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Quantum mechanical representation of acoustic streaming and acoustic radiation pressure
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We discuss acoustic streaming and acoustic radiation pressure from the viewpoint of energy and momentum
of acoustic waves, using a quantum mechanical representation of acoustic waves. We represent the energy
and momentumu of acoustic waves as=npho and u=nyfik; heren, is the phonon densityy is the
frequencyk is the wave number, antl is Planck’s constant. It is easy to derive the momentum of acoustic
waves asu=¢/c (c is the sound velocity Therefore, we can represent the acoustic streaming and acoustic
radiation pressure in terms of the momentum.
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. INTRODUCTION length is the wave number, and=h/27 (his Planck’s con-
stan}. Using Egs.(1) and(2), we can represent the momen-

Acoustic waves are treated as phonons in the investigatiogm as
of liquid helium 4[1,2] and solidd 3-5]. We have attempted
to investigate the nonlinear phenome(sabharmonicg6], pn=elc, 3
capillary waves and cavitatidi]) of acoustic waves in wa-
ter, using the phonon conceji—10 and quantum mechan- Wherec=w/k is the phase velocity of an acoustic wave. The
ics [6—8]. We treated acoustic waves from the viewpoint of derivation of Eq.(3) is rather difficult from an analysis of
energy and momentuni6—10 using the w-k diagram hydrodynamicg17].
[11,12.

Acoustic waves in water have been analyzed using hydro- B. Derivation of acoustic pressure and streaming force

dynamics[13—1@. However, it is rather difficult to derive  a¢q stic radiation pressure and acoustic streaming are

%Yue to the momentum and energy transfer of an acoustic
Yave to the medium. The difference between acoustic radia-
“tion pressure and acoustic streaming is that for acoustic
streaming there is a transfer of acoustic energy to the kinetic
gnergy of the medium. In the case of acoustic radiation pres-
: . ure, the medium does not obtain kinetic energy. Although

We propose a quantum mechanical representation Ghere is acoustic energy transfer to the thermal energy of the
acoustic waves. Using the momentum of an acoustic WaV&nhedium, there is no momentum transfer. This is because the

we dedf.'ve_ the driving force ﬁf acou;hc streammg;nq acquﬁfnomentum of thermal energy is 0. However, kinetic energy
tic radiation pressure. In this study, we try to distinguishic rolated to momenturn.

clearly between pressure and force and thermal energy and g re 1 shows the conceptual illustration of acoustic en-
kinetic energy from the viewpoint of momentum and energy.

tion is very simple and clear; thus the derivation of the mo
mentum of an acoustic wave becomes very edsyl10].
Therefore, derivations of acoustic radiation pressure and th
driving force of acoustic streaming are simple and clear.

plx,) plx,)
I THEORY Vo () vp(x,)
A. Quantum mechanical representation of an acoustic wave
A quantum mechanical representation of acoustic waves :>
has been propos¢@-10]. Using the phonon density,, the
energy densitye and momentum density are represented Acoustic’wave Medium
as,
e=nyfio, (1) : :
1 |
p=nyhk. () | AvccAr |
| |
_ ; _ ; <>
Herew=2=f (f is the frequency k=2=/\ (\ is the wave-
X, X,
*Email address: msato@honda-el.co.jp FIG. 1. Conceptual illustration of acoustic wave absorption.
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ergy and momentum transfer to the medium. Here we discuss n, (Density)
ideal kinetic energy transfer to the medium. Phonons travel a
distanceAx=x,—x; within time At=t,—t; with a phase
velocity c; i.e. c=Ax/At, and the momentum of a phonon is
transferred to the medium, which is represented Ags

= u(Xy) — u(xq). Thereafter the medium is accelerated,
Avp=vp(Xs) — vp(X41); herevp shows the drift velocity of
the medium. By assuming that the momentum is completely
transferred to the medium drift motion, we can obtain Eq.
(4), which indicates the driving force of the medium:

AVD AILL
P AL = AL (4)

Acoustic streaming M,

;(iar:e we can substitutét=Ax/c andu=¢/c, and then ob- Acoustic waves P,
Thermal energy T,

Avp Ap Ae . . .
T FIG. 2. Acoustic energy absorption by the medium.

PAt - At Ax ® gy absorption by

i.e., Egs.(6) and (8) represent not only the absorption but

Equation (5) shows thatAs=s(xp) ~a(xy), which is the 1 "o vion of acoustic wave.

acoustic energy difference in the distand&, causes the
driving force of the medium. Therefore, the driving force of
acoustic streaming, is represented as followd 3] as the C. Mechanism

limit of At—0: The mechanisms of acoustic wave absorption are ex-

Ivp Je plained briefly. Figure 2 shows gcoustic_ energy trans_fer to
fa=p——=——. (6) the thermal energy,, and the medium motioM . Acoustic

at X waves have not only energy but momentum; thus, at the
absorption of acoustic waves, momentum should also be

Under the ideal condition that the ”".'ed'“m does not MOVey ansferred to the medium, and acoustic streaming is gener-
the momentum transferred to the medium acts as the pressuy

of acoustic radiation. Under acoustic radiation pressure, the
medium obtains momentum; however, does not gain kinetic;
energy.

We define the acoustic radiation pressppeas the aver-
age momentum transfer, as follows:

At the Maxwell distribution, the temperature of the me-

um is represented by the width of the velocity distribution

function of the medium. The thermal energy is the energy

absorbed in the medium as the width of the velocity distri-

bution function of the medium. Therefore, there is no mo-
Au mentum transfer. ' .

Pp=————. (7) The medium motionMp is represented by momentum
At pvp and a kinetic energﬁpv%; herevy is the drift velocity

of the medium. The medium obtains thermal energy by the

absorption of acoustic waves, which changes the thermal en-

ergy of the medium fronT, to T,=T,;+T,. In the case in

which the medium does not move, acoustic radiation pres-

A A sure will be generated.

)7 e

In Eqg. (7) there is no kinetic energy transfer to the medium;
there is only momentum transfer. Equati@ is identical to
Eq. (4), and hence can be rewritten as follows:

PA=~ 3¢~ ax: ®
At AX D. w-k diagram

Here, the energy difference is caused through the reflection Energy and momentum conservation between an acoustic
or absorption of an acoustic wave. Absorption means acousvave and the medium is represented on the frequency vs
tic energy transfer to the thermal energy of the mediumwave numberw-k) diagram[11,12 shown in Fig. 3. Here
Thermal energy transfer will be discussed in Secs. Il C andhe vertical axis indicates the frequeneyand the horizontal
I1D. axis indicates the wave numblerWe represent the acoustic

The force of acoustic streaminigy, moves the medium; wave and medium motion in the-k diagram, which indi-
however, the pressure of the acoustic radiapgracts as the cates energy and momentum transfer between the acoustic
pressure on the medium. The phenomenon which occurs iwave and the medium. Acoustic waves and medium motions
the actual medium is a mixture df, and p, acting on the are represented by the points in the diagram. Here the
medium(see Sec. ). Equations(6) and(8) are represented straight lineO-a shows the dispersion relations of longitudi-
using the acoustic energy density; therefore, acoustic waveal waves. The quadratic cunm-O-ni is plotted by mo-
absorption and reflection are included in these expressionsyentumprp, and kinetic energy pv3, usingvp as a vari-
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1 5
w(Eva orT,)

2k,

Wave number

Wave number FIG. 5. w-k diagram of acoustic wave reflection and radiation

FIG. 3. Acoustic wave transfer to thermal energy and mediumPréssure.
motion.
mentum conservation condition.
able. This curve represents the kinetic motion of the medium. Figure 5 shows theav-k diagram of acoustic radiation
The w axis represents the kinetic energy of the mediumpressure generated by the acoustic wave reflection. Vector
%psz, and thek axis represents the momentum of the me-OArepresents acoustic radiation pressure, and vector OR is a
dium pvp. Vector OP, is an acoustic wave which has a reflected wave. In this case, there is no kinetic energy trans-
frequencyw, and a wave numbek,,OT, is the thermal fer.
energy, andOMp represents the kinetic motion of the me-
dium drift. The thermal energ® T, does not have momen- Ill. DISCUSSION
tum; thus it is represented by a vector on thexis. Paral-
lelogram OMpP, T, shows the condition of energy and  We clearly distinguished between acoustic streaming and
momentum conservation between the acoustic wave and thgoustic radiation pressure under ideal conditions. The dis-
medium. This condition is a sufficient condition which indi- tinction depends on kinetic energy transfer. In B, kinetic
cates that the acoustic wave is transferred to the thermanergy transfer occurs completely; in E®), there is no
energy and medium drift. kinetic energy transfer. However, there is an intermediate
Figure 4 shows thaw-k diagram of acoustic radiation condition: the medium can partially obtain kinetic energy.
pressure that is generated by acoustic wave absorption. IThis means that the medium drifts, receiving acoustic radia-
this case, the medium does not obtain kinetic energy, bujon pressure. These conditions are drawn as a vector from
only gains thermal energy and acoustic radiation pressurghe origin to the point on linAMp, which is represented
OA Here, parallelogra® AP, T}, shows the energy and mo- between the horizontal line and parabolic li@emin Fig. 3.
It is rather difficult to estimate the kinetic energy transfer to
w(T,) the medium. For example, the viscosity of the medium will
change the rate of the kinetic energy transfer. In an actual
medium, the radiation pressure and driving force may act
simultaneously. Therefore, it is rather difficult to separate
acoustic radiation pressure and the driving force of acoustic
streaming.

We discussed acoustic waves from the viewpoint of a
quantum mechanical representation. The energy is repre-
sented by the phonon density and the frequency; therefore,
there are two parameters concerning energy. This means that
energy transfer is represented not only by a phonon density
decrease but also by a frequency decline. According to quan-
tum mechanics, a frequency decline indicates an energy loss.

> However, at the present stage, we consider acoustic stream-
ing and acoustic radiation pressure under the condition of

constant frequency. Therefore, we discuss the absorption and

reflection via phonon density change. Nevertheless, we have
FIG. 4. w-k diagram of acoustic wave absorption and radiationexperimentally detected the side band of the driving fre-
pressure. quency at a large amplitude acoustic wave. In particular, a

Wave number
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Wave number FIG. 7. w-k diagram of thermal motion.

e ggé&i‘r‘]’g’,k diagram of acoustic wave backscattering and acousy, e p s represented as the summation of thermal energy

O+, and medium driftM . The thermal energ®+y, is also

lower side band seems to be due to the frequency redshift 6fepresented as the ;ummatlon of two kinetic mOt'@rMT.l
an acoustic wavlg]. andOM+,. These kinetic motions cause the deformation of

In this study, we assumed the condition of constant fre-the velocity di.st.ribution function as shown in Fig. 2. There-
quency; therefore, we did not discuss the acoustic streamin fter, the collision bet\_/vegn 'ghe mole_cules of the medium
caused by the backscattering of an acoustic wave. Becausddgnerates a Maxwell distribution function; thus the tempera-
kinetic energy transfer due to backscattering requires a frlure is defined as the width of the distribution function.
guency redshift of the backscattered wave, this means th;'the.reforg, the averaged momentum of thermal molecular
energy and momentum matching conditions are not fulfilledn°tions is 0.
without a frequency decline of the backscattered wave. The
parallelogram cannot be drawn without the frequency decline
of the backscattered wave. Figure 6 shows dhle diagram We proposed a quantum mechanical representation of
of backscattering and acoustic streaming. Energy and maacoustic waves, and investigated the interaction between an
mentum matching conditions are represented as parallel@coustic wave and a medium from the viewpoints of energy
gramOMpPgBa. The incident acoustic wau, causes me- and momentum. The explanation based ondHediagram is
dium motionOMp and is scattered as backscattered wavevery simple, and is helpful for understanding the phenom-
OBa Therefore the frequency of the backscattered wave ignon compared to an analyses by hydrodynamics using the
redshifted fromw, to w,. Under actual conditions, the ra- perturbation method. The simplicity of the quantum me-
diation pressure and driving force may be acting simultachanical representation puts the technological application of
neously on the medium. The medium motion is representedcoustics into perspective. Acoustic wave interaction with
as the vector from the origin to the point on liAéM . the medium is a mixture of acoustic radiation pressure and

The thermal energy and kinetic energy are clearly distin-acoustic streaming, which are caused by the absorption and
guished. The thermal energy is represented as a point on theflection of the acoustic wave. At this stage, these discus-
w axis; this means that the thermal energy does not havsions are held under the condition of constant frequency;
momentum. Figure 7 shows tlek diagram of acoustic pho- therefore, the discussions are restricted. We plan to study the
non transfer to the thermal motion and drift motion. Incidentfrequency change of an acoustic wave.

IV. CONCLUSIONS
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