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Random multiple scattering of ultrasound. I. Coherent and ballistic waves

Arnaud Derode,* Arnaud Tourin, and Mathias Fink
Laboratoire Ondes et Acoustique, Universite´ Denis Diderot—Paris VII, ESPCI—CNRS (UMR 7587), 10 rue Vauquelin,

75005 Paris, France
~Received 14 February 2001; published 29 August 2001!

This is the first article in a series of two dealing with the statistical moments of ultrasonic waves transmitted
through a disordered medium with resonant multiple scattering. Only the first-order moment is considered here.
An ultrasonic pulsed wave is transmitted from a point source to a 128-element receiving array through
two-dimensional samples with various thicknesses. The samples consist of random collections of parallel steel
rods immersed in water. Experimental results show that the ensemble-averaged transmitted wave forms~‘‘co-
herent wave’’! exhibit a time-dependent frequency spectrum. Within the independent scattering approximation,
this is well explained by individual resonances of the scatterers. The coherent wave only appears after en-
semble averaging and has to be distinguished from the ‘‘ballistic wave,’’ i.e., the first well-defined pulse that
crosses the sample, which can be measured on every realization of disorder. A physical interpretation is given,
which is based on the separation of the coherent wave between a rigid and a resonant contribution.

DOI: 10.1103/PhysRevE.64.036605 PACS number~s!: 43.20.1g, 43.35.1d, 43.90.1v
us
o
e
a-
te

n
re
riz
or
-
m
liz

o
b
er
r
an
he

a

-
r
i

l-
ti
ia

rre
e
or
gl
ag
to

nts
pa-

e

er
ve.
he
and
a-

he
s

and

on
s a

ul-

33

ates
128-
y for
I. INTRODUCTION

Physical systems involving multiple scattering of vario
kinds of waves~electrons, ultrasound, electromagnetic,
seismic waves, etc.! can be analyzed with very much th
same concepts@1–7#. Whatever the type of waves, the st
tistical approach consists of treating a given multiple scat
ing medium as one realization of a random process. O
aims at evaluating the statistical moments of the scatte
waves in order to identify relevant parameters to characte
the medium~mean free paths, diffusion constant, transp
velocity, conductance, . . . ! and to explain the various phe
nomena of multiple wave scattering in disordered syste
~coherent backscattering, conductance fluctuations, loca
tion!.

The major difference between acoustics and optics
quantum physics does not lie in the physical concepts,
rather in the physical quantity at stake in an actual exp
ment: Is it the instantaneous fluctuations of the field, o
time-averaged intensity? Is the incoming wave a broadb
pulse or a quasi-monochromatic plane wave packet? Is t
a rapid motion of the scatterers, or is the disorder fixed? C
the system be considered as ergodic?

In this work we will study the transmission of an ultra
sonic pulsed wave from a point source to a 128-element
ceiving array through a multiple scattering slab. This slab
a two-dimensional~2D! sample consisting of a random co
lection of parallel steel rods immersed in water. Unlike op
cal wave scattering by suspensions, there is no Brown
motion here: one set of 128 transmitted wave forms co
sponds to one realization of disorder, hence there is no ‘‘s
averaging.’’ A key question is then to understand what inf
mation can be retrieved from the observation of a sin
realization, and what is revealed by an ensemble aver
The answer to this question will be different according
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whether we are dealing with first- or second-order mome
of the scattered wave, and will depend on the essential
rameters of multiple scattering~Thouless factor, mean fre
paths!.

This work is divided into two articles. The present pap
deals with the first-order moment of the transmitted wa
The influence of individual resonant scattering on t
ensemble-averaged wave forms is shown experimentally
well explained within the independent scattering approxim
tion ~ISA! @2#. We emphasize the difference between t
‘‘ballistic wave’’ i.e., the first well-defined pulse that crosse
the sample appearing on a single realization of disorder,
the ‘‘coherent wave’’ that requires ensemble averaging.

II. EXPERIMENTS

The experimental situation we consider is depicted
Fig. 1. A subwavelength piezoelectric element transmit
short ultrasonic pulse~one or two cycles of a 3.2 MHz sine
wave! that propagates through water and encounters a m

1

FIG. 1. The source transmits a short pulse that propag
through the slab. The scattered waves are recorded on a
element array. The sample can be translated parallel to the arra
ensemble averaging.
©2001 The American Physical Society05-1
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tiple scattering slab with thicknessL. The slab is made of a
random collection of parallel steel rods with dens
18.75/cm2 and diameter 0.8 mm~for comparison, the averag
wavelength in water is 0.47 mm!. The receiving array has
128 0.39-mm large elements. The vertical dimensions of
rods and of the array are sufficiently larger than the wa
length to consider the setup as two dimensional. Scatte
waves emerge from the sample and the array records
time series. Unlike in optics, the electrical signals that
recorded are a direct measurement of the field itself, no
intensity.

The scattered wave forms and the order of multiple sc
tering strongly depend on the sample thicknessL. In our
sample, the transport mean free pathl * was found to be 4.8
mm, via the coherent backscattering effect@8#. For values of
L comparable tol * , as in the case presented in Fig.
multiple scattering is not predominant: first, a cylindric
wave front traverses the sample. It has propagated at

FIG. 2. ~a! Transmitted wave forms forL510 mm. The ballistic
front dominates the scattered contributions. Each of the 128 line
the picture corresponds to one array element.~b! Waveform re-
ceived on element number 64. The time origin is arbitrary.
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same velocity as in water, as if it had not felt the scattere
This pulse is sometimes called ‘‘ballistic wave’’@9,10#. After
the ballistic front, there are low-level scattered contributio
that fluctuate from one element to the other.

When the sample thickness increases, the amplitude o
ballistic front becomes smaller while the other contributio
grow and last longer. For very large thickness~Fig. 3! the
ballistic part is negligible, high-order multiple scatterin
dominates, and the transmitted signal lasts 200 or 300ms,
i.e., 300 times the initial pulse duration.

Given the complexity of the problem~at L580 mm,
roughly 1500 scatterers are involved! and the high order of
scattering, it is impossible to give an analytical prediction
the wave transmitted through the slab. Usually, one consid
a given sample as one particular realization of a rand
process and studies the first-order moment of the scatt
wave~i.e., the ensemble-averaged transmitted field!, also re-
ferred to as the coherent wave. It is a well-known result
scattering and effective media theory that its energy dec
exponentially with the sample thickness@11#.

In the case of wave propagation in suspensions, the
semble average is replaced by a time average that is achi
naturally within the medium by the Brownian movement
the scatterers. On the contrary, in the situation we study h
the scatterers’ positions are fixed, and we only have acce
one realization at a time. Ideally, we would have to bu
another sample with different scatterers’ positions obey
the same statistics, and repeat the experiment. In fact
simulate an ensemble average the slab is translated pa
to the array until the transmitted signals are found to
decorrelated. This has been done for 70 positions, yield
70 realizations of the transmitted wave.

When performing the ensemble average, a cylindri
wave front clearly emerges from the multiply scatter
waves even when no ballistic front was clearly visible on
single realization of disorder: Figure 4~b! displays the ex-
perimental observation of the coherent wave
L530 mm. And there is more to it than a simple ‘‘ballist
wave:’’ behind the first arrival, other wave fronts remain d
spite the ensemble averaging. Note that the frequency s

of

FIG. 3. Signal received on the array element No. 64,
L580 mm. The time origin is arbitrary.
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RANDOM MULTIPLE SCATTERING OF . . . . I. . . . PHYSICAL REVIEW E 64 036605
trum of these secondary arrivals is significantly differe
from that of the earlier part~Fig. 5.!.

III. THEORETICAL ANALYSIS AND DISCUSSION

In order to give a theoretical interpretation of this expe
mental result, the first step is to consider the scattering p
erties of one scatterer. For an elastic rod insonified by a p
wave, the total pressure may be written as the sum of
incoming wave and a scattered contribution which may
decomposed into a modal sum@12,13#:

e2 j ~vt2k0"r !1 (
n50

`

anHn
~1!~k0r !cos~nw!e2 j vt, ~1!

FIG. 4. ~a! Transmitted wave forms though a slab wi
L530 mm, for one realization of disorder; the ballistic front is n
predominent.~b! Ensemble-averaged transmitted wave forms
L530 mm: in addition to the ballistic contribution, secondary wa
fronts are visible. Each of the 128 lines of the pictures correspo
to one array element.
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r is the distance from the center of the cylinder,w the azi-
muth, k0 the wave number in water, and the coefficientsan
are related to the boundary conditions at the cylinder surfa
they depend on the longitudinal and transverse velocity, d
sity, and radius of the cylinder.

In the far field, the scattered wave@second term in Eq.
~1!# simplifies into a cylindrical wave:

f ~w!
e2 j ~vt2k0r !

Ar
. ~2!

Classical scattering theory introduces concepts such as
scattering cross section and thet matrix. The scattering cros
sections is defined as

s5E
0

2p

u f ~w!u2dw. ~3!

r

s

FIG. 5. Experimental results.~a!: Coherent wave form transmit
ted throughL530 mm. ~b!: spectra of the early part~first 2.7 ms,
thick line! and of the last part of the coherent signal~thin line!.
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In a 2D problem such as this one,s has the dimension of a
length; it characterizes the scattering strength of the cylin

Alternatively, in thek space, scattering is described by
matrix t @14# that relates the outgoing plane wave compon
with wave vectork to the incoming plane wave, so that th
matrix element̂ kutuk0& is proportional to the scattered am
plitude in the directionw5(k0 ,k). In the far field, the scat-
tered amplitudef (w) and thet matrix are related by

f ~w!52
11 j

4Apk0

^kutuk0&. ~4!

Hence thet-matrix elements can be calculated from coe
cients of the modal decomposition in Eq.~1!:

^k0utuk&524 j (
n50

`

an cos~nw!. ~5!

In particular, the scattered amplitude in the forward direct
~w50, k5k0! is related to the total scattering cross sect
via the optical theorem@11#:

s52
1

k0
Im^k0utuk0&52

4

k0
Re(

n50

`

an . ~6!

Figure 6 displays the total scattering cross sections versus
frequency. The elastic parameters arecL55.7 mm/ms, cT
53 mm/ms, r57.8, and the radius of the cylinder
0.4 mm. After the low frequency~Rayleigh! regime, the
curve shows rapid fluctuations. The peaks and dips in
total scattering cross section are both due to elastic r
nances of the cylinder. Indeed the scattered amplitude
be split into a rigid and an elastic contribution:

f ~w!5 f rig~w!1 f res~w!. ~7!

The rigid contributionf rig is the response of a perfectly im
penetrable object, while the elastic termf res accounts for the

FIG. 6. Total scattering cross section~in mm! versus frequency
~MHz!, for a cylindrical steel rod with diameter 0.8 mm~cL

55.7 km/s,cT53 km/s, r57.8!.
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resonances linked to the geometry and the elasticity of
cylinder. It is therefore possible to write the total scatteri
cross section as a sum of three terms:

s5s rig1s res12 ReE f rig* ~w! f res~w!dw. ~8!

The rigid and the elastic scattering cross sections are plo
in Fig. 7. While s rig grows monotonically with frequency
and tends to a limit of 1.6 mm~twice the cylinder diameter!,
s res shows a series of peaks at particular frequencies~reso-
nances!.

The total scattering cross section is not the mere sum
s rig ands res, there is an interference term between the rig
and the resonant contributions. This is the reason why
strong resonance at 2.75 MHz manifests itself as a dip in
total scattering cross section. The resonances are the s
tures of elastic surface waves propagating around the cy
der and reradiating a scattered wave into water: resona
occurs when a surface wave has an exact number of w
lengths around the cylinder. When waves reradiated by
surface wave are out of phase with the rigid term, resona
appears as a dip instead of a peak in the total scattering c
section, as was the case at 2.75 MHz.

The phase difference between the rigid and the ela
contributions may be thought of as the time necessary for
surface wave to be generated and reradiate a bulk wav
water, whereas the rigid response is almost instantaneou
to the width of a given resonance, it can be related to
decay time of a surface wave that goes around the cylin
as the surface wave reradiates, it is progressively attenua
Therefore the width of the resonance can be linked to
‘‘dwell time’’ of the surface wave around the cylinder@2#.

From Fig. 7 its appears that in the frequency band we
interested in~;2–4 MHz!, there are two resonance freque
cies: 2.75 and 3.4 MHz. It should be noted that sharp re
nances are very sensitive to the value of the rod radiua.
Actually, the scattering cross sections depend on the dim

FIG. 7. Rigid and elastic scattering cross sections~in mm!
versus frequency~MHz! for a cylindrical rod with diameter
0.8 mm~cL55.7 km/s,cT53 km/s, r57.8!.
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RANDOM MULTIPLE SCATTERING OF . . . . I. . . . PHYSICAL REVIEW E 64 036605
sionless parameterk0a. Therefore a small variation of th
radius induces a change in the resonance frequencies. W
considering an ensemble of rods, the scattered ampli
f (w) should be averaged in order to take the statistical
tribution of the radii into account. This tends to smooth o
the sharpest resonance. Figure 8 presents the average s
ing cross section for a Gaussian distribution of rods w
mean 0.4 mm and standard deviation 1/50 of the mean. E
this tiny fluctuation is enough to average out the sharp re
nances.

In the frequency band between 2 and 4 MHz, only o
resonance remains around 2.75 MHz. This resonance is
origin of the peculiar behavior of the coherent wave that w
highlighted by the experiments.

Indeed, within the ISA@2#, the ensemble averaged tran
mitted wave field when the slab is illuminated by a pla
wave is written as

^H&5e2 j ~vt2keff•r !, ~9!

keff being the effective wave number:

FIG. 8. Average scattering cross section~a! and elastic mean
free path~b! in mm versus frequency~MHz! for a Gaussian distri-
bution of radii ~mean radius 0.4 mm, standard deviation 8mm!
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keff
2 5k0

22n^k0utuk0&. ~10!

n is the density of scatterers~here, 18.75 cm22!.
In the case of a plane wave insonification, the coher

wave is therefore a plane wave similar to the incoming o
with renormalized velocity and amplitude. In other words,
average the medium behaves as a filter with a freque
responseejkeff L. The real part ofkeff is related to the phase
velocity of the effective medium, while its imaginary part
used to define the elastic mean free path:

l 5
1

2 Im$keff%
'

1

ns
. ~11!

Sinces is minimal around 2.75 MHz, the mean free path a
the frequency response show a maximum at this freque
~Fig. 8!: l 54.1 mm at 2 MHz,l 56.6 mm at 2.75 MHz, and
l 53.6 mm at 4 MHz. And naturally, as the distance
propagationL increases, the frequency spectrum of the c
herent wave narrows around the resonance frequency,
MHz.

In the time-domain we can calculate the coherent wa
form via an inverse Fourier transform. As an example,
coherent wave form and its spectrum are plotted in Fig. 9
various values ofL. The incoming pulse spectrum has a 3
MHz center frequency and a 1.4 MHz full width at ha
maximum. For small values ofL, the coherent wave form is
essentially a ballistic contribution almost identical to the
coming pulse that seems to have propagated at the s
velocity as in water.

But at largerL, the temporal wave form becomes mo
complicated: behind the first arrival, a second wave pac
appears, with a different spectrum. ForL530 mm, a short-
time Fourier analysis~Fig. 10! shows that the earlier part o
the signal is centered at 3.1 MHz while the central frequen
of the later part is the resonance frequency 2.75 MHz:

FIG. 9. Theoretical results. Left column: coherent wave for
calculated within the ISA throughL510 mm ~top!, L530 mm
~middle!, and L590 mm ~bottom!. Right column: corresponding
spectra.
5-5
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travel time through the ensemble-averaged medium
strongly frequency dependent. In order to interpret this
sult, it may be useful to split once again the response of
medium between a rigid and an elastic contribution.

Under the approximation thatun^k0utuk0&u!k0
2, we have

keff'k02
n^k0utuk0&

2k0
. ~12!

Therefore the coherent wave can split into two terms:

^H&5e2 j ~vt2keff•r !5H rig3H res ~13!

or, alternatively, in the time-domain:

^h&5FT21^H&5hrig^ hres ~14!

As we have seen in Fig. 7, the rigid cross-scattering sec
shows significant variations only in the low frequency~Ray-
leigh! regime. In the frequency bandwidth we consider~2–4
MHz!, it is almost flat. Therefore the rigid frequency r
sponse is a constant, which means that the rigid part of
coherent wave is simply a replica of the incoming pulse, ti
shifted byk0L/v ~Fig. 11!. This is the case each time res
nances can be ignored, either because they are not pres
the frequency bandwidth, or because they are averaged
by the statistical distribution of the scatterers radii. On
contrary, when the resonant behavior cannot be ignored
coherent wave front spectrum appears as a filtered versio
the incoming wave form, and spreads in time, which can
interpreted as a ‘‘dwell time’’ of the wave around the sc
terer @2#. The dwell time of the wave can be estimated
computing the group delay associated to the coherent w
form. A comparison of the experimental and theoreti
group delays are presented in Fig. 12. The group delays w
calculated by convolving a quasi-monochromatic wa
packet by the coherent wave form, and measuring the t
difference between the maxima of the incoming and out

FIG. 10. Short-time Fourier analysis of the coherent wavefo
for L530 mm. Time~ms! is in the abscissa and frequency~MHz!
on the ordinate. The mean frequency of the signal drops from 3
~ballistic part! to 2.75 MHz~resonant part!.
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ing wave packets. Naturally, the strong resonance around
MHz appears as a maximum in the group delay.

In the experimental results we presented the coherent
nals were averaged over 70 realizations and 128 receiver
it possible to have at least a rough estimate of the mean
path from a single realization of disorder? It is, under tw
conditions: the ballistic signal has to be the essential con
bution to the coherent wave, and the statistical fluctuati
must be weak. Precisely, the amplitude of the coherent w
is u^H&u5e2L/2l . For sufficiently large samples, the mea
value of the amplitude squared^uHu2& is well described by
the diffusion approximation@4# and decays algebraically a
l * /L. This result can be used to evaluate the variance of
transmitted waveH; the relative amplitude of the statistica
fluctuations may then be estimated byAvar(H)/u^H&u
'Al * /LeL/2l . In order to reduce the fluctuations to a rat
«, the number of independent realizations to average

5
FIG. 11. Theoretical results. Left column: incoming signal~top!,

rigid responsehrig ~middle!, and resonant response~bottom! hres for
L530 mm. Right column: corresponding spectra.

FIG. 12. Group delay~in ms! versus frequency,L530 mm.
Continuous line: theoretical results derived from the ISA. Circl
experimental results. The time origin is arbitrary.
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roughly eL/l l * /L«2. On the array we have at best 128 i
dependent realizations: as soon as the sample thickne
more than one or two mean free paths, this it not enoug
ensure a correct average. Yet another source of averaging
in the fact that we have a large frequency bandwidth~this
raises the question of frequency correlation, and the num
of independent frequencies available in the transmitted
nal, which will be dealt with in the next article!. Taking
advantage of the whole frequency bandwidth, experime
show that it is possible to measure a mean free path o
single realization of disorder, averaged over the freque
bandwidth, by considering the decay of the maximum of
ballistic pulse versusL, up toL;4l * .

However, at larger thickness, averaging different reali
tions of disorder becomes necessary because the coh
wave can no longer emerge from a single realization. Th
are two reasons for this. One is that the propagation of
coherent wave becomes dispersive due to the resonanc
the initially well-defined pulse spreads more and more
time. The other reason is that asL increases the total amoun
of energy conveyed by the coherent wave becomes more
more negligible compared to that of the ‘‘incoherent’’~dif-
fuse! part of the transmitted signals.

IV. CONCLUSION

These results show that the coherent~or ensemble aver
aged! transmitted wave front bears information on the av
age scatterer inside the medium. Besides, it should be
phasized that the ballistic and the coherent wave forms
not the same thing: the ballistic part~the signal that seems t
travel at the same velocity as in water and arrives first
each realization of disorder! contributes to the coherent par
but it is not the only contribution therein. The seconda
wave forms that were observed experimentally on the co
ent wave form are well explained within the ISA and are d
to the presence of elastic resonance in the frequency b
d

d

n-

J
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width of interest. The response of the ensemble-avera
medium can be split into an ‘‘instantaneous’’ response t
has the same spectrum as the incoming pulse, and a
layed’’ response whose spectrum depend on the resona
that are not averaged out.

When the sample thicknessL is not too large compared to
the transport mean free path~up to 3l * !, the ballistic wave
is the essential contribution to the coherent wave, and re
nant effects can be ignored. In that case it is possible
measure an elastic mean free path on a single realizatio
disorder, averaged over the frequency bandwidth, by con
ering the decay of the maximum of the ballistic pulse vers
L. Yet, as soon asL is significantly larger thanl * , the co-
herent wave is no longer reducible to the ballistic wave. T
statistical fluctuations of the field around its mean value
so large that it becomes impossible to distinguish the coh
ent wave form on a single realization of disorder, ev
though it is ‘‘hidden’’ in the signals such as the one plotted
Fig. 3.

Moreover, it should be noted that the basic assumption
the ISA is that there are no correlations between the sca
ers, which amounts to considering the slab as a dilute
dium with no interaction between rods, like a perfect gas.
a dense scattering medium, this cannot be the case, sinc
scatterers have a finite size and cannot overlap, which
tend to give a certain degree of correlation between the s
terers’ positions, like in Van Der Waals gas. The ISA is co
sidered to be a reasonable approximation@2# as long as the
scatterers’ density does not exceed 10%; beyond that le
correlations between scatterers can no longer be negle
In our case, the sample is just below this threshold~9.4%
surfacic density!, and the validity of the ISA is questionable
From the experiments, even though the scatterers are
pointlike and the medium is quite dense, the ISA seems
give correct results, at least for the first-order moment of
scattered field. Yet correlations between the scatterers sh
not be neglected, as we will emphasize in the next articl
c.
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