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Robust chaos in smooth unimodal maps
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Robust chaos is defined by the absence of periodic windows and coexisting attractors in some neighborhood
of the parameter space. It has been conjectured that robust chaos cannot occur in smootH By&ameto,
B. Hunt, and C. Grebogi, Phys. Rev. L€etB, 4561(1997; 80, 3049(1998]. Contrary to this conjecture, we
describe a general procedure for generating robust chaos in smooth unimodal maps.

DOI: 10.1103/PhysReVvE.64.025203 PACS nunider05.45-a
The stability of a periodp orbit of the smooth one- (i) ¢(x) is a unimodal map of clasg® on the intervalx
dimensional map €[0,1]; (ii) ¢(x) has an unique maximum at the critical

pointce[0,1]; (iii) ¢(0)=¢(1)=0; (iv) ¢(x) has negative
Schwarzian derivative, i.e.,
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2) A map satisfying the above conditions is called a

S.unimodal map on the intervade[0,1]. Any Sunimodal
.mapcp(y) on the intervaly e[ a,b] can be represented on the
The periodic orbit is asymptotically stable|ih|<1. A peri- _tae)r)\:ale [0.1] by using the change of variabje=a+ (b
odic orbit that contains _a.critical point of ¢, whe_re . The most studied-unimodal map that generatémgile
¢’'(c,a)=0, hasm=0 and it is called a superstable periodic chaosis the logistic map

orbit. For smooth one-dimensional maps a periodic window

is constructed around spine locusthat corresponds to pa-

rameter values that give rise to superstable periodic orbits 9,(%) = ux(1=x). )

[1].

A chaotic attractor is said to be robust if, for its parameter ~Since the logistic map has an unique maximumcat
values, there exists a neighborhood in the parameter spacel/2 and negative Schwarzian derivative, there can be at
with no periodic attractor and the chaotic attractor is uniquemnost one attracting periodic orbit with the critical point in its
in that neighborhoof2]. It has been shown that robust chaosbPasin of attraction, for any. €[0,4]. Whenu =4 the orbit
can occur in piecewise smooth systems. Also, it has beewith initial value xo=c maps in two iterates to the fixed
conjectured that robust chaos cannot occur in smooth sygointx=0, which is unstablég,(0)|=4>1. It follows that
tems[1,2]. More generally, forN-dimensional maps it has for u=4 the logistic map does not have any stable periodic
been conjectured that a slight variationroparameters can orbits and there is an unique chaotic attradtdr However,
destroy the chaos ii=k, wherek is the number of positive if the parametep. =4 is slightly modified, the chaotic attrac-
Lyapunov exponents. It follows that robust chaos cannot octor is destroyed.
cur in smooth one-dimensional systems, whéten=Kk Now, let us try to find a general procedure for which a
=112]. S-unimodal magf ,(x) on the intervak € [0,1], can generate

In a previous work we have presented a counter examplebust chaosn a large neighborhood of the parameter space,
to the above conjectuf@]. Here, we describe a general pro- v. First we give the following lemma.
cedure for generating robust chaos in smooth unimodal Lemma If ¢(x) is a Sunimodal map on the intervad
maps. e€[0,1] with an unique maximum at the critical poirat

In general, a unimodal map(x) maps an interval into e€[0,1], then
itself, has a single critical poirtin I, (¢’(c)=0,cel), and

is monotone increasing on the leftof¢’ (x) >0, x<c) and 1— pte®
monotone decreasing on the rightafe’ (x) <0, x>c). The fC)(x)=———, Vu>0, v#1, (5)
key topological property of a unimodal map is that it 1-p=e©
stretches and folds the intervialnto itself.

For the sake of clarity, we will assume that is also aS-.unimodal map on the intervade[0,1] with an

unigue maximum at the same critical pomnt
Proof.
*Email address: mircea.andrecut@uleth.ca (1) We have
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From the above equations it follows that ¢f(x) is a
unimodal map of clas€® on the intervak €[0,1], then also
f(f)(x) is a unimodal map of clas€® on the intervalx
e[0,1], Vv>0p#1 (f7)(x) and its derivatives are com-
positions ofp(x) and its derivatives

(2) Let ¢(c) be the unique maximum of th&unimodal
map ¢(x) at the critical pointce[0,1]. Then ¢(x)<¢(c),
Vxe[0,1] and obviously, f{)'(c)=0, f()(x)=<f{*)(c)
=1,Vxe[0,1], Vv>0,v#1.

3 f(20)=f*)(1)=0,Vv>0p#1.

(4) The Schwarzian derivative is negative,

1
Sf(f)(x)=5<p(x)_E['n(V)QD/(X)]2<O' 9

becauseS,(x) <0, wheneverp’(x) #0, Vv>0,v#1 (end
of proof).

The Sunimodal mapf(f)(x) has two fixed points on the
interval xe[0,1]. The first fixed point isa=0, f(f)(O)
=0, Vv>0. The second fixed point is the solutidn
e(c,1) of the transcendent equatidfy~)(b)=b, Vv>0.

Now, we can formulate the following more general theorem.

Theorem If ¢(x) is a Sunimodal map on the interva
e[0,:1] with an unique maximum at the critical poimt
e[0,1], then

1—p* o(x)
) (x) = (10

1— pEe(©)

is aS-unimodal map on the intervale [ 0,1] and it generates
robust chaodor any value ofv satisfying the condition

In(»)¢'(0)

1— pre(©)

(97 (0)= >1,v>0,v#1. 11

Proof. The proof is the same as in the case of logistic map

with w=4. Obviously, according to the previous Lemma,
f(*)(x) is a Sunimodal map on the intervale[0,1], Vv
>0, v# 1. Since the map has an uniqgue maximunxatc

and negative Schwarzian derivative, there can be at most one

attracting periodic orbit with the critical point in its basin of
attraction, for anyy>0, v# 1. The orbit with initial value
Xg=C maps in two iterates to the fixed poixt= 0. This fixed
point x=0 is unstable if condition(11) is satisfied. In this
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case, the map does not have any stable periodic orbits and
there is an unique chaotic attraci@nd of proof.

Let us to consider an example for the above theorem.
Here, we consider the following simple quadratic map:

o(X)=X(1—X).

Obviously, this map iSunimodal because

(12

(A) ¢(x) is an unimodal map of clasg® on the interval
xe[0,1];

(B) ¢(x) has an unique maximum at the critical poat
=1/2¢[0,1];

(©) ¢(0)=¢(1)=0;

(D) ¢(x) has negative Schwarzian derivative:

2
<0, Vxe[0,1], x#c=1/2.

3

2

S 1-2x

o(X)=

The map has a stable fixed pomt0: ¢(a)=0, ¢’'(a)
=1. Therefore, the orbit with any initial valug [ 0,1] will
end atx=a=0. In fact, the above map is a fixed point ap-
plication.

Now let us to consider th&-unimodal magt{*)(x) given
by the Eq.(10) with ¢(x) given by the Eq(12),

. 1_Vtx(17x)
e

- 1— 14 (13

Obviously,f{)(x) is an unimodal map of clagg® on the
interval xe[0,1]. Also, f(*)(1/2)=1 is the unique maxi-
mum at the critical point=1/2 andf{*)(0)=f{*)(1)=0,
Yv>0, v#1.

The Schwarzian derivative is negative:
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FIG. 1. The Lyapunov exponeliil8) of the Sunimodal maps
(16) (a) and(17) (b).
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Vxe[0,1],x#c=1/2, Vv>0, v#1. 1 |d
The fixed pointx=0 is unstable for Ap)=lim = > d—f([)(xt) : (18
T t=0 X
()1 (0)= In(v) -1 (15 calculated for the above maps. One can see that the
v 1o pria ' Lyapunov exponent is positivé»>0, v+ 1. Moreover, in

this example) (v)= In(2). The bifurcation diagram of these
But, we have|l— v <|In(»)|, Yve(0,1). Therefore, Maps is a black rectangle, without any periodic winddws

the map don't give the figure for aesthetically reas@nshe numeri-
cal computation has been performed using very long orbits,
1— X% T=10P, and an accuracy of 500 digits, using an arbitrary
0 (x) = (16)  precision mathematical librapAPLE).
1 In conclusion, contrary to the conjecture that robust chaos
cannot be generated by smooth maps, we have derived a
is generatingobust chaodor v (0,1). general procedurefor generatingrobust chaosin smooth
Also, we have|1— v~ Y <|In(v)|, Vve (1), and the unimodal maps
map This work has been supported through a grant to M. K.
o x(1-%) Ali from the Defense Research Establishment Suffield. The
fO)(x)= ——— (17)  authors would also like to thank Dr. Simon Barton for his
’ 1—p V4 continuing support and helpful discussions. Computing fa-
cilities were provided by Multimedia Advanced Computa-
is generatingobust chaodor ve (1,%). tional InfrastructurédMACI) (Compaq Alpha cluster, running
In Fig. 1 we give the Lyapunov exponent TruUnix64).
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