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Classification of ordering kinetics in three-phase systems
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Though equations of motion containing transport coefficients are required to quantitatively predict the
phase-ordering dynamics of any given system, a great deal can be gleaned just from the shape of the free-
energy landscape. We demonstrate how to extract the most information concerning phase-ordering phenom-
enology from a knowledge of a system’s free-energy function, or phase diagram. Many putative pathways to
equilibrium can be ruled out on the grounds of the second law of thermodynamics. In some parts of the phase
diagram, these considerations are sufficient to completely determine the phase-ordering process without ever
having to calculate a transport coefficient, even when three phases are present. The results include a large
number of regions of the phase diagram with distinct phase-ordering kinetics, and some surprisingly elaborate
routes to the equilibrium state. A process is found whereby a crystalline condensation nucleus becomes coated
with a shell of gas, buffering it from a majority metastable liquid phase. Our results, based on thermodynamic
arguments, are supported by numerical solution of mBdethich describes diffusive phase-ordering kinetics.
Some of our predictions are tested against experimental observations of colloid-polymer mixtures, described in
more detail in the preceding papt. Renth, W. C. K. Poon, and R. M. L. Evans, Phys. Re%4=031402
(2001)]. A compact notation is developed to represent intricate phase-ordering pathways.

DOI: 10.1103/PhysReVvE.64.031403 PACS nunider64.75:+g, 64.60.My, 82.70.Dd

[. INTRODUCTION a phase diagram that mimics that of a simple atomic sub-
stance such as argon, but the kinetics of which are much
Considering that the existence of phase transitions waeasier to observe. The experimental system chosen was a
explained in the nineteenth century, it is perhaps surprisingolloid-polymer mixture. The equilibrium phase behavior of
that their kinetics are not yet fully understood. There is nothese mixtures is well establish¢ti2—14. Less is known
shortage of academic interest in the subjdct1Q], nor of  about the detailed kinetics of their phase ordering in a two-
applications. In metallurgy and materials science, determinphase regior{15] and, until the recent observatiof&6],
ing the dynamics of phase separation after a quench is afext to nothing was known of the approach to three-phase
considerable technological importance for controlling mesoequilibrium. The recent observatiofi6] allow us to probe
scopic texturg 11]. Also, the rate at which metastable statesthe phenomenology of phase ordering in some detail. They
evolve towards equilibrium determines the longevityr  reveal a surprising amount of diversity in the chronological
“shelf life” ) of many industrial products. order of events during the approach to three-phase equilib-
The prediction of phase-ordering kinetics presents a condum in samples with very similar overall composition.
siderable challenge to condensed matter physics. To be sure, Our aim, then, is to understand the kinetics of colloid-
many phenomenological models exist. However, determiningolymer mixtures in and around the three-phase region. The
which is most appropriate to a given system is something ofinderlying physics has important generic implications. This
an art since, unlike equilibrium thermodynamics, no generais because the relevant features of the free energy and phase
formalism is known for deriving macroscopic behavior from diagram of colloid-polymer mixtures, which we shall dis-
microscopic properties. The experimental characterization ofuss, are shared by magven mostother complex fluids.
phase-ordering processes is also problematic. Unlike bulkn addition, an exact mapping can be constructed from the
thermodynamic properties, which are easily measured, thproperties of a colloid-polymer mixture to those of a stan-
processes of phase ordering, particularly in the early stagedard pedagogical system in a heat bath. In particular, the
take place on microscopic length and time scales that are ngblymeric activity is exactly analogous to the reciprocal of
readily accessible. Additionally, to prepare a well-temperature in an atomic system, and polymeric concentra-
characterized initial state, the system must be quenchetibn is therefore related to latent heat, while colloidal con-
within this microscopic time scale. As a result of these the-centration maps onto atomic density.
oretical and experimental difficulties, the study of phase- We investigate the thermodynamics of processes which
ordering kinetics is still in its early stages. Of all phase-lead from an initial homogeneous nonequilibrium state to-
ordering phenomena, only a relatively small proportion havevards a final three-phase equilibrium. The study will give
been thoroughly investigated. For example, systems withise to a scheme which, as well as classifying various kinetic
phase diagrams exhibiting a triple- or higher-phase coexistregimes, turns out to have considerable predictive power.
ence are ubiquitous. Yet the overwhelming majority of exist-The framework relies on no phenomenological assumptions.
ing studies of kinetics are concerned with two-phase regiondnstead we follow the approach that Cahn applied to simpler
In the preceding pap¢f6] many of the experimental dif- systemdq17], to determine the sign of the entropy changeas-
ficulties were overcome in collecting comprehensive data orsociated with different processes, thus ascertaining which ki-
the kinetics of ordering in a system approaching three-phaseetic pathways are forbidden.
equilibrium. The strategy was to study a complex fluid with  The rest of the paper is organized as follows: We briefly
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review the equilibrium phase behavior of colloid-polymer fio)
mixtures in Sec. Il. In Sec. Il we study the thermodynamics
of phase transition kinetics in colloid-polymer mixtures. The
results of that discussion are used in Sec. IV to classify and
catalog the regimes of kinetic behavior in the colloid-
polymer phase diagram. Implications for phase transitions in
other substances are discussed in Secs. V and VI. Some of
the predictions of Sec. IV are tested against a simple numeri-
cal model in Sec. VII, and in Sec. VIIl we summarize and L
conclude. ¢, 0 9 ¢

Il. COLLOID-POLYMER MIXTURES FIG. 1. Example of the construction on (enean-field free-
energy curve, with concave parts, giving the free energy available to
The addition of a nonadsorbing random-coil polymer to acreate an infinitesimal amount of compositig in a metastable
sterically stabilized suspension of quasi-hard-sphere colloiphase at compositiot, .
dal latices induces an effective pair potential between the
particles, known as the depletion interactjd]. Where two  (that is, the free energy of a uniform phase with no signifi-
of the spherical colloid particles are so close together that theant heterogeneitigglone can be used to narrow the possi-
smaller polymer molecules cannot fit between them, thdilities, ruling out some pathways. Of course, to ascertain the
polymeric concentratiofand therefore the osmotic pressure €xact course that the system will follow, one must calculate
between the spheres is reduced. The range and depth of thigththe rates of nucleatioand the subsequent growth rates
effective attraction can be tuned by choosing the size anéeither of which may exhibit highly nontrivial behavior
concentration of the polymer coi[49,17. In this way, the [7—10,20) for various processes. That would require a de-
topology of the phase diagram can be made to mimic that ofailed knowledge of the mobilities and gradient energies for
simple atomic/molecular substances, with gas, liquid, anyarious order parameter fields, as well as an ansatz for the
crystal regions, as well as a point of triple coexisteft®.  phenomenological equations of motion. However, without a
Thus, the polymeric chemical potentjab can be consid- knowledge of any such kinetic parameters, Cai]
ered to parametrize the effective strength of particle-particléhowed how to limit the possibilities, simply by determining
attractions in the colloidal suspension, in the same way thathich condensation nuclei carry an entropic cost, and must
the temperature paramet@=1/kgT does for systems of therefore dissolve in the metastable majority phase.
particles with a real energetic interaction potential. While The principle, which was usefd 7] to investigate nucle-
M';l p|ays the r0|e Of temperature in the C0||oid_p0|ymer a-t|0n n Substa_nces W|th a fl‘.ee energy that is a function of a
since all interactions in the system are repulsive and, in prinwith free-energy density(¢) as a function of the uniform
ciple, hard. In practice, some details of the polymer-solvenfOmMpositiong, given in Fig. 1. If the composition is initially
interactions are not purely steric, so that some temperaturdniform até=¢,, it can be showrsimply by conservation
dependence is evident. However, energetics are irrelevant Bf materia) that the free energy available to create an infini-
the sense that the phase transition dynamics in this system igsimal amount of a second phase at concentrafigris
not limited by diffusion of latent heat, since entropy is domi- given by the distancaf from the tangent. Thus, nucleation
nated by the solvent bath, which induces Brownian dynamic&f a phase with compositiogh< ¢, cannot take place, as it
in the suspended particles. would raise the system'’s free energy, and must therefore dis-
By choosing the numbers of colloidal particles, polymersolve in the majority phase. Despite the simplicity of this
molecules, and solvent molecules in a sample, a state d#inciple, it can be applied to obtain generic and sometimes
three-phase coexistence can be orchestrated. Once suctf@unterintuitive results. For example, for certain free-energy
Samp|e has been prepared; it can be homogenized into a urgvrves, the nucleation of the final, stable states is forbidden
form, nonequilibrium, amorphous state. The subsequent kiuntil after the formation of metastable precursfig].
netics, as it returns to coexistence, were measured in the

. . . B. Free-energy landscapes
preceding papef16] and are analyzed theoretically in the

rest of this paper. The whole basis of this formalism relies on the existence
of free-energy curves which are not globally convex. Such
Ill. THERMODYNAMICS OF PHASE ORDERING curves (whose shapes give rise to the expression “free-

energy landscapg; if misinterpreted, might be dismissed as
unphysical, as we now discuss. After sufficient time, the sys-
A homogeneous system out of equilibrium, which is ini- tem will attain thermodynamic equilibrium by partitioning

tially in a forbidden(multiphas¢ region of the phase dia- into coexisting regions of differing compositions. The free
gram, must eventually attain thermodynamic equilibrium byenergy of this equilibrated system is required to be a convex
arriving on the phase boundaries. Out of the many availabléunction of its mean composition, by virtue of the positivity
paths through phase space, it is not generally obvious whicbf susceptibilities[21]. Indeed, the construction in Fig. 1
one it will take on its approach to the equilibrium state. Cahndemonstrates that the global free energy is not minimized
[17] showed how the shape of a mean-field free-energy curvanless all tangents lie below the curve. Nevertheless, at early

A. Background
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times, a finite systenfor a finite part of an infinite system  defined curve at both the beginning and end of phase order-
guenched to¢=¢,, will explore only a subset of its ing.

configurations—those attributable to the metastable initial The method for establishing the legality of a nucleation
phase[22]. During this time, any order parameters that dis-€vent, outlined above and depicted in Fig. 1, applies to a
tinguish the two phases may be regarded as quen@[@d free-energy CUrVQUnder given impOSEd conditions such as
opposed to annealpdariablest Thus, before the second temperaturewhich is a function of a single composition
phase nucleates, the left-hand well in Fig. 1 is the correcyariable. It would be convenient to apply it to the one-
form of the free energy. For instance, the second derivativdimensional semigrand potential, in which the control pa-
of this curve gives the experimentally measurable suscepti@Meter is actually the chemical potential of another con-
bility in the metastable state. In order for this description toserved species. Happily, the method still holds in this case, as

apply, where fluctuations within one well of the free energyWe now show. LeFiy=Vf($a.n,) be the total canonical

are distinguished from fluctuations that form condensatiogrgﬁeizir%%ﬁ;;gel izifen;tgﬁ\gurgﬁ dmltcl)?”r)rlm:rtic? :&T&r
nuclei, the equilibration timéthe time to establish a Boltz- 9 a poly

mann distributiohin the metastable state must be much IessdenS'tyna' If a small volumeV;, of the system acquires the

D . e ) composition ¢, ,n,), the remainder must change in compo-
than the nucleation tim@fter which a significant fraction of _. .
o .7 sition N +Ad¢,,ny+AnNy) So as to respect con-
the system feels the presence of nucl@iven that this cri- (¢a:Na) = (batAdaina a) P

ti f material, db
terion is satisfied, the function in Fig. 1 is well defirfed. servation of matenial, as expressed by
$aV=(hat Apa)(V—=Vp)+ dpVy,

nV=(ngtAny)(V—Vy)+nyVy.

C. Treatment of two components

For systems with several density variables, the tangent
construction depicted in Fig. 1 has a straightforward extenHence the canonical free energy of the compound system
sion. The free energy becomeshyperjsurface spanned by becomes
the composition variables, and entropically favored conden-
sation nuclei must lie below its tangefityperjplane. How- Feomp= (V=Vp)f(hatAda,nat Any) +Vpf(dp,np).
ever, as this becomes difficult to visualize, we shall demon- ) . ,
strate for colloid-polymer mixtures how the simple, one-S° the change\F=Fc,n;—Finy in the limit V,/V—0 is
component method may be rigorously applied to morediven by
complex systems. By the Gibbs phase rule, with two inde- =
pendent concentration variables, a region of triple coexist- Af=—=f,—fa—(dp— b tc— (Np—NDpp, (1)
ence is possible. Hence the principles described above, origi- Vb
nally applied to a pure systeffl7], may be expected to
classify a richer diversity of behaviors.

To classify the possible kinetics of colloid-polymer mix-
tures, we reason as follows. The free-energy surfac
f(#,np), which is a function of both colloidal and polymeric
concentrations, can be mapped by a Legendre transform
onto a semigrand potential densify(¢; ). At equilib-
rium, this function is minimizedsubject to conservation
with respect to colloidal concentratiahalone. In that sense
it is a function of one variable, while 4/, acts as a tempera- B .
turelike parameter controlling the sh::pe of that curve. Thé)y Af=0 in Eg. (). Thus.the. boundary to the region of
semigrand potential is a standard tool of equilibrium thermo-phases that may nucleate is given by
dynamics. During phase ordering, however, it is not obvious fo=fat (do— Ba) et (Np—Na) -
that the polymeric chemical potential can be treated as an
external parameter, since it is generally nonuniform. An ex-That is, where the free-energy surface is intersected by its
ception is in the initial state which is homogeneousgp tangent at the initial state. In terms of the semigrand potential
takes a single value. Thus the semigrand potential is a welldensityQ)=f— u,n, this criterion reads

Q=03+ (Pp— da) e )
Un practice, all quenched variabléthose which define a con- o ) ) ) _ )
straint on a systeimare time-scale dependent since, on cosmologi-which is the point of intersection with the tangent lirsince

cgl time scales, all constraints will yield to the increase of entropy.uc=(9/d¢), | on the curve()(¢), equivalent tog, in
The criterion can be violated if(¢) has negative curvature, Fig. 1 P

giving rise to local instability. We note, however, that the phenom-

enological description of spinodal decomposit[@3], which relies tential ith trol t h initial

on such functional forms, is not without content. For an unambigupo ential curve, \.NI Hp 6.‘ contro p?‘rame er w OS?. |n'| 1a

oys definition of such functions 5@4{] value, though uniform, differs from its value at equilibrium.
3 )

is the dimensionless colloid volume fraction ang is the  In fact u, is initially greater than its equilibrium value, since
number density of polymer coils. the phase-ordering procesdjmrtly) driven by expansion of

wheref, ,=f($ap,Nap), andu andu, are the colloid and
polymer chemical potentials, respectively.=(df/d¢),

gnd wp=(dflon),. Equation (1) has the formAf=f,

= 7(dp,Np), Where w(¢,n) is the equation of the plane
tangent tof (¢,n) at (¢,,n,). If Af is negative, the nucle-
ation process is favorable, whereas the nucleus must redis-
solve if Af>0. The marginal case, when no canonical free
energy is available for driving nucleatighut neither is there

a cost to i} of a phase with compositiond(, ,n;), is given

Thus Cahn'’s recipe applies, unmodified, to the semigrand
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FIG. 2. Schematic illustration of nucleation.
\
=
the free volume of the polymer gas by overlap of depletion I
zones around colloidgl8,19. \
\
D. Description of phase ordering
Consider then the progress of phase ordering in a syster(b) [0
whose semigrand potential is initially represented by the : : ;
curve in Fig. 1.(ReadQ for f in the figure) The initial Hp : :
colloidal concentration is uniform ap=¢,, as shown by 1 1
the dotted line in Fig. 2, which depicts a one-dimensional i i M
slice through the system. Though fluctuations around the Hi;;m E -

mean valuep, will occur in the system, they must all decay,
until a (sufficiently large]25]) region spontaneously exceeds tr
the concentrationp., as shown by the dashed line in the Hp
figure. Growth of that region is entropically favorable, so
material will flow into it, increasing its concentration and
size, while depleting the local surroundings. As the environ-
ment is reduced in concentration, belapy in Fig. 1, the
tangent rotates clockwise, reducing the driving force for fur- o
ther growth of the nucleus. A sharp interface will quickly 9, ¢2
form between the two concentrations that share a common . . . .

. S FIG. 3. (@) Semigrand and potential density as a function of
tangent, and are therefore locally in equilibrium, as shown by

P, . S colloidal concentration for a polymeric chemical potenﬁ%l‘. All
the S(.)“d “”? in Flg 2. The dlsta_nt bulk of the majority phasepairs of cotangential points are shown. They correspond to the co-
remains at its initial concentration, and so a gentle conce

. . . . ) ; ; néxisting stable(heavy line$ and metastablédashed linesphases
tration gradient exists, driving diffusion of material onto the which, with the spinodaldotted, divide the phase diagrafb) into

surface of the growing condensation nucleus. . different kinetic regiongA to M), shown in the ¢,u,) plane. The
Though a continuous range of concentrations exists in th@cus of metastable liquids whose equilibrium is three-phase is

nonequilibrium systengsolid line, Fig. 3, itis clear that two  shaded gray.

phases may be unambiguously identified, as they are sepa-

rated by a sharp interface. Such an interface can exist if th

free-energy curve has a corresponding pair of cotangenti ould still lie above part of the free-energy curve. Only if

concentrations, \{v'hether or noF they transpire to be the value[ﬁe initial concentration were below the point of cotangency
of absolute stability. In fact, since the two phases are SePRyould a nucleation of the second phase be forbidtem

rated by a(url_stable pomtﬂof concav;ty t_on the (fjr_ee:[egetrgy tropically unfavorablg Thus, cotangential concentrations on
curve, a continuous gentle concentration gradient betweey, . free-energy curve delimit the regimes of allowable nucle-

them. cannot be sustfamed. This pr_qvujes an unamb@t_;mgtion events. Some of these cotangencies also define the bin-
definition of a phase in our nonequilibrium systems, Wh|chfodals [phase boundaries, heavy lines in Fighj3 on the
we shall henceforth adopt. Two phases are distinct Iequilibrium phase diagram, but others are extensions of the

and only if a continuous diffusion gradient could not bi : . . . -
) . ) S inodals into the coexistence regiofdashed lines in Fig.
(with appropriate fluxes at the boundajidse maintained 3(b)]. An example semigrand potential curve at the initial

between them(or, equivalently, if they are separated by apolymeric chemical potentiak‘“” in Fig. 3@ shows the co-

P ; ) o
point/interval of concavity on the free-energy cujve tangencies corresponding to the nucleation boundaries in the

schematic phase diagram, FighB
The boundaries, thus derived from cotangencies on the
Consider again the initially homogeneous system repreSemigrand potential curve, divide Fig(b into many re-
sented by the dotted line in Fig. 2. If its concentration haddions, each with different possibilities for its initial phase-

been slightly belowg,, a growing nucleus of the second ordering kinetics. Note that the mean-field gas-liquid spin-
odal is also marked. Within the spinodal region, the initial

_ system is locally unstable, so its kinetics are characteristic of
4Such as the cusp in Fig. 1. a distinct regime. The regions of potentially distinct initial

hase could still have formed, since the tangent in Fig. 1

IV. THE REGIMES OF BEHAVIOR
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kinetics are labeled\ to M in the diagram. As an example, pays no free-energy cost for heterogeneities, and is suffi-
consider a system which is initially homogeneous at theciently large for the free energy of its bulk to outweigh that
composition marked*) in Fig. 3, which is in regiorM. The  of its surface[25].
three wells in the semigrand potential curve of Figp)Zor- The only approximate features of our analyither than
respond to colloidal gas, liquid, and crystal phases, in inthe preciselocations of the boundaries in Fig) &re the
creasing order of concentratiah The initial state(*) corre- ~ following assumptions(i) That all possible states lie on a
sponds to a liquid phase, and is to the right of the liquid-gagelatively simple free-energy landscadéor a uniform
common tangent. Therefore a tangent to the pétlies phase¢. We have therefore neglected__the highly nonergodic
below the gas well, so the formation of gas bubbles is disal9'2ss[26,6,27~29and gel[30] states(ii) That the topology
lowed. However, free energy is available for the formation ofOf t'he Sem'gra”d pot'ent|al curve is known. This is rigorous
crystallites, so that must be the first process to happen. OBJ-m'I the éwst r_lkl),lc(ljeattl)on everr:t. Hov!exelrl,” fofr tltwc;-stage
serve, though, that no double tangent can be drawn betwet—g (()q%?asnsu oecs;;rslt aeIIizgtig\rﬁei’nV\; eg:g nf\i/l Sa ne a p% rggf’n eijtiE(r)[:] | S
the liquid aqd crystal we_l!s. _Hencg a crystallite, once fo.rm(.adinvoked. In that case, the polymer’ is required to be suffi-
cannot attain local e.qumbrlum with .the surroundllng I'ql.“d ciently fast to maintain its equilibrium with the bulk, thus
phase, but must continue to deplete its concentration until thggring that the advancing crystal interface remains in re-
crystallite is surrounded by colloidal gas. A se_con_d mterfac ion M where it cannot coexist with liquid.
must form between that gas and the surrounding liquid, since
they are distinct phases, as defined above. Thus, although
nucleation of gas alone is initially disallowed, the crystallites ) _ o
that nucleate must be surrounded by a shell of gas phase. Though some details of the phase-ordering kinetics of
Only after the majority liquid phase has been sufficientlycolloid-polymer mixtures cannot be determined without a
depleted by this procegso that its tangent rotates to cross Phenomenological model, we have identified a large number
the gas well can further gas nuclei form, independently of Of regions in the phase diagram, with distinct regimes of
crystallites. behavior in the initial and final stages. With such a large

With a knowledge of the features of the free-energy landumber of possible scenarios to catalog, it is advisable to
scape alone, not only can such interesting scenarios be pré€Vvise a compact notation by which to represent the order of
dicted for the initial stages, but also the final state is prede€vents.
termined. The compositions and volumes of the final Four generic processes or events are of interest, which we
coexisting phases are simply found by applying the lever ruighall represent by the following symbols: formation of a new
to the equilibrium phase diagrarin terms of conserved Phase(®), spinodal decomposition into a pair of new phases
polymeric concentration,,), and hence the final value of the (S, the complete disappearance of a phagken neighbor-
polymeric chemical potential is determined. This may beind regions encroach upon it by interfacial motion, i.e.,
above, below, or equal to the triple valyd, depending on evaporation, condensation, 8t¢), the survival of a phase in
the initial composition and on the polymer-colloid size ratio the final equilibrium stat¢M). Each of these processes may
(which parametrizes the effective colloid-colloid interaciion OCCUr Wwithin a region of colloidal gasg), liquid (1), or
So, for states initially above the triple ling"> w5, the crystaf (x) (identified unambiguously by the definition

: ; T . above, and this will be indicated by the lateral position of
regimes denotedt to M, which are distinguished by their

initial behaviors, are further subdivided threefold, dependingIhe symbol(g, I, x from left to righd. Any two such pro-

on whether their final state lies above, below, or on the triplefcelisse.s{a and B_’ slayE'trr;]ay be causally _reollated Ic? o:;e O]f ;[Ee
line. To illustrate this subdivision, the locus of initial states, ollowing ways: (1) Either may occur, independently of the

whose equilibration will take them onto the triple line, is Other-(2) 5 cannot occur until aftew. (3) Given a, 5 must

shown schematically in Fig.(B), shaded gray. For different follow. In the latter two relationshipsy precedes3, but the

polymer-colloid size ratios, the boundaries of this locus Caﬁ{ependenche .Of one on the gther_ls c;pposn@hgnd (3)h
intersect different regions, though always above the tripld 1€NCe: With time represented verticallpcreasing down the

line page relationships(2) and (3) can be represented as oppo-
' sitely directed line segments, while relationsfiip, which
A. Validity has no causal dependence, is shown as an undirected line

Note that the thermodynamic procedure described in Seéegment, thus

[l C assumes uniform concentrations within each spatial re-

B. Compact notation

gion (the infinitesimal condensation nucleus and the sur- I; May happen in either order.
rounding mediurn and takes no account of surface energies.

In fact, these assumptions are not at all restrictive, since het- IO’ B cannot occur until after a.
erogeneitiegwhich arise due to localized depletion around 6

each nucleysand surface energies can only increase the free {a Given o,  must follow.
energy of the compound systefthe system containing a 3 ’

condensation nucleusThese effects therefore tend to sup-

press a nucleation event, but do not move the boundaries ef——

its allowed region. These boundaries delineate the limits of SAdditionally, spinodal decomposition takes place in the unstable
allowed formation of thenost favorablenucleus—one which  regionbetween gand!.
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The arrow may be thought of as a mathematical “implies” 3(b)]. The initial and final states, and allowable intermediate
sign. An upward arrow would tend to represent a slow sucpaths, are summarized in the following pathway diagrams.
cession of events, since the second nucleation process can®as, liquid, and crystalline phases appear from left to right,
take place until conditions in the majority phase haverespectively, and chronological order advances from top to
changed sufficiently, under the influence of the precedingottom within each diagram. We recall that nonergdde.,
process. A downward arrow would tend to represent a very ge| and glassphases are neglected by the theory. For regions
rapid succession of events, such as the immediate formatiqgpich areintersectedby the locus of quenches that equili-
of gas, necessitated by the nucl_eation of crystals, as in regiggate to three-phase final stafshaded gray in Fig.(8)], the

M described above. In that particular example, arrows woulqarioys alternative final states are shown in the correspond-

point in both directions, since gasannotform until crystals ina pathwav diaaram. separated bv dashed line
nucleate, but is thenompelledto form. Thus, the dynamics g pathway diagram, sep y aas nes.

in the part of regiorM belowthe gray locus in Fig. 3which
will end in crystal-liquid coexistengds represented by the

following pathway diagram: Ay i\i

This diagram indicates a strange scenario. The mixture be-
gins as a homogeneous liquid, and ends in crystal-liquid co- B

existence. However, on the way, gas phasestappear(an ( ‘
arrow in the diagram points to its formatipand then disap-

pear. C
Since we have only determined which pathways are ther-
modynamically forbidden, or elspossible as opposed to -

which scenario willactuallyresult from a particular equation
of motion, a pathway diagram contains all possible sce-
narios. Hence any subdiagram, obtained by removing and/or Dy

rearranging parts of a pathway diagram, is thermodynami-

cally allowed, so long as it contains all final stat@), in-

cludes any process pointed to from another process in the
subdiagram, and does not swap processes on a directed seg- D
ment. In some cases, including the example above, the dia- 2
gram cannot be reduced, so the problem of determining the
order of events during phase separation is solved outright.

The complete set of pathway diagrams, cataloging the ex-

pected kinetics of colloid-polymer mixtures in all regions of E

the phase diagram, is given in Sec. IVC. In some cases

(cited in Sec. IV @, the putative behavior is already recorded -
in the literature. Note that the derivation of these diagrams

does not require precision in the mean-field semigrand po-
tential used, but relies only on its topological features, which
can mostly be inferred from the phase diagram.
F

C. Catalog of kinetic regimes in the colloid-polymer m—m oo
phase diagram  —eee—e .

Using the rules set out above, the order of thermodynami-
cally allowed events during phase ordering is determined for §
each region of the colloid-polymer phase diagrgfig.

G
SHowever, some rapitheterogeneousecondary nucleatonmay = =w® =
take place, close to the initially formed nuclei, before conditions in S
the bulk have changed to favor the secondary process. | | | |
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The pathway diagram for regida represents straightfor-
ward nucleation of a crystal phase from the majority super-
saturated gas. The diagram for the part of redtabove the

H three-phase locu@.e., with the first alternative ending: gas-
crystal equilibrium contains the simple regio pathway as
T a subdiagram. However, it also contains the possibility of
T ] crystal formation proceeding via an intermediate metastable

liquid phase. Such a process has been studied in terms of its

influence on both nucleatiof7] and subsequent growth
[31,20 mechanisms. A further subdivision of this part of
regionF was predicted20], with two regimes corresponding
to the two subdiagrams.

I The process represented by the pathway diagram for the

part of regionG above the three-phase loc(with the first

B m <% alternative ending of the diagranhas been evidenced in
S ) recent Brownian dynamics simulations of colloid-polymer
B m Em mixtures [32]. Although the final equilibrium state is gas-
crystal coexistence, a spinodal-like instability led to the ap-
pearance of a texture of high and low density amorphous
regions during the early stages of these simulations. Crystals
3 subsequently formed in one of these regitthe higher den-
sity region in this case
The diagram for region, because it is the largest dia-
I gram, contains the least information. It only shows that all
[ things are possible in this region, since no order of events is

thermodynamically forbidden. The actual kinetically deter-
mined pathway remains a mystery. To predict the behavior in
this region requires the calculation of nucleation rdteany
of which have been estimated for this and other regions of
the phase diagrafl0]) and growth rates.

The pathway diagram for the part of regibthbelow the
three-phase locus is discussed in Secs. IV and IV B, and

modeled in Sec. VII.

It is well known [13,19 that the phase diagram for
colloid-polymer mixtures changes in topology if the
polymer-colloid size ratio is below about 0.25. In that case,
the equilibrium gas-liquid binodal disappears entirely within
the gas-crystal coexistence region, so that gas-liquid coexist-
ence is only a metastable phenomenon and no triple point

------------ exists. Nevertheless, the common tangent can be constructed

!— . B between the gas and liquid minima of the free energy, so that
-.----=----=- this metastable binodal could be mapped out on the phase

diagram, as, one imagines, could the metastable liquid-

crystal coexistence boundarieSo all the metastable coex-

istence boundaries that appear above the triple line in Fig.

3(b) should remain in the small-polymer case, delineating the
M same regimes of behavigE to M). RegionsA to D, on the

other hand, should no longer appear.

"""""" V. APPLICATION TO OTHER “LIATROPIC” SYSTEMS

] . ] Our analysis of the phase-ordering pathways accessible to
Let us briefly consider some of these pathway diagrams, system with three free-energy minima is not restricted to
The diagram for regior8 corresponds to classical spinodal ¢o|loid-polymer mixtures. There are many liatropic systems

decompositiori23]. That theory, in common with the present comprising two components in an incompressible solvent.
analysis, assumes local quasiequilibrium, allowing informa-

tion to be derived from a free-energy function. It therefore
also neglects nonergodiglassy phases, which can in prac-  "The liquid side of such a liquid-crystal metastable binodal would
tice modify the procesgs,6l. have to begin and end on the gas-liquid spinodal.
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Given that the phase diagram has the topology of Rig). i denceT<—>a;1. Both quantities are nonconserved, and take
terms of the concentratiogh of the slower component, and values in the rangg0, «].
that the dynamics is Brownian so that ordering is not limited Nucleation of a denser phase tends to be exothermic in a
by heat transport, then the above pathway diagrams embod@MS, and therefore locally increases the temperature. Corre-
the admissible behaviors. For example, the phase diagram spondingly in a CPM, such an event locally increases the
mixtures of colloidal boehmite rods and flexible polymersfree volume fractione and therefore lowers the activigy, .
[33] has the same topology as that of our colloid-polymer ~Subsequent to this, in a SMS, the temperature field equili-
mixtures. We therefore expect phase ordering to follow thedrates diffusively, whilst respecting conservation of energy.
above pathway diagrams, taken to repres@mm left to For differencesAT from the ambient temperature, that con-
right) the dilute isotropic, concentrated isotropic, and nem-Servation is expressedn the absence of further phase
atic phases. changes by

Note that each pathway diagram shown initiates in one of
the amorphous phas(agas, quuid,_or unstab}err pracFicaI J d3r CAT=const,
reasons, phase ordering of colloid-polymer mixtures is never
initiated in a uniform nonequilibrium crystalline state. We ] ] i
have therefore not presented diagrams initiated by a line i¥/here the integral is over the whole system, &nd the heat
the rightmost column. However, for other liatropic systems,CapaClB/(_at constant pres_SU)rep_er_ unit volume, wh|ch_ap-
sharing the phase-diagram topology of Figh)3 additional ~ Pears inside the integral since it is a property of the d_|fferent
such pathway diagrams may be relevant, representing Bhases present. In a CPM, the polymer concentration, and
quench into the high-concentration, ordered phase. herjce also its reciprocal activity, equilibrates diffusively,

For systems with more elaborate phase diagrams, ouvhilst respecting conservation of the number of polymer
methodology can again be used, extending phase boundarig¥lecules. In terms of small chang&sa, *) in the recipro-
into multiphase regions to delineate kinetic regimes. The elcal polymeric activity, that conservation can be written
ements of the pathway diagrams defined ab@vith more
columns if more than three phases are to be represented
should suffice to summarize the results in a set of new dia-
grams appropriate to the given system.

f d’ra’a(4)A(a,*)=const.

This and the accompanying diffusion equation tb(ra;l)
hold only for small changes from the ambient activity, but
V]. CORRESPONDENCE TO ATOMIC AND SIMPLE that is also the case for the SMS temperature field, shise
MOLECULAR SUBSTANCES T dependent.
) o Finally, consider the latent heat of a phase change in a
We noted, in Secs. | and II, the similarity between thesus. Since heat corresponds to polymer number in a CPM,
equilibrium phase diagram of a colloid-polymer mixture andye see that the latent heat per unit volume, measured at
that of an atomic or simple molecular substance, if reciprocatgnstant temperature, correspondsfd @, whereAw is the
temperature is _substi_tuted for polymeric activity. It is inter- change in free volume fraction, brought about by the rear-
esting now to investigate the exactness of that correspofiangement of the colloidal latices.
dence in terms of kinetics. _ In summary, the thermodynamics of phase ordering of
Al interactions in the colloid-polymer mixturéCPM) are  ¢olioid-polymer mixtures, investigated in this paper, applies

approximately hard and repulsive. Thus, the system has ngiso to simple molecular substances, with the following exact
characteristic energy scale, so temperature is an irrelevagprrespondences:

field. The two conserved fields, colloidal and polymeric con-
centration, can be mapped onto a purely colloidal system simple molecular substaneecolloid-polymer mixture,
with effective interactions parametrized by polymeric activ-
ity. Similarly a simple molecular substan¢BMS) is gov-
erned by two conserved fields: material density and energy
density; the latter can be described in terms of a temperature
which parameterizes the interactions of the former.

For an ideal polymefas approximated at the polymeidc

heat-polymer number,

temperature-a, *,

point), the depth of the effective colloid-colloid interaction heat capacity/unit volume aja,

potential is proportional to the concentratigmumber den-

sity) of polymern™®in the free volumallowed to it by the latent heat/unit volume a,Aa.

colloid. This is equal to the ideal polymeric activigy,, and

related to the actual polymeric concentration by n Thus a consideration of kinetic regimes in then plane

= a(p)n™e wherea() is the fraction of the total volume for a colloid-polymer mixture translates into the density-

available to the polymer. The behavior of a SMS depends oenergy plane for a molecular liquid undergoing adiabatic
the interaction potential, measured in unitskgfl. Thus, in  change at constant volume. The approach to equilibrium of
physically relevant units, the depth of the potential is proporsuch a system—subtriple liquid benzene in an insulating
tional to 17T. So it seems reasonable to make the corresponcontainer at fixed volume—is discussed in R&5], where
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experimental data are reviewed, and entropy changes ar £
considered for processes equivalent to parts of diagtaths 14§

andK.
124

VII. NUMERIC MODELING 10}
A. A toy model

We have predicted various kinetic regimes from the quali- 5
tative features of a system’s free energy, irrespective of its (1
dynamic phenomenology. Since any model of phase-ordering
dynamics should display the predicted behavior, we test the ,{
theory using the simplest: mod@I[34], or the Cahn-Hilliard
equation[35]. Using numeric quadrature, we observe the ,i
model’s behavior in one of the more exotic putative kinetic
regimes.

In this purely diffusive model, the single order parameter
¢(r) (here representing colloidal concentradiois con-

0o 0.1 0.2 03 04 0.5 0.6 o 0.7

served. It therefore respects a continuity equation FIG. 4. The “colloidlike” free-energy density(¢) is a simple
algebraic functiong 1+ (0.64— ¢p) ~[1+b?(p—c)?]* with two
¢: —divj wells. The barrier separating the wells has a sharpness sbt by

=10 and a positiort=0.45.
with the flux j responding to the gradient in the chemical
potentialu, in proportion to a mobilityl” be qualitatively independent of the precise phenomenology.
As this constant serves only to scale time, it is set to unity
without further loss of generality.

For a given()(¢), the constank determines the thickness
of an interfacgthe length scale of its structure, above which
it appears shappwhich is also the length scale of a critical
nucleus. As this is the only length scale other than system

j=-T gradu.

As the system is inhomogeneous, its free enérgy afunc-
tional of the field ¢(r), so the chemical potentiélerivative
of free energy with respect to concentradios a functional

derivative size, it can be fixed at will without loss of generality. In our
SF[ ()] casex =200 was chosen, to give interfacial widths of order
m= W unity.

TheQ(¢) curve employed has thualitativefeatures of a
colloid-polymer mixture’s semigrand potential, while being

At i int i , the free- d ity thi . . . ! .
a given point in space, the free-energy density this both differentiable and algebraically simple for numerical ef-

case, a semigrand potenjia@ some thermodynamic function ", X : .
Q(¢) of the local concentration, such as that shown in Fig. 1ficiency. Following Ref[19], we write the bulkcanonical

Additionally, there is a penaltyalways positivg to spatial ~ T€e-€nergy density(¢,ny) in two parts: that of a pure col-
variations of¢, which must be included, as it is the source of 10id in the absence of polymefi(¢), and that of an ideal
surface tension between phases, though it does not modi§2S Of polymerf,(n,,¢) of number density,, confined to

the thermodynamic phase diagram. Stas the form fractiona(¢) of the volume, thus

FLo1= | &rini)+ 1T af) f=to( )+ (0. ).

With a suitable choicédiscussed beloywof the curve()(¢) ~ Since pure colloid can exist in two phaség(¢) in our toy
and the parametefs and «, these equations were quantized model_ls a function with two wells; a broqd one representing
in space and time. The time step and grid parameter weré€ fluid phase, and a narrower one at higierepresenting
each reduced until they had no effect on the results. A detefhe solid, as shown in Fig. 4. The ideal polymer’s free energy
ministic algorithm was used which rigorously conserved madensity is

terial both in the bulk and at the boundary. Spherical sym-

metry was imposed on the system, so that three spatial n

dimensions were modeled by a linear set of data pgedsh fo=n, In( d ) - 1}

datum representing the amount of material within a spherical (b

shel).

It is known that, at low concentrationkx ¢ (this is re-  and the free volume fractioa(¢) has the physically realistic
quired to make the diffusivity of an ideal gas independent ofvalues «(0)=1, «(1)=0, and becomes very small as
its concentration However, since we are concerned less— 1. The simple functionv(¢)=(1—¢)’ has the appropri-
with the ideal-gas limit than with numerical efficiency, we ate properties.
choose a constant mobility, recalling that the results should The resulting polymeric chemical potential is
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FIG. 5. The equilibrium phase diagraisolid lineg plus kinetic 0 0.1 0.2 0.3 0.4 0.5 0.6 o 0.7
boundarieqdotted and spinodaldashedlin the plane of colloidal
concentration$ and polymeric activitya, , resulting from the toy FIG. 6. The semigrand potential densfty¢) at a,=40 in Fig.

semigrand potential, E¢3). Numerics were performed on an initial 5, An irrelevant linear part, 46, has been subtracted for clarity.
state at.

and 0.545%. Gas-liquid, liquid-solid, and gas-solid cotangen-
,U«pz(—> =In—"— cies are shown dotted in Fig. 5 wherever they do not corre-
any P a(e) spond to the lowest tangents on tQé¢) curve(i.e., where
ey are metastable binodal§he gas and liquid branches
at(locally) coexist with solid both end where they meet the
gas-liquid spinodal (dashedl The corresponding solid
branches cross at the triple line, and terminate shortly be-
yond it, though they are so close together that they appear as
a single unbroken line in the figure. The metastable continu-
Q(p)=Tf () —apa(e). (3)  ation of the gas-liquid binodal terminates aj~42, where
the liquid becomes unstable with respect to solidification,
[See Fig. 4 for the form of ;(¢).] For activities above the though this will not concern us.

critical valueagmz 19.2, Q(¢) hasthree minima; the effect

of n

Hence, we can make a Legendre transform to the semigrar{ﬂ
potential density)(¢)=f(¢,n,)—upn,, which is a func-
tion of colloidal concentration, parametrized by the poly-
meric chemical potential. In terms of the polymeric activity
ap,=e’r,

of the polymer is to divide the fluid well of . into two, C. Phase-ordering results
yielding separate gas and liquid phases. T .
We model the limit in which collective diffusion of poly- We model a situation in which a homogeneous metastable

mer is much faster than that of colloid. Hence the gas ofiduid is prepared at the point markedn Fig. 5 i(n(iit):OA’
polymer is always fully equilibrated, so thay, is uniform ~ Np=1.13 in the arbitrary units of the toy modeta,,”™ = 40),
throughout the system. Nevertheless, as in the laboratoryhich is in kinetic regionM (discussed in Secs. IV and
polymer is conserved in our model. The mean density ofV B). For this composition, initiallyabovethe triple line, the
polymern,, is fixed throughout the evolution. For each in- equilibriumstate is liquid-solid coexistendbelowthe triple
stantaneous colloidal concentration profifgr), the total line). The curve()(¢), appropriate for a homogeneous sys-
volume free to the polymef,a(¢)d3r, is found. From this, tem atapza'g“t=40, is shown in Fig. 6.
a new polymeric activity, is calculated, and used to param- ~ As our numerics contain no noise, the system will not
etrize (o). evolve from an initially uniform concentration. At time zero,
we introduce a small nucleus of a second phase: a sphere of
B. The toy phase diagram gas at$=0.1, centered on the origin, with radius 6. Concen-
tration is plotted against radial distance in Fig. 7, where this

: The phasg dlqgram n F'g: S Wh.'Ch mcludes metaStabI(?nitial state has a step profile, shown as a dashed line. Snap-
binodals delineating the predicted kinetic regimes, was P"O%hots of the system’s evolution at subsequent times are

duced by plotting the values @f that are cotangential in Eq. shown as solid lines. We see that the gas bubble rapidly

(3), for a range ofa,. Thls_phase d'ag“"?m has Fhe SarT]ecollapse§. Hence, as predicted, gas cannot nucleate first in
topology as that of a colloid-polymer mixture with suffi- region M

ciently large polymer. Triple coexistence is antpzatpr
=23.2, with phases of concentratiogs=0.156, 0.304, and
0.566. In the absence of polym@ta,=0), only two phases  8This is not a result of the bubble’s radius being subcritical.

exist: fluid and solid(though we have not attempted to Bubbles much larger than the characteristic interfacial width were
mimic the true hard-sphere binodal concentrations of 0.494iso seen to collapse.
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0.5 T T

04

0.3 1
0.2 1
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0.0 ' ' FIG. 9. Colloidal concentratiom (full line) and chemical po-

0 10 20
r tential u (dashed lingin the neighborhood of the shell of the gas

FIG. 7. The concentration profilé(r) of a spherically symmet-  phase as a function of radial distance at titrel8. From left to
ric gas nucleus immersed in a metastable liquid in regériThe  right, the phases are solid, gas, liquid. The gradient of the chemical
initially sharp profile(dashed ling disperses over the subsequent potential is highest in the gas phase.

ti full li t=0.05, 0.1, 0.15, 0.2, 0.25, 0.3. S . .
imes (full fines) of Q(¢), indicating that pressures and chemical potentials

cannot be balanced across a solid-liquid interface. The inter-
face observed early in the numerics is moving so fast that an
quilibrium interface approximation is invalid. Nevertheless,
e growth rate decreases with time, until such an approxi-
mation does hold. Accordingly, @& 3.7, the solid nucleus
gcquires the predicted shell of gas, buffering it from the in-
compatible liquid. Though this gas appears suddenly and
spontaneously, we recall that the algorithm is purely deter-
ministic, containing no noise. For the sake of computational
speed, it is tempting in the numerics to use a large grid
spacingdr. Though the correct final equilibrium state was
Ig)btained using larger grids, the shell of gas only formed for

these early stages, there is an interface between the solid aﬂé;r?s.Sén\(,jngzerlsssi tz?gsezilv;rmi?nasln?rlrg stgar}olrn;i?:]a:rlilal
the surrounding metastable liquid that cannot be described N y P

terms of local quasiequilibrium between phases. In retyion Stability.

no common tangent exists between the solid and liquid wells Whe;n a_lone, agas nupleus'collap$éd‘;. 7). so the shell
of gas in Fig. 8 relies, for its existence, on the presence of the

In a second scenario, a spherical nucleus of solid (
=0.6) of radius 3which is just supercriticalwas introduced
into the same metastable liquid. Snapshots of the evolutio
of its profile are shown in Fig. 8. The overall radius of the
system is 300.

As shown in the inset to Fig. 8 the condensation nucleu
very rapidly loses its artificially sharp boundary, acquiring
instead a transitional zone, with width of order unity, from
the concentration of the solid to that of the ambient liquid.
The nucleus next loses its artificially high concentratipn
=0.6, relaxing to a value aroungt=0.57. Unlike the gas
nucleus described above, this solid nucleus grows rapidly. |

solid. Despite this, the shell actually grows to a width much

o greater than the characteristic interfacial thickness. Its ability
0.6 to do so is explained by Fig. 9 which is a close-up view of
13 the concentration profile and the associated colloidal chemi-
0.5 } cal potential profile in the neighborhood of the shell of gas
! phase at time:=18.
0.4 (A7 Material flows in response to the gradient@af\We see in
03 'J Fig. 9 that this gradient in the liquid phagen the right of
) ¥ the picture drives material towards the shell of gas, tending
02 to fill it in, and thus destroy it. Nevertheless, the chemical
potential gradient within the gas is high enough to drive a
011 larger flux of material away from the liquid interface, mak-
ing it recede. This material is deposited at the solid interface,
where it is compacted, saving space. Despite the existence of

0 100 200 r 300 a chemical potential gradient within the solid, driving mate-

FIG. 8. The concentration profié(r) of a spherically symmet- rial towards the gas cavity, the interface on the left of the gas
ric solid nucleus immersed in a metastable liquid in regibrAfter ~ @dvances more slowly than that on the right, so the gas phase
an early stage of rapid growth, a shell of gas spontaneously formgrows. We believe this mechanism is not an artifact of the
around the solid, although there is no noise in the system. Eventiconstancy of the mobility". Whatever the form of (¢), the
ally global equilibrium is attained, with no gas present. Snapshot$ystem must organize itself so that diffusion through the gas
are att=0 (full line), 1.5 (dashed, 3 (dotted, 4.5 (full), 24  shell out-competes the fluxes tending to collapse it.

(dashed 54 (dotted, 90 (full), 108 (dashegl 168 (dotted. Inset: As the solid nucleus grows, the metastable liquid is de-
Close up at=0, 1074, 1073, 10°2. pleted in concentration, so free volume is made available for
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45 rate some of the buoyant colloidal gas phase from the solid
G nuclei that it coats, and carry it to the top of the container. To
01 ¢ e attain thermodynamic equilibrium, the liquid and solid
phases would subsequently have to rise, against gravity, to
fill the gaseous void. It might be informative to model such a
33 system.
30 VIIl. SUMMARY AND CONCLUSION
25 3 We have shown that many distinct kinetic regimes can be
., charted within regions of equilibrium coexistence in the
phase diagram, for a colloid-polymer mixture as for a wide
20 1 10 100 ¢ variety of other systems. This we have done without refer-

ence to specific phenomenological equations of motion,

FIG. 10. Variation of polymeric activity throughout the phase- since the second law of thermodynamics allows a great deal
ordering process. Featurestat 3.7 andt=105 betray the forma- of information to be extracted from the nonconvex mean-
tion and subsequent disappearance of the gas shell. The final expfield free energy as a function of conserved order parameters.
nential relaxation to equilibrium appears as a linear tail in thelt is difficult to assess whether the resulting phase-ordering
logarithmic linear plot. pathways, given in Sec. IVC and mapped out in Fig. 3,

explain all of the diverseness observed in colloid-polymer

the finite amount of pOlymer. Hence pOlymeriC aCtiV-ﬂ.){ mixtures (reported in the preceding papEIG]), since the
falls. Fora,=25 (see Fig. $ solid and liquid can exist in  macroscopic experimental observations require some inter-
local equilibrium. Hence the gas shell eventually disappearpretation to infer the underlying microscopic processes. Cer-
from the system at~105. The time at which this occurs tainly though, there appears to be sufficient richness in the
depends on the size of our model system or, in reality, on thghysical results of our theory, and some of the observations
distance between condensation nuclei. Finally, the systerit least(e.g., crystallites or gas phase being seen fit6t)
comes to equilibrium, with uniform regions of solid and lig- are in quite clear agreement.
uid separated by a single interface. We expect that the concise notation of pathway diagrams

Figure 10 shows the evolution of the uniform polymeric will be useful in future studies, as they convey not only a
activity a, with time t during the entire phase-ordering pro- sequence of possible events, but the causal relationships be-
cess. The general trend is downwards, since this corresponglgeen them. It is hoped that the predicted novel mechanism
to a lowering of the free energy of the ideal gas of polymer.of nucleation and growth, where a shell of one phase must
However, this is not the only contribution to the free energy,intervene between another two, will be definitively observed
and when the colloid finally removes its unfavorable gasin future experimental systems.
phase from the system, it does so at the expense of polymeric
entropy, so there is a small upturnag at t=105. ACKNOWLEDGMENTS
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