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Three-dimensional theory of emittance in Compton scattering and x-ray protein crystallography
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A complete, three-dimensional theory of Compton scattering is described, which fully takes into account the
effects of the electron beam emittance and energy spread upon the scattered x-ray spectral brightness. The
radiation scattered by an electron subjected to an arbitrary electromagnetic field distribution in vacuum is first
derived in the linear regime, and in the absence of radiative corrections; it is found that each vacuum eigen-
mode gives rise to a single Doppler-shifted classical dipole excitation. This formalism is then applied to
Compton scattering in a three-dimensional laser focus, and yields a complete description of the influence of the
electron beam phase-space topology on the x-ray spectral brightness; analytical expressions including the
effects of emittance and energy spread are also obtained in the one-dimensional limit. Within this framework,
the x-ray brightness generated by a 25 MeV electron beam is modeled, fully taking into account the beam
emittance and energy spread, as well as the three-dimensional nature of the laser focus; its application to x-ray
protein crystallography is outlined. Finally, coherence, harmonics, and radiative corrections are also briefly

discussed.
DOI: 10.1103/PhysReVE.64.016501 PACS nunerd1.60—m, 42.50.Ar, 41.75.Ht, 52.38r
I. GENERAL CONSIDERATIONS much more compact and inexpensive package. This, in turn,

offers the possibility of an important spin-off of ultrashort-
Remarkable advances in ultrashort-pulse laser technologyulse laser technology into the field of molecular biology,
based on chirped-pulse amplificatiph—4], and the recent which is currently growing at an exponential rate: following
development of high-brightness, relativistic electron sourceshe completion of the Human Genome Projg&fl], the sys-
[5—-7] allow the design of novel, compact, monochromatic,tematic study of protein structure and functipdl,37 is
tunable, femtosecond x-ray sources using Compton scatteexpected to dominate biophysics in the first half of the 21st
ing [8—21]. Such new light sources are expected to have aentury. In addition, a new paradigm for rational drug design
major impact in a number of important fields of research,has now emerged, using both recombinant DNA technology
including the study of fast structural dynami@2-24, ad-  [33] and x-ray protein crystallography. New classes of drugs
vanced biomedical imagin5,26], and x-ray protein crys- [34], as recently exemplified by the development of HIV
tallography{27,28; however, the quality of both the electron protease inhibitor§35,36], successfully reduced the viral
and laser beams is of paramount importance in achieving thiead of AIDS patients below the detection threshold of
peak and average x-ray spectral brightness required for su@nzyme-linked immunosorbent ass4$3].
applications. One of the primary purposes of this paper is In protein crystallography, recombinant DNA technology
therefore to establish a theoretical formalism capable of fullyis used to produce large quantities of a given protein by
describing the three-dimensional nature of the interaction, asplicing the corresponding coding DNA sequence into the
well as the influence of the electron and laser beam phasgenetic material of a bacterium. The transfected bacteria are
space topologies upon the x-ray spectral brightness. To owultivated and, upon induction, overexpress large quantities
knowledge, this is the first detailed analysis of its kind; fur- of the selected protein, which is then isolated, purified, and
thermore, the radiation theorem that is demonstrated ancrystallized. Diffraction data are routinely collected at 1N
used in this work is of a general nature, and is hoped taemperature, and the experimental phase measurements nec-
represent a useful contribution to the field of classical elecessary for the reconstruction of the electron density are pri-
trodynamics; finally, analytical expressions of the x-raymarily determined by the multiwavelength anomalous dif-
spectral brightness including the effects of emittance and erfraction (MAD) method [27,28,38. Finally, a molecular
ergy spread are obtained in the one-dimensional limit. model of the structure is built into the reconstructed three-
The aforementioned technical breakthroughs in the fieldslimensional electron density map.
of solid-state lasers and high-brightness electron accelerators The key characteristics of an x-ray source useful for pro-
provide a unigque opportunity to develop an entirely newtein crystallography are its small size, low angular diver-
class of advanced x-ray sources, with characteristics apmgence, good transverse coherence, and high average spectral
proaching those of third-generation light sour¢28], in a  brightness. In turn, these requirements determine the neces-
sary electron and laser beam quality, as will be discussed
extensively in this paper.
*Permanent address: Ecole Polytechnique, 91128 Palaiseau, This paper is organized as follows: in Sec. Il, a radiation
France. theorem is demonstrated, which enables us to derive the ra-
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diation of an electron subjected to an arbitrary electromagthe electron beam phase-space topology are also included, in
netic field distribution in vacuum, provided that the maxi- the form of energy spread and emittaridd—44.
mum vector potential characterizing the field satisfies the In our analysis, charge is measured in unitgofmass in
conditione A/myc<<1, and that radiative corrections can be units of mg, length is normalized to a reference wavelength
neglected20,21,39; in Sec. lIl, this theorem is used in the k; !, while time is measured in units of the corresponding
one-dimensional, plane-wave limit to obtain analytical eX-frequency,wglz(cko)*l. Neglecting radiative corrections
pressions of the effects of energy spread and emittance upgpo,21,39, the electron motion is governed by the Lorentz
the scattered x-ray spectral brightness; in Sec. IV, the thregorce equation du,/dr=—(3,A,—d,A,)u’. Here, u,
dimensional theory is developed, and an analytical expres= gy, /dr is the electron 4-velocity along its world line
sion of the SpeCtral bnghtness is obtained within the Contexj(#(T); T is the electron proper t|m%ﬂ iS the 4-p0tentia|
of the paraxial approximatiofd0,41; in Sec. V, the archi-  from which the electromagnetic field derives; finally,,
tecture of the three-dimensional Compton scattering code is-(—,|V) is the 4-gradient operatd#7,48. The electro-
outlined, and detailed simulations are performed in the casgagnetic field distribution considered here corresponds to a
of a 25-MeV electron beam scattering x rays near 1 A; fiyacuum interaction; therefore, the 4-potential satisfies the
. . . ya v y7a ’
appllcatlon§ targeted for the ad_vanc_:ed Compton light SOUrCgs a superposition of plane waves, as described in(Eq.
x-ray protein crystallography, is given, as well as a briefFyrthermore, we choose to work in the Lorentz gauge, where

sions are drawn in Sec. VII. Coherene], harmonic pro-  4.yector.

duction[16-21], and radiative correctiori20,21 are briefly

discussed in the Appendix. A. Covariant linearization

Il. RADIATION THEOREM Introdqcing_the maximum amplitude of the 4-potgntial,
we can linearize the Lorentz force equation, provided that
Our first task is to demonstrate the following theorem: inA<1, a condition that is typically satisfied in most experi-

the linear regime, where the 4-potential amplitude satisfiegnental situations: for example, in the case of an ultrahigh-
the conditioneA/myc<1, and in the absence of radiative intensity laser focus, this condition translates into a maxi-
corrections[20,21,39, where the frequency cutoff isos  mum intensity below 18W/cn? for visible wavelengths.
<myc?/h, as measured in the electron frame, the spectrajye then WriteuM=u2+ Ul*“fﬁ"'a whereu',<A", and
photon number density scattered by an electron interactinghe Lorentz force equation yields, to first order,
with an arbitrary electromagnetic field distributionn

vacuumis given by the momentum space distribution of the du;lt ,
incident vector potential at the Doppler-shifted frequency: ar —(9uA, = 3,AL) g - ©)
2
d Nx(ki): @ 1 K Xf 14| = u.. A To solve Eq.(3), we Fourier transform the first-order
dodQ  (2m)* yows| I3 kg ° 4-velocity perturbation into momentum space:
x| we— 2. (k k)kexp(ikx)d3k2 1 1 4y
s, \RsT RS 70 : u;(x”)= f d*k, 0 (k,)exp(ik, x"); 4

(o
because of the orthogonality of complex exponentials, Eq.
Here, kZz(wS,ks)zws(l,ﬁ) is the 4-wave-number of the (3) takes the form
wave scattered in the observation directidn at the fre-
quency wg; a=e?/2e,hc=1/137.036 is the fine-structure —q. dX¥ L= =
constant;uﬁz(n,uo) is the electron initial 4-ve|0cityx2 “M'kvﬁz_uo('knAv_'kvAu)’ ®)
=(0,%p) is its initial 4-position; and we have introduced the
scattered light-cone variabless=—ugk;, = yows—Uo-Ks.  and the termix”/d~=u” must be approximated hyj within
The term[1+ (k/ks)Uo- ] is to be considered as an operator the context of the linear theory presented here; we then find
acting on the Fourier transform of the spatial components of, ;1 _ & A v
Ing uri pat p fhatuizA#—kMA,,uo/kVuo.

the 4-potential A, =(V,A), Fourier transforming this result back into space-time, we
1 finally obtain
Ak, :—f A, (x"expik, x")d*k,, (2
u(Ky) (V2 I u(X)exp( ) v )

u(x”)zu°+;J d*k
T Gamthe

while the term exgk- xy) will be shown to give rise to the

coherence factdr2,43. This theorem is then applied to the A (k)
specific case of Compton scatterin@5-21 in a three- % Zﬂ(kp)—k## exp(ik, x").  (6)
dimensional Gaussian-elliptical foc{#0,41. The effects of k,Ug
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The linearization procedure used here is manifestly [+A, A
covariant. Up=Autky| =% —| (12
B. Nonlinear plane-wave dynamics which has the appropriate structure, and whegea constant

that will be determined from the normalization of the

It is interesting to compare the result given in E&j. with X o . . .
the full nonlinear theory in the case of a single plane-wave4'veloc'ty' Deriving the trial solution with respect to proper

electromagnetic eigenmode in vacuum, where the 4-potenti§'|me' we first have

is an arbitrary function of the relativistically invariant phase: v v
A (X")=A,(d), #(x")=—Kk,x". In this case, the operation d&: dﬁJr k_“( Vd_A) = % &( Vd_A d_¢)
of the 4-gradient upon the 4-potential reduces to dr  dr 2« dr dr  « d¢ dr
dA dA”
O P T ¢

Applying this result to the Lorentz force equation, we have we then use Eq(12) to replace the 4-potential

N

_du'u’_k VdAV k v dAM_k VdAV + d¢ dAM AV:UV_kV —§+;>\A s
d7-_/-"ud¢ _(VU)d(ﬁ_’uu_qu E—d(ﬁ K

dA, . ( dA,,) ® and we find that

[ —_ UV ,
dr [l d(f) dU,u dA’u dAY §+A)\A)‘ dA?
d - d +kM qu_ _kM 2 kV d ’

here, we recognize the canonical momentum=u,—A, T T T K T 10

[49]. We now consider the light-cone variable=d¢/dT;
the evolution of this dynamical variable is described by \yhich reduces exactly to the Lorentz force equation because
" , u the Lorentz gauge condition requires thkgtdA”’/d7=0, as
dx du =k (kMdA _kvdA )u shown in Eq.(11). In turn, the structure of the solution given
o v

dr  “#dr do do in Eqg. (12) implies that the light-cone variable reduces to
dA” dA* [+A,AY
=— () | — v — = Y =
(k .k )( P u,|+(k u,,)(kM dé ) 9 K==k, U= — K, AR (K, k*) T}__k#Au,
(15

The first term in Eq(9) corresponds to the mass-shell con-
dition, k,,k*=0, and can easily be derived by considering thebecause of the mass-shell conditidnnk“=0; we can also

propagation equation in vacuum, verify that the light-cone variable is, indeed, constant:
) dp I d?A, L dPA, dx dA* dA*\ do
A (0IR=0=5m 5 aer k) g dr war ~ Mg e O
(10)

because of the Lorentz gauge condition. Using @§), we
while the second term in E¢9) corresponds to the Lorentz can now rewrite the 4-velocity as
gauge conditiori47,48,5Q,

’

{+H(ALAY)
A0 dd dA"_ K dA* 11 u,=A,—k, 2k, A’
WA 0= g~ g (0

finally, the constant is determined by taking the norm of
With this, we see that the light-cone variable is a constant ofhe 4-velocity:

the electron motion:

NP Y Lk aialt] P k#) s AAP
dr_ Hall = R T O M T T
dr _
=—{
We now return to Eq(8): from its structure, we can see =—1, (16)

that the solution must take the form,=A, +k,9(¢),

whereg is a function of the electron phase to be determinedwhere we have used the mass-shell condition again. Thus,
in addition, the nonlinear radiation pressure of the planehe fully covariant, nonlinear solution to the electron dynam-
wave is proportional té\,A*(¢): finally, the solution must ics in a plane wave of arbitrary intensity and temporal de-
satisfy the conditioru“u,= —1. Therefore, we consider pendence is found to be
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2

+A, A A2
) 17 Y=7vo0 1+ 7(1+,3||0) . (21)

1
U#(XV)zu#(qS):A#—kM(W

The question of the influence of the initial conditions on theFurthermore, if we linearize Eq18) and consider the ex-
electron trajectory can now be addressed: the 4-potential caeression of the 4-potential in momentum space, the result
be regauged to incorporate the boundary conditions on thgiven in Eq.(6) becomes intuitively clear.

electron dynamics. Since we are shifting the 4-potential by a

constant 4-vector, the Lorentz gauge condition is still satis- C. Radiation

fied and the electromagnetic field tensor is unchanged; we \ye now consider the second half of the demonstration of
have A*—A*+ug, limy . A*(¢)=0, limy .u*(#)  the HLF theorem, as expressed in Et). The electromag-
=ug . With this, the invariant light-cone variable reads netic radiation scattered by the accelerated charge is de-
=—k,A*=—k,ugy, and the 4-velocity is given by scribed by the number of photons radiated per unit fre-
quency, per unit solid angle, which is determined by Fourier

ut=uf + A*—k* AATF 2;%“5 , (18) tran;forming the electron trajectory into momentum space
2kvu0 [51]
2 S 2
where we have used the fact that d Ny (ky,) _ aos| f“’ TR
Jod) 472 X B u(r)exg —ik,x“(7)]d7| .
(A+Up) ,(A+ug)*=A,A*+2A uf—1. (22

It should be emphasized that this nonlinear solution is fullyHere, we have used the fact thiais a unit vector to simplify
covariant and makes explicit use of gauge invariance. the double-cross product. The spatial component of the elec-
The nonlinear, covariant electron dynamics are thus fullytron 4-velocity is replaced by the linearized solution given in
determined; the Lawson-Woodward theorgtfl] is immedi-  Eq. (6); with this, and now using the Coulomb gauge, we

ately recovered by considering the timelike component ohave

Eq. (18): limy_ ;.. y(#) =70, as lim,_ ;. .A,(4)=0. In the

2 S
linear regime, where the normalized 4-potential satisfies the d"Nx(k,) __ @ k XJ dTJ d4k
condition |[A,A¥#|<1, the electron motion is purely trans- dodQ (4773 o

verse, while at so-called relativistic intensities, ponderomo-
tive effects dominatg21]. In particular, the mass of the
dressed electron can immediately be derived from the time-
like component of Eq(18), in a frame where the electron is

initially at rest: Xexdi(k,—k;)x*(7)]

~ k -
X|A(k,)+ ;uO-A(k#)

2
(23

A A
<m>:<7’>:<1+v+ MZ > (19 The electron 4-position is now approximated () =X,
+u®7; this corresponds to the lowest-order convectlve term
where V is the timelike component of the 4-potential, or due to the ballistic component of the electron motion, and
scalar potential. excludes harmonic production mechanisfese the Appen-

It is also easy to recover more familiar expressions bydix) [16-21]; this approximation is valid for high-Doppler-
rotating the coordinate system so that the 4-wave-numbeshift scattering, where the transverse oscillation scale is
reduces tck,=(1,0,0,1), and to introduce the 4-potential asgiven byA\q/y,<\o. Using the light-cone variableg,and
A,=(0A,,0); we then havec=y—u;=y,—Ujp=ko, and ks, We find that

U (¢)=U o +A, (), NG @ 1
dodQ  (47%)° g

o (< ko
kX fwd k| A+~ g A

AZ+2A, -u, g

Uy( ) = Uyo+ (20) o
() =thot | 500U xexg{i(kﬂ—ki)xg]f drexdi(k— ko) 7]|.
AZ+2A, U 24
Y(d)=7vo+ 20ye—trg) 49
oo The integral over proper time yields&function:
In particular, in the simple case where the reference frame is 4o
chosen such that, ,=0, we havey3=1+u?, and Eq.(20) f drexdi(k— kg 7]=278(k— Ks).
reduces to the well-known resyR1], o
A2 We now perform the change of vanabled“k
L 194 -
U=A, W=7 ,30+—(1+,3|0)} VJ;gF/ﬁk .| *d*q,, where we have introduced the four
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qV:[K(kM),k]:(ngM,k):(’)/oa)_UO'k,k), b x/L

which allows us to perform the integral over thdunction;
we then find that the Doppler condition derives from the

equality of xs=— uf)‘kz:yows— Uo-ks, and x=—ufk, T m—— u

= yow— Ug-K: this yields the well-known Compton scatter- I Incident

. . ~ . . . |

ing relation ws=(yow—Uugy-K)/(yo—Ug-A), in the limit p ® /] Uiy «AANA

where recoil is negligible. Finally, using the Jacobian of thez/u e- 0 vYuY

transform,|&qV/(9kM|*1:ygl, we obtain the sought-after

result, as presented in the HLF theorem. .
n

Scattered

IIl. ONE-DIMENSIONAL THEORY OF EMITTANCE
IN COMPTON SCATTERING

To demonstrate the usefulness of the HLF theorem, we FIG. 1. Schematic of the three-dimensional Compton scattering
first consider the case of a linearly polarized plane wave witlgeometry.
an arbitrary temporal profile: the 4-potential &,(¢)
=XAog(p)e ¢, wherep=—kx*, andk’=(1,0,0,1), for

a wave propagating along thzeaxis. Introducing the tempo- d?N, a Lo,
ral Fourier transform of the pulse envelop&(w) m: EAoAd’ Ws
=[*Zg(t)e '*'dt/\2m, we have
2
~ _ _ 2
Rulk) =52 *R0d0e) Ak@) kB0, Xex”{ 2 x(@s:70.0.0) = 1]
25

[ vocod 6+ @) — Uy cosd]?
where §(w—k,) corresponds to the pulse propagation, and X [ vo— Ug cose]” . (28)
U(1— w) is the spectrum of the pulse, centered around the
normalized frequencywy=1, in our units. Applying the
HLF theorem, we immediately find
Here, ¢ is the incidence angle between the initial electron
velocity and the direction of propagation of the plane wave,
2 ) Ko and 6 is the scattering angle, measured with respect to the
1——1, electron initial velocity. Equatio28) clearly shows that the
(26) scattering spectral density is proportional to the incident pho-
ton number density, as represented by the laser intensity
ASA ¢, and that the cold spectral bandwidth of the x rays is
where ko= 7yo—Ug- 2= yo—Uo;, and k5=w(yo—Uy-A).  given by that of the incident laser puls&g¢ ™ '=1/wyAt.
Introducing the normalized Doppler-shifted frequengy Equation(28) also indicates that the peak intensity is radi-
= k3l ko= wg(Yo—Ug-A)/(vo—Ug,), and the differential ated near the Doppler-shifted frequency, where

scattering cross section, or radiation pattern, X(@y,70,0,0)=1; this vyields fiw(yo,0,¢)=%awo(yo
—Ug €coSg)/(yo—Ugcosh). For a head-on collision, wherg

=1, the frequency radiated on axis, fé= 0, is the same as
the free-electron lase{FEL) frequency for an electromag-
' netic wiggler [52]: for ultrarelativistic (UR) electrons, we
recover the well-known relationy, = y?(1+ B)?=42.
For a number of radiating electrond,, the various
this result can be recast as initial positions must be taken into account, as the coherence
factor [42,43 now appears as a sum of phasors:
) |E:§1expﬁk-x0n)|2; this forms the basis of the stochastic
d“Ny _iAg B(1—y) @27) electron gagSEQ theory of coherence in Compton scatter-
dodQ 27 “s/G XJ- ing [42], which is briefly presented in the Appendix. Here,
incoherent summations over the electron beam phase-space
distribution will be used to study the influence of the phase-
space topology on the scattered radiation.

d>N, a A3

dwdQ 27252 |""

. Uox,
X+ —2
Ko

ﬁX(Ko)’zo‘l‘ onz) 2

Ko

A. The one-dimensional cold spectral density

In 2thez case of a Gaussian pulse envelope, witt¢ The angular x-ray energy distribution can be mapped by
=e /A and for the interaction geometry shown in Fig. 1, considering the position of the spectral peak, wherg
Eq. (27) takes the familiar form =wy, andy=1. We then find that
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Incidence Angle ¢ [0,2n]

Scattering Angle 0 [-wt,+T)

Incidence Angle ¢ [0,2r]

Scattering Angle 0 [-m,+7]

FIG. 2. (Color) Angular x-ray distribution, [{y cos(+ 6)
—ucos@(y—ucosh)(y—ucose)l?, for y=2 (top) and y=10
(bottom.

[ycoge+6)—u(y)cosb]®
[y—u(y)cosd][ y—u(y)cose]®’
(29)

in the particular case of a head-on collisiop= 7), the
angular behavior reduces to

cos 0 B y—u(y)
[y—u(y)cosd][y+u(y)] y—u(y)cosb’

(30

PHYSICAL REVIEW E 64 016501

where the approximation holds for small angles; the full
width at half maximum(FWHM) of the x-ray cone can be
derived by further simplifying Eq(30) for UR electrons and
small angles, where we can use the following approxima-
tions: u(y)=y—(1/2y), and co¥=1—6 22, respectively.
With this, the angular energy distribution is described by a
Lorentzian: 1J1+(y#)?], which has an angular FWHM
equal to 24. This well-known behavior of the x-ray
frequency-integrated corj@9] is illustrated in Fig. 2

Before studying the effect of energy spread and emittance
[44-44, we also note that the cold, average on-axis bright-
ness of the x-ray source can be estimated by multiplying the
spectral brightness by the normalized average electron bunch
current(l,)=qp, wherep is the repetition rate of the sys-
tem; by considering a 1-mradolid angleAQ=10"°, and a
0.1% fractional bandwidthA w= w, < 10~ 3; and by normal-
izing the source size to 1 nfinwith this we obtain

a (Ip)

(Bo)=7- W—rgASA PP, X107, (3D)

where(B,) is expressed in units of photons per 0.1% band-
width, per mrad, per mnf, per s, andr,, is the electron-
beam spot size, which we assume to be equal to the laser
spot size. The normalized vector potential is given by

e ( 2 7 )1’2
A= s 2
womoc 800 WWOAt

as expressed in terms of the laser pulse enérgy duration

At, frequencywg, and focal spot sizavy. With this, the
main scaling laws for the x-ray brightness are clearly exhib-
ited: bilinear in the laser pulse energy and electron bunch
charge, and inversely proportional to the fourth power of the
source size, WirZ,

B. Energy spread

The formalism used to model the influence of the electron
beam phase-space topology is now illustrated in the case of a
linearly polarized plane wave with an arbitrary temporal pro-
file; in this simple case, analytical results are derived. We
introduce the cold, one-dimensional spectral brightness,

4w d2N,
So(wvyv(ﬁvgp)_ W dQ)dQ

A 2
ZwEXF{ - T¢[X(w17101¢)_1]2

X/ (7.0,9). (32)

Note that asS; is a function of the electron initial energy,
scattering angled, and incident anglep, we can perform
incoherent summations over the electron initial energy and
momentum distributions to study the effects of energy spread
and emittance. For conciseness, the scattered frequency is
now labeled asw, and the initial electron 4-velocity is la-
beled asuﬁ=(y,u), whereu=\/y?—1. The use of incoher-
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ent summations, while intuitively obvious, will be rigorously 1 3.5
justified a posterioriin the Appendix. | Sol
We start with the beam energy spread; the “warm” beam 0.9 | {13
brightness is given by = 08 |
=]
0 o=
Sy(w1y01A7101¢) E - 0.7 25
E 0
) £ =06 S. Ayhyp=0.5% 5
1 (= Y=o = 3
= So(w,y,0,p)exXg — dy, o c 05
JaAy Ja Ay e O 15
22 04 '
. //2 E E |
o/ (70,0,¢)€X o I c 0.3 S, ¢ =1 r-mm.mrad 1:1
, E :
B 1 Ay\?[ w cosp—cosf]?| * (33 @02 ’
1+s|Ap—| | 53— 0.5
2 Yo/ | vo (1—cose) 0.1
where we have used a Gaussian distribution to model th 0 v
beam longitudinal phase space. Note that as 10.5 11.5 12.5 13.5
X-Ray Energy (keV)
. 1 Y= 70\? _ .
lim expg — Ay |7 (Y= v0), FIG. 3. (Color) On-axis x-ray spectral brightness for a
A*/HO\/;AY Y cold beam (blue, right scale Ay/y,=0.5% (green,

e=1ammxmrad (red, and three-dimensional computer simula-
the cold brightness is automatically recovered for a monoentons (red squares The beam energy is 22.75 MeV, the bunch
ergetic electron beam. charge is 0.5 nC, its duration is 1 ps; the laser wavelengttyis

The analytical result in Eq(33) is obtained by Taylor =800nm (TiALO,), the laser pulse energy is 50 mdy=r,

expanding to second order around the central electron energy10um cylindrical focus,¢,=180°, A;=0.17, and the overall
vo. The normalization constant is given by repetition rate of the system is 1 kHz. The synchrotron units corre-

spond to photons per 0.1% bandwidth, per mmper mrad, per
J'oo ;{ Y= Yo second; this is abbreviated here and in the remainder of the text as
exp —
1 Ay

spectral brightness with a minimum energy, longer pulses
an excellent approximation foy,>1 andAy/y,<1. Here, requiring more energy without any beneficial effects on the

2
}d y=1lmAy, (349 N,/(0.1% bandwidth mradmn?s).

Avy refers to the energy spread; in addition, x-ray spectral width.
® (COS¢—Ccosh) ) C. Emittance
7= I cose)? ' - X(@v0,0,0)-1, _ _
Yo (1—cose) We now turn our attention to the influence of the electron
beam emittance:
, A ¢? A ¢?
M:A—z 1+g(A¢A’y)2 , o= qua//, o= ;{) A2, 1 2m
’ 5. (0.70.87.0,60.86)= —=— | S, (0.30.07.0
\/;Ago 0

Since. and. are both linear functions of, which is equal 5

to zero at the peak of the x-ray spectrum, the exponential is — 5.9+ O)exa — | —| |do
equal to one for w=w,. In addition, the factor »#o Ao '
[Ad(Avylye)]? in the square root shows that the relative (35)
energy spread must be compared to the normalized laser
pulse duration, which is equivalent to the number of electrowhere the spread of incidence angle is given in terms of the
magnetic wiggler periods; this indicates that to increase th@eam emittances, and radiusr,, by Ap=¢/yor,, and
x-ray spectral brightness by lengthening the drive laser pulseyhere ¢, is the mean incidence angle, defined by the laser

the requirement on the electron beam energy spread becomggd electron beams. Again, the normalization constant is
increasingly stringent. Figure 3 illustrates the effects of engjven by
ergy spread, which are seen to symmetrically broaden the
scattered x-ray spectrum and lower the peak intensity; Fig. 4 2 5 \?

shows the aforementioned saturation of the spectral bright- j Ao do= ‘/;A‘P’ (36)
ness, as the laser pulse duration is increased, for a given

value of the energy spread, and a fixed value of the normalprovided thatA ¢<1.

ized potential; we see that for 0.5% relative energy spread, In Eq.(35), we note the important geometrical correction

and y,=50, a 200-fs laser pulse will yield the optimum term, #— &, which corresponds to the fact that the scattering

0
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15 T I T T So(w,7,0— 8,0+ 0)=w/(y,0,0)exd — u(w,y,0,¢)5*
—2v(@,7,0,0) 2+ N (w,7,0,¢)].
(39

Ayly,=0.25%

The constant term is obtained by takidg-0: \ (w,y, 6, ¢)
=—(A¢?2)[ x(w,y,0,9)—1]% the other coefficients are
Av/v. = 0.5% derived using cog=1-5%2!+6%4! and sind=o5—5%3!
VY, =U.0% We then find thaj = (A $2/2)[ (w1 + u,)/ (y—u cose)] and
2v=(Ap?I2)[(v1— v,)!(~y— u cose)*] with

-

- ,U,1=(7—uCOSQD)Z{liZ(COSgo—COSG)['y(w—1)

o
)

Normalized Brightness

2
u
+u(cose—w cosf)] -~ = (w sin@+sing)?

2
u 2
| +Z(COS<,o—wCOSB) ]
0 200 400 600 800 1000

Laser Pulse Duration (fs) uo=[w(y—ucosf)—y+ucose]”

2 2
u u u
FIG. 4. On-axis x-ray spectral brightness as a function of the X | == c0S@(y—Uucose)+ —sirf ¢— —cos ¢|,
) . . 12 3 4
laser pulse duration, for two different values of the energy spread;

other parameters are as in Fig. 3. . .
P g v1=(y—u cose)?{u?(w sin #+sin #)?>— u(cose — w cosh)

angle is measured with respect to the initial electron velocity. X[ y(w—1)+u(cos¢—w cosh)]},

The effects of emittance are illustrated in Fig. 3, and are

found to be independent op,. Considering the on-axis v,=[U cose(y—ucose)+u®sir ¢][w(y—ucosh)
x-ray spectral line, it is clear that emittance both asymmetri- 2

cally broadens the spectrum and decreases the peak spectral ~(y=ucose)]". (40

brightness; near head—'on collisions, a onv—energy tail deVe'This result is compared to a full three-dimensional numerical
ops because the maximum Doppler-shift cqrrespondé tq simulation on Fig. 3; the agreement is quite good. Note that
=0: other electrons produce a smaller upshift, thus contribg, hejyde both the effects of energy spread and emittance,
uting to the lower energy photon population as seen in Fig. 3he analytical results given in Eqe87) and (39) are multi-

Ret“f”ir_‘g to the cold, one-di_mens_,ior_lal _spectra_ll bright- lied by the energy spread degradation factor, as measured at
ness, the integral over a Gaussian distribution of incidencg,, peak of the cold spectrum:

angle can be performed analytically, provided that the spec-

tral density is approximated by the exponential of a biqua- o,/ (70,6,¢0)
dratic polynomial[53]: S, = ” I A¢A7)2 w0, COSq—COSO 2}1/2
2 Yo/ | v (1—C0sgg)?
[Femoan s e o | 2] (Y0, 6,90) 2 2
=—\2viu 5 5| w/ (Yo,0, v — [V
: z 2] 2, <) e R 5]
(37) 2mAe 2p 2
(41
v_vhereim is defined in terms of Bessel functions of frac- At this point, the combined effects of energy spread and
tional order: emittance can be further studied by varying the bunch charge
and modeling the behavior of the electron beam phase space
5 5 ) as follows:
— 14 . 14 14 14
K1/4< ﬂ) =1 1/4<ﬂ) oL |1/4< Z) : (38) Ay 2

+

e q 2) 112
Yo MoC? 27eoCAT ’

(42

Yo
—<q>=”7<wrm>2
Since w/(y,6,¢) is a slow-varying function of the inci-
dence angle, we can seek an approximate expression for théhere the first term is the spread due to the finite duration of

cold spectral density of the form: the bunch in the rf accelerating bucket of frequeagy/27,
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1.2 T T T T Here, we recognize th&, spectrum, the frequency spec-
trum, the propagato(k,k*), and the curl operator, as ex-
pressed in momentum space.
The scattered radiation can now be determined by using
N the HLF theorem; to obtain an analytical result than can be
Bx (><1 020) _ further exploited to include the phase-space topology of the
electron beam interacting with the laser pulse using the
method outlined above, the paraxial propagator formalism
- [40,4]] is used: the phase functiaf(k,— \/wz—kxz— kyz), is
\ replaced bys[ k,— o+ (k/2ko) + (kZ/2ko) ]. The accuracy of
the paraxial approximation has been studied in dgd&i}4 1],
and found to be extremely good over a wide range of param-
eters; however, in the case of Compton scattering, the fol-
- lowing conditons must also be satisfiedxiwg, ,
>A @[ uy(ks— ko) — Uz 1.
\ With this proviso, the integrals over the transverse wave
I fe—] .
3 4 5 number components converge, and can be performed analyti-
cally [53]: we use the well-known integral of the exponential
Electron Bunch Charge (nC) of a complex, second-order polynomial,

=y

0.8

0.6

Peak On-Axis Brightness
[N,/(0.1%b.w. mrad? mm? s)]

FIG. 5. On-axis x-ray brightness as a function of the electron
bunch charge; all other parameters are as in Fi§, &) is dimen-
sionless.
+ o0

f e (@ +2bx+0) i (pxP+20x+1) 4y
while the second term corresponds to space-charge; for the )
emittance, an empirical linear scaling with charge is chosen
[54], with e(q)=0q, and c=17 mmxXmrad/nC. This re- 2 N o2 >
sults in the brightness curve shown in Fig. 5, where the = i exp( a(b”~ac) (2aq 5 2batcp’)
brightness first scales linearly with the charge, reaches a Ya?+p? a‘+p
maximum near 0.5 nC, and starts degrading thereafter under
the combined influences of energy spread and emittance.

This optimum value of the charge is quite interesting as it 11 p
very nearly corresponds to the state-of-the-art for high- xXexp | Earcta 2
brightness photoinjectof&-7].
IV. THREE-DIMENSIONAL THEORY OF EMITTANCE - p(q2—pr)—(b?p—2abg+a?r)

IN COMPTON SCATTERING

] (44)

a’+p?
The HLF theorem is now applied to the case of a three-

dimensional laser focus. The transverse laser profile is speci-

fied at the focal plane, and propagated using the method

discussed in Ref[40] where the vector potential derives

from a generating functionA=V x G: in this manner, the and the fully three-dimensional x-ray spectral brightness is

Coulomb gauge conditiorly - A=0, is automatically satis- now qbtained as a function of the electron initial position and

fied. For a linearly polarized Gaussian-elliptical focus, with VelOCitY, Xo anduo, as wellsas the laser parameters, and the

focal waistswg, andwy, , and a monochromatic wave at the Scattered 4-wave-numbek,, = (s, wsh). Frequencies are

central frequencyw,= 1, with a Gaussian envelope of dura- Normalized to the laser pulse central wavelendtyr wo

tion woAt=A¢, the 4-potential is represented in =1, and axial positions are measured from the laser focal

momentum-space by plane, lying atz=0. The complete result is quite complex,
and was tracked analytically usimgpaTHEMATICA [55].

- N
AIL( kV) = TAOWOXWOyAt
WOXkX 2 Woyky 2 At(u)_l) 2
xXexp — 2 17T - 2 A. The cold three-dimensional spectral density

Writing the cold (single electrop three-dimensional

X 8(k= N2 KGO (— Rk +2k)]. (43 prightness as
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aAzA ¢2W0 Wo d?N a o N
Tzuso(kﬂ e 2)=dwda=m?ASwéxw§yAt2 nJJ(ak§+ﬂk§+ykxky+&<x+sky+§)

R2

2
X exf — (aki+bkZ+ ckeky +dke+ ek, + f)Jexd i (pki+qkS+rk,+ sk, +1) Jdkdk,

(45)
|
we can introduce the following coefficients for the exponen- Ks Kst
tials: G &7 0, ¢=
1 [ AP[UZ—Uy(ka— )] ) These terms are functions of the laser parameters, as well as
a:Z P Wox | » the scattenng 4-wave- numbdxF and the electron initial

position x and velocnyu therefore the 6-dimensional
1 [ Atu2—u ks~ )] electron phase space now appears explicitly in the three-
= _{ y a 2 ) dimensional spectral density of the scattered x rays. Finally,
4 L

K Woy the incident and scattered light-cone variables are
At?u,u, g At?uy(kg— k) K=Y=2;, kKks=w(y—h-u). (48
=" 97 2k ’ The advantage of a fully analytical treatment of the problem,
(46)  afforded by the use of the paraxial propagator formalism,
2Uy(Ks— K) At?(ks— k)2 resides in the much shorter computing time required to map
e= o2 f= 42 the radiation produced by each electron in the beam.
A much simplified form of the general result is obtained
by considering a centered electron, whege: 0: in this case,
YZo YZo UxZo
P22 T2 TR d2N(KS)
dwdQ
u ZO KZZO 2
S=Yot — 0 1= —ZwAz My AX V(U XOKS) |2
TK
furthermore, the curl operator, expressed in transverse mo- X exp A¢>2(X—1)2+}“(u8,x3,ki)
mentum space, yields the following vector components: 2( Uy | 2 2( uy)z}
21+ A7 = | + AP =
X W. Wy
YKs— 2Ux+ 2kU, (49)
S e — ay=0, . o
s Here, we have defined, ,= koW y, and the normalization
3 constants
_Kuxuz—ux+ Uy YKg .
@™ P ' o (KS) = Wxy
%y Ku Wiy-l-AqSZuZ(KO—KS)'
Uy — U, U+ Uy _
Bx:l* By=— - y, BZ:y2—s' s 2 uX ? Uy ? l.
2k KKg K Kg nt(k )=|Ad “H | = W, + 7 = W, ; (50
UyUy KU,—UZ KU,U,—2U3U, we have also introduced the normalized Doppler-shifted fre-
Yx=T KKs ' Vy:K—Ks' 7’22,(2—,(8’ quency)((ug,ki)=;<s/xo. Equation(50) indicates that the
(47) minimum Xx-ray spectral width is given by the laser pulse
duration; it also shows that three-dimensional effects change
u u u2 the x-ray spectrum because of the convective terms due to
S=—2—, 8,=0, 8,=1+ —Z-2—, the electron crossing the laser focus. The vector
K KoK v(u?,x2,k%), and the functionF(u,x9,k®) both depend on
the |n|t|al position of the electron; whem =0, F=0
o— Uy o Ux . :_Z&ﬂ addition, in the specific cases of transverse or aX|aI coIIi-
X kY k' K k' sions,|ﬁ><v|2 takes a relatively simpler form:
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R A 7IK0(2K0U +?’K) nyKoY  Ks|?
[AXV(2u,,0S)|2=|Ax Y — — e I (51)
wKs Wy Ko
2,2 4 2 72 2
YKoU ¢) Ks W
2,2 y 2, y
[AX V(U 0K)[Z | Koy ke Ad “y(KO_Ka)_A¢2u§+v—v Mg+ S +u_§} ,
~ o~ = | = — ) 5
|AX K| W Ko Ko(A¢2u2+W) c2
2
?’K .
VU D0 1R | Koy ke 2A p2U2 (ko= Kg)+ ——— [A¢4 2(ko— Ks)?+2K5(ApPui+W2)]
s =| = —- — . (53
|xx 2|2 W, Ko KO(A¢2UX+W)2() ®3
|
B. Three-dimensional effects paper; here, we will focus on a\g-dimensional phase-space

The physics underlying these results can be summarize@©del using Gaussian distribution: a given part|cle num-
as follows: first, the one-dimensional kerel P€red Ii<N,, is assigned a random positiong’(u?), i
(@wAZA p2am i) exp—(AH2) x(w,y,0,0)— 113} al- phase space; its charge is then scaled as
ways appears, indicating that the scattered radiation spec- x0=xo\2 [yP—yo|? (2022
trum peaks near the Doppler-shifted frequeney 1; fur- a; ex;{—( ! O) —< LAY —( ! O)
thermore, the scattering is proportional to the laser pulse AX Ay Az
energyA3A ¢, and the minimum spectral width is given by ul—uy\? (ud—uyo\? [ud—uy\?
that of the laserA¢~1; second, the interaction geometry —( AU ) —( yAu y) —( AU ) }
modifies the spectral width, as illustrated in Fig. 6; in the X y z
case of a transverse interaction, wider bandwidths can be (54)
obtained for narrow focal spots, corresponding to the afore-
mentioned shorter effective interaction time due to the con!® reflect the probability distribution. Here, andy, now
vective motion of the electron through the focus; in addition, correspond to transverse spatial offsefstepresents timing

the spread of incidence angles=m\,/w,, corresponding J_tter Ax andAy are the electron bunch waist size, while
) . is the bunch durationy, corresponds to the electron beam
to smaller spot sizes plays an important role wheg

= 7/2, because of the cag behavior of the differential scat- incidence, whﬂgAux af!dA“v are related to the beam hori-
tering cross section: by contrast, wheg= , these correc- zontal and vertical emittance; finallju, represents energy

tions are quadratic and nearly negligible; third, in the caseSpread Note that far from head-on collisions, one needs to

where the initial velocity is in the direction of polarization, perform the appropriate projections to correctly relate the
shown in Fig. 6, the radiation observed along that direction guantities discussed above to the conventional parameters
results from the axial component of the 4-potential, which is descnblng the electron beam phase space; we also note that
a purely three-dimensional effect; finally, we note that forthe random Gaussian loading technique presented here does
larger values of the focal spot size, aroumg= 100.m, the not include correlations found in typical beams modeled by

spectra converge to the minimum spectral width of the IasePAR'VIELA for our current purpose, however, this model
P 9 P proves entirely sufficient as it allows us to verify the accu-
regardless of the interaction geometry.

. ) 4 . . racy of the one-dimensional theory of emittance and energy

A systematic study of three-dimensional effects, including
A : spread developed in Sec. lll, and to benchmark the code in
timing jitter, electron beam and laser pulse spatial overlap, ag,

e plane wave limit; it also allows for the systematic study
well as varying interaction geometry, is given in Sec. V, h | briah d d d
where we present the three-dimensional code develope the x-ray spectral brightness degradation under a variety
conditions closely approaching experimental constraints.
from the formalism derived here.
The code keeps track of the total cha@?jlqi , and after
performing the incoherent summation over all particles, the
charge is rescaled to the desired value.

In order to fully exploit the results derived in Sec. IV, we  The terms in Eqs(46) and(47) are easily tracked by the
have developed a three-dimensional code describing the raede, and formul&44) is used twice to perform the integrals
diation scattered by a distribution b, point charges having over thek, andk, components of the transverse wave num-
the same charge-to-mass ratio as electrons. Thber, as prescribed in E5). In running the code initially, it
6N.-dimensional phase space is generated by randomiwas determined that good statistical convergence is obtained
loading the particles in prescribed statistical distribution, orfor N.=3x 10%; generally, we have used 50 000 particles in
can be the output of an electron beam optics code, such dBe results presented here. Two different types of output data
PARMELA. The interface ofPARMELA [56] to our three- files are created by the code: spectral brightness measured at
dimensional code will be described in detail in an upcominga prescribed scattering angle, or angular maps at a specified

V. THREE-DIMENSIONAL COMPTON CODE
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guish between the various effects, we have varied each time
one of the parameters listed above, while maintaining all
other parameters equal to zero, and the radiation frequency
x=1; furthermore, to help comparing the various effects, we
have normalized the brightness. The results are given in Fig.
7, and very clearly show that the various degradation mecha-
nisms studied yield similar curves, roughly scaling as
1/J1+ &2, where ¢ represents the degradation parameter,
properly scaled; for example, in the case of energy spread,

Normalized Spectral Brightness
00 03 06 09

B Ap Ay w cose—cosh
V2 Yo 6 (1—cosg)®

From an experimental point of view, the most stringent re-
quirements are clearly on emittance and energy spread. Fi-
ks =ws(119) u =y(1,9) nally, the optimum electron beam size does not correspond
to a match with the laser mode; rather, the beam should be
focused as tightly as possible within the laser focal spot. This
can easily be understood, if we consider the laser pulse as an
electromagnetic wiggler, which has maximal field strength,
or photon density, on-axis. For high-energy beams, where
emittance and space-charge effects are very small, and can
therefore be focused over a few tens of nm, this is a poten-
tially important result. We also note that this conclusion does
not hold if the laser beam depletion becomes important.

The case of a realistic beam is presented in Figs. 8 and 9.
The laser parameters are as followsy=800nm, wg
=10um, At=200fs, and a pulse energy of 50 mJ. The
electron bunch energy is 22.75 MeV, its charge is 0.5 nC, the
relative energy spread & y/vy,=0.5%), the beam normal-
ized emittance is £ mmxXmrad, and the focal spot size
matches the laser focal distribution. A repetition rate of 1
kHz is used to scale the average spectral brightness of the
source; the maximum brightness compares well with that
produced by bend magnets on synchrotron beamlines. The
angle of incidence is 180°, and the spectra are observed on-
axis; the angular maps are obtained at the spectral maximum.
One-dimensional, cold beam results are shown for compari-
son in Fig. 3, and clearly demonstrate the importance of the
theoretical model developed here, as the warm, three-
dimensional brightness is seen to be considerably smaller
than that predicted by a simple one-dimensional theory.

We also note that the laser-driven Compton source can
. . . produce much shorter x-ray flashes than those currently gen-
e e et e ate at Synchrotrons: sub-100-5 pulses wil be reaciy pr-

X uced, in contrast with FWHM in the 35—100-ps range at the

t i lized t ity to clearl hibit the broadeni :
Zﬁch:gg;;Cr;ogmglf_leer@{o:lgg,);\Oi g;; ;?ln,e;nldAlt:E?O f2_)611.heenmgAdvanced Light Source and 170 ps at the Advanced Photon
Rource(APS) [29].

spurious peak on the bottom graph corresponds to a regime whe
the conditionkiwp, ,> A ¢?[u,(ks— ko) — U, ] is violated.

L

00 03 06 09

Normalized Spectral Brightness

Normalized Spectral Brightness

.00 03 06 09

VI. X-RAY PROTEIN CRYSTALLOGRAPHY

x-ray frequency; for angular maps, the code also integrates One important application identified and targeted for the
the flux over the map, in a smallypically 1 eV) x-ray pho-  0.9-A Compton x-ray source is protein crystallography; in
ton energy interval. This last result is important for x-ray this section, a broad outline is given, while for details, we
protein crystallography and other applications. refer the reader to Sec. 5 of the Appendix. Recombinant
We have first systematically studied the effects of energyDNA technology{33] is used to produce large quantities of a
spread, emittance, electron beam focal spot size, bunch dgiven protein by introducing the corresponding coding DNA
ration, and timing jitter. For the sake of clarity, we have sequence into the genetic material of a bacterium. Overex-
chosen cylindrical fociAx=Ay andwg,=Ww,,. To distin-  pression of large quantities of the protein is induced, and the
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protein is extracted and purified. Single crystals of the propersive differences between, and anomal@ipoet) differ-

tein are grown in solution, and diffraction ddiatensities of ences within, data sets collected at different wavelengths
lattice reflectionsare collected at cryogenic temperatures toaround the absorption edge of anomalously scattering atoms
minimize radiation damage. To reconstruct the threedintroduced in the proteifi27,28,3§. (See Fig. 10.

dimensional electron density of the molecule by Fourier This approach, first demonstrated at dedicated synchro-
methods, two terms per reflection are needed: the structuteon beamlines, has proven extremely successful, for ex-
factor amplitudes, which are readily measured as the squasmple, to provide the structural information crucial for the
root of the reflection intensities, and the phase angle for eachb initio design of inhibitor molecules targeting specific
reflection, which is not directly obtainable from protein databinding sites on proteins such as the HIV protease, thus pro-
(the “phase problem” in crystallographyThe most power- viding a paradigm for systematic drug design and develop-
ful method to solve the phase problem is MAD phasing,ment[34]. As synchrotrons are large and expensive facilities,
where experimental phase information is obtained from dis-

Average Brightness
w

[N,/(0.1%b.w. mrad?2 mm? s))
[\

—_
T

0 AR T S Y T N N TN Y N Y N Y [ T S B |
0.5 11 11.5 12 12.5 13 13.5

X-ray energy (keV)

FIG. 8. On-axis, average x-ray spectral brightness backscattered

by a 22.75-MeV, 0.5-nC, 1-ps electron bunaly=800 nm, 50 mJ, FIG. 9. (Color) Angular map of the x-ray spectral brightness;
Wo=rp,=10um cylindrical focus,py=180°, A;=0.17; the repeti- the other parameters are as in Fig. 8, and the x-ray energy is 12.66
tion rate is 1 kHz. keV.
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FIG. 10. (Color) Section of electron density map and protein structure model. After initial protein phases are obtained, a model of the
protein (ball-and-stick model, yellow: carbon atoms; blue: nitrogen atoms, red: oxygen atoms and water moischlek into the
solvent-flattened electron density mdgtue three-dimensional gridising real space fitting. The selected region is a three-residue stretch out
of the 233 residues comprising the structure of a rationally designed, engineered Staphylococcal enter@&dnhmutant vaccing62)].

The hole in the proline ring indicates that displayed electron density map is of high quaSiti resolution.

our goal is to develop compact, tunable, x-ray sources witlderlying the biology of multicellular organisms, as exempli-
nearly comparable characteristics at a fraction of the cosfied by the Human Genome Proje@GP) [30] and the
Laser-driven Compton scattering allows one to use a muckmergence of recombinant DNA technold@g]. These ad-
lower electron beam enerdyens of MeV instead of Gely  vances have resulted in novel approaches to the systematic
while retaining the tunability distinguishing synchrotrons diagnosis and treatment of a broad range of illnesses: for
from conventional x-ray sources. The combination of a tableexample, a detailed understanding of the expression of proto-
top, terawatt-class laser with an integrated, high-brightnesgncogenes might lead to highly efficient new strategies to
relativistic photoelectron source will result in such a compacfight cancer. With the HGP nearing full completion, the at-
x-ray source, provided that the combined quality of the electention of the biomedical research community is rapidly
tron and laser beams is sufficiently high. shifting to the fundamental problem of protein structure and
In recent years, molecular biology has yielded tremendougunction, or structural genomids81,32.
advances in our understanding of the basic mechanisms un- Within this context, x-ray protein crystallography is one
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of the foremost tools to study the three-dimensional structur: ; E - 1
of proteins. As recently demonstrated by the development c 4.5r ( 1
HIV protease inhibitord35,3€], x-ray protein crystallogra- a0l high/]
phy is a key enabling technology for rational drug design anc 2l \/\_\__\PL
developmen{34]. ) 7
3.0} max
A. Multiwavelength anomalous diffraction f” (e') 2.5f
One of the key challenges in protein crystallography is the 2.0} *
determination of the phase of the diffracted waves, which is 1.5}
determined by the absolute spatial position of each diffract low
ing atom in the latticé57]. The electron density in the crys- 107 i J
tallized protein is obtained by performing the Fourier sum- 0.5F I
mation: 20 : ' L
1 + 0 + oo + oo
pxy 2=y 2 X 3 [FhklD) |
h=—w k= —w =
4.0
Xexp{ —2mi[hx+ky+1z—o(hk,1)]},
(55 £ (e) 5.0
where|F(h,k,l)| is the structure factor amplitude of reflec- o
tion (h,k,l), including the temperature factor, aggh,k,I) 7.0l
is the phase angle to be determined. The x-ray detector me
sures the diffracted intensity(h,k,1)=|F(h,k,1)|? there- 8.0} .
fore, additional information is required to determine the max 1
pha;e in order to perform the three-dimensional Fourier sunr 1200 1220 1240 1260 1280 13.00
mation in Eq.(55).
In the case where a crystal contains anomalous scattere X-Ray Energy (keV)
(either as heavy atoms soaked into the protein crystals or
introduced into the protein as Se-methionif&8], one can FIG. 11. Selection of wavelengths for a MAD experiment. Ac-

exploit the differences in intensity between Bijvoet pairstual normalized absorption edge scan of Se in a Se-Methionine
within a data set, and dispersive differences between databeled proteir{63]. The atomic scattering factdrcontains a sig-
sets recorded at different wavelengths, to determine the rdlificant wavelength dependent contribution at the absorption edge:
flection phase angleE59—61. In MAD, the strong wave- f=fo+f'+if”. The top part represents the imaginary, component
length dependence of the anomalous scattering around the anomalous, wavelength dependenF scattering fattawhile
x-ray absorption edge is used: typical spectral widths fof" oWer graph shows the real paft obtained from the measured
well-definedK or L edges are of the order of a few eV. The absorption S|g_nal, using the Krgmers-Kronlg transformation. Note
. that the magnitude of’ and f” is only a few electrons. Careful
wavelengths must be correspondingly carefully chosen to op- lection of th lenaths is th to optimize the MAD
timize the anomalous and dispersive sigfsde Fig. 11 SE1OCHion OF IS Waveengins 1S s Newessary "o opimize the
Many highZ elements, which can be incorporated into pro-cIata collection. At the peak of the absorption edffiap), the

. . . cientl | ; | anomalous signal difference between Bijvder Friede) pairs
teins, give rise to sufficiently strong anomalous signals. Hen\'/vithin a data set is maximized. The largest dispersive difference

drickson showed that the presence of a single Se atom in Gueen data sets recorded at different wavelengths can be achieved
protein of up to approximately 150 amino acid residues isygainst data collected at the minimum of the real part of the anoma-
sufficient to determine phases via MAB8]. A single heavy  |ous scattering factorf(). The arrows labeled high and low repre-
atom like Au or Hg can have the power to phase 300 or mor@ent the remote wavelengths used in the creation of additional dis-
residues. Several anomalous scatterers present in a singersive differences. From a number of differences a combined, best
crystal allow the phase determination of correspondinglyanoamolous difference data set is created, from which, in turn, the
larger structures. heavy atom positions, needed in the phasing process, can be deter-
mined by Patterson and/or direct methd6é4].

B. Protein data acquisition time A simple comparison can be made by considering the

We now compare the calculated radiation characteristicaverage spectral brightness of different sources; the results
of the Compton source with the two main sources currentlyare typically given in units of photons per 0.1% bandwidth,
used for x-ray protein crystallography: rotating anode x-rayper mnt, per mrad, s) [29]. For modern rotating anode
sources and synchrotrons. As one must match the x-ray beasources, given a 2.6-eV width for th€,; line of copper at
divergence to the crystal mosaicity for high-resolution datal.54051 A and up to 98% flux in that line, an average bright-
collection, the 3.5-mrad half-angle of the x-ray cone pro-ness around fOis possible; synchrotron bending magnets
duced in our simulations is a very encouraging result, as iteach 18° at 10 keV for a 6—8-GeV ring, while a 72-period,
matches the mosaicity of the best protein crystaig,2°. 3.3-cm wavelength undulator produces 9.4-keV photons with
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a brightness of 4.810' at the APS[29]; however, bright- Compton source could be used to apply MAD to protein
nesses> 10" begin to cause severe radiation damage. Thenicrocrystals with great benefits.

Compton source generates 12.77-keV photons with a bright-

ness of 4.X 10'; this compares quite favorably with rotat- ACKNOWLEDGMENTS

ing anode x-ray sources, especially in view of added tunabil-

ity, which is indispensable for MAD. A more detailed  This work was performed under the auspices of the U.S.

comparison is given in Sec. 5 of the Appendix. Department of Energy by University of California Lawrence
Livermore National Laboratory, through the Institute for La-

ser Science and Applications, under Contract No. W-7405-

] o ) ENG-48, and was partially supported by NIH Contract No.
A unique characteristic of the Compton source is the veryg1-c0-97113 and AFOSR MURI Grant No. F49620-99-1-

small size of the x-ray source, which essentially matches thai2g97. One of ugF.V.H.) also acknowledges very stimulat-

of the laser focal spot size; for imaging applications, thising discussions with D.T. Santa Maria and inspiring com-
translates into increased contrast and better resolution. Thigents from L. Montagnief36].

also has important implications for microcrystals, which are
more easily produced and often are of better qudiify.,
diffracting to higher resolution with smaller mosaigityran
larger ones. Cooling also becomes less problematic in
smaller crystals due to the lower amount of heat generated This Appendix is mainly intended as a brief review, in-
and the more advantageous surface-to-volume ratios. Theretuded here for the sake of completeness; however, the sto-
fore, the Compton x-ray source seems almost ideally suiteghastic electron gas model is highly relevant to our analysis,
for the development of a compact, user-friendly, tunableas it justifiesa posteriori the incoherent summation tech-
x-ray source, with an average brightness comparing welhique used to model the electron beam phase-space topology.
with that of rotating anode sources, and the capability of
using MAD on microcrystals; this is the idea underlying the
micro-MAD (uMAD) concept currently being evaluated at

C. The micro-MAD concept

APPENDIX: COHERENCE, HARMONICS,
AND RADIATIVE CORRECTIONS

1. Stochastic electron gas model

Lawrence Livermore Nationa| Laboratory_ To Study the coherence of the radiation produced by an
ensemble of electrons subjected to the drive laser field, a
VIl. CONCLUSIONS simple plane-wave model suffices: the electron 4-velocity is

described by

In this paper, we have given a detailed and extensive pre- .
sentation of the three-dimensional theory of Compton scat- Ko

tering, where the influence of the electron beam phase-space U (N=A.(4), Ulm)=uo+ TAi(‘ﬁ)'
topology, including the effects of emittance and energy

spread, upon the scattered x-ray brightness is fully taken into KSl

account. The centerpiece of our theoretical model is embod- y(7)= yOTAf(qb). (A1)

ied by the radiation theorem derived in Sec. Il, which yields
the three-dmens!onal spe_ctral density scattert_ad .by a Tc"ngll-elere, Up=7YoBo is the initial electron momentum. The
charged particle in an arbitrary electromagnetic field d|str|—4_ osition of the interacting electron is then
butionin vacuqg provided that the corresponding vector po- P 9

tential satisfies the conditiofe Amyc|?<1. We then apply sdx. dr
this formalism to the case of a laser focus, and use the X“(¢):X“(¢:O)+f —
paraxial ray approximation to obtain a fully analytical solu- o dr d¢

tion; finally, incoherent summations are performed in the P

case of a distribution of charges. We have developed a three- =X,0+ K51J u, () dy. (A2)
dimensional Compton scattering code based on this formal- 0

ism; the initial electron phase-space distribution can be mod-

eled either using a random Gaussian loading scheme, whidhor & number of independent electrons, provided that space-
is useful to benchmark the code, and to compare the thre&harge effects can be neglected, the dynamics are identical,
dimensional results with the analytical theory of emittanceeXcept for the fact that the initial positions vary. Again, as
and energy spread derived in the one-dimensional limit andiscussed by Jacksdb1], the distribution of photons radi-

discussed in Sec. Ill, or by interfacing our code with anated per unit solid angle, per unit frequency is
electron beam design code, suchPRRMELA,; in that case, N

the macroparticles pushed byaRMELA are propagated d*Ny(w,R) o o Ee T A

through the three-dimensional laser focus, and the radiation =~ dodQ 472 K_g = f_w AX[AXUn(¢)]
scattered by each charge is summed incoherently to obtain

the corresponding x-ray brightness. Finally, a design ex- ) 2
ample is discussed, and its relevance to x-ray protein crys- xexplio[ p+2z,(¢) —A-X(P) ]| |
tallography is examined in detail; within this context, we

introduce theuMAD concept, where we believe that the (A3)
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whereN, is the photon number is the unit vector in the Incoherent Scattering | 4
direction of observationg is the fine-structure constarit,

is the electron number, and where we have used the phase as 4
the independent variable, as well as the invariancex of P®) -
=kq. As discussed abovey,(¢) can be replaced by the >
single-electron result obtained in E@\1). 0 2n 6

In the case of Compton backscattered radiatign (
=—2), Eq. (A3) reduces to | 4

DY

e +

N
2 | A9 @

n=1 — o0 ﬁ
2

xexplio[ p+22,(p)]}d| ; (Ad)

P®) f § p ,ff':: /L/(‘n)
the axial position of each radiating electron must now be

specified: 0 20

dZNX(wl—i)_ a o
dodQ 472 k2

v

F R 4

Coherent Scattering 14

—p 40 1J¢A2 d A5
Zn(¢)_zn+K_o¢+2_K2 0 J_(lzb) lﬂ, ( )

0
A®) I

where z, is the initial position of thenth electron. 0 210 R
gAf(df)ddf represents the relativistic mass correction of the
“dressed” electron within the high-intensity laser pulse. The
integral over phase and the sum over electrons are now sepg;
rated:

3(8~80)

FIG. 12. Phasor summation and phase angle probability density
(from top to bottom incoherent, partially coherent, and fully
coherent scattering.

d°Ny(w1-2) (\/I(\/ﬁ+cose)>‘<+§/sin0|2>

o e
do A0 mX‘ f_oc A(S)

\/ﬁ ” 1/2
é 2 = n+1+—f cosfdé
Xexp{ix ¢+f Af_(lﬂ)d(ﬂ“ o0
N ° , =+yn+1, (A7)
X Eel exp(i2wz,) (A6)  which proves the recurrence.
A=

We have thus shown th@tEE‘glexp@ 6.)1>)=Ng; this re-
sult is independent of the radiation frequency, because there

Here, y=w[ (1+ Bo)/(1— Bo)] is the normalized Doppler- are no boundary conditions to define a length scale. In a

. Ne 5. realistic situation, the initial electron distribution naturally
shifted frequency andX *, exp(2wz,)|" is the coherence (efines a transition from coherent to incoherent radiation for

factor[42,43. a given wavelength: for electron distributions much shorter
In the case of a uniform initial electron distribution with than that wavelength, the radiation process is expected to be
random phase, illustrated in Fig. 1®p), the coherence fac- coherent, while for longer bunches one should obtain inco-
tor is simply the amplitude of a sum of phasors, each withherent radiation.
unit length and a random angle. To show that the average To properly model this situation, the derivation presented
length of the sum is given by/N,, one can simply use a above must be modified: the key point in the derivation is to
proof by recurrence: let us first assume that the averageeplace the average over the random phase angle performed
length of the firsth phasors isyn; we now add a vector of in Eq. (A7) by a weighted average including the probability
unit length with random orientation, as shown in Fig. 12density of the initial phase. As derived previously, the length
(middle), and the new vector has a length given by/£(n+1) of n+1 phasors is given by

\/(\/ﬁ+ cos)>+sir? 6= \/n+ 1+2+/ncosé. To obtain the
average length of the new vector, we perform the integral
over the random anglé: =L£?(n)+1+2L(n)cosé; (A8)

L£%(n+1)=[L(n)+cos#]?>+sirf 6
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108 P[6(2)]=(1Um20AZ) exd — (z/AZ)?],
and the average over the phase angle becomes
108 L L(n) = /n(1 —(cos 6)2) + r{cos 6) to 2
(cog0))=n(a)=alw e 2% cosfdh, (All)
? — 00
-
wherea=1/(2wz)?. The integral in Eq(A11) can be per-
104 formed analytically{53] to obtain
(cosf)=exp — w?AZ%)=e V& (A12)
108 " . " " In the case where the electron distribution is much longer
0 0.2 0.4 0.6 0.8 1 than the radiation wavelengta<1, and »(a)—0; the co-

Average Phase Angle, {cos6) herence exponent approaches one half, and the radiation is

20 incoherent. When the electron distribution is much shorter
than the radiation wavelength, the probability density distri-
bution approaches a Dirac delta function, with
|og1°[L2(Ns,<cose)=e«nzuz)} Iima;x( .a/.wg‘a”2)= & Q), gnd the rqdiated power sca!es
asNg. This is illustrated in Fig. 12: for incoherent scattering
10 F (top), each phasor angle has equal probabilitypsé)=0,
and the resulting superposition increases/as The case of

Stochastic Gas Model
15

Fluid Model

\

(1-Bo)*InC10)

__0°AZ2 1 fully coherent radiation is shown in Fig. 1®ottom); here

the angular probability density is a Dirac delta function,
where P(60)=8(0— 6,), the interference termcos6)=1,
and the phasor sum increasesnag-inally, an intermediate

0 ' : ' case is shown in Fig. 1@middle); here the probability den-
0 2 Norma,iz;‘d Frequenc?/_ Az 8 10 sity indicates a preferred angular range, resulting in a super-
position with an average length increasing as shown in Eq.
FIG. 13. Top: comparison between the average lengtmon (A9).
=10° phasors, as calculated exactly with a computer, and as de- Thus, the power backscattered by an electron bunch is
rived from Eq.(A9). Bottom: logarithm of the effective number of given by
radiating electrons as a function of the normalized bunch length, for

both models. d®Ny(0,—2)  ax 2 —w2a | [
|  Tedn = e [ A
averaging Eq(A8) over the random phase angle, and taking
the limit wheren>1, we find that ) ¢, 2
xexp x| o+ | AL(p)dy | de|
£(n)=n(1-{(cosh)?)+n(cosh), (A9)
(cos6)?) +n(cosb) AL3)

with a relative error equal to {h. The accuracy of this
solution is illustrated in Fig. 18top), where the behavior of

L(n), calculated exactly with a computer, is shown as a, . .
function of (cos#), and compared to EqA9) for n=1CF; ahnearly polarized - Gaussian  pulse,  wheré (¢)

the precision is excellent. =_A0>‘<e*i¢*(‘f”M’)2, and with AZ<1, the Fourier transform
For incoherent radiatioficos#)=0, and we recover the yields

linear scaling of the radiated power with the case of co-

herent radiation corresponds t@osé)=1, for which the

power scales as?. At this point, the averaging over the

random phase angle must be specified; we have

as expected, the effective number of radiating electrons now
depends explicitly on the wavelength and bunch size. For a

d’N(w,—2

(A14)

_1)2 2
o 02|

(cosh)y= fij(e)cos{ 0(z)]d8, (A10)

2. Relativistic fluid model

whereP(6) is the probability density for the initial phase of ~ To compare the stochastic electron gas to a relativistic

the electron.P(#6) is directly related to the initial electron fluid, we now consider the Lorentz force equation

distribution by the relationd=2wz, and is normalized:

[ZZP(6)d6=1. Here, a Gaussian bunch of widiiz is con- du, _
——="9,)u,=—(4,A,—d,A

sidered; the probability density takes the form dr o, (AL5)

o
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and the charge conservation, or continuity, equatign* Multiplying and dividing the density by the energy, we can

=0. Here,u,(x,) is the 4-velocity field of the relativistic rewrite Eq.(A20) in terms of the light-cone variable,

fluid, A,(x,) is the 4-potential of the laser pulse, and the

total derivative with respect to proper time is to be consid- d n d /n d/n

ered as a convective operator, as indicated. The 4-current —[—('y—uz) =—<—K) :KO—(—) =0; (A21)

density of the relativistic fluid is given byj,(x,) doly doly doly

=—n(x,)u,(x,)/y(x,), wheren(x,) is the density. Space-

charge and radiation reactid20,21,39,50 effects are ne- wheren(¢)/y(¢) is a relativistic fluid invariant. This is an

glected. important result, as it shows that the relativistic plasma fre-
As the force equation is driven by the laser 4-potentialquency is invariant: the density modulation induced by the

that is a function of the fluid phase(z,t)=t—z, we seek a laser radiation pressure exactly compensates the variation of

solution where the other fluid fields also dependdinthe  the fluid energy within the pulse. We finally find

convective derivative operator reduces to

’ _ AL(¢)
(W02 D ZLYoct U, () NZH=N($)=No| 1+ k5 | AL(d)-UioT —5 | I
do d¢\ du
du wheren, is the initial electron beam density.
=(y—uy) d—(; (A16) Having defined the fluid dynamical variables, we can de-

rive the distribution of energy radiated by the fluid per unit
The Lorentz force equation now readsy<u,)du/d¢ solid anglg, per unit frequency, by Fourier transforming the
=—(yE+uXB); in addition, energy conservation yields 4-current into momentum spaggl]:
(y—uy)dy/ld¢=—u-E. The electromagnetic field compo-

nents are given b¥ ,,=4d,A,—d,A, . The evolution of the d?N,(w,h) a 4 A A
momentum field can be separated into a transverse and an dodQ  4.2% R4d X AX[AX](X,)]
axial component:
2
d Xexdio(t—"h-x)]| , (A23)
(Y_Uz)%(UL_AL):O,
(Al17) . . . .
du, dA, y where j(x,) s given by j=-ng=-—no(y/v0)B
(Y_UZ)EZUL'WZ(V_UZ)@- =—(no/yo)ul.

The initial density distribution of the unmodulated beam

We recover the transverse canonical momentum invarianf!@s the formne(x,)=pf(Z), where we have defined the

u, —A, ; Eq.(A17) also shows that the light-cone variable is €/€ctron beam phas(z,t)=z—S,t, and wheref({) is the

a fluid invariant. The sought-after fluid equilibrium is normalized axial envelope of the bunch, which propagates
with the axial velocityBy; the normalization constant is

defined by the total charge in the bunchffZdz f(¢{)
, =N,. Note that with the initial density field used here, the
charge conservation equation is automatically satisfied. This
(A18) model for the background fluid density is valid as long as its
and spatial and temporal gradients are small compardd, tand
wq. The radiated photon number density now takes the form

2
AL(d)-u ot Aﬁ@

UAZ,)=U () =Uzm+rot

. Al($)
NZO=1$)= o+ x5 | AL()-ULoT —5—|- o
2 d°Ny(w,f)  « wzfdd ~
(A19) dodQ 472 2P| ] a2 dtion
To determine the density, we seek a solution to the charge 2
conservation equation where the density field is a function of X[AXu(x,)]exdio(t—A-x)]| .
the phase: the continuity equation reads

d¢ dn d¢ d (A24)

an(9)+V-[N(B)B()1= 5t qo+ 57 g (B2

We use a Gaussian profile to obtain an analytical result for

d the radiated spectra; the calculations presented here can eas-
= @[n(l—ﬁz)] ily be generalized to other distributions. We hatg?)
=exd —({A2)3?], andp=Ne/\/FAz, whereAz is the axial
=0. (A20) scale of the electron bunch;
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® quency is obtained foy=1. This corresponds to the fre-
dwdQ 4m2 2P R0 quency o=[yo(1—Bo)1% for Bo——1, we recover the

™ Yo resultw=4v3 [21,52.
The stochastic electron gas and relativistic fluid models
X dez dtf(£)g(4) are compared by inspecting Ega14) and(A28), in a frame
where the initial electron distribution is at re@4{=0). The
2 difference between these theoretical models is shown in Fig.

xexplilw(t+2)— ¢}

(A25) 13 (bottom), where the number of electrons has been chosen
asN,=10'. The logarithm of both coherence factors is cal-

Here, a linearly polarized laser pulse, with temporal envelopé:u!ated as a function of the normalized electron distribution

(). is considered aX|§1I ;cale lengthwAz. In the case of a perfectly _coherent
9le), : radiation process, whereAz—0, both models yield the

The integrals over axial position and time can be sepa- > . A
rated by using/(z,t)=z— Bot, and ¢(z,t)=t—z, as inde- well-known N scaling. When the electron distribution be-

pendent variables. The product of the differential elements igomes long compared to the radiation wavelength, the sto-

obtained using the Jacobian of the transform: f:hast!c electron gas model cor'rectly predlct§ the linear scal-
ing with N.. The fluid model yields a very different result:

9z oz the coherence factor continues to decrease exponentially, as

-z Iz shown by the parabolic curve in Fig. {8ottom). This is due

dp I dédg to the fact that the Fourier transform of the Gaussian fluid

dzdt= g ot dodi=— 1- 8o (A26) gistribution is a Gaussian with an argument proportional to
% 9 the productwAz: for arbitrarily short wavelengths, the fluid

4-current yields a vanishingly small Fourier component. The

. . fluid model introduces an unphysical cutoff scale given by
Equation(A25) now takes the simple form the length of the electron distribution. Thus, the fundamental
5 R difference between the stochastic electron gas approach and

d°Ny(w;—2) 2p2 f*’“d the relativistic fluid model resides in the fact that, for any
dod  “XPPol ) ¢ number of incoherently phased point electrons, the 4-current

5 contains Fourier components at arbitrarily short wavelengths,

Xexp{i 2x¢ ¢ j““dqs whereas the fluid model introduces an unphysical cutoff

1+8, AZ%))-. scale. Therefore, the discrete nature of electric charge is

. shown to play a fundamental role in the physics of incoher-

Xex;{i(x—lﬁﬁ— A%Z} (A27) ent radiation processes.

3. Harmonics

The first integral can be identified as the fluid coherence In Compton scattering, harmonic production is directly
factor, while the second integral corresponds to the spectraklated to a modulation of the Doppler-shift term in the ra-
density of the Doppler-shifted Compton backscattered linediation equation: as discussed earlier, the spectral brightness
Performing the integrals ovef and{ [53], we finally obtain  for a single electron is given by

PNy(w,~2) XAz |2 IN@h) @ of e
WZEXAgAd)ZNgeXF{—Z 1+,Bo dow dQ - 4772 K(Z) f_oc n><[n><u(¢)]
_ 2 2 2
xexp{—w. (A28) xexpliol +2($)—h-X($)1}dd| ;

A29)
The physics of this solution can be understood as follows: (

the photon number density radiated on-axis scales linearltherefore, the position of the radiating electron is required to
with the laser pulse energd5A ¢, and quadratically with the determine the spectral brightness of the scattered light, as
number of electrons in the bunch, while the coherence factoshown in the Doppler shift term, corresponding to the argu-
scales exponentially with the inverse electron bunch duratioment of the exponential in EqA29); this is obtained by
squared, measured in units of the Doppler upshifted waveperforming  the  following integral: X,(¢$)=X,0
length. This indicates that long electron bunches radiate in+ kg 1f§uﬂ(ﬂ)dﬁ. At this point, a number of important re-
coherently at short wavelengths; also note that the fluid inmarks are in order: first, for a number of radiating electrons,
coherent radiation scaling is quite different from the simplethe various initial positions must be taken into account; this
N, scaling: it is a function of frequency, and shows veryforms the basis of the stochastic electron &G theory of
strong (i.e., exponential suppression of short wavelengths. coherence in Compton scattering presented in Sec. 1 of this
Finally, the Compton backscattered spectral linewidth is deappendix. Second, the linear motion of the electron in the
termined by the laser pulse linewidi#2/A¢, and its fre- laser field yields a modulation of the Doppler shift, which is
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4y5
C1+AY

at the origin of harmonics radiated off-axis, as discussed in 1 [1-B
detail by Ride, Esarey, and Baine in RgL8]. Finally, at w= 1+A2(1+,3
higher intensities, in the so-called relativistic intensity re- 0 0
gime, the ponderomotive force modulates the axial motion of, hare the last equality holds f@,— — 1. This is the well-

the electron; this results in the radiation of harmonics ony,on radiation frequency for an FEL with an electromag-
axis, as extensively discussed by Hartemann and Kermaf.iic wiggler[21,52.

[20.,2]], this nontrivial effect has rgcently been measured ex- Finally, we note that temporal shaping of the drive laser
perimentally by Umstadter and his gro{b|. , pulse can increase the contrast between the main radiated
In the case of circular polarization, the dimensionless VeCfine ang the satellites produced by the transient during the
tor potential takes the formA (¢)=Aog(#)[xsin¢  rise and fall of the pulse: we have demonstrated theoretically
+ycose¢], which implies that the magnitude of the 4-vector that square optical pulses, such as those studied experimen-
potential varies adiabatically as the pulse intensity envelopdally by Weineret al.[67], could be used to efficiently filter
AMAMZAE((ﬁ):A(Z)gZ(@_ Furthermore, for a hyperbolic the spectral content radiated on-axis, in the case of a circu-
secant pulse, the full nonlinear spectrum can also be detelarly polarized laser pulse.
mined analyticallyf53] with g(¢)=cosh Y(¢/A¢), the elec-

tron’s axial position is 4. Radiative corrections
) Radiative corrections correspond to the electron interac-
J’4’ A2 ()dy— J"f’ Ao dy tion with the electromagnetic fields it scatters, and can be
o T o U treated using quantum electrodynami@3ED), or classi-
cosif Ao cally, using the Dirac-Lorentz equatip0,39,5Q. The latter

equation describes the covariant dynamics of a classical
¢ point electron, including the radiation reaction effects due to

1+tanf(m”. (A30)  the electron self-interaction. The main steps of Dirac’s deri-

vation are briefly outlined here; for conciseness, we now use

and the nonlinear backscattered spectrum is now propotl€ classical electron radiug to measure length, and the

tional to corresponding time unity/c. In these units, the vacuum

permittivity is eq=1/41r, and its permeability isug=4.

The electron 4-current density is

=AjA ¢

) +2 X cos¢g+ VY sin
X A0e|ZA§A¢ $+ysing

Cw [0 . e / /
cosi‘(m) j.00)=— J, U, (X)) 84(xy —xy)d7’, (A33)
2 . . .
Xexp{ i YA d)[Ai +AS tan)—(Ai) } ] do| . (A31) and 'ihe cosrrespo.nd_lng self-elegtromagnehc fleﬁfw.
¢ ¢ =d,A;—d,A; satisfies the driven wave equation,

DAZ(X)\)=—47TJ'Z(X>\), which can be solved in terms of
Green’s function; as

The Fourier transform can be evaluated analytically by per- )

forming two changes of variables, namely, we first get AS(x.)=4 f °°u X VG (x: —x'd 7'

=e?2% thenx=(y2—1)/(y?+1), with the result that W) =47 [ 0G0 X7

N(w,—2) a D 1,2A%0A )| 2 The self-force on the electron can now be evaluated as
y _= z 2 +ay
dew dQ g Xfod Z 77 FS=—(d,AS—d,AS)u”
cos EAQb()(il) # TV
+ oo
A32) == | w07, 0,040,060, - X dr
Here @ is the degeneratéconflueni hypergeometric func- (A34)

tion [53,66, andu . =3[1+iA¢(x+1)]. The downshift of

the Compton backscattered line due to radiation pressure ifhe advanced and retarded Green’s functions both depend

determined by considering the nonlinear phase in the Fouriegn the space-time interval

integral: the argument of the complex exponential takes the

form A(p)=(x—1)d+ xA2A ¢ tanh@/A¢); we Taylor ex- S?=(X—=X') (X=X )H:

pand this nonlinear phase aroue- 0 by using the fact that

tanhx=x, to obtainA ($)=[ x(1+A2) —1]h+0(4%. The _( X0~ Xg )
; N 1

frequency of the main Compton backscattered line is ob- [Xo—Xol

tained by canceling the linear coefficient of the expansion,

which yields y=(1+A32)~%; this can be recast in the more As a result, the partial derivatives can now be replaced by the

familiar form operatoraMZ2(xM—xl’L)((9/asz), and Eq.(A34) reads

G =-4(s%
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+oo ) ) which admits the runaway solution
—ZJ U ()L, () (X, —X,)

—

S _
FS =

.
96 [a,a*](m)=[a,a*]o ex;{ 27_—0).
—UM(XD(XV—X’V)]EC‘T'- (A35)
To avoid these unphysical solutions, one must require that

At this point, the new variable”=7— 7' is introduced, so the Dirac-RohrlichDR) asymptotic condition39,68 be sat-

that the range of integration explicitly includes the electron'Sfied: lIm-_ ... a,(7)=0. . ,
(singular point7"=0). To evaluate the integral in Eq. Also note that the second radiative correction term corre-

(A35), one can now use Taylor-McLaurin expansions inSponds to the radiated 4-momenttiy ; thus we can rewrite
powers ofr": Eq. (A40) as

n2

X,— X' =7"u,—ir

da, dH
©w e Iz ®

—— (A41)

1,_n3
a,tsr""d.a,+ _
dr dr

aM= - F#VUV‘}' 70
(A "y — " 1_n2
R A (A36)  Inthe case of an external electric field deriving from a static
potential, the timelike component of the Dirac-Lorentz equa-
where the 4-acceleratiam,=d,u, . Using the above expan- tion, which describes energy conservation, takes the simple
sions, one first finds that®>= — 7”2, which yields9G/gs®>  form
=—(1/27")(0Gla7"). With this, the expression for the

self-electromagnetic force now reads ﬂ=u'V +r d27’_ dHo _ i - ﬂ—H
dr PTTOGZT dr  dr| T T0dr op

toof " "?[da dG
F;:f [—?aﬁT 5 uu(@,2”) }mdr”. (A42)
o (A37) and can be formally integrated to yield the conservation law
This equation 1can be_lntegrate_d by parts; using the retarded A(y—@+Hg) =1, bt , (A43)
(causal Green'’s function, one finds dr|
s 1 (+=o(r") dr" 2/da, , which indicates that, provided the DR asymptotic condition
P A [7"] T +§ dr uu(a,a"|. lim._..[dy/dr]=0 is satisfied, the electron potential en-

(A38)  ergy is converted into kinetic energy and radiation.
In the case of nonlinear Compton scattering, the Dirac-
The corresponding 4-momentum transfer equation now readsorentz equation can be given as

1+ 8(r") da, )
+§ —deT a, aMZLM-FTo F—u#(aya )1,
da L,=«E,, L,=L E (A%
= —Fultmgroulaan) (A39) 1By L=lo=ui By

where we recognize the light-cone varialde y—u,, and
wherer,=$ is the Compton time scale, in the unitsrgf/ic ~ the laser transverse electric fieldry=2r,/c=0.626
used here. The divergent integral on the left-hand side of thex10~2%s is the Compton time scale. Subtracting the axial
equation is the infinite electromagnetic mass of the pointomponent of Eq(A44) from the temporal component, we
electron, which multiplies the 4-acceleration. Dirac first pro-obtain an equation governing the evolutiongf
posed[39] to renormalize this term away by using the time

symmetrical Green functio®=3(G"™—G™); with this one dx d?k ,
obtains the Dirac-Lorentz equation: 97 7ol g2 «@a’) . (A45)
dﬁ_ (A40) Introducing the small parameter= w7y, which measures

a,=—F,u"+m u,(a,a”)

dr the Doppler-shifted laser wavelength in unitsrgf and not-
ing thatE, =edA, /d¢, we also obtain an equation govern-
One of the conceptual difficulties associated with thiSing the evolution of the canonical momentum:

equation is the existence of unphysical, runaway solutions:

contracting Eq(A40) with a*, it is easily seen that in the d d?u, ,
absence of an external field it reduces to g7 U mAD =T gz~ (@) . (A46)
a au;@ i(a a®) Now using the laser phasgas the independent variable, Eq.
w 2 dr 47 (A45) reads
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dx

d* («?\ ,(du, du*
a6 ~°la| 2|7\ a5
Since the right-hand side of EGA47) is at least of ordee, A. Multiwavelength anomalous diffraction
we can replace the terms in the brackets with their zeroth- The basic elements behind MAD phasing are presented in

order (Lorentz dynamick approximation; in this case, we Sec. VIA; here we note that before the introduction of
obtain a Slmple differential equat|0n for the ||ght cone vari- MAD the |Somorphous replacement method was success-

DNA contains approximately 8 10° base pairs, which code
(A47)  for over 100000 different proteins.

=&

able perturbation fully used to obtain the structure of complex proteins; for
q 1 example, urease was studied by Jadtral. [57], with 40
——|=eA20%( ), (A4g)  heavy atom compounds screened to find five sufficiently iso-
d¢ (‘15) morphous derivatives of the crystal: HOHgGCO,Na,

ucCl, Hg,(CH;COO0),, C(HgOOCCH),, and
CH3)sPh(CH;COO) [57]. This example indicates the level
of complexity and uncertainty involved in the search for
1 ) multiple isomorphous heavy metal derivatives, and why
= —+sA§f g?(y)de. (A49) MAD has quickly become the preferred method for phase
Ko - determination for complex macromolecular crystals, as ex-
plamed in Sec. VI.

where we recognize the envelope of the circularly polarize
laser pulse. EquatiofA48) can easily be integrated to yield

1
()

This last equation describes the electron recoil from the co
herent laser field; it is clear that at sufficient intensities and

short wavelengths, the relative radiative energy loss becomesb. HIV protease inhibitors: A case study for structure-based
significant. drug design

Finally, the Dirac-Lorentz equation can be integrated g recent development of powerful antiviral drugs to
backward in time to avoid runaways due to the electromagfIght HIV has demonstrated the efficiency of x-ray protein
gsg'gerpe?jszgggﬁar:qailgziggr}e?ﬁb aggatltztiiompton back- crystallography as a powerful tool to help design new drugs

y 9 ab initio, in sharp contrast with the previous trial-and-error

d?N (@, —z) ‘ v u, (&) approa_ch. For example, the first generation of anti-HIV

f drugs includes such molecules as AZazidothymiding, a
 dwdQ - K(¢ molecule analogous to the nucleoside thymidine; the reverse

¢ u 1) 2 transcriptase enzyme of the virus is thus misled into using
xex;)‘im o+ Zf Z—dzﬁ” AZT instead of thymidine, which is normally paired with
—= k() adenosine on the RNA chain to be transcribed. However,

(A50) because of its relatively poor specificity, AZT also inhibits
the cellular polymerase of mitochondria, which produce ad-
enosine triphosphatéATP); this explains the serious side
effects of this drug, including severe muscle fatigue and ane-

As discussed in Sec. VI, one important application iden-mia [36]. Similarly, other reverse transcriptase inhibitors
tified and targeted for the 0.9-A Compton x-ray source ishave been synthesized and administered to AIDS patients,
protein crystallography. Proteins are highly structured andncluding ddl(a precursor to ddA, an analog to deoxyadenos-
complex polymers of-amino (left-handedl acids, linked to- ine), and ddC(an analog to deoxycytosijieboth are toxic,
gether by peptide bonds. Three-dimensional, structured praausing neurological problems, including polyneuritis. More
teins are produced from their linear DNA templates in arecently, equally active and somewhat less toxic drugs have
complex transcription and subsequent ribosomal translatiobeen introduced, such as 3TC, an analog of cytosine, d4T, an
process. analog of thymidine, and non-nucleoside analogs, such as

The importance of structural knowledge cannot be overTIBO inhibitors[36]. Combining such drugs, at lower doses,
emphasized as the molecular structure of proteins determiné®lps minimize the aforementioned side effects; however,
an extremely wide variety of functions: enzymes catalyzethe most dramatic improvements have been obtained after
biochemical reactions; membrane receptor proteins signal tthe HIV protease structure has been determined by x-ray
the cell interior when a ligand binds; transport and storagerystallography: with the knowledge of atomic details within
proteins, such as hemoglobin and ferritin, distribute metathe catalytic site of the HIV protease, a novel family of small
ions or chemicals throughout the body; structural proteinsmolecular drugs, called protease inhibitors, has been de-
including collagen and keratin, and muscle fibers, such asigned and synthesizeab initio, with high specificity to the
actin and myosin, play an important role in the architectureaspartyl binding sites of the HIV protease. These new drugs
of multicellular organisms; nutritional proteins provide have been very successful, especially when used in conjunc-
amino acids for growthe.g., casein and ovalbumijnanti-  tion with the aforementioned reverse transcriptase and inte-
body proteins are essential components of the immune sysgpase inhibitorgthe so-called “triple therapyy), in reducing
tem; finally, regulatory proteins such as transcription factorsthe viral load in some patients below the detection threshold
bind to and modulate the transcription of DNA. Human of enzyme-linked immunosorbent assag3].

5. X-ray protein crystallography
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c. Protein data acquisition time diffraction limit in the 29 angle, expressed as the smallest

In Sec. VI B, basic considerations were taken into accounpPservedd-spacing, 10~1C" unique reflections are rou-
to give a first comparison of the average x-ray brightnesé‘”ely collected for molecules weighing a few tens to a few
produced by different sources. In this section, we first brieflyhundred kiloDafor example, lysozyme, space grobtg; 2,
recapitulate the aforementioned results; we then elaborate Molecular weight of 14.5kDa, 19 500 unique reflections to
and refine this discussion in much greater detail. a typically good resolution of 1.5 A, 39000 reflections for

In terms of the spectral brightness requirement for thebo_th Friedel wedg_esThe collect|on. of these reflectlo_ns re-
data acquisition time, a few preliminary comments are indUires a systematic, careful scanning of a large solid angle,
order. First, the current average cost for the determination offith @ sufficient integration time at each step to bring the
the three-dimensional structure of a protein is approximatelyignal-to-noise ratio to a desired valuesuallyl/o(1)=2 in

$200,000[31]; given the number of proteins coded for by the highest resolution shell; in our example 1.5 Avhich
human DNA, which is estimated to be on the order of,10 determines the data acquisition time. Using a typical number

new technologies are clearly required to complete a genom f 1.95% 10 unique reflections for lysozyme, we see that the

wide structural analysis of protein&tructural genomigs ighest-resolution mode requires  approximately >515°

[31]. We also note that the average cost of a synchrotrorﬁ) hotons/reﬂ_ecnon cf=2_0.1, V.Vh'Ch is excellent further-
beamline is $8,000,000: smaller, less expensive Sourc more, the signal-to-noise ratio scales as the square root of

. - SRis number. The Compton source produces an average flux
could be extremely useful in terms of added flexibility, even £2.5>< 10/ photons/s in a 1-eV spectral interval, quite suf-

. 0
at lower average spectral brightness. Second, the amount REient for MAD, that can be captured in a 3.5-mrad angle,
which is much smaller than the 117 mrad acceptance

time currently required to isolate and amplify the target sex

quence, crys_tallize the corresponding protein, acquire thﬁngle of the aforementioned confocal mirrgi]. For 1¢
x-ray diffraction data at different wavelengths for MAD ,noions/reflection ¢=18.4), the acquisition time is esti-
phasing, post-process the data, and build a structural modglaieq at 10 h/1breflections. These results are in line with a

into the electron density map, range between 1 and 6 monthg,q| of 50-100 structures a year: a full 3-wavelengths MAD

therefore, an acquisition time of a few tens of hours is quite.an could be completed in 60 h. We also note that our
acceptable; in fact, a reasonable target would be to determinggits are preliminary, and that we are in the process of

50-100 structures/year on a compact device. Finally, &Xgesigning an optimized source for this application.
tremely high flux, such as that produced by insertion devices

on third-generation synchrotrons, frequently causes radiation
damage in the biological material and loss of the crystal even
in properly cryocooled specimens. Consequently, strong at-
tenuation of the beam becomes neces§agy. d. The micro-MAD concept

A first, simple comparison can be made by considering A unique characteristic of the Compton source is the very
the average spectral brightness of different sources; the rema)| size of the x-ray source, which essentially matches that
sults are typically given in wunits of photons/0.1% of the laser focal spot size; for imaging applications, this
bandwidth/mnimrad’/s [29]. For modem rotating anode translates into increased contrast and better resolution. This
sources, given a 2.6-eV width for th€,, line of copper at  giso has important implications for microcrystals, which are
1.54051 A, and up to 98% flux in that line, an averagemore easily produced and often are of better quality.,
brightness around 20s possible; synchrotron bending mag- giffracting to higher resolution with smaller mosaigitan
nets reach 18 at 10 keV for a 6-8-GeV ring, while a 72- |arger ones. Cooling also becomes less problematic in
period, 3.3-cm wavelength undulator produces 9.4-keV phosmaller crystals due to the lower amount of heat generated
tons with a brightness of 4:810'® at the APS[29];  and the more advantageous surface-to-volume ratios. There-
however, brightnesses 10' begin to cause severe radiation fore, the Compton x-ray source seems almost ideally suited
damage. The Compton source generates 12.77-keV photoRsy the development of a compact, user-friendly, tunable
with a brightness of 4% 10'; this compares quite favorably x-ray source, with an average brightness comparing well
with rotating anode x-ray sources, especially in view ofwith that of rotating anode sources, and the capability of
added tunability, which is indispensable for MAD. using MAD on microcrystals; this is the idea underlying the

A more detailed comparison between the Compton sourcghicro-MAD (uMAD) concept currently being evaluated at
and conventional rotating anode x-ray sources will now bg awrence Livermore National Laboratory.

given, where the protein diffraction acquisition time is evalu-
ated in each case. We start from a known, state-of-the-art,
rotating anode x-ray source with Osmic MaxFlux® confocal
multilayer fixed-focus optical systef60]: the flux through a
0.5-mm-diameter collimator is measured at XHE® One important issue related to the concept discussed
photons/(mrs) [61]. The corresponding flux on the sample above are the background x-rays produced by the electron
is 5x 10° photons/s, and the total data acquisition time isbeam line and dump. The beam halo produces bremsstrah-
2.16x10%s, in high-resolution mode; including absorption lung x-rays over a broad energy range, which contribute to
and other losses, the total number of photons diffracted byhe background noise on the detectors; this problem can be
the sample is 1.0810*. Depending on the resolutiofthe  partially alleviated by using a magnetic chicane before the

e. Practical issues
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Compton interaction region. In terms of shielding, the electo decelerate the electron bunch in a linac section, after in-
tron source is similar to a clinical linac, although the averagderaction, before the dump; this could minimize the x-ray and
current is somewhat lower; therefore, we believe that it is notctivation problems, and produce rf power that could poten-
an insurmountable problem. In particular, it may be possibldially be recycled.
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