2E, wheree i

(0) andx i
(3) are the~scalar!

linear dielectric function and the third-order nonlinear optic
susceptibility of thei th component (i 51,2). The nonlinear
term of the component is always assumed to be weak
comparison with the linear one@3,5,6,11–15#. Since the axes
of the ellipsoidal particles are randomly distributed in spa
~corresponding to a uniform distribution of ellipsoidal inclu
sions over the entire solid angles!, the effective response i
©2001 The American Physical Society15-1
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L. GAO, K. W. YU, Z. Y. LI, AND BAMBI HU PHYSICAL REVIEW E 64 036615
still isotropic. Ellipsoidal particles are described by three d
polarization factorsLx , Ly , andLz , which satisfy the sum
rule Lx1Ly1Lz51. For spherical particlesLx5Ly5Lz
51/3, while for cylindrical ones,Lz50 andLx5Ly51/2. In
general, the coefficientL j ( j 5x,y,z) is shape dependent an
has the form@22#

L j5
axayaz

2 E
0

` du

~aj
21u!A~ax

21u!~ay
21u!~az

21u!
, ~1!

whereax , ay , andaz are semi axes of the inclusion parall
to the three Cartesian coordinate axesx, y, and z. With
given aj ( j 5x,y,z), one can determine uniquely a depola
ization L j . Thus we may use the depolarization factor
characterize the shape of the ellipsoidal particles. A p
scribed distribution of the depolarization factor will b
adopted to describe the distribution of the geometric sha
of the inclusions.

The average electric field̂E1& in the ellipsoidal inclu-
sions is given by@3,14#

^E1&5
1

3 (
j 5x

z e2
(0)

L je1
(0)1~12L j !e2

(0) ^EL&, ~2!

where^EL& is the Lorentz local field.
The expression for the spatial average of the electric fi

over the whole volume of composite is

^E&5 f ^E1&1~12 f !^EL&. ~3!

Similarly, the bulk average of the dielectric displaceme
^D& is

^D&5 f e1
(0)^E1&1~12 f !e2

(0)^EL&. ~4!

The effective linear dielectric functionee
(0) can be defined as

ee
(0)5

^D&

^E&
5

f e1
(0)b1~12 f !e2

(0)

f b112 f
, ~5!

whereb[^E1&/^EL&5 1
3 ( je2

(0)/@L je1
(0)1(12L j )e2

(0)# is the
field factor.

In order to investigate the effect of a shape distribution
granular inclusions on the effective linear and nonlinear
tical properties, we propose a distribution functio
P(Lx ,Ly ,Lz) of depolarizations factors to characterize t
shape distribution. The distribution functionP(Lx ,Ly ,Lz)
must be chosen to satisfy**sP(Lx ,Ly ,Lz)ds51, wheres
is the area of the plane,Lx1Ly1Lz51. Correspondingly,
the field factor should be obtained from

^b&shdis5
1

3E E
s
P~Lx ,Ly ,Lz!(

j

e2
(0)

L je1
(0)1~12L j !e2

(0)
ds.

~6!

For convenience, we assume that the shape of inclus
distributes uniformly andP(Lx ,Ly ,Lz)52/A3 by exhaust-
ing all possible ellipsoids. Alternative distribution such as t
binary distribution@23#, G distribution @17#, and log-normal
03661
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distribution@23# can be treated similarly. The expression f
the field factor with a uniform distribution of depolarizatio
factors can be simplified as

b5
2

S 12
e1

(0)

e2
(0)D 2 F12

e1
(0)

e2
(0)

1
e1

(0)

e2
(0)

lnS e1
(0)

e2
(0)D G . ~7!

The effective linear dielectric function of composites with
uniform shape distribution can be obtained by substitut
Eq. ~7! into Eq. ~5!.

In the dilute limit, i.e.,f→0, Eq. ~7! reduces to

ee
(0)5e2

(0)F112 f S e1
(0)

e1
(0)2e2

(0)
ln

e1
(0)

e2
(0)

21D G , ~8!

which was first derived in Ref.@18#.
As claimed in Refs.@14# and @24#, because the mutua

interaction between different polarizations is neglected, a
the case of small volume fractions, Eq.~5! with Eq. ~7! may
be valid for not too large volume fractions such asf <0.3. At
large volume fractionsf .0.3, the interactions between pa
ticles must be considered.

Then we calculate the spectral density function. For tw
component composites, it has proved convenient to adop
spectral representation of effective linear response@19–21#.
Let s5e2

(0)/(e2
(0)2e1

(0)) andF512ee
(0)/e2

(0) , we find

F~s!5E
0

1m~s8!

s2s8
ds8, ~9!

wherem(s8) is the spectral density function, which can b
obtained through the limiting process,

m~s8!5 lim
h→01

2
1

p
Im@F~s81 ih!#. ~10!

While the analytic solution for the spectral density fun
tion may exist, here we resort to numerical calculation. W
calculatem(s8) numerically from Eqs.~5! and~7!–~10!. We
put s5s81 ih and choose the real part at 1,000 equa
spaced across the interval value 0,s8,1 and h at some
positive values such ash50.001. The actual value ofh is
indeed unimportant. We find that such choice gives acce
able results by checking the sum rule

E
0

1

m~s8!ds85 f . ~11!

In Fig. 1, we plot the spectral densitym(s) againsts for
various volume fractionsf 50.05, 0.1, and 0.3. When w
take into account the shape distribution, the spectrum tu
broad and has a large spectral peak around smalls. This is
due to the fact that in the composite system with the sh
distribution, the larger clusters are more easily enhance
the expense of smaller ones than they are in the stan
Maxwell-Garnett model. The large values of spectral peak
5-2
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the small-s range will be useful to increase the optical a
sorption in the infrared region. The results indicate that
shape distribution of metal particles plays a role in expla
ing the anomalous far-infrared absorption. The spectra
crease in small-s region and reach maximum values and th
decrease in large-s region. Moreover, they are continuous
the whole range froms50 to s51, in contrast to twod-type

FIG. 1. The spectral densitym(s) within MGA1 againsts for
various f 50.05, 0.1, and 0.3.
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sharp peaks in composites of spheroidal particles with sa
depolarization factors@14#. When increasing the volume
fraction f, the location of the spectral peak are almost inva
ant, but the magnitude of the peak becomes large so a
satisfy the sum rule Eq.~11!.

III. SELF-CONSISTENT MAXWELL-GARNETT TYPE
APPROXIMATION „MGA2 …

We generalize the cellular model@14,25# to study the sys-
tem in which the ellipsoidal metal inclusions are dispersed
a dielectric host. To formulate the cellular model, we co
struct the Wigner-Seitz cell of each microellipsoid and
place the composite by a fictitious homogeneous medium
an as-yet undetermined dielectric constantem

(0) , except for
one of the cells. The cell is then replaced by an ellipsoi
core of dielectric constante1

(0) , coated by a confocal shell o
e2

(0) . The core and the shell have the same aspect ratio, c
acterized byr 5acx /asx5acy /asy5acz /asz, where the sub-
script c ands mean core and shell.

The effective linear dielectric constantee
(0) is given by the

dilute-limit expression,

ee
(0)5em

(0)1pem
(0)@bx~e1

(0) ,e2
(0) ,em

(0) ,y!

1by~e1
(0) ,e2

(0) ,em
(0) ,y!1bz~e1

(0) ,e2
(0) ,em

(0) ,y!#,

~12!

where p is an infinitesimal volume fraction andy
[(acxacyacz)/(asxasyasz) is the volume ratio of the core to
the whole coated ellipsoid, andbj is the dipole factor to a
single-coated ellipsoidal inclusion along thej axis,
bj5
1

3

~e2
(0)2em

(0)!@e2
(0)1L j~e1

(0)2e2
(0)!#1~e1

(0)2e2
(0)!y@e2

(0)1L j~em
(0)2e2

(0)!#

~e2
(0)2e1

(0)!~em
(0)2e2

(0)!yLj~12L j !1@e2
(0)1~e1

(0)2e2
(0)!L j #@em

(0)1~e2
(0)2em

(0)!L j #
. ~13!
s

ual
ns,

c-

.

The effective dielectric constantee
(0) can be obtained self

consistently with Eqs.~12! and ~13!, if we identify y with f
andem

(0) with ee
(0) ; then Eq.~12! becomes a self-consistenc

equation, which readily implies that,

b5bx1by1bz50 or (
x

z

bj50. ~14!

Here we would like to point out that the mutual interacti
between different polarizations is taken into account in
self-consistent way and Eq.~14! can thus be used for larg
volume fractions@14#. When the microellipsoid becomes m
crosphere, our theoretical model is nothing but the Hash
Shtrikman one, in which the volume fraction of the comp
nent can vary from 0 to 1.0@26#.

We then introduce a prescribed type of distribution for t
depolarization factorsP(Lx ,Ly ,Lz), the self-consistency
equation becomes
a

-
-

^b&shdis5E E
s
P~Lx ,Ly ,Lz!~bx1by1bz!ds50.

~15!

Again, P(Lx ,Ly ,Lz) must be chosen to satisfŷ1&shdis51
and for uniform oneP(Lx ,Ly ,Lz)52/A3.

We plotm(s) versuss for small volume fractions such a
f 50.05 andf 50.1 in Fig. 2~a! and large volume fractions
f 50.3, 0.5, and 0.7 in Fig. 2~b! within MGA2. For small
volume fractions, sayf 50.05 and f 50.1, a spectral peak
around smalls arises as expected. As we include the mut
interaction between different polarizations into calculatio
the dominant peak@see Fig. 2~a!# broadens in comparison
with that shown in Fig. 1. However, for large volume fra
tions f 50.3, 0.5, and 0.7, it is seen from Fig. 2~b! that there
is a broad continuous spectrum band in large-s region, in
addition to a prominent broad band in small-s region. Such
behavior is quite different from that predicted within MGA1
5-3



po
m
t
-

g

to

tw
ea

ith

e-
s

f

c-
t of
to

ge
ency
n
pe-

ith
o-
y a
e of

ex-

on-

cy

L. GAO, K. W. YU, Z. Y. LI, AND BAMBI HU PHYSICAL REVIEW E 64 036615
We believe that the mutual interaction between different
larizations contributes to this broad continuous spectru
and the shape distribution enhances the magnitude of
spectral density further. Whenf gradually increases, interac
tion among granular inclusions becomes strong, resultin
a broad spectral band in the small-s region. However, with
further increase off, metal clusters get collected, leading
the narrow spectrum.

IV. THE OPTICAL ABSORPTION AND THIRD-ORDER
NONLINEAR SUSCEPTIBILITY

As we have obtained the spectral density by means of
approximations, we can next examine the effective lin
dielectric constant with the following equation

ee
(0)5e2

(0)F12E
0

1m~s8!

s2s8
ds8G , ~16!

and effective third-order nonlinear optical susceptibility w
@5,11#

FIG. 2. m(s) within MGA2 againsts for small volume fractions
f 50.05 and 0.1~a! and large volume fractionsf 50.3, 0.5, and 0.7
~b!.
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(3)uE0u2E0

25 f x1
(3)^uEu2E2& l in ,11~12 f !x2

(3)^uEu2E2& l in ,2

' f x1
(3)^uEu2& l in ,1̂ E2& l in ,11~12 f !x2

(3)

3^uEu2& l in ,2̂ E2& l in ,2 , ~17!

where the linear local field averages^E2& l in ,i and ^uEu2& l in ,i
are given by

f ^E2& l in ,15E
0

1s2m~s8!

~s2s8!2
ds8E0

2,

~12 f !^E2& l in ,25F12E
0

1~s22s8!m~s8!

~s2s8!2
ds8GE0

2, ~18!

and

f ^uEu2& l in ,15E
0

1usu2m~s8!

us2s8u2
ds8uE0u2,

~12 f !^uEu2& l in ,25F12E
0

1~ usu22s8!m~s8!

us2s8u2
ds8G uE0u2.

~19!

The mean field approximation is adopted in Eq.~17!, which
holds well when the field inside the componenti is a con-
stant.

As numerical illustration, we adopt the Drude fre
electron model for the dielectric function of metal particle

e1
(0)~v!512

vp
2

v~v1 ig!
, ~20!

wherevp denotes the plasmon frequency andg is the damp-
ing constant. We chooseg50.01vp , which is typical of a
good bulk metal ande2

(0)51.77 is the dielectric constant o
water. We assume the dielectric host to be linear, i.e.,x2

(3)

50, based on the fact that the optical nonlinearity of diele
tric host is several orders of magnitude smaller than tha
metal particles and the contribution of the dielectric host
the effective nonlinearity is small@29#.

In Fig. 3~a!, we show that the optical absorption Im(ee
(0))

versus frequencyv/vp for variousf within MGA1. Similar
to the spectral function shown in Fig. 1, there is a lar
absorption peak at the surface plasmon resonance frequ
~SPRF! for each volume fraction. Large optical absorptio
has been clearly observed in the far-infrared region es
cially for small volume fractions such asf 50.05. This phe-
nomenon differs from our previous prediction in Ref.@14#, as
the shape distribution is not included into calculations. W
increasingf, the resonant absorption peak shifts slightly t
wards a short wavelength and then a long wavelength b
sharpening of the absorption peak due to the size increas
the metal clusters. This prediction is consistent with the
perimental phenomena@30,31#.

Then, we concentrate on the enhancement of optical n
linearity uxe

(3)u/x1
(3) , as shown in Fig. 3~b! within MGA1.

uxe
(3)u/x1

(3) is found to be enhanced in most of the frequen
5-4
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FIG. 3. The optical absorption Im(ee
(0)) ~a! and the enhancement of optical nonlinearityuxe

(3)u/x1
(3) ~b! against the frequencyv/vp for

f 50.05, 0.1, and 0.3 within MGA1.
in
e
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region 0,v/vp,1 and takes a maximum value at certa
frequency, which is not equal to the SPRF. The magnitud
nonlinearity enhancement is two orders smaller than pr
ous theoretical prediction@11#, but can be comparable wit
experimental reports@30,31#. With the increase off, on the
one hand, the nonlinearity enhancement peak exhibits a
shift and then a red shift; on the other hand, the nonlinea
03661
of
i-

ue
ty

enhancement band turns broad as interactions among clu
become strong. More interestingly, the nonlinearity enhan
ment peak does not coincide with the absorption peak
the separation of the absorption peak from thexe

(3) enhance-
ment peak is clearly observed. Therefore it is possible
obtain more prominent optical nonlinearity with a concom
tant small linear optical absorption at the frequency of in
5-5
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FIG. 4. Similar to Fig. 3 but within MGA2 for
small volume fractionsf 50.05 and 0.1.
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dent light far from the SPRF, at which the optical absorpt
achieves a maximum value. For practical applications,
more useful parameter is the figure of merit, which is p
portional to uxe

(3)u but inversely proportional to Im(ee
(0)).

Thus a largeuxe
(3)u is insufficient unlessuxe

(3)u/Im(ee
(0)) can

be made as large as possible. Most of theoretical works
dict that the increase of optical nonlinearity is always acco
panied by an increase in light absorption. This reduces
applicability of optical nonlinearity of composites. Here w
demonstrate that bothuxe

(3)u and uxe
(3)u/Im(ee

(0)) can be
greatly enhanced in certain frequency region. For exam
uxe

(3)u/Im(ee
(0));1530x1

(3)esu cm for f 50.05 at v'0.7vp

and uxe
(3)u/Im(ee

(0));200x1
(3)esu cm for f 50.1 at v

'0.76vp .
We plot the linear optical absorption Im(ee

(0)) and
uxe

(3)u/x1
(3) versusv/vp for small volume fractionsf 50.05

and 0.1 in Fig. 4 and large volume fractionsf 50.3, 0.5, and
0.7 in Fig. 5 within MGA2.

For small volume fractions, as is evident from Fig. 4~a!,
the optical absorption exhibits similar behavior as that
served in the case of MGA1@see Fig. 3~a!#, especially for
f 50.1. However, two approximations yield distinct resu
for large volume fractions. In Fig. 5~a!, we find that in the
frequency band 0,v,0.5vp , there is a surface plasmo
resonance band, which is broader than that obtained wi
MGA1; while in the large frequency band region such asv
.0.5vp , a broad continuous absorption spectrum with sm
magnitude is predicted as a result of mutual interaction
tween different polarizations, which is absent within MGA

In the end, we examine the optical nonlinearity enhan
ment uxe

(3)u/x1
(3) within MGA2. for small volume fractions,

such asf 50.05 and 0.1@see Fig. 4~b!#, appreciable nonlin-
03661
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earity enhancement has been observed in high-frequenc
gion, which is again far from SPRF, so that the figure
merit uxe

(3)u/Im(ee
(0)) can be greatly enhanced. Introducin

shape distribution in this frequency region can lead to la
enhancement of optical nonlinearity and figure of merit, a
is thus beneficial for practical applications. For instance,
f 50.05 and 0.1, we attainuxe

(3)u/Im(ee
(0));285x1

(3)esu cm
and ;300x1

(3)esu cm atv'0.7vp , respectively. For large
volume fractions@see Fig. 5~b!#, sharp enhancement of opt
cal nonlinearity is seen at low frequencies near the edge
surface plasmon resonance band, especially just above
upper edge of the large linear optical absorption band. In
large frequency region 0.6vp,v,1.0vp , continuous broad
band of nonlinearity enhancement is also observed, in a
ogy to the behavior of linear absorption, shown in Fig. 5~a!.
We also find that, asf increases, the resonant low frequen
and the center of the nonlinearity enhancement band are
shifted and blue shifted respectively.

V. DISCUSSIONS AND CONCLUSIONS

In this work, we have studied the effect of the shape d
tribution of inclusions on the optical absorption and the e
hancement of optical nonlinearity of metal-dielectric com
posites. Previously derived Maxwell-Garnett approximatio
are generalized to investigate the spectral density functio
such system. The results show that introducing the sh
distribution is helpful to explain qualitatively the large opt
cal absorption and to reduce the discrepancy between t
retical and experimental results on the optical nonlinea
enhancement. More interestingly, at certain frequency
gion, the uniform shape distribution can lead to the suppr
5-6
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FIG. 5. Similar to Fig. 3 but within MGA2 for large volume fractionsf 50.3, 0.5, and 0.7.
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sion of optical absorption and the concomitant enhancem
of optical nonlinearity, and thereby increase the figure
merit.

Here we should add a few comments regarding our
sults. We can further extend our methods to the system
which both metal particles and the dielectric matrix are n
linear. We only introduce simple shape distribution functio
03661
nt
f

-
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-
,

i.e., uniform shape distribution, into our calculations, oth
more realistic and complicated distribution function shou
be chosen to satisfy the experimental case. We conside
Maxwell-Garnett-type models~i.e., distinct inclusion par-
ticles are embedded in a dielectric host!. For percolation
composites, we should adopt the Bruggeman-type effec
medium approximation@27,28# by taking the shape distribu
5-7
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tion into account.
We may manipulate composite microstructure, such as

the use of correlated, fractal, and anisotropic microstruc
to achieve a large enhancement of optical nonlinearity an
concomitant suppression of linear absorption. In this pa
we present another way to realize the separation of lin
absorption peak from the nonlinearity enhancement peak
the introduction of the shape distribution of granular inc
sions. Our calculation may be qualitatively relevant to rec
optical nonlinearity enhancement experiments on me
dielectric nanocomposites@30–32#, in which large third-
order optical nonlinearity was studied at the SPRF. In or
to compare with experimental results quantitatively,
should apply the Shalaev-Sarychev theory@7,9#, describing
the interaction effects. We predict that in order to furth
promote optical nonlinearity and the figure of merit, granu
s

r
J

E

l

g-
th

v

. B

-

03661
y
re
a
r,
ar
y

-
t
l-

r

r
r

inclusions with certain shape distributions should be p
pared and the composite may not be studied at the SPR
which the optical absorption achieves a maximum value.
hope our theoretical prediction can stimulate experimen
investigations or numerical simulations on this topic.
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