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Scaling relations for granular flow in quasi-two-dimensional rotating cylinders
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An experimental study of the flow of different materidigeel balls, glass beads, and samdquasi-two-
dimensional rotating cylinders is carried out using flow visualization. The flow in the rotating cylinder com-
prises of a thin-flowing surface layer with the remaining particles rotating as a fixed bed. Experimental results
indicate that the scaled layer thickness increases with increasing Froude number’ g, wherew is the
angular speedR is the cylinder radius, and the acceleration due to gravitgand with increase in size ratio
(s=d/R, whered is the particle diametgr The free surface profile, is nearly flat at low Fr and becomes
increasinglyS shaped with increasing Fr. The layer thickness profiles, which are symmetric at low Fr become
skewed at high values of Fr and smallThe dynamic angles of repose for all the materials studied show a
near-linear increase with rotational speed) ( Scaling analysis of the experimental data shows that the shape
of the scaled surface profiles and the scaled layer thickness profiles are nearly identical when Froude number
and size ratio are held constant, for each material. The surface profiles and layer thickness profiles are also
found to be nearly independent of the material used. The dynamic angle of rg§)o$myever, does not scale
with Fr ands and depends on the particle properties. The experimental results are compared to continuum
models for flow in the layer. The models of Elperin and Vikhandkyrophys. Lett42, 619(1998] and Makse
[Phys. Rev. Lett83, 3186(1999] show good agreement at low Fr while that of Khakbaal. [Phys. Fluids,

9, 31 (1997] gives good predictions over the entire range of parameters considered. An analysis of the data
indicate that the velocity gradieny is nearly constant along the layer at low Fr, and the value calculated at
the layer midpoint varies ag,[ g sin(B,— 3J/d cosB.]'”? for all the experimental data, whef is the static

angle of repose ang@, is the interface angle at the layer midpoint. An extension of “heap” mo(RGBRE,

BRdG) is used to predict the interface angle profiles, which are in reasonable agreement with experimental

measurements.
DOI: 10.1103/PhysReVvE.64.031302 PACS nuniderd5.70.Mg, 83.80.Fg
[. INTRODUCTION angular speed of the cylinder: slipping, slumping or ava-

lanching, rolling, cascading, cataracting, and centrifuging.

Granular flows have been the subject of considerable reEurther, the transition between the avalanching and rolling
search driven by both technological needs and the challeng&8gimes was found to be dependent on the Froude number
of unresolved questions related to fundamental phyidgs (Fr=®’R/g, wherew is the angular spee® is the cylinder
For example, flow equations for granular materials are not2dius, andg the acceleration due to gravitand the size
established and both discrefgarticle dynamics, cellular au- ratio (s=d/R, whered is the particle diametgr Several ex-
tomaton and continuum (hydrodynamic equatiofs ap- perlmental .studles have conS|dgred different aspects of the
proaches have been developed for specific ci&es]. In- rotatlr]g cylinder flov_v and we review these below. .
dustrial processes are thus based on designs, in many casesR@jchenbacti10] in an early work, showed the dynamic
suboptimal, arrived at by experimentation and trial and erro@ngle of reposéthe angle of the free surfacg, see Fig. 1
[6]. Fundamental studies using simple prototypical system{0 vary with rotational speede) as (8— Bs)= w? for small
show promise for providing new insights that will contribute (8~ Bs), Where; is the static angle of repose. Dueyal.
to the development of tools for rational design. An example 11] investigated the effects of the end walls on the dynamic
of such a prototypical system is a rotating cylinder partiallyangle of repose by means of computations, magnetic reso-
filed with granular material, which is the subject of the Nance imagingMRI), and flow visualization. They found the
present paper. Rotating cylinders are also of considerapi@ngle at the end walls to be higher by 4°-5° than at the
practical interest, since they are widely used in industry a§enter. A characteristic length for decay of the angle was
drum mixers and rotary kilnk7,8]. determined, which scaled with cylinder radius, but was inde-

The flow in the rotating cylinder can be divided into two Pendent of the particles and gravitational constant. The angle
regions: a flowing surface layer and a fixed bed rotating a8 away from the ends was found to vary linearly with the
the angu|ar Ve|0city of the Cy"nder_ Henedt al. [9] identi- rotational SDGEd. A similar variation qﬁ with rotational

fied several different flow regimes that occur with increasingsPeed was reported by Yamaeeal. [12] using MRI. More
recently, Khosropouet al.[13], considering a wider range of

rotational speeds, obtained a slower than linear increage in

*Email address: avorpe@che.iitb.ac.in with rotational speed. At the higher rotational speeds, the
TAuthor to whom all correspondence may be addressed. Emasurface becomeS-shaped, hence, the dynamic angle of re-
address: khakhar@che.iitb.ac.in pose is not well defined. In the studies discussed ah®vs,
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IIl. CONTINUUM MODELS

Several models have been proposed to describe the flow
in the layer, schematically shown in Fig. 1. Rajchenbfdd)
calculated the dynamic angle of repose near the layer mid-
point (x=0) considering the stress to be a linear sum of
collisional and frictional stresses, and the layer thickness at
x=0 to be nearly independent of the rotational speed. Rao
et al.[18] developed a model for the complete flow but con-
sidered only frictional stresses. Zidt al. [19] assumed a
constant layer thickness to compute the shape of the free
surface. Khakhaet al.[16], Elperin and Vikhansky20] and
Makse[21] developed models for the complete flow and we
review these below.

Khakharet al. [16] obtained depth averaged steady-state
mass and momentum balance equations. In the development,
the flow is assumed to be in the rolling regime and the shape
of the free surface is considered to be nearly flat. The shear

FIG. 1. Typical streakline photograph for 4 mm steel balls ro- Stress is taken to be a sum of the frictional and the collisional
tated in a cylinder of radius 8 cm for £2x 10~ 2. Dashed lines  Stresses, with the frictional forces assumed to be of the Cou-
show the free surface and the bed-layer interface. The coordinalembic form, and Bagnold'$22] result is used to model the
system used in the model is also shown. collisional stresses. The particle pressure along the flow di-
rection is considered to be constant and the velocity is as-

generally taken to be the angle near the midpoint of the Iawe‘s_umed to vary linearly with the distance across the layer, as
A detailed study of the flow was carried out by Nakagawa y
et al. [14] using MRI. They obtained a near linear velocity vy=2Uu| 1+
profile in the flowing layer{see Eq.(1) below]. A similar g
variation of the velocity was obtained by Rajchenbatial.
[15] in a two-dimensional2D) rotating cylinder using image h
analysis. Further, they showed that the scaled velocity ang
density profiles, for different rotational speeds were identi- The governing equations for the flow are the dimension-

cal. Khakharet al. [16] studied the flow behavior in |eqq momentum balance equation, after simplification given
quasi-2D cylinder and obtained layer thickness profiles using,

flow visualization. Boateng and Bdrt7] used optical probes

: ()

whereu= (1/5)f950X dy is the average velocity in the layer.
urther, the density in the layer is assumed to be constant
nd nearly equal to the bed density.

to obtain velocity, density, and temperature profiles in 3D 1d(w?) [3/AR Alﬁg u2 ut
cylinders. In all cases, with the exception of Boateng and Ed_gz 1B R +é=-3as=;

Barr [17], experimental systems are small. Further, system u Q Q

sizes have not been varied, and it is not clear how results are 3A, RO -1

affected with change in the system size. The effect of differ- Fhade Bha s 2)
ent material types on the flow also does not appear to be 4Fr 3

known.

Several models have been proposed to describe the ﬂoﬁ'pd the dimensionless mass balance that yields the dimen-
in the cylinder{10,16,18—21 All models are based on depth Sionless flow rate,
averaged hydrodynamic equations, but differ primarily in

: I . . _ 1
choice of the constitutive equation for the stress. We review Q=ud==[1-¢&2]. 3
recent models in the following section. A detailed compari- 2
son of model predictions to experiments has not been previ- _
ously made. In the above equations,=u/wL is the dimensionless mean

We report here on an experimental study of flow invelocity along the layerdg= /L is the dimensionless layer
quasi-2D rotating cylinders using flow visualization. Particlethickness,é=x/L is the dimensionless distance along the
size, particle material, cylinder size, and cylinder rotationafflow direction, andR=R/L is the dimensionless radius of
speed are varied. The primary objective of the paper is tehe cylinder. The scaled net body forcee., gravitational
obtain scaling relations for the systems studied, in terms oforce less frictional resistangger unit weight acting on the
the system parameters. The experimental results obtained deyer is determined by the parameteA=(tang
also compared to recent continuum models described in the tanBs)cosp. The effective coefficient of dynamic friction
next section. Experimental details are given in Sec. lll, ands assumed to be ta8, where B is the static angle of
the results are presented in Sec. IV. The conclusions of theepose. The parametér; =sinBtangBs is a correction term
paper are summarized in the final section. to account for the variation in layer thickness an®i&s”).
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It has only a small effect on the flow profil@6]. Both pa- y=(gsing/d)"2 @

rameters depend opB and B and thus on the rotational

speed of the cylinder. The dimensionless rotational speed iRecent experimental resulf&6] support the above model,

defined in terms of Froude number EF°R/g). The flow but indicate thaf3,,, depends on the local flow rate. Further,

in the Iayer is Fiamped py the coII|S|o.naI stresses, the magniy gifferent expression foy is obtained 26]

tude of which is determined by the dimensionless parameter,

as. Here we takexg to be a fitting parameter of the model. . [gcosBsin(Bm—Bs) 172

Both anglesB and B are measured, as detailed below. Equa- Y=

tions (2) and (3) are solved to determine the variation of @SR C0Sfim 0SB,

average velocity f) and layer thicknessd&) along the flow We apply Eq.(6) to the case, of a rotating cylinder. In this

direction (). case the interchange ratelis= wx. Using Eq.(3), the scaled
Elperin and Vikhansky20] developed a similar model for shear rate for a linear velocity profil&qg. (1)] is given by

flow in the layer; two primary differences afi the stress in ) o N

the flowing layer is assumed to be purely collisioriab ylw=2ul6=(1— &%)/ 6°. 9

friction) and (ii) the Mohr-Coulomb failure criterion is ap-

plied at the interface. The latter yieldS=u?, and an ana- Substituting this result in E(6), together with the expres-

lytical expression for the layer thickness profile is obtainedsion forV, we get

as

®

Bx=PBm—E(1— &%) (10

Fr cosB,

_[0\?5 — |

5=(5) (1-¢2)%5, (4 R
where B, is the angle of thénterfaceat positions along the

where() is the dimensionless angular velocity, treated as dlowing layer.

fitting parameter.

Makse [21] also proposed a model for the flow in the Ill. EXPERIMENTAL DETAILS
layer. Only the mass balan¢gg. 3 is used together with the

assumption of a constant shear ratg,(which implies a
linear variation of mean velocity with layer thicknesa (
« §). The layer thickness profile in this case is

Quasi-2D acrylic cylinderglength 1 or 2 cmwith three
different radii R=4, 8, and 16 crhand transparent acrylic
end walls are used. A computer controlled stepper motor
with a sufficiently small step is used to rotate the cylinder.
12 Steel balls of three sizes, 1, 2, and 4 mm, glass beads of four
5= o (1—g2)12 5) different sizes, 0.8, 1, 2, and 4 mm, and sand particles of two

y ' sizes, 0.4 and 0.8 mm, are used in the experiments. The steel

balls are highly spherical, the glass beads are nearly spheri-

where the shear rate is a fitting parameter. This result i§2l, @nd the sand particles are of irregular shape. Narrow cuts
shown to be in agreement with the experimental data of Naof &l the particles are obtained by sieving. Specially fabri-

kagawaet al.[14] and Khakharet al. [16]. cated pgrforated plate sieves were useq for the 1, 2,.and 4

Zik et al.[19] and Elperin and Vikhanskj20] proposed MM particles, and_for a cut of siza pair of sieves with
models for calculating the free surface shape using a Moh/€ircular holes of diameterd—0.2) mm and ¢+0.2) mm
Coulomb failure criterion at the interface. PhenomenologicalVeére used. Standard sieves were used for the 0.4(Tyter
heap modelg23,24 suggest that the local angle is deter- NOS: 20 and 24and 0.8 mm(Tyler Nos. 35 and 4pparticles.
mined by the local interchange rate between the flowing The flow is intermittent for 4 mm particles in the cylinder

layer and the fixed bed. Thus, for “thick” layers, the surface Of léngth 1 cm. This is because the flowing layer width is
angle can be written d24] only 2—-3 particle diameters and the wall effects become sig-

nificant. Whe a 2 cmlong cylinder is used for the 4 mm

particles(flowing layer width is five particle diametershis
, (6)  problem is eliminated and a smooth and steady flow is ob-

tained. As shown below, further increase in the cylinder
. ) length does not modify the flow. Thus, cylinders of length 2
whereT" is the interchange rate between the layer and then \were used for 4 mm particles and of length 1 cm for the
fixed bed,V is a characteristic velocity, ané, is the angle  other particles. Static charge, which is significant for small
of the interface at which there is no interchandé=<(0).  particles, was eliminated using an antistatic solutiBiftec,
Continuum models, similar to the model of Khakhetral.  |nig). The fill fraction used in all the experiments is 50%.
[16] described above, together with a Mohr-Coulomb type Time-exposed photographs of the rotating cylingeig.
failure criterion at the interface, yield an identical result for 1), are taken at sufficiently low shutter spedt& to 1/30 &
the surface angle witlv=g/vycosg,, [25,26. In addition, so as to obtain particle streaklines. The corners of the streak-
Bm is shown to be the effective angle of static friction lines in the image, which represent the transition between the
[25,26. Following Rajchenbach27], Douady et al. [25]  fixed bed and the cascading layer flow, are joined to obtain
proposed that the shear rate should be constant and given tye lower boundary of the layer. Similarly, a line is drawn

<lH

B=PBm—
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b 1 dimensionless rotational speed {Brto show the effect of the end
walls. Symbols denote experimental values for 2 mm steel balls as
] © 1 defined in Fig. 2.
05 -
I o% ]
0 _ 2 eé _ traced interface and free surface profiles are superimposed in
os | %%m_ Fig. 2, after rotating by the difference in the dynamic angles
| | of repose, which vary as shown in Fig. 3. Thus, measure-
I B ments of the layer thickness profiles are not significantly

-05 0 05 affected by the end walls. The angle of repose for the case
X/R with a back plate of aluminum is the highest, while that for
the 2 cm long cylinder is the lowest, for a fixed Froude
number(Fig. 2). Although the orientation of the surface pro-
Yiles is slightly different in each case, this does not affect the

FIG. 2. Effect of end walls on the surface profiles. Symbols
denote experimental data for 2 mm steel balls in a cylinder of radiu
R=8 cm for different cylinder lengths and end wal(3; 1 cm thick

cylinder with acrylic end wallsAA, 1 cm-thick cylinder with back flow. o ) )
wall of aluminum; ¢, 2 cm thick cylinder with acrylic end walls. The above results may seem surprising, since from a mi-
Data are shown for three different Froude numbers (Fa).Fr ~ Croscopic viewpoiniparticle length scale the density dis-

=2x1073, (b) Fr=22x10"3, and(c) Fr=64x10"3. tribution and other dynamic variables are quite different near

the wall as compared to the bulk. At the macroscopic scale
(layer length scale however, the primary effect of the end

a|0ng the free surfac@Fig_ ]_)_ A po|ynomia| of degree 10 is walls is to impose a tangential friction force. For high-bulk
fitted to each of these curves, scaling distances with respegensity flows, as considered in this paper, this wall friction is
to R, and with the origin of the coordinate system at the axissmall (end walls are smoojtrelative to the interparticle fric-

of the cylinder. The scaled layer thickness profi#éx/L)/R,  tion and collisional forces, which dominate the flow. Conse-
defined as the perpendicular distance from the free surface guently, velocity gradients normal to the end walls are neg-
the bed-layer interface, is obtained computationally from thdigibly small. The tangential friction force changes the
polynomials. Herex is the distance along the free surface dynamic angle of repose by a small amount (4°—5°) which
and 4 is the length of the free surface. Each layer thicknessilters the magnitude of the gravitational driving force only
profile is averaged over six images. The dynamic angle o§lightly. Model computations show that change in the dy-
repose f8) is taken to be the slope of the free surface curvenamic angle of repose by 5° alters the layer thickness profile
at the point where the layer thickness is maximum. Experiyery slightly. Thus, the flow in the layer is unaffected by the
ments are carried out at several different Froude numbergalls on a macroscopic scale, and the thickness profiles at

(Fr) for each cylinder. For all the Froude numbers studied¢he walls should be the same as those in the interior.
the flow is in the rolling regime or the cascading regifag

The static angle of reposgs() is taken to be the angle of the
sta_tionary free _surface that results when t_h_e rotqtion of the IV. RESULTS AND DISCUSSION
cylinder, operating under steady flow conditions, is stopped.

To estimate the magnitude of wall effects, we carried out We first present experimental results to illustrate the effect
experiments with 2 mm steel balls in cylinders of radius 8of particle size, cylinder size, and rotational speed on the
cm and lengths 1 and 2 c(B and 10 particle diameterwith ~ flow for a given material. This is followed by results show-
acrylic end walls, and usgna 1 cmlong cylinder with one ing the effect of the material properties on the experimental
end wall of aluminum and one of acrylic. The flowing layer measurements. Scaling relations are discussed in each case.
profiles in these three cases are the same within experiment@bmparisons of the experimental data with predictions of the
error as shown in Fig. 2 for different Froude numbers. Themodels is shown next.
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FIG. 4. Scaled layer shape profiles for three different sized steel
balls rotated in a cylinder of radius 16 cm for three different Froude
numbers as indicated.

A. Effect of rotational speed, particle size, and cylinder size

The experimentally obtained free surface and bed-layer
interface profiles, demarcating the surface flowing layer, are
shown in Fig. 4 for steel balls of different sizes in a cylinder
of radius 16 cm, and in Fig. 5 for 2 mm steel balls in cylin-
ders of different sizes. In each case, profiles are shown for
three different Froude numbers spanning the range of rota-
tional speeds studied. The results show that the maximum

O/R

PHYSICAL REVIEW B4 031302

layer thickness increases and the free surface becomes moreFIG. 6. Scaled layer thickness profiles for 2 mm steel balls in
S shaped with increasing rotational speed. Further, with deeylinders of different radii R). Symbols denote experimental data
creasing size ratiossEd/R) the scaled maximum layer for different Froude numbers (Fr)A, Fr=2x10"% O, Fr

thickness decreases and the surface becomes $siraped.

=9x1073% <, Fr=22x10"3% ¢, Fr=40x10"% and >, Fr

The occurrence of as-shaped profile at higher rotational =64x107%.

speeds is usually attributed to inertial forces. However, in the
cases studied her&;shaped profiles are obtained even at the
lowest rotational speeds for the largest cylinders. At thescg
rotational speeds, inertial forces are negligible relative t
gravitational forces, with Froude numbe@(10 %). The

Sshaped profiles result from a varying interchange rate beé
tween the bed and the layef' and a varying angle of
friction along the bed-layer interface3f,), and we discuss

this in more detail below.
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The layer thickness profiles extracted from the outlines
ive a more detailed view of the flow. Figure 6 shows the
ariation of the scaled layer thickness with distance along the
ree surface for 2 mm steel balls in cylinders of different
radii. Data is shown for five different Froude numbers in
ach case. The error bars show the standard deviation over
six measurements, which is small in all cases. The results
indicate that the maximum layer thickness increases with
Froude number for a fixed cylinder size. The profiles are
symmetric about the midpointx&0) at low Froude num-
bers, and become increasingly skewed at higher Froude num-
bers, with the maximum shifting to the upper part of the
flowing layer. The maximum layer thickness increases sig-
nificantly with cylinder size for a fixed Froude number, but
when scaled with the cylinder radius, it decreases slightly
with increasing cylinder sizéFig. 6). At the higher Froude
numbers, the skewness of the profiles increases with the cyl-
inder size. Qualitatively similar results are obtained for all
the other materials studied. In all the cases, the length of the
free surface (R) increases with=r due to curvature of the
surface. For the range of Froude numbers studiéR,varies
from 1.0 to 1.15.

The variation of the dynamic angle of repoge the sur-
face angle at the point where the layer thickness is maxi-

FIG. 5. Scaled layer shape profiles for 2 mm steel balls rotatednum) with dimensionless rotational speed ¥Br is shown
in three different sized cylinders for three different Froude numberdn Fig. 7 corresponding to the data shown in Fig. 6. The

as indicated.

points at Fe=0 correspond to the static angles of repose
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FIG. 7. Variation of the dynamic angle of reposg) (with di-
mensionless rotational speed ¥Br. Symbols denote experimental
data for 2 mm steel balls rotated in cylinders of three different radii:
O, R=4 cm; A, R=8 cm; and®, R=16 cm.

(Bs). There is a near-linear increase of the dynamic angle of . e % ]
repose with rotational speed. At a fixed Froude number, the 0r D) —
dynamic angle of repose increases with cylinder §rig. 7). : g‘\: .
Experimental results for other systems indicate that smaller -05 | .

particles generally have larger dynamic angles of repose for
fixed Fr and cylinder size. The dynamic angle of repose is L
larger for sand as compared to steel balls and glass beads, -0.5 005
which have comparable dynamic angles of repose. X/R

. The results presented abovg clearly indicate that the flow FIG. 8. Scaled layer shape profiles of steel balls for a size ratio
in the layer does not scale with the Froude number alone,_ /a1 for three different Froude numbers) Fr=2x10"2, (b)
However, as we show below, if both Froude number and size _ 55 103, and(c) Fr=64x 10-2. Open symbolsR=8 c}n,d
ratio are kept constant, very good scaling is obtained. FoL 4 mm:; filled symbolsR=16 cm,d=2 mm.

example, Fig. 8 shows the scaled surface and interface pro-

files for cylinders of two different sizes and steel balls of twoWhen these parameters are kept constant, not only the layer

sizes, such that the size ratio $s-1/80. The layer shape ., . : ;
orofiles for the two cases, rotated by the difference in thethlckness profiles but also the details of the complex shapes

dvnamic anales of renose. are nearly identical. The scal'nOf the free surface and interface are well reproduced in sys-
y ! 9 pose, yl cal. Nt ms of different sizes. Such results have not been previously

holds for all the Froude numbers studied and the comple>'g .

. : eported. The dynamic angle of repose, however, appears to
shapes obtamgd are well .reproduced. Elgure .9 shows tI~\?e dependent on the particle surface properties and hence
scaled layer thickness profiles for three size ratios and thr

g
. oes not scale.
Froude numbers for the steel balls. The scaled profiles are

the same, within the experimental error, for the different sys-
tems studied when the Froude number and size ratio are the
same. The dynamic angle of repose, however, does not scale We compare next the flow in the cylinder for the different
with these two parameters as shown in Fig. 10. materials studied. Figure 14 shows the outlines of the flow-

Qualitatively similar results are obtained for glass beadsing layers for 2 mm glass beads and 2 mm steel balls in a
Sand, in spite of its nonuniform shape, also shows a similacylinder of radius 16 cm superimposed on each other. As
scaling and typical results are shown in Figs. 11 and 12, fobefore, one of the profiles is rotated by the difference in the
the layer outlines and the layer thickness profiles, respeaynamic angle of repose. The profiles are remarkably similar.
tively. The dynamic angle of repose does not scale with FiFigure 15 shows a comparison of the layer thickness profiles
ands in this case eithe(Fig. 13. for three different size ratios and Froude numbers. The

A quantitative estimate of the validity of the scaling was agreement is reasonably good in all cases, but is better for
obtained by calculating the average standard deviation ahe higher Froude numbers studied.
layer thickness profiles, for a fixed FFand a given material, Comparisons between profiles for sand and glass beads of
from the average profile for that case. The average standatie same siz€0.8 mm are shown in Figs. 16 and 17. The
deviation normalized by the particle diameter is given inoutlines in the two cases are very similar. The layer thickness
Table | for all the cases studied. In all cagegcept for the profiles show some differences at lower Froude numbers and
two cases involving sandhe standard deviation is less than beyond the layer midpoin(>0). The differences, however,
one particle diameter. are not too large.

The results presented indicate that the flow in the layer is The results presented here indicate that to reasonable ap-
essentially determined by the Froude number and size rati@mroximation, the flow in the layer is independent of the ma-

B. Effect of material type
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FIG. 9. Scaled layer thickness profiles for steel balls. SymbolsSymbols denote experimental data for steel balls rotated in cylin-

denote experimental data for different Froude numbers (Fr) anéielr(s5 of three different radiis, R=4 cm; O, R=8 cm; and¢, R
size ratios §): O, Fr=2x103% and A, Fr=22x10"%; ¢, Fr —Locm

=64x10"3. Open symbolsR=4 cm; filled symbolsR=8 cm;
open symbols with solid lineR=16 cm. The bar indicates the size
of a particle.

Figures 18 and 19 also show the predictions of the model
of Khakhar et al. [16] (solid lineg. The fitting parameter
(ag) was adjusted to obtain the best fit for each data set
) studied. The fitted values atg for all Fr, s, and materials
terial type and depends only on the Froude number and pafised were found to vary linearly with size ratiod=Ms). A
ticle size. Parameters such as coefficients of restitution angast squares fit using all 90 experimental data @=sh set
particle roughness appear to have only a minor effect on thgn average of 6 measuremergaveM = 1.53+0.12, and the
flow. Steel balls, glass beads, and sand all have differerieported calculations are based on this correlation. The data
shapes, however, within this range of variatioall are in the figures span Froude numbers fromkx 20 3 to
rounded, shape also has little effect on the flow. The primary64x 103, size ratios from 0.05 to 0.005 and two particle
effect of these parameters is on the dynamic angle of reposshapes: perfectly spheric@dteel ball$ and irregular(sand.
which is different for the different materials. The agreement is good in all cases and deviations are less
than one particle diameter in most cases. The deviations are
highest at the highest Froude numbers and these could be

- . . . due to curvature effects and dilation of the layer with flow,
We compare the prediction of different theories to experi-y o+ of which are neglected in the model. The skewness of

mental results for the layer thickness profiles and interfac e : .
shapes in this section. The theories by Elperin and Vikhansk‘;fhe computed profiles is also slightly larger than the experi

) ! ; ental profiles for the steel balls. The agreement is expect-
[20]. and I\?IatI:]se{chl] bOtth plredlc:j.s;;.mmetn%hprt%ﬂIej. 'tA Cotmt-h edly better when the model is fitted to each profile instead of
lpansotnFo de eol;e 'C"’t‘ gr% Ic 'OQS Wit F'e ‘i; ad 1 sing the correlation. At low Froude numbers the profiles
((cjjggse q rgrl: q € dgtlfurand ﬁrn; él;rlgtetlasl Eaﬁ;‘/g:é slgia reggec- rom the model of Khakhaet al.[16] are nearly identical to
tively. The predictions of the two models are nearly indistin-those of Elperin and Vikhansk0] and Maks€21].

; X ; In Khakharet al. [16], it was shown that the continuum
gwsfhe}ble,. and match well W'th. the _e-xpenmental datee model describes experimental data for layer thickness pro-
deviation is less than one particle diamgtddowever, the

files well, however, the experimental system used was small

models cannot describe the skewed profiles obtained at ttﬁ?:7 cm) and the effect of particle size was not systemati-

higher Froude numbers. In both models, the fitting paramE:aIIy investigated. The experimental results presented here

eters 2,7) are obtained from the value of the layer thick- extend the conclusions of the previous work over a much
ness at the midpoirjts(0)]. wider range of conditions. Further, the fitted correlation for

C. Comparison to theory
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cz38?."0-% (©) FIG. 13. Variation of the dynamic angle of reposg) (with
0.5 - Qf, b ] dimensionless rotational speed YBr for different size ratios ).
°° Symbols denote experimental data for sand particles rotated in cyl-
0 o % ] inders of three different radiiA, R=4 cm; O, R=8 cm; and ¢,
r % R=16 cm.
-0.5 ®om :

the collisional viscosity ¢s) yields the following equation
for the shear stress at the bed layer interface

-05 0 0.5
X/R dl)x 2
Tww=—Mpdd| —| —pgdcosBtanfs, 11
FIG. 11. Scaled layer shape profiles of sand particles for a size Xy P ( dy) g 5 tanss (D
ratio s=0.4/80 for three different Froude number¢a) Fr
=2x10"3, (b) Fr=22x10 "3, and(c) Fr=64x10"3. Filled sym-

wherep is the bulk density in the flowing layer. The equation
bols,R=8 cm,d=0.4 mm; open symbol&}=16 cm,d=0.8 mm.

is of the same form as that given in REE6] but in addition,
gives the dependence of the shear stress on the particle size
as well as the numerical value of the constant prefa@®r
in the collisional stress term.

Consider next a qualitative analysis of the observed be-
havior in terms of the model of Khakhat al.[16]. All quan-
tities in the following discussion are understood to be dimen-

04 L ' ' ' sionless, as defined in Sec. Il. The param@tdr gives the
03 r 5 =04/80 magnitude of the net gravitational driving fordgravity
02 i ] force less friction and ag determines the resistance due to
1 collisional viscosity. The results given above indicate #aat
0.1 | - depends only on size ratio. Further, there is a near-linear
% 0 I ‘ — I TABLE I. Normalized standard deviatiorr(;/d) of layer thick-
0.4 . T . ness profiles from the corresponding averaged master curve for
03 | = 5 =0.4/40 each Froude number (Fr) and size rat®).(
r ,iiii!
02 + .';El“!::fiig ] s 10°Fr
0.1—£§,..----.-.,§§§ig__ 2 9 22 40 64
0 . L L . L . & 1/80 0.32 0.35 0.34 0.33 0.32
-1 -0.5 0 0.5 1 Glass 1/40 037 035 034 039 027
xlL 120 017 015 010 008 0.6
FIG. 12. Scaled layer thickness profiles for sand particles. Sym- 1/80 0.21 0.33 0.33 0.34 0.46
bols denote experimental data for different Froude numbers (Friteel 1/40 034 030 034 048 049
and fixed size ratio): O, Fr=2x10"%; A, Fr=22x10 % and 1/20 0.17 0.05 0.11 0.16 0.06
O, Fr=64x10"3. Open symbolsR=4 cm; filled symbolsR=8 Sand 0.4/40 0.17 0.50 0.49 0.25 0.37
cm; open symbols with solid lind/R=16 cm. The bar indicates the 0.4/80 0.49 0.64 0.92 1.63 1.12

size of a particle.
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FIG. 15. Scaled layer thickness profiles for 2 mm glass beads

FIG. 14. Scaled layer shape profiles for 2 mm glass beads andnd steel balls rotated in cylinders of three different ra@ji.(Sym-
steel balls rotated in cylinders of radius 16 cm for three differentbols denote experimental data for different Froude numbers (Fr)
Froude numbersta) Fr=2x103, (b) Fr=22x10" 3, and(c) Fr  and size ratiosg): O, Fr=2x10"% and A, Fr=22x103; ¢,
=64x10"2. Filled symbols, glass beads; open symbols, steel ballsFr=64x 10" 3. Filled symbols, glass beads; open symbols, steel

balls. The bar indicates the size of a particle.
increase in the dynamic angle of repog® (with rotational
speed that giveA~ Fr. Thus, with increasing rotational the experiments. In the limié—0, as~0 and the model
Speed, the net driving force decreaséSR’r~ ]_/\/ﬁ) while reduces to that of Raet al. [18] in which the resistance to
the collisional viscosity is constant. This results in lowerflow is only due to friction.
average velocities and consequently higher maximum layer The scaling of the model of Khakhat al. [16] can be
thicknesses with increasing rotational speeds, as observeg@sily determined in terms of the dimensionless parameters
An increase in the Froude number also results in an increas¥f the model. Since the dynamic angle of repose does not

of the relative magnitude of the tergu?/Q in Eq. (2). This scale with Fr andg, the parametef also does not scale with

is the only term in the momentum balance that is not Sym_Fr ands. Thus, for constant Fr and the layer thickness

metric with respect t& about the midpoint £=0), and is profiles are different for the different systems. However,

the source of the skewness in the profiles. This term arise€oMPutations show that using the experimental valueg of
from the change in layer thickness with distance, and is th@1dBs and the corresponding fixed values of Fr angives
contribution to momentum change due to the particles entef€@rly identical computed layer thickness profiles, and the

ing and leaving the layer. In the upper part of the layer, thdlifferences in the dynamic ang!e; of repose_have a relatively
particles enter the layer from the bed at zeravelocity, small effect. Thus, model predictions scale in the same way

: . : — as the experimental results, to a good approximation.
which results in a decrease in the average veloaky (he Consider, finally, the predictions of the model for shape of

reverse is true in the lower part of the bed. The flow r&¢ (  the interface. Figure 20 shows the variation of the shear rate
is symmetric about=0, hence,d is higher in regions of along the layer calculated using E§) for 2 mm steel balls
lower velocity[Eq. (3)]. This results in profiles with greater in a 16 cm cylinder. The shear rate is nearly constant at the
thicknesses in the upper part of the layé+(0) as compared lowest Fr but at higher Fr, although the shear rate is nearly
to the lower part §>0) because of the comparatively lower constant in the upper part of the lay&r<(0) and close to the
average velocity ) in the upper part. At very low Fr, the value at the low Froude number, there are significant devia-
asymmetric term is negligibly small compared to the othertions from constancy in the lower part of the lay&r~0).
terms, and hence, the profiles obtained are symmetric. Simithe cause of this deviation is not clear. Qualitatively similar
larly, when the size ratio is smaller, the collisional viscosity profiles were obtained for glass beads and sand.

(aS) decreasesi and thUS, the asymmetric term becomes Figure 21 shows the calculated shear rate at the m|dp0|nt
more dominant and the profiles are skewed as observed f the layer ) from the layer thickness obtained experi-
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X/R FIG. 17. Scaled layer thickness profiles for 0.8 mm glass beads

and sand particles rotated in cylinders of three different radii. Sym-
FIG. 16. Scaled layer shape profiles for 0.8 mm glass beads anlgols denote experimental data for different Froude numbers (Fr)
sand particles rotated in cylinders of radius 16 cm for three differengnd fixed size ratiog): O, Fr=2x10"3; A, Fr=22x10"3; and
Froude numbersta) Fr=2x103, (b) Fr=22x10"3, and(c) Fr ¢, Fr=64x10"3. Filled symbols, glass beads; open symbols, sand
=64x10"2. Filled symbols, glass beads; open symbols, sand parparticles. The bar indicates the size of the particle.
tictes. the maximum angle of repose. Figure 22 shows the variation

mentally using Eq(9) at é=0, for all the systems studied. Of Bm With mass flow raterf) for 2 mm steel balls based on

The predicted shear rates at the midp§xy. (8)] experiments at different Froude numbers and cylinder sizes.
The mass flow rate is obtained from=pudT=pwR?T/2
g sin(Bo—Bs) | [Eq. (3)] whereT is the length of the cylinder and the bulk
Yo | T md COSf3s ' (12) density is assumed to he=3200 kg/n? based on measure-

ments for the similar system reported in R&6]. Data span-

where B, is the interface angle at the midpoint are alsohing nearly two decades of flow rate fall on a single curve,
shown in Fig. 21. The scaling is very good for the steel ballsalthough with some scatter. Also shown in the figure are data
but there is some scatter for the glass beads and sand p#@r flow of 2 mm steel balls in a quasi-2D heap of the same
ticles. Using the scaling suggested by Rajchenja@h[Eq.  thickness(T) [26]. There is a reasonable agreement between
(7)] results in the data falling in separate clusters for eactihe two. These results indicate that it may be possible to
particle size. The Rajchenba®7] scaling results from the correlate the maximum angle of friction with local flow rate
choice of the characteristic acceleration beingjn 8. Since  in the layer and to use this to predict surface profiles. This is
g sin(B,— B)~g(tanB,—tanBs)cosBy, the above scaling illustrated next.

[Eq.(12)] suggests that the net acceleratigravity less fric- Figure 23 shows a comparison between the measured in-
tion) should be taken to be the characteristic value, wheréerface anglesg,) and the angles predicted from EQ.0).
g tanBscospy is the frictional contribution. The experimentally measured values @f, and 6(¢) are

The scaling for the shear rate for different particle sizesused in the calculation and there are no fitting parameters.
and cylinder sizes reinforces our claim that end walls havéThere is reasonable agreement between the theory and ex-
little effect on the flow. A wide range of data collapses to aperiment except at highest Fr. The deviations could be due to
single curve considering the net driving force obtained usingurvature effects that are not accounted for in the model and
a macroscopic analysis based on flow in the bulk of the layercould lead to errors in the estimation of the shear rate. Wall
Such a collapse for particles of different sizes would notfriction effects would also introduce errors in measurement
occur if wall effects were significant. of both B, and B,,. Notice that the surface angle becomes

From Eq.(10), we getB,= B, at £=0, thus, the experi- negative for both experiments and theory at high Fr. This
mentally measured interface angle at the midpojg)(is  corresponds to a turning up of the interface at the end of
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FIG. 18. Layer thickness profiles for 2 mm steel balls. Symbols FIG. 19. Layer thickness profiles for 0.8 mm sand particles.
denote experimental data for three different Froude numbers (Fr)Symbols denote experimental data for three different Froude num-
A, Fr=2x10"3; O, Fr=22x10"3; and ¢, Fr=64x1073. Solid  bers (Fr): A, Fr=2x10"% O, Fr=22x10% and ¢, Fr
lines are predictions of the model of Khakhetral. [16]. Dotted ~ =64x10"3. Solid lines are predictions of the model of Khakhar
lines are the predictions of the model of MaK€d]. Dashed lines et al. [16]. Dotted lines are the predictions of the model of Makse
are the predictions of the model of Elperin and Vikhangkg]. The [21]. Dashed lines are the predictions of the model of Elperin and
bar indicates the size of a particle. Vikhansky[20]. The bar indicates the size of a particle.

the layer producing the characterisBshape. Similar behav- V. CONCLUSIONS

lor is obtained for glass beads and sand, Experimental results for the flow in rotating cylinder, ob-

The factors that generate tSeshaped profile can be un- tained by flow visualization, are presented for a wide range

derstood, qualitatively, from Eq10). Since the mass flow . . /
L . of systems and rotational speeds. The major results are first
rate decreases with distance from the midpoiit,also de- . . .
summarized below. The surface flowing layer is found to

creases with distance from the midpoint. Thus, the first termbecome thicker and mor® shaped with increasing Froude
on the right-hand side of Eq410) is maximum at the mid- b 9

point and decreases with distance from the midpoint. Thenumber. As the size ratio is decreased, the layer becomes
second term in the equation is positive in the upper part of

the layer ¢<0), and, thus, is larger thang,, and in- 200 T
creases with distance from the midpoint. In the lower part of i :
the layer, the reverse is true apqg is less than3,,. In fact, 150 F % §

for higher Fr, for which highy values are obtainegFig. 20
the angle becomes negatiiayer turns up producing the
characteristicS shape found in the experiments.

The results presented here indicate that the continuum
model of Khakharet al. [16] gives a good prediction of the
flow in the layer. Specifically, the stress constitutive equation
used seems to work well for a wide range of parameters. The
scaling for the shear rate also indicates that@damay be a
good estimate for the effective coefficient of dynamic fric-
tion for the flow. The predictions of the extension of the heap
models for the interface angle are reasonable, though in this FiG. 20. Variation of the computed shear rate along the flow
case, the results are affected by end-wall friction effects thadirection for 2 mm steel balls in a cylinder of radigs=16 cm.
are unavoidable in the flow visualization technique usedSymbols show data for three different Froude numbers (E¥):
here. Fr=2x10"3 A, Fr=22x103%; and ¢, Fr=64x103,

7,57

x/L
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T () oxx ¥ ] Fr=2x10"3 A, Fr=22x10"3% and ¢, Fr=64x103. Solid
80 x %Y T lines are the predictions of EGLO).
Vo ox*x x 1
40 x > 7 tional speed showing a near-linear dependence in all cases.
I 1 For a fixed Froude number and particle size, the angle of
O0 : 2'0 : 4'0 : 6'0 : 8'0 : 1(‘)0 : 0 repose increases with the cylinder size. The dynamic angles
) " of repose are, by and large, higher for the smaller particles
(¢ sin(B,—B,)/M d cosp] when the other parameters are held fixed. At the same Froude

FIG. 21. Variation of the computed shear rate at the midpointnumber’ size .ratlo, and cylinder Size, the dynamic angles of
. . . . repose are higher for the sand particles than steel balls or
(7o) for different size ratios and Froude numbers versus the char-

o . . glass beads, which are comparable.
acteristic shear rafgy sin(8,— B9)/Md cosB.* for all particles.(a) : X .
Steel balls(b) glass beads, an@) sand particles. Symbols denote Scaling analysis shows that the flow in the layer depends

data for different sized particle®, d=1 mm; A, d=2 mm; O primarily on the Froude number and size ratio. Other param-
d=4 mm' V. d=04 mm- andx. d=0.8 mm. Solid lines are Et€rs such as interparticle coefficients of friction and elastic-
predictions of Eq.12). Filled symbols indicate the data obtained ity hav_e a secondary effect. _The scaling is 5_"59 found to be
for the open heap experimeri@g]. nearly independent of material type for the limited range of
materials considered. In all cases, the details of the shapes of

more S shaped and the scaled layer thickness decreases. THe scaled layer profiles are nearly identical and good quan-
layer thickness profiles are symmetric at low-Froude numfiitative agreement is shown for the scaled layer thickness
bers and high-size ratio and become increasingly skewegrofiles. The dynamic angles of repose, however, do not
with increasing Fr and decreasiggwith the maximum point  scale with Fr and.

shifting to the upper parts of the layex<0). The dynamic The scaling results are of direct utility for engineering

angle of repose increases monotonically with rota-design based on “scale up.” In this approach, large-scale
systems are built based on the experimental results obtained

60 ———— from small systems, using scale-up rules. For applications
involving flow in a cylinder, results of this paper indicate that
@é size ratio and Froude number should be kept constant while
50 - ¢ o i scaling up. The results are also useful for testing other theo-
o0 ries.
40 - i Comparison of the predictions of continuum theories to
experimental results shows their range of utility. The predic-
I Aﬁ tions of the theories of Elperin and Vikhanskf20] and
30 - 4 o® 1 Makse[21] are nearly identical and show good agreement
with experimental data for the layer thickness profiles at low
N L L Fr; both theories have one fitting parameter. The model of
%101 0.10 1.00 Khakharet al. [16] gives good predictiongdeviations less
i (kefs) than one-particle diameter in most caseser the entire
range of parameters studied, based on an empirical correla-
FIG. 22. Variation of the maximum angle of repos@,) with  tion for the fitting parameterds) obtained from the data.
the mass flow raten() for 2 mm steel balls. Open symbols show Additional inputs to the model are the static and dynamic
data obtained in three different sizes of cylindexsR=16 cm; ¢,  angles of repose, which are measured. The data fitting also
R=8 cm; andO, R=4 cm. Filled symbols indicate the data ob- Yyields an empirical constitutive equation for the shear stress
tained for the open heap experimef@2§]. for the surface flows that appears to be valid for wide param-

B, (deg)
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eter ranges. Qualitative analysis of the model gives an unent wall. The experimental results for different cylinder
derstanding of the behavior observed with variation of Fr andengths, as well as the scaling results indicate that the details
s. The model is simple and has wide applicability. Including of the flow are unaffected by the wall. However, the angle of
the effects of layer curvature and dilation would improverepose, which is sensitive to shape, roughness, and other par-
predictions, particularly at high Fr. ticle properties, is affected by cylinder lengths and wall fric-

Further analysis of the data using the model indicates thaton. A very detailed study of surface angles is thus not ac-
the shear rate is nearly constant along the layer at low Fr, butessible to flow visualization experiments and requires
this constancy does not hold at high Fr particularly in thenoninvasive measurements in long cylinders, for example,
lower part of the layerX>0). Data for all the systems stud- using MRI. The results presented here, however, provide a
ied indicate that the shear rate at the midpoint scalegpas Starting point for the analysis of surface shapes in a rotating
—[gsin(8—BJ/Md cosB.*? suggesting that the scaling is CYlinder flow, which are important in several phenomena, for
material independent. This scaling also indicates that th€*ample, surface flow driven segregat[ds]. In light of the
frictional resistance in the flow is well described by the co-Scaling results obtained, it would be interesting to investigate
efficient of friction tang. Finally, predictions of the layer Scaling in more complex systems such as scaling in radially
interface angles using an extension of the BRAG mfai) ~ Segregating system8,29 and in tumbled systems with
are in reasonable agreement with experimental data except 3ncircular cross sectio80,31, in which the flow is time
high Froude numbers. periodic.

We conclude with a discussion of experimental technique
u_sed in th_is paper. The pr'imary merit of ?he flow yisualiza- ACKNOWLEDGMENT
tion technique is its simplicity: quite detailed studies of the
flow are possible without sophisticated instruments. Yet, as The financial support of Department of Science and Tech-
mentioned above, wall effects are unavoidable since theology, India through the Swarnajayanti Fellowship project
measurements are based on motion adjacent to the transpdDST/SF/8/98 is gratefully acknowledged.
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