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Photon acceleration based on plasma
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A formalism is presented to examine the interaction of laser field with plasma wave in which the interaction
is described as some geometric metaptical metrig and then a laser beam is treated as a packet of photons
moving along null geodesics with respect to that metric. Photon motion equations are derived and solved
analytically in both the one-dimensional and the three-dimensional cases. The expressions for the frequency
shifts of laser pulses are presented and it is found that the frequency shifting results from the plasma density
gradient. Three-dimensional solution shows that a laser beam diffraction occurs in the presence of a radial
variation of the plasma density. It is argued that the focusing mechanism originated from the plasma wave can
curb laser diffracting, so that photons can be trapped in the plasma wave and accelerated continuously.
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[. INTRODUCTION propagating through the plasma is described as a photon
packet traveling along a geodesic in the Riemannian geom-
The interaction of intense laser field with plasma has reetry. The motion equations for photons are derived and then
ceived much theoretical and experimental attention duringolved in one-dimensiondlLD) and 3D cases, respectively.
the last decade. The plasma wave excited by an intense lasER€e frequency shifting of the probe pulse is given in the
pulse can generate such an extremely high accelerating fieknderdense plasma regime. The 3D effect for the laser propa-
of 100 GV/cm[1—4] that it may become the next generation 9ation in the medium is examined and it is found that the
of particle accelerator. It is further found that such a hightransverse component of the wave vector of the laser pulse
gradient plasma wave can shift the frequency of the laseyill emerge due to the radial variation of the plasma electron
pulse trailing the plasma wavis—13. The trailing laser density. Finally, the metric optics allows us, using a unified
pulse absorbs the energy from the plasma wave that is storgometric formulation, to analyze the focusing and defocus-
by a driving laser pulse through the plasma and then théd characteristics of the laser beam propagating through the
energy is transformed into laser frequency upshifting, i.e.plasma.
photons being accelerated. This paper is organized as follows. In Sec. Il A, the opti-
The existing theoretical descriptions of photon acceleracal metric and the corresponding connection coefficients for
tion are formulated in terms of two different approaches. Ondhe plasma perturbation are calculated and then the motion
of them is based on Hamiltonian formulation, which de-€guations for photons are derived. In Secs. Il B and Il C, the
scribes the evolution of the space-time dynamics of a wav@hoton motion equations are solved both in 1D and 3D cases.
packet(the classical analog of a photoim a plasma using The frequency shifts of photons are presented and the maxi-
the ray tracing equation,8,10. The second method uti- Mum value of the frequency upshifting is estimated. In Sec.
lizes the standard electromagnetic wave theory to study thBl, in terms of the focusing theorem in general relativity, the
interaction of a probe laser pulse with the plasma perturbaself-guiding effect for the photon traveling in the plasma
tion [11,12. wave is examined. Finally in Sec. IV, the discussion and
In this paper a different kinetic description of photon ac-conclusion are stated and the limit for photon traveling
celeration is presented, which is based on the optical metridgngth in the medium is analyzed.
[14-18, a generalization of the geometric optics from the
three-dimensional Euclidean space to the four-dimensional ll. MOTION EQUATIONS OF PHOTONS
Pocilr(]) 'Vsscgdﬁg;fpﬁ; E;'tmr]g'aTgEtzinbaisr:C;delgslriE;”gsgitzd dg:c’ Let us examine a laser pulse trailing the plasma wave,
' b propagating P which can be described as a beam of photons traveling in the

scrlb_ed as a bearT] of phqtons trayellng in the plasma. ACE)Ia:sma. In general relativity the interaction of photons with
cording to Fermal’s principle, a light track between any

) . ; ! . 4 . gravitational field is interpreted as photon motion along the
given pair of points in a medium is extremal, i.e., a ray

Lo . . null geodesic in a manifold that is characterized by the local
travels along a geodesic with respect to a given metric not

. . X . %nergy-momentum tensor. In the metric optics, by analogy
straight line. The geometric character of the metric, howeverwith general relativity, the interaction of laser pulses with a

is dependent on the refractive index of the medium. The lasma can be illustrated as photon motion along the null

?$?§?:xgﬁggrgr?tgﬁ2 ﬁ;%%;ebd 3‘3’\'/?3 tlc‘)a ;2? %?Sngseirsrt?ggé eodesic in a space-time that is specified by the electromag-
b y 9 P etic response of the ambient medium.

as a Riemannian geometric background. This means tha
plasma electron density perturbation and corresponding dis-
tribution of the refractive index are connected with geomet-

ric quantities such as optical metric, connection coefficients, The photon motion obeys the null geodesic equations as
and curvature tensors, etc. Then, the trailing laser pulséollows [19]:

A. Null geodesic equations
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dk .
o Tk =0, (1)

gaB(r 0, g T)

whereo is a parameter associated with the proper time, the
wave four-vector is

kﬂz%z(—%,k), @

the contravariant wave vector with respect to the optical met-
ric g, of the medium is

dx* ,
k= do =g”’k,, (3)

the connection coefficients of the medium are

1
F’:/L)\E Egﬂp((yvgp)\+(9hgvp_apgvh)a (4)

and the optical metric of the medium[i20]

1
g,uV: 7/;w+(1_a> u,uuvv (5)

where

9°P(r,0,¢,7)=
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~h(1+A) 0 0 1
IxX* Ix” 0 1 0 O
x| 0 0 %ol

1 0O 0 1
(7)
1 0 0 0
oxH 0 co¥ -rsing O
x® | 0 sind rcosd O ®
-1 0 0 1

The corresponding contravariant optical metric gives

1 1
~1+h(1+A) 1+h(1+A)
0 1 0 0
0 0 r2 0

1 h(1+A)
| 1+h(1+A) 1+h(1+4))

9

Using Egs.(7) and (9) all the nonzero connection coeffi-

cients are given as

where 77, is Minkowski metric with signature { + + +),

u* is four-velocity of the medium with respect to the labo-
ratory, e and u are, respectively, the dielectric constant and
the magnetic permeability. In the case of a static nonmag-
netic isotropic medium the optical metric reads

1
~Z 00 0
€
g.= 0 1 (5)
0 0
0 0 1

Sincewglaﬂ«l in the underdense plasma regime, one can
write

w2
Ve=1/|1— —2
w

=1+h(1+A), (6)

whereh= w3/ w?=4men,/mw? A= dn/ny, andny andn
=ngy+ on are the plasma electron densities before and after
the driving laser beam is injected into the plasma, respec-
tively. It is convenient to perform a coordinate transforma-
tion into the cylindrical light speed frame*=(t,X,y,z)
—X*=(7,r1,60,§), where§=z—ct,7=t, and then the optical
metric is transformed as
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po_ Lo 1 h \
00~ = 297900573 TrR(1+ A) 76
ro. 1 1 h oA,
Io=59"00:73 Toea)
o, 1 1 h
I50=59" 9005 211 h(1+4) %
1. 1
5=~ Egllgoo,FEhﬁrAa
1 1_11_
F22=—§g O221= T, (10
1. 1
Fglzrizzigzzgzz,lzr-
1, 1 h(1+A
3= bl ha:A,

= 59790575 Trn(15 4)

1 h
I=T3= 29 9003 Em%&

1 h

1—
3_p3 _~30h __ - -
o= 59 Y001 2 T1h(1+4) dA
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where the notation “,” denotes the partial derivative with dk® 1 w?
respect to a coordinate component. The geodesic equations —+5 —‘;OagA:O_ (14)
in the light speed frame are then rewritten as dx® 2 k
Al k=0, (11) And then Eq. (14) is solved by
do Y
— — wz or 1/2
wherek®= (9x*/x*)k* and kozk(T:o)( 1— _p;f dx° agA) , (15)
1 0 0 0
— 0 cost sing 0 which is of the same form as that obtained by Esaesl.
aiz 1 1 (12) [11] but on different approaches. The corresponding fre-
G 0 - Fsin 6 —cosf 0 quency shifting is
- 1 O 0 1 1/2

B. Solutions for one-dimensional motion equations

In 1D caseA=A(¢), the motion equatior{1l) can be
expanded as
7.0
a ORI+ 2150 0
0 30 ’

i (119
dk! —
3ot I'3k?k?=0, (11b)
dk? -
§+2r§1k2k1=0, (110
d?g 371,00 371,30
——+ T3 K%+ 213 k3k°=0. (110

do

Under the initial condition&|, ;_o=k?|,—o=0, Egs.(11b

and (119 give the solutionsk*=k’=0. Using d/do
=(dx%do)d/dx® andk’=k°, Eq. (118 gives

I3

dx
0 0 0_
[oot 21“30—0@) k=0.

0
(114)

a0

: (16)

where wg=w(7=0). One can therefore obtain the relative
frequency shifting to first order ih

Sw w—wg 1h 3.4
wo— w0 = 2 CTé: .

(16)

Fromk3= (dx*/dx%)k® andk3=k3—Kk°, using Eqs(15) and
(13), one has

1/2
o

T CVith(1ta)

2
w5 [¢7 —
1——p2f dx® 9.A
wo 0
1/2

. 17

2
) c
=|<(0)(1——"2O
wg J0

dx? 9,A

where k(0)=wg/cy1+h(1+A). Noting the fact that
1/J1+h(1+A)= € is just the refractive index of the me-

Noting that the tracks of photons are just the null geodesicglium, k(0) can be understood as the wave number in the

ie.,

Gapdx*dxP=0 (13)

one can obtaindx®/dx%) = — 1+ J1+h(1+A). The motion

equation (118 is rewritten

\/1+h(1+A)—%

1+h(1+A)

dk®

oo (14

hc(d,A)k°=0,

and, notingh= w}o/ w? andk®=g%%,= e(w/c), to the first

order inh, the equation is presented

absence of the plasma wave. To first ordehithe solution
(17) is reduced to

2 1/2

wo @Wpo
k,=—| 1— —2(1+A+C7'07§A)
C w3

2

1 Wgo
1- ——(1+A+070§A)
2 2
wq

g

. . (17)

To estimate the frequency shifting value, one can use the
plasma density perturbation as follo\l]:
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on(r,
A(r, &)= ﬁoa

w
— 2
=~ 780

1+ 8 1 2r®
k,zjorf re

2r2\
Xexp(——z) sin(kpoé), é<0, (18
rc

which is excited by a driving laser pulse with the following

profile

apexp —r/rd)sin(wéll), 0<é<I,

aﬂﬂ®=’Q o
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d?l+rl?°—o (19b))
d;o 00 .
In the 3D case Eq(13) presents
dx 2+2d¥3+ x 2+_ =0 (13)
o e\ "I

By solving it one obtains

e _ 1+\/1+h(1+A) dx | (20)
dx® dx/

Considering that the phase velocity of the laser in a plasma is

where a_ =(e/mc)A, is the normalized potential of the faster than that in vacuum, i.e.,

driving laser field,k,o=wpo/c, andl andr_ are, respec- _
tively, the pulse length and the spot size. Substituting Eq. dx®
(18) into Eq. (16) and noting thak’,r£>1 under the gen-

3

eral laboratory conditior(e.g., takingno~10" cm 2 and

ri~1 mm, k3orf~3.53x 10%), one can estimate a value of

the frequency upshifting

Sw T 2
—=—a TWnpo -
wo 8 LO p0

Setting A\=1 um, a,,=0.5, ny=10"° cm 3, and ~

=10 *?s, one has

ow
—=15.7%.
o
C. Solutions for three-dimensional motion equations

In the three-dimensional casé=A(r,£), the motion
equations present
d@ 0 ,0L,C 0 LiL0 0 1,310
—— + kKO + 2Tk kO + 2T k3kV =0,

do (199
d?l 17,010 17,212
E—i—l“ook k +F22|( k :0, (19b)
dk? S
%+2F§lk2k1=0, (190
A s i s
—— + T kKO+ 2T kkO+ 23 k%k°=0. (190

do

Under the initial conditiork?|,;-o=0, Eq. (199 is solved
by k?=0. Equationg19a and(19b) can read

1,0 N I3
0 0 dx 0o X170
g | Toot 2080 5+ 205~ [K°=0,  (194)

1
ﬁ: E(Z_Ct): E(Up—C)>O,
erreip is the phase_velgcity in a plasma, it is shown that
|dx®/dx°|<1 and |dx'/dx’|<1. Neglecting high order
terms inh Eq. (194) is rewritten

dk® 1 h

- 0_
i3 T2 1 n(ra) (k=0

(21)

To the first order irh, the solution of Eq(21) is given as

0)2 c 1/2

w T

—=1- 2| dsAl| .
0

22
And usingk®=k°(dx®/dx%) =k3—k° and Eq.(20), one ob-
tains

12

kK¥=k,=| 1+ X
‘ dxP

(1)2 (S5 —
kozk(O)(l——pff dx® 9,4
(l)O 0
(23

Both the solution$22) and(23) have the same forms as Egs.
(16) and(17) in the 1D case. Using the solution of E&1),
to the first order irh, Eq. (198) is solved as

1 w
k= — Eth(a,A)?o. (24)

In the 3D case the transverse componkntof the wave
vector is produced owing to the presence of radial gradient of
the electron density that results from the quiver motion of the
plasma electrons. The transverse component is responsible
for the laser beam diffraction, which severely limits the ac-
celerating distance of the trailing laser in the plasma. It is
therefore necessary to examine the focusing and defocusing
characteristics of the trailing laser pulse in the plasma.
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1. FOCUSING ANALYSIS upshifting requires cokgé)>0. To put the probe pulse at
FOR ACCELERATING PHOTONS such an appropriate position on the plasma wave that the
Using the focusing theorem in general relativity, the fo-PNOtons can be both accelerated and focused, usingZ2s.

cusina equation for a photon beam pres 2 and(29'), one can conclude that since the accelerating con-
geq P pres¢a®23 dition coskyé)>0 and the focusing condition sky)

d2.4 12 1 >0(sink,£)<0) should be satisfied at the same time, the
1 +{ |22+ ERaﬁk“kB>Al’2= 0, (250  pulse length has to be confined to the scale,/4.
ag
where A is the cross sectional area of the laser that is filled IV. DISCUSSION AND CONCLUSION

with photons, In conclusion, the mechanism of photon acceleration is

1 1 described using metric optics. The motion equations for pho-
|2|25—ka.ﬁk‘*?ﬁ— —(k%)?, (26)  tons are obtained and solved in 1D and 3D cases, respec-
2" 4" tively. As far as | know, in particular, photon dynamical be-
havior in the 3D circumstance is examined for the first time.
It is found that photons are accelerated when they are posi-
tioned in such a phase of the plasma wave that<0 (ac-
— TP _ p p O _TP 1O celerating phage Analysis shows that photons will be
Rap=0plap™ Il ap T Ul ap Tl ay @7 trapped in the plasma wave and accelerated continuously if
Inserting Egs(10) into Egs.(26) and (27), to the first order ~the density perturbation is propagating at a speed near that of
in h, after a tedious calculation one can obtain light in the plasma. Since there is a radial component of the
plasma, density gradient photons may be scattered trans-
—2 versely, i.e., laser beam may be diffracted. Further studying
(k)= (28) indicates, however, that the focusing mechanism of the
plasma wave is capable of limiting photon radial motion and
According to the above result, it is obvious that the focusingkeeping the packet from spreading provided that the laser
mechanism can be workable provided the driving laser puls@ulse profile is properly specified. There exists a region in
is appropriately specified so that the variation of the plasmahe light speed frame in which photons can undergo an ac-
wave meetsd,(rd,A)=0. Substituting the plasma density celerating and focusing movement. Another limitation on the

the notation “;” is the covariant derivative, and the Ricci
curvature tensor

1
Far(rarA)

1 —— h
2, al B
|2 +2Raﬂk k 2

perturbation Eq(18) into the above equation one has photon accelerating length is the phase detuning distapce
[24]. The phase detuning distance is the maximum distance
I 27-rafo 2r2 in which photons can be trapped in the accelerating phase
|=|2+ ERaﬁk“kB= ; - r_z and continuously gain the energy from the plasma wave:
L L

2 2 02 w2
+% 1-%(%%)” Ltszxp/(l—c—g):zxp w—g (30)
kprL re re
2r2 _ wherevy and w are the group velocity and frequency of the
Xexp — —5 | sin(kpé) (k%)2. driving laser field, respectively. Using E¢82) and(18) and
L setting the frequency of the driving pulse equal to that of the
(290  trailing pulse, one can estimate the maximum frequency up-
shifting of the probe pulse as

Sincekir{>1, Eq.(29) is reduced to

1 __ 2qa’ 2r2 2r2
et 2
rce re

Oma= wo( 1+ m2al) M2 (31

Taking the normalized vector potential of the driving pulse
- a,0=0.5, one has the relative frequency upshifting
X sin(kpé) (k)% (29)

Sw
From Egs.(25) and (29), obviously, there exists a region max[w—o] =0.86.
r<r_/+2 and the phase of the plasma wave lgj&)>0 or a
region r>r /{2 and the phase of the plasma waveObviously, this is a very remarkable frequency upshifting
sin(k,€)<0 over which the focusing mechanism to the probeeffect.
pulse will be functional. It is also shown that when the pulse
is positioned at =r /2 it may be in the state of trapping,
i.e., the state in which the laser beam could travel, in a con-
stant section, for a long distance. From E(®2) and (18) This work was supported by the Natural Science Founda-
and noting ki,r’>1, it is clear that frequency tion of Shanghai, China under Contract No. 00ZA14015.
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