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Osmotic properties of DNA: Critical evaluation of counterion condensation theory
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The osmotic coefficient oB-DNA in water may, in dilute solutions, deviate by as much as 100% from
predictions based on a simple line-charge “counterion condensation” theory. In contrast, a cell model descrip-
tion of the ionic atmosphere near a cylindrical polyelectrolyte predicts osmotic properties that are in surpris-
ingly good harmony with all available experimental findings over a wide range of DNA concentrations. We
argue that the neglect of molecular features, such as finite radius, makes line-charge condensation theory
inapplicable at all but impractically low polyelectrolyte concentrations.
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lonic screening of charge interactions remains one of the The major and minor grooves in DNRLO] require that
most vigorously discussed properties of polyelectrolyte soluwe treat its “cylinder” as at least partly hollow to allow for
tions[1]. The osmotic pressure &-DNA in dilute aqueous solvent and ion access to the space within the grooves. Here,
solutions[2,3] shows as much as factor-of-2 deviations fromfor simplicity to recognize the maximum possible range of
predictions based on the influential counterion condensatiofnonspecific” accumulation of countercharge near the cylin-
theory of Oosawa and Mannin@M) [4—6]: We shall argue der, we consider cylinders that are either solid or completely
that an earlier theory pioneered by Lifson and Katchalskyhollow. Counterion accumulation is formulated via the PB
(LK) [7,8], based on the cell model formulation of the non- equation with continuous variation in densityrata, uy(r
linear Poisson-Boltzmann equation, provides a more success=a) andu;(r<a) are evaluated relative to a zero at the cell
ful starting point than counterion condensation theory for thawall (r=R) with «2 =«?=8mlgn(R), wheren(R) is the
osmotic properties of rigid cylindrical polyelectrolytes under number density of counterions at the cell wall.
low-salt conditions. Indeed, when the axial separation be- Fora<r<R[7,8]
tween cylinders is smaller than the persistence length, say,
their osmotic properties are dominated by electrostatic ef-
fects that are accurately described by the LK cell model. By
explicitly including the finite size of the cylinder, this cell
model fundamentally disagrees with the line-charge OM picForr<a [11]
ture. Neglect of finite radius is the main reason for the os- 5
motic failure of OM theory[9]. Ui(r)=up+2In(1+cre). (4)

We consider a rigidhollow or solid, charged cylindrical
polymer of radiusa, coaxially enclosed in a cylindrical
(Wigner-Seitz-like “cell” whose radiusR corresponds to the - n
total system volume per polymer length. Because the ce Uy /dr|g=0, and [du(r)/dr—du(r)/dr]|,=2Q/a. For

acts as a neutralization volume for the counterions, the elec;'iAgége igm:jeer;:'r?:ilﬁjs I'k:]eatrhghirr?:r deenssemg alrg'ii:QD{;A
tric field vanishes at the cell wall. Counterions organize - y 9 P A

within the cell according to the nonlinear Poisson—BoItzmanr‘;r%]'7 é&ra?Srdeth'?hBeJerng?nﬁ?gr?:r;.ﬁﬁr(eA dfobr W:rt]egtg:;gg? that
(PB) equation for the double layer electric potential,In star’?s with é tial partitionin of counterign - and
potential units ofkgT/e, and in the absence of added salt, P 9 Qi Qo

this equation has the form (Qi+Qp=Q), inside and outsideg =a refined until the
boundary conditions are exactly satisfied.

1d/ du,(r) 2 In salt-free solutions the osmotic pressure is
S |r——|=— e %, (1)
rdr dr 2

)

Ug(r)=In

r
2z

The integration constants Ry, «, ¢, andu, are obtained
from boundary conditionsu;(a)=uy(a), du;(r)/dr|,=0,

Tosm= KeTN(R) 5)

Here «, ! denotes “screening length,* for “inside” or on the cell wall. Because the electric field vanishes at the cell
“outside” the polyelectrolyte cylinder. Potentialg,(r) and  wall, the Maxwell stress is zero at=R.

Ugyui(r) determine the charge densities, When the density of osmotically active buffer salt),2
for monovalent salts, cannot be ignored, the cell model pre-
ne(r)=n, e %, (2) dicts that wee=kgT[N.(R)+Nn_(R)—2n,]. n-(R)

=n,exd £u(R)]; u(R) is the difference in reduced potential
wheren, o= % (8mlg), andlg=e?/(ekgT) is the Bjerrum  between the cell wall and the bathing salt solution. In the
length. artificial, but popular, “Donnan” limit[4,12,13 where the
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variation in potentialu(r) within the cell is assumed to be 0.30 T T T T
small compared withu(R) (as thouglR— a), we decompose ©  Auer & Alexandrowicz ("no” saft)

. O Raspaud et al. (10 mM)
n,.(R)—n(R)+n;,n_(R)—n;, wheren(R) is the counter- A Raspaud et al. {2 mM)
ion density in the absence of salt. In electrochemical equilib- 0.25
rium, the osmotically active fraction of counterions inside '

the polyelectrolyte assembly is determined by

0.20 -

no salt

n(N(R)+n;)=n3, (6)

(from cancellation of e{pru(R)] factorg. This approxima-
tion may be expected to work well when the concentration of
osmotically active buffer saltrg, is small compared to the
concentration of osmoatically active counteriom&R). Then
the osmotic pressure is approximately

0.15 -

Osmotic coefficient o

7=KsT[N(R)+2(n.—ny)]. @) 0.10 -

Though popular, the approximation employed here is diffi-
cult to justify from first principle§13,14]. 0.05

By definition, the osmotic coefficiens is the ratio of the 10 mM
actual osmotic pressure to the osmotic pressure of a hypo-
thetical gas of uniformly distributed counterions, the number 5 8
density n(R)+2(n;—n,) divided by the mean density 000 e ol
Nona= 1/(IpnamR?): ' ' ConaM -
— n(R)+2(ni—n,) (8) FIG. 1. Computed and measured osmotic coefficients,(&q.
NpnA Vs Cpna (molar DNA phosphatgsThe horizontal dashed line is the

prediction of Oosawa-Manning line-charge condensation theory.

Figure 1 shows computed osmotic coefficients of rigidsolid and dotted lines are computed for solid and hollow charged
hollow or solid cylinders as a function of the molar concen-cylinders of radiusa=10A and linear charge densityefl.7 A
tration of DNA cpya for ¢,=0, 2, and 10 mM. contour length(or Q=4.353. The “no-salt” curves are calculated

(i) With no added saltd,=0 mM), osmotic coefficients from Eq. (5), data(diamond$ from Ref.[2]; lower curves com-
vary slowly vscpya in good agreement with experimeny puted from Donnan equilibrium model, Ed§) and(7) for DNA in
(diamonds. However, simple condensation theofflat, 2 mM and 10 mM salt solution, daf@riangles and squargfrom
dashed ling predicts no variation at all. [3]. Concentrations(R),n;,n, are in number density units. Note

(i) For concentrations of DNA phosphates frazgy,  COmplete irrelevance of OM predictions.
=1-500mM, the calculated osmotic coefficients agree rea-

sonably closely with experimeii,3]: for no<npna [2], ¢ effects due to chain conformational fluctuations, discussed in
=0.16, compared t@)=1/(2Q)=0.11 for line-charge con- Ref.[15], lead to predictions of decreasing rates of change of
densation theory. N _ the pressure with concentration. Recent work on stretching
_ i) For f=2n,/n(R) small but finite, the Donnan equi- ot pNA under various ionic conditionfl9] also suggests
librium approximation works wel(2 mM and 10 mM data  a; there might be an additional strong coupling between
[3])'. . DNA elasticity and electrostatics. Though the details of this
Figure 2 shows the osmotic pressurgy, vs molar phos- coupling are only beginning to be elucidatgD] it is con-

phate concentrationpya for 2-300 mM[2,3) and 1-2 M ceivable that local deformations of DNA would change the
[15]. As long as the ratibis small, the simplest electrostatics o "
countercharge distributions at low-salt conditions and thus

model (dotted line for hollow cylinders and solid lines for affect also the osmotic pressure
lid cylinders indeed lai it [l th itud d . o . ) .
solid cylinders indeed explains quite well the magnitude an Given the qualitative failure of Oosawa-Manniig,5]

variation of the data. The hollow-cylinder modédotted- . . i '
line) gives a slightly better description of the data than the!l"®-charge condensation modéigs. 1 and 2, dashed lines

solid-cylinder mode[16]. what can it teach us about the counterion accumulation

When the concentration of DNA is smallgpya around anylin_ea}r polyele_ctrolyte? In this OM picture, highly
<300mM, the simple Donnan-equilibrium moddgs.(7)  charged and rigid cylindrical macromolecules are portrayed
and (8)] describes the experimentally observed increase i@s line charges with explicit neglect of finite macromolecular
pressure v&pna [3] (triangle, squarés In the high DNA-  radius. The atmosphere of counterions is viewed as strongly
concentration range, the calculated variation of the pressureerturbed: folQ>1, condensation will bring down the effec-
with concentration is clearly slower than that observed exiive (dimensionlessline-charge density fron® to 1; a frac-
perimentally. The difference may be of nonelectrostatic ori-tion f.=(Q—1)/Q=1—-1/Q of the counterions condense.
gin [17] or may reflect charge discreteng48]: salt concen- The remaining fractionf =1/Q of the charge remains un-
tration is likely to be unimportant here; renormalization bound and osmotically active. If the unbound fraction is
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A B L B AL AL IR By tives of the outer solution Ed3)
O Podgornik et al. (150 mM)
1 Raspaud et al. (10 mM)
A Raspaud et al. (2mM) B =1— R
AN <& Auer & Alexandrowicz ("no" salt) R QO 1 Ztar<zm RM ) (9)
o/'/
NE o et 0=1-ztanzin Ry (10)
S
@ 5k .
= 2p2_ 2
) k“R°=4(1+2z%). (11
-
= 4r - we determinez
1- 1
3 7 arctaré 179 _ arctarE—
In(i = z z (12
A R z
2 Z (] —
Whena/R is small,z— 0, the arctan(’s may be replaced by,
1214 16 18 20 respectively,—7/2 andw/2. Thenz has a weak logarithmic
Tl vl sl dependence oa/Ry:
0.001 0.01 0.1 1
Cona M] T
z —R (13)
FIG. 2. Computed and measured osmotiC pressurespys - Inl =
Dashed line, prediction of Oosawa-Manning line-charge model. a

Solid line, computations for solid cylinders, and data-point symbols

as in Fig. 1. Except at high pressur@ssed on the log-log plot, the  The corresponding asymptotic expression for the osmotic co-

difference between hollow-and solid-cylinder predictions are diffi- efficient is

cult to detect. The arrows apya=2 MM, and 10 mM show that

the Donnan finite salt correction goes awry whem, t(R) is no 2

longer small, i.e., to the left of the arrows. Inset: solid and dotted _ n(R) _ K R2| —i(l-kzz)G E (14)

lines for pressures calculated at high density for solid and hollow " Npna 8alg T PNATRQL R/

cylinders; circles data froril5]. Computed forces are of the same

magnitude as those measured but a different function of concentrgs(a/R) is a geometric factor that equals 1 for hollow cylin-

tion. ders, and is *(a/R)? for solid cylinders. Therefore, for
small values ofa/R, in the absence of salt, Eq&l3) and

modeled as a polarized Debye-tkel gas of counterions, (14) give

this gas contributes to the osmotic coefficiait as ¢y

=m/(kgTng)=f/2=1/(2Q). For DNA ¢y=0.11, with a 1 2

significant fractionf =0.75 of countercharge “bound.” b= 1+ (15)
In the line-charge limi{4,5] there is no disagreement at 2Q, In2 E

all between cell model predictions and predictions based on : a

condensation theory. In the cell model it is possible to define
an effective “condensation rangg8] or a Manning radius  Any concentration dependence of the osmotic coefficient is
Ry such that the fraction of the countercharge containedncompatible with simple condensation theory. Only imprac-
within a shella<r<Ry is f=1-1/Q,, the fraction of tically slowly does the osmotic coefficient approach the line-
charges that are predicted to condense on the line-charge. tiharge OM limit.
the smalla/R limit, Ry=Re ™%=Ra. That is in this Is it fair to test the OM model against low-salt-
limit the Manning radius disappears; the effects of the frac-concentration data when that model is usually applied to
tion f=1-1/Q,—1—1/Q of ionic atmosphere can be ab- high-salt systems? The foundation of line-charge condensa-
sorbed in a redefinition of the line charge, as in condensatiotion theory is a condition that applies only in the limit of zero
theory. However whea>0 the Manning radiuR), is finite  added salt. Recall that the electrostatic potential around an
and even diverges as one approaches the infinite-dilutioisolated charged line varies as dp( Paradoxically, line-
limit R— oo, charge condensation theory is usually derived for string-of-
Consider the asymptotic expression for the salt-free osbeads linear polyelectrolytes in salt solutions whose screen-
motic coefficient in the limit where/R is small (the line- ing lengths are much too short even to allow ther)in(
charge limit, or the infinite-dilution limjt from the deriva-  potentials on which the concept of line charge condensation
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is based. For example, the radius of the ‘line’ would have tang to be gained by retrofitting a structurally accurate model
be much less than the 10 A screening length of the 0.1 Mof counterion organization to the fiction of a line-charge

solution in which 10-A-radius DNA usually lives.

Will it ever be instructive to reformulat§8,21-23 or
“extend” line-charge condensation theory to include finite
macromolecular radius and other molecular features? Refo

model.

We thank Joel Cohen, Sergey Leikin, Eric Raspaud, and
pon Rau for stimulating discussions and Eric Raspaud for

mulations would have to be merely linguistic. We see noth-generous provision of data prior to publication.

[1] J.-L. Barrat and J. F. Joanny, Adv. Chem. PH}4.1 (1996;
M. D. Frank-Kamenetskii, V. V. Anshelevich, and A. V.
Lukashin, Sov. Phys. Usp0, 317(1987); A. Katchalsky, Pure
Appl. Chem.26, 327 (1971).

[2] H. E. Auer and Z. Alexandrowicz, Biopolyme& 1 (1969.

[14] G. V. Ramanathan and C. P. Woodbury, Jr., J. Chem. F##®s.
1482(1985.

[15] R. Podgornik, D. C. Rau, and V. A. Parsegian, Macromolecules
22, 1780 (1989; H. H. Strey, V. A. Parsegian, and R.
Podgornik, Phys. Rev. B9, 999 (1999.

[3] E. Raspaud, M. da Conceicao, and F. Livolant, Phys. Rev. Lett{16] The osmotic coefficient computed for hollow cylinders is

84, 2533(2000.

[4] F. OosawaPolyelectrolytegMarcel Dekker, New York, 1971

[5] G. S. Manning, J. Chem. Phys1, 924 (1969.

[6] G. S. Manning and J. Ray, J. Biomol. Struct. Dyir6, 461
(1998.

[7] R. Fuoss, A. Katchalsky, and S. Lifson, Proc. Natl. Acad. Sci.
U.S.A.37, 579(1952); S. Lifson and A. Katchalsky, J. Polym.
Sci. 13, 43 (1954).

[8] M. Le Bret and B. Zimm, Biopolymer23, 287 (1984); B.
Zimm and M. Le Bret, J. Biomol. Struct. Dy, 461(1983.

[9] Similar conclusions have recently been reached by Biaal.
who study a synthetic polyeltrolyte; J. Blaul, M. Wittermann,
M. Ballauff, and M. Rehahn, J. Phys. Chem. 14, 7077
(2000.

[10] W. SaengerPrinciples of Nucleic Acid StructuréSpringer-
Verlag, New York, 1984

[11] V. A. Parsegian, thesis, Harva(@965; L. Dresner and K. A.
Kraus, J. Phys. Chen67, 990 (1963.

[12] F. G. Donnan, Chem. Ret, 73 (1924.

[13] J. Th. G. Overbeek, Prog. Biophys. Biophys. Chein.57
(1956.

lower than for solid ones because of the fraction of counterions
that reside inside the cylinders. The effect is significant: Our
numerical analysis shows that more than 30% of the total
charge accumulates inside the cylinders when the DNA con-
centration exceeds 10 mM. Surprisingly, reorganization of
counterions due to “hollowness” affect the osmotic coefficient
to a limited extent, yet leads to improved agreement between
theory and experiment.

[17] S. Leikin, V. A. Parsegian, D. C. Rau, and R. P. Rand, Annu.
Rev. Phys. Chem44, 369 (1993.

[18] A. A. Kornyshev and S. Leikin, J. Chem. PhyB07, 3656
(1997.

[19] C. Bustamante, S. B. Smith, J. Liphardt, and D. Smith, Curr.
Opin. Struct. Biol.10, 279 (2000.

[20] R. Podgornik, P. L. Hansen, and V. A. Parsegian, J. Chem.
Phys.113 9343(2000.

[21] D. Stigter, Biophys. J69, 380(1995.

[22] L. Belloni, M. Drifford, and P. Turg, J. Chem. Phy83, 147
(1984).

[23] M. Deserno, C. Holm, and S. May, Macromolecuks 199
(2000.

021907-4



