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Three-dimensional theory of emittance in Compton scattering and x-ray protein crystallography
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A complete, three-dimensional theory of Compton scattering is described, which fully takes into account the
effects of the electron beam emittance and energy spread upon the scattered x-ray spectral brightness. The
radiation scattered by an electron subjected to an arbitrary electromagnetic field distribution in vacuum is first
derived in the linear regime, and in the absence of radiative corrections; it is found that each vacuum eigen-
mode gives rise to a single Doppler-shifted classical dipole excitation. This formalism is then applied to
Compton scattering in a three-dimensional laser focus, and yields a complete description of the influence of the
electron beam phase-space topology on the x-ray spectral brightness; analytical expressions including the
effects of emittance and energy spread are also obtained in the one-dimensional limit. Within this framework,
the x-ray brightness generated by a 25 MeV electron beam is modeled, fully taking into account the beam
emittance and energy spread, as well as the three-dimensional nature of the laser focus; its application to x-ray
protein crystallography is outlined. Finally, coherence, harmonics, and radiative corrections are also briefly
discussed.
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I. GENERAL CONSIDERATIONS

Remarkable advances in ultrashort-pulse laser techno
based on chirped-pulse amplification@1–4#, and the recent
development of high-brightness, relativistic electron sour
@5–7# allow the design of novel, compact, monochromat
tunable, femtosecond x-ray sources using Compton sca
ing @8–21#. Such new light sources are expected to hav
major impact in a number of important fields of resear
including the study of fast structural dynamics@22–24#, ad-
vanced biomedical imaging@25,26#, and x-ray protein crys-
tallography@27,28#; however, the quality of both the electro
and laser beams is of paramount importance in achieving
peak and average x-ray spectral brightness required for
applications. One of the primary purposes of this pape
therefore to establish a theoretical formalism capable of fu
describing the three-dimensional nature of the interaction
well as the influence of the electron and laser beam ph
space topologies upon the x-ray spectral brightness. To
knowledge, this is the first detailed analysis of its kind; fu
thermore, the radiation theorem that is demonstrated
used in this work is of a general nature, and is hoped
represent a useful contribution to the field of classical el
trodynamics; finally, analytical expressions of the x-r
spectral brightness including the effects of emittance and
ergy spread are obtained in the one-dimensional limit.

The aforementioned technical breakthroughs in the fie
of solid-state lasers and high-brightness electron accelera
provide a unique opportunity to develop an entirely n
class of advanced x-ray sources, with characteristics
proaching those of third-generation light sources@29#, in a
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much more compact and inexpensive package. This, in t
offers the possibility of an important spin-off of ultrashor
pulse laser technology into the field of molecular biolog
which is currently growing at an exponential rate: followin
the completion of the Human Genome Project@30#, the sys-
tematic study of protein structure and function@31,32# is
expected to dominate biophysics in the first half of the 2
century. In addition, a new paradigm for rational drug des
has now emerged, using both recombinant DNA technolo
@33# and x-ray protein crystallography. New classes of dru
@34#, as recently exemplified by the development of H
protease inhibitors@35,36#, successfully reduced the vira
load of AIDS patients below the detection threshold
enzyme-linked immunosorbent assays@37#.

In protein crystallography, recombinant DNA technolog
is used to produce large quantities of a given protein
splicing the corresponding coding DNA sequence into
genetic material of a bacterium. The transfected bacteria
cultivated and, upon induction, overexpress large quanti
of the selected protein, which is then isolated, purified, a
crystallized. Diffraction data are routinely collected at LN2
temperature, and the experimental phase measurements
essary for the reconstruction of the electron density are
marily determined by the multiwavelength anomalous d
fraction ~MAD ! method @27,28,38#. Finally, a molecular
model of the structure is built into the reconstructed thr
dimensional electron density map.

The key characteristics of an x-ray source useful for p
tein crystallography are its small size, low angular dive
gence, good transverse coherence, and high average sp
brightness. In turn, these requirements determine the ne
sary electron and laser beam quality, as will be discus
extensively in this paper.

This paper is organized as follows: in Sec. II, a radiati
theorem is demonstrated, which enables us to derive the

au,
©2001 The American Physical Society01-1
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diation of an electron subjected to an arbitrary electrom
netic field distribution in vacuum, provided that the max
mum vector potential characterizing the field satisfies
condition eA/m0c!1, and that radiative corrections can b
neglected@20,21,39#; in Sec. III, this theorem is used in th
one-dimensional, plane-wave limit to obtain analytical e
pressions of the effects of energy spread and emittance u
the scattered x-ray spectral brightness; in Sec. IV, the th
dimensional theory is developed, and an analytical exp
sion of the spectral brightness is obtained within the con
of the paraxial approximation@40,41#; in Sec. V, the archi-
tecture of the three-dimensional Compton scattering cod
outlined, and detailed simulations are performed in the c
of a 25-MeV electron beam scattering x rays near 1 Å;
nally, in Sec. VI, a cursory overview of one of the ma
applications targeted for the advanced Compton light sou
x-ray protein crystallography, is given, as well as a br
description of our micro-MAD~mMAD ! concept; conclu-
sions are drawn in Sec. VII. Coherence@42#, harmonic pro-
duction@16–21#, and radiative corrections@20,21# are briefly
discussed in the Appendix.

II. RADIATION THEOREM

Our first task is to demonstrate the following theorem:
the linear regime, where the 4-potential amplitude satis
the conditioneA/m0c!1, and in the absence of radiativ
corrections @20,21,39#, where the frequency cutoff isv
!m0c2/\, as measured in the electron frame, the spec
photon number density scattered by an electron interac
with an arbitrary electromagnetic field distributionin
vacuumis given by the momentum space distribution of t
incident vector potential at the Doppler-shifted frequency

d2Nx~km
s !

dvsdV
5

a

~2p!4

1

g0
2vs

Uks3E
R3

F11S k

ks
Du0•G Ã

3Fvs2
u0

g0
•~ks2k!,kGexp~ ik•x0!d3kU2

.

~1!

Here, km
s 5(vs ,ks)5vs(1,n̂) is the 4-wave-number of the

wave scattered in the observation directionn̂, at the fre-
quency vs ; a5e2/2«0hc.1/137.036 is the fine-structur
constant;um

0 5(g0 ,u0) is the electron initial 4-velocity;xm
0

5(0,x0) is its initial 4-position; and we have introduced th
scattered light-cone variable,ks52u0

mkm
s 5g0vs2u0•ks .

The term@11(k/ks)u0•# is to be considered as an operat
acting on the Fourier transform of the spatial components
the 4-potential,Am5(V,A),

Ãm~kn!5
1

~A2p!4 ER4
Am~xn!exp~ iknxn!d4kn , ~2!

while the term exp(ik•x0) will be shown to give rise to the
coherence factor@42,43#. This theorem is then applied to th
specific case of Compton scattering@15–21# in a three-
dimensional Gaussian-elliptical focus@40,41#. The effects of
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the electron beam phase-space topology are also include
the form of energy spread and emittance@44–46#.

In our analysis, charge is measured in units ofe, mass in
units of m0 , length is normalized to a reference waveleng
k0

21, while time is measured in units of the correspondi
frequency,v0

215(ck0)21. Neglecting radiative correction
@20,21,39#, the electron motion is governed by the Loren
force equation dum /dt52(]mAn2]n Am)un. Here, um
5dxm /dt is the electron 4-velocity along its world lin
xm(t); t is the electron proper time;Am is the 4-potential
from which the electromagnetic field derives; finally,]m
5(2] t ,¹) is the 4-gradient operator@47,48#. The electro-
magnetic field distribution considered here corresponds
vacuum interaction; therefore, the 4-potential satisfies
wave equation,hAm5@]n]n#Am50”, and can be expresse
as a superposition of plane waves, as described in Eq.~2!.
Furthermore, we choose to work in the Lorentz gauge, wh
]mAm50. Here, the symbol 0”5(0,0) represents the nul
4-vector.

A. Covariant linearization

Introducing the maximum amplitude of the 4-potential,A,
we can linearize the Lorentz force equation, provided t
A!1, a condition that is typically satisfied in most expe
mental situations: for example, in the case of an ultrahi
intensity laser focus, this condition translates into a ma
mum intensity below 1017W/cm2 for visible wavelengths.
We then writeum5um

0 1um
1 1um

2 1¯ , whereum
n }An, and

the Lorentz force equation yields, to first order,

dum
1

dt
.2~]mAn2]nAm!u0

n . ~3!

To solve Eq. ~3!, we Fourier transform the first-orde
4-velocity perturbation into momentum space:

um
1 ~xn!5

1

~A2p!4 ER4
d4knũm

1 ~kn!exp~ ikn xn!; ~4!

because of the orthogonality of complex exponentials,
~3! takes the form

ũm
1 ikn

dxn

dt
.2u0

n~ ikmÃn2 ikn Ãm!, ~5!

and the termdxn/dt5un must be approximated byu0
n within

the context of the linear theory presented here; we then
that ũm

1 .Ãm2kmÃnu0
n/knu0

n .
Fourier transforming this result back into space-time,

finally obtain

um~xn!.um
0 1

1

~A2p!4 ER4
d4kn

3F Ãm~kn!2km

Ãn~kn!u0
n

knu0
n Gexp~ ikn xn!. ~6!
1-2
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The linearization procedure used here is manifes
covariant.

B. Nonlinear plane-wave dynamics

It is interesting to compare the result given in Eq.~6! with
the full nonlinear theory in the case of a single plane-wa
electromagnetic eigenmode in vacuum, where the 4-pote
is an arbitrary function of the relativistically invariant phas
Am(xn)5Am(f), f(xn)52knxn. In this case, the operatio
of the 4-gradient upon the 4-potential reduces to

]mAn5
]f

]xm

dAn

df
52km

dAn

df
. ~7!

Applying this result to the Lorentz force equation, we ha

dum

dt
5kmS un

dAn

df D2~knun!
dAm

df
5kmS un

dAn

df D1
df

dt

dAm

df

5
dAm

dt
1kmS un

dAn

df D ; ~8!

here, we recognize the canonical momentum,pm5um2Am
@49#. We now consider the light-cone variable,k5df/dt;
the evolution of this dynamical variable is described by

dk

dt
52km

dum

dt
52kmS km

dAn

df
2kn

dAm

df Dun

52~kmkm!S dAn

df
unD1~knun!S km

dAm

df D . ~9!

The first term in Eq.~9! corresponds to the mass-shell co
dition, kmkm50, and can easily be derived by considering t
propagation equation in vacuum,

hAm5~]n]n!Am505
]f

]xn

]f

]xn

d2Am

df2 5~knkn!
d2Am

df2 ;

~10!

while the second term in Eq.~9! corresponds to the Lorent
gauge condition@47,48,50#,

]mAm505
]f

]xm

dAm

df
52km

dAm

df
. ~11!

With this, we see that the light-cone variable is a constan
the electron motion:

dk

dt
50.

We now return to Eq.~8!: from its structure, we can se
that the solution must take the formum5Am1kmg(f),
whereg is a function of the electron phase to be determin
in addition, the nonlinear radiation pressure of the pla
wave is proportional toAmAm(f): finally, the solution must
satisfy the conditionumum521. Therefore, we consider
01650
y
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um5Am1km Fz1An An

2k G , ~12!

which has the appropriate structure, and wherez is a constant
that will be determined from the normalization of th
4-velocity. Deriving the trial solution with respect to prop
time, we first have

dum

dt
5

dAm

dt
1

km

2k S 2An

dAn

dt D5
dAm

dt
1

km

k S An

dAn

df

df

dt D
5

dAm

dt
1km S An

dAn

df D ; ~13!

we then use Eq.~12! to replace the 4-potential

An5un2knFz1AlAl

2k G ,
and we find that

dum

dt
5

dAm

dt
1kmS un

dAn

dt D2kmFz1AlAl

2k G S kn

dAn

dt D ,

~14!

which reduces exactly to the Lorentz force equation beca
the Lorentz gauge condition requires thatkndAn/dt50, as
shown in Eq.~11!. In turn, the structure of the solution give
in Eq. ~12! implies that the light-cone variable reduces to

k52kmum52kmAm2~kmkm!Fz1An An

2k G52kmAm,

~15!

because of the mass-shell condition,kmkm50; we can also
verify that the light-cone variable is, indeed, constant:

dk

dt
52km

dAm

dt
52S km

dAm

df D df

dt
50,

because of the Lorentz gauge condition. Using Eq.~15!, we
can now rewrite the 4-velocity as

um5Am2kmFz1~An An!

2kn An G ;
finally, the constantz is determined by taking the norm o
the 4-velocity:

umum5AmAm22kmAmFz1~An An!

2kn An G1~kmkm!Fz1~An An!

2kn An G2

52z

521, ~16!

where we have used the mass-shell condition again. T
the fully covariant, nonlinear solution to the electron dyna
ics in a plane wave of arbitrary intensity and temporal d
pendence is found to be
1-3
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F. V. HARTEMANN et al. PHYSICAL REVIEW E 64 016501
um~xn!5um~f!5Am2kmS 11An An

2kn An D . ~17!

The question of the influence of the initial conditions on t
electron trajectory can now be addressed: the 4-potential
be regauged to incorporate the boundary conditions on
electron dynamics. Since we are shifting the 4-potential b
constant 4-vector, the Lorentz gauge condition is still sa
fied and the electromagnetic field tensor is unchanged;
have Am→Am1u0

m , limf→` Am(f)50, limf→`um(f)
5u0

m . With this, the invariant light-cone variable readsk
52kmAm52kmu0

m , and the 4-velocity is given by

um5u0
m1Am2kmS An An12Anu0

n

2knu0
n D , ~18!

where we have used the fact that

~A1u0!m~A1u0!m5AmAm12Amu0
m21.

It should be emphasized that this nonlinear solution is fu
covariant and makes explicit use of gauge invariance.

The nonlinear, covariant electron dynamics are thus fu
determined; the Lawson-Woodward theorem@19# is immedi-
ately recovered by considering the timelike component
Eq. ~18!: limf→1`g(f)5g0 , as limf→1`Am(f)50. In the
linear regime, where the normalized 4-potential satisfies
condition uAmAmu!1, the electron motion is purely trans
verse, while at so-called relativistic intensities, ponderom
tive effects dominate@21#. In particular, the mass of th
dressed electron can immediately be derived from the ti
like component of Eq.~18!, in a frame where the electron i
initially at rest:

^m&5^g&5 K 11V1
AmAm

2 L , ~19!

where V is the timelike component of the 4-potential,
scalar potential.

It is also easy to recover more familiar expressions
rotating the coordinate system so that the 4-wave-num
reduces tokm5(1,0,0,1), and to introduce the 4-potential
Am5(0,A',0); we then havek5g2ui5g02ui05k0 , and

u'~f!5u'01A'~f!,

ui~f!5ui01FA'
2 12A'•u'0

2~g02ui0!
G , ~20!

g~f!5g01FA'
2 12A'•u'0

2~g02ui0!
G .

In particular, in the simple case where the reference fram
chosen such thatu'050, we haveg0

2511ui0
2 , and Eq.~20!

reduces to the well-known result@21#,

u'5A' , ui5g0Fb i01
A'

2

2
~11b i0!G ,
01650
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g5g0F11
A'

2

2
~11b i0!G . ~21!

Furthermore, if we linearize Eq.~18! and consider the ex
pression of the 4-potential in momentum space, the re
given in Eq.~6! becomes intuitively clear.

C. Radiation

We now consider the second half of the demonstration
the HLF theorem, as expressed in Eq.~1!. The electromag-
netic radiation scattered by the accelerated charge is
scribed by the number of photons radiated per unit f
quency, per unit solid angle, which is determined by Four
transforming the electron trajectory into momentum spa
@51#:

d2Nx~km
s !

dvsdV
5

avs

4p2 Un̂3E
2`

1`

u~t!exp@2 ikm
s xm~t!#dtU2

.

~22!

Here, we have used the fact thatn̂ is a unit vector to simplify
the double-cross product. The spatial component of the e
tron 4-velocity is replaced by the linearized solution given
Eq. ~6!; with this, and now using the Coulomb gauge, w
have

d2Nx~km
s !

dvsdV
5

a

~4p2!3

1

vs
Uks3E

2`

1`

dtE
R4

d4km

3F Ã~km!1
k

k
u0•Ã~km!G

3exp@ i ~km2km
s !xm~t!#U2

. ~23!

The electron 4-position is now approximated byxm(t)5xm
0

1um
0 t; this corresponds to the lowest-order convective te

due to the ballistic component of the electron motion, a
excludes harmonic production mechanisms~see the Appen-
dix! @16–21#; this approximation is valid for high-Doppler
shift scattering, where the transverse oscillation scale
given byAl0 /g0!l0 . Using the light-cone variables,k and
ks , we find that

d2Nx~km
s !

dvsdV
5

a

~4p2!3

1

vs
Uks3E

R4
d4kmS Ã1

k

k
u0•ÃD

3exp@ i ~km2km
s !x0

m#E
2`

1`

dt exp@ i ~k2ks!t#U.
~24!

The integral over proper time yields ad-function:

E
2`

1`

dt exp@ i ~k2ks!t#52pd~k2ks!.

We now perform the change of variabled4km
5u]qn /]kmu21d4qn , where we have introduced the fou
vector
1-4
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THREE-DIMENSIONAL THEORY OF EMITTANCE IN . . . PHYSICAL REVIEW E64 016501
qn5@k~km!,k#5~u0
mkm ,k!5~g0v2u0•k,k!,

which allows us to perform the integral over thed function;
we then find that the Doppler condition derives from t
equality of ks52u0

mkm
s 5g0vs2u0•ks , and k52u0

mkm

5g0v2u0•k: this yields the well-known Compton scatte
ing relation vs5(g0v2u0•k)/(g02u0•n̂), in the limit
where recoil is negligible. Finally, using the Jacobian of t
transform, u]qn /]kmu215g0

21, we obtain the sought-afte
result, as presented in the HLF theorem.

III. ONE-DIMENSIONAL THEORY OF EMITTANCE
IN COMPTON SCATTERING

To demonstrate the usefulness of the HLF theorem,
first consider the case of a linearly polarized plane wave w
an arbitrary temporal profile: the 4-potential isAm(f)
5 x̂A0g(f)e2 if, wheref52km

0 xm, andkm
0 5(1,0,0,1), for

a wave propagating along thez axis. Introducing the tempo
ral Fourier transform of the pulse envelope,g̃(v)
5*2`

1`g(t)e2 ivtdt/A2p, we have

Ãm~kn!5 x̂~A2p!3A0d~kx!d~kg!d~v2kz!g̃~12v!,
~25!

whered(v2kz) corresponds to the pulse propagation, a
g̃(12v) is the spectrum of the pulse, centered around
normalized frequency,v051, in our units. Applying the
HLF theorem, we immediately find

d2Nx

dvsdV
5

a

2p
vs

A0
2

k0
2 Un̂3S x̂1

u0x

k0
ẑD U2

g̃2S 12
k0

s

k0
D ,

~26!

where k05g02u0• ẑ5g02u0z , and k0
s5vs(g02u0•n̂).

Introducing the normalized Doppler-shifted frequencyx
5k0

s/k05vs(g02u0•n̂)/(g02u0z), and the differential
scattering cross section, or radiation pattern,

f 5Un̂3~k0x̂01u0xẑ!

k0
2 U2

,

this result can be recast as

d2Nx

dvsdV
5

a

2p
A0

2vs f g̃2~12x!. ~27!

A. The one-dimensional cold spectral density

In the case of a Gaussian pulse envelope, whereg(t)
5e2t2/Dt2, and for the interaction geometry shown in Fig.
Eq. ~27! takes the familiar form
01650
e
h

d
e

,

d2Nx

dvsdV
5

a

4p
A0

2Df2vs

3expH 2
Df2

2
@x~vs ,g0 ,u,w!21#2J

3
@g0 cos~u1w!2u0 cosu#2

@g02u0 cosw#4 . ~28!

Here, w is the incidence angle between the initial electr
velocity and the direction of propagation of the plane wav
and u is the scattering angle, measured with respect to
electron initial velocity. Equation~28! clearly shows that the
scattering spectral density is proportional to the incident p
ton number density, as represented by the laser inten
A0

2Df, and that the cold spectral bandwidth of the x rays
given by that of the incident laser pulse,Df2151/v0Dt.
Equation~28! also indicates that the peak intensity is rad
ated near the Doppler-shifted frequency, whe
x(vx ,g0 ,u,w).1; this yields \vx(g0 ,u,w)5\v0(g0
2u0 cosw)/(g02u0 cosu). For a head-on collision, wherew
5p, the frequency radiated on axis, foru50, is the same as
the free-electron laser~FEL! frequency for an electromag
netic wiggler @52#: for ultrarelativistic ~UR! electrons, we
recover the well-known relation,vx5g2(11b)2.4g2.

For a number of radiating electronsNe , the various
initial positions must be taken into account, as the cohere
factor @42,43# now appears as a sum of phasor
u(n51

Ne exp(ik•x0n)u2; this forms the basis of the stochast
electron gas~SEG! theory of coherence in Compton scatte
ing @42#, which is briefly presented in the Appendix. Her
incoherent summations over the electron beam phase-s
distribution will be used to study the influence of the phas
space topology on the scattered radiation.

The angular x-ray energy distribution can be mapped
considering the position of the spectral peak, wherevs
5vx , andx51. We then find that

FIG. 1. Schematic of the three-dimensional Compton scatter
geometry.
1-5
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d2Nx

dv dV
~vx ,n̂!

5
a

4p
A0

2Df2
@g cos~w1u!2u~g!cosu#2

@g2u~g!cosu#@g2u~g!cosw#3 ;

~29!

in the particular case of a head-on collision (w5p), the
angular behavior reduces to

cos2 u

@g2u~g!cosu#@g1u~g!#
'

g2u~g!

g2u~g!cosu
, ~30!

FIG. 2. ~Color! Angular x-ray distribution, @$g cos(w1u)
2u cosu%/(g2u cosu)(g2u cosw)#2, for g52 ~top! and g510
~bottom!.
01650
where the approximation holds for small angles; the f
width at half maximum~FWHM! of the x-ray cone can be
derived by further simplifying Eq.~30! for UR electrons and
small angles, where we can use the following approxim
tions: u(g).g2(1/2g), and cosu512u 2/2, respectively.
With this, the angular energy distribution is described by
Lorentzian: 1/@11(gu)2#, which has an angular FWHM
equal to 2/g. This well-known behavior of the x-ray
frequency-integrated cone@29# is illustrated in Fig. 2

Before studying the effect of energy spread and emitta
@44–46#, we also note that the cold, average on-axis brig
ness of the x-ray source can be estimated by multiplying
spectral brightness by the normalized average electron bu
current ^I b&5qr, wherer is the repetition rate of the sys
tem; by considering a 1-mrad2 solid angle,DV51026, and a
0.1% fractional bandwidth,Dv5vx31023; and by normal-
izing the source size to 1 mm2; with this we obtain

^Bx&5
a

4p

^ l b&
pr b

2 A0
2Df2vx310215, ~31!

where^Bx& is expressed in units of photons per 0.1% ban
width, per mrad2, per mm2, per s, andr b is the electron-
beam spot size, which we assume to be equal to the l
spot size. The normalized vector potential is given by

A05
e

v0m0c S 2

«0c

W 0

pw0
2Dt D 1/2

as expressed in terms of the laser pulse energyW 0 , duration
Dt, frequencyv0 , and focal spot sizew0 . With this, the
main scaling laws for the x-ray brightness are clearly exh
ited: bilinear in the laser pulse energy and electron bu
charge, and inversely proportional to the fourth power of
source size, 1/w0

2r b
2.

B. Energy spread

The formalism used to model the influence of the elect
beam phase-space topology is now illustrated in the case
linearly polarized plane wave with an arbitrary temporal p
file; in this simple case, analytical results are derived. W
introduce the cold, one-dimensional spectral brightness,

S0~v,g,f,w!5
4p

aA0
2Df2

d2Nx

dv dV

5v expH 2
Df2

2
@x~v,g,u,w!21#2J

3f ~g,u,w!. ~32!

Note that asS0 is a function of the electron initial energyg,
scattering angleu, and incident anglew, we can perform
incoherent summations over the electron initial energy a
momentum distributions to study the effects of energy spr
and emittance. For conciseness, the scattered frequen
now labeled asv, and the initial electron 4-velocity is la
beled asum

0 5(g,u), whereu5Ag221. The use of incoher-
1-6
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ent summations, while intuitively obvious, will be rigorous
justified a posteriori in the Appendix.

We start with the beam energy spread; the ‘‘warm’’ bea
brightness is given by

Sg~v,g0 ,Dg,u,w!

5
1

ApDg
E

1

`

S0~v,g,u,w!expF2S g2g0

Dg D 2Gdg,

.
vf ~g0 ,u,w!expS u2

v
2wD

H 11
1

2 S Df
Dg

g0
D 2F v

g0
2

cosw2cosu

~12cosw!2 G2J 1/2, ~33!

where we have used a Gaussian distribution to model
beam longitudinal phase space. Note that as

lim
Dg→0

1

ApDg
expF2S g2g0

Dg D 2G5d~g2g0!,

the cold brightness is automatically recovered for a mono
ergetic electron beam.

The analytical result in Eq.~33! is obtained by Taylor
expanding to second order around the central electron en
g0 . The normalization constant is given by

E
1

`

expF2S g2g0

Dg D 2Gdg.ApDg, ~34!

an excellent approximation forg0@1 andDg/g0!1. Here,
Dg refers to the energy spread; in addition,

a5
v

g0
3

~cosw2cosu!

~12cosw!2 , b 5x~v,g0 ,u,w!21,

u5
1

Dg2 F11
a

2
~DfDg!2G , v5

Df2

2
ab , w5

Df2

2
b 2.

Sincev andw are both linear functions ofb , which is equal
to zero at the peak of the x-ray spectrum, the exponentia
equal to one for v5vx . In addition, the factor
@Df(Dg/g0)#2 in the square root shows that the relati
energy spread must be compared to the normalized l
pulse duration, which is equivalent to the number of elect
magnetic wiggler periods; this indicates that to increase
x-ray spectral brightness by lengthening the drive laser pu
the requirement on the electron beam energy spread bec
increasingly stringent. Figure 3 illustrates the effects of
ergy spread, which are seen to symmetrically broaden
scattered x-ray spectrum and lower the peak intensity; Fi
shows the aforementioned saturation of the spectral bri
ness, as the laser pulse duration is increased, for a g
value of the energy spread, and a fixed value of the norm
ized potential; we see that for 0.5% relative energy spre
and g0550, a 200-fs laser pulse will yield the optimum
01650
e

n-

gy

is

er
-
e
e,
es
-
e
4
t-
en
l-
d,

spectral brightness with a minimum energy, longer pul
requiring more energy without any beneficial effects on
x-ray spectral width.

C. Emittance

We now turn our attention to the influence of the electr
beam emittance:

S«~v,g0 ,Dg,u,w0 ,Dw!.
1

ApDw
E

0

2p

Sg~v,g0 ,Dg,u

2d,w01d!expF2S d

Dw D 2Gdd,

~35!

where the spread of incidence angle is given in terms of
beam emittance«, and radiusr b , by Dw5«/g0r b , and
wherew0 is the mean incidence angle, defined by the la
and electron beams. Again, the normalization constan
given by

E
0

2p

expF2S d

Dw D 2Gdd5ApDw, ~36!

provided thatDw!1.
In Eq. ~35!, we note the important geometrical correctio

term,u2d, which corresponds to the fact that the scatter

FIG. 3. ~Color! On-axis x-ray spectral brightness for
cold beam ~blue, right scale!, Dg/g050.5% ~green!,
«51 pmm3mrad ~red!, and three-dimensional computer simul
tions ~red squares!. The beam energy is 22.75 MeV, the bunc
charge is 0.5 nC, its duration is 1 ps; the laser wavelength isl0

5800 nm (TiAl2O3), the laser pulse energy is 50 mJ,w05r b

510mm cylindrical focus,w05180°, A050.17, and the overall
repetition rate of the system is 1 kHz. The synchrotron units co
spond to photons per 0.1% bandwidth, per mm2, per mrad2, per
second; this is abbreviated here and in the remainder of the te
Nx /(0.1% bandwidth mrad2 mm2 s).
1-7



ity
r

tr
ec
e

o
rib
.
ht
nc
e
a

c-

r

cal
hat
ce,

ed at

nd
rge

pace

of

th
a

F. V. HARTEMANN et al. PHYSICAL REVIEW E 64 016501
angle is measured with respect to the initial electron veloc
The effects of emittance are illustrated in Fig. 3, and a
found to be independent ofw0 . Considering the on-axis
x-ray spectral line, it is clear that emittance both asymme
cally broadens the spectrum and decreases the peak sp
brightness; near head-on collisions, a low-energy tail dev
ops because the maximum Doppler-shift corresponds td
50: other electrons produce a smaller upshift, thus cont
uting to the lower energy photon population as seen in Fig

Returning to the cold, one-dimensional spectral brig
ness, the integral over a Gaussian distribution of incide
angle can be performed analytically, provided that the sp
tral density is approximated by the exponential of a biqu
dratic polynomial@53#:

E
0

`

e2mx422nx2
dx5

1

4
A2n/m expS n2

2m D K̄1/4S n2

2m D ,

~37!

where K̄1/4 is defined in terms of Bessel functions of fra
tional order:

K̄1/4S n2

2m D5I 21/4S n2

2m D2
n

unu
I 1/4S n2

2m D . ~38!

Since vf (g,u,w) is a slow-varying function of the inci-
dence angle, we can seek an approximate expression fo
cold spectral density of the form:

FIG. 4. On-axis x-ray spectral brightness as a function of
laser pulse duration, for two different values of the energy spre
other parameters are as in Fig. 3.
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S0~v,g,u2d,w1d!.vf ~g,u,w!exp@2m~v,g,u,w!d 4

22n~v,g,u,w!d21l~v,g,u,w!#.

~39!

The constant term is obtained by takingd50: l(v,g,u,w)
52(Df2/2)@x(v,g,u,w)21#2; the other coefficients are
derived using cosd .12d 2/2!1d2/4! and sind .d2d 3/3 !
We then find thatm5(Df2/2)@(m11m2)/(g2u cosw)# and
2n5(Df2/2)@(n12n2)/(g2u cosw)4# with

m15~g2u cosw!2H u

12
~cosw2cosu!@g~v21!

1u~cosw2v cosu!#2
u2

3
~v sinu1sinw!2

1
u2

4
~cosw2v cosu!2J ,

m25@v~g2u cosu!2g1u cosw#2

3F u

12
cosw~g2u cosw!1

u2

3
sin2 w2

u2

4
cos2 wG ,

n15~g2u cosw!2$u2~v sinu1sinu!22u~cosw2v cosu!

3@g~v21!1u~cosw2v cosu!#%,

n25@u cosw~g2u cosw!1u2 sin2 w#@v~g2u cosu!

2~g2u cosw!#2. ~40!

This result is compared to a full three-dimensional numeri
simulation on Fig. 3; the agreement is quite good. Note t
to include both the effects of energy spread and emittan
the analytical results given in Eqs.~37! and ~39! are multi-
plied by the energy spread degradation factor, as measur
the peak of the cold spectrum:

S«.
vx f ~g0 ,u,w0!

H 11
1

2 S Df
Dg

g0
D 2Fvx

g0
2

cosw02cosu

~12cosw0!2 G2J 1/2

3
vf ~g0 ,u,w0!

2ApDw
A2n/m expS n2

2m
1l D K̄1/4S n2

2m D .

~41!

At this point, the combined effects of energy spread a
emittance can be further studied by varying the bunch cha
and modeling the behavior of the electron beam phase s
as follows:

Dg

g0
~q!5H Fg0

2
~v r f Dt!2G2

1S e

m0c2

q

2p«0cDt D 2J 1/2

,

~42!

where the first term is the spread due to the finite duration
the bunch in the rf accelerating bucket of frequencyv r f /2p,

e
d;
1-8
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THREE-DIMENSIONAL THEORY OF EMITTANCE IN . . . PHYSICAL REVIEW E64 016501
while the second term corresponds to space-charge; for
emittance, an empirical linear scaling with charge is cho
@54#, with «(q).sq, and s51p mm3mrad/nC. This re-
sults in the brightness curve shown in Fig. 5, where
brightness first scales linearly with the charge, reache
maximum near 0.5 nC, and starts degrading thereafter un
the combined influences of energy spread and emitta
This optimum value of the charge is quite interesting as
very nearly corresponds to the state-of-the-art for hig
brightness photoinjectors@5–7#.

IV. THREE-DIMENSIONAL THEORY OF EMITTANCE
IN COMPTON SCATTERING

The HLF theorem is now applied to the case of a thre
dimensional laser focus. The transverse laser profile is sp
fied at the focal plane, and propagated using the met
discussed in Ref.@40# where the vector potential derive
from a generating function:A5“3G; in this manner, the
Coulomb gauge condition,“•A50, is automatically satis-
fied. For a linearly polarized Gaussian-elliptical focus, w
focal waistsw0x andw0y , and a monochromatic wave at th
central frequencyv051, with a Gaussian envelope of dura
tion v0Dt5Df, the 4-potential is represented i
momentum-space by

Ãm~kn!5
Ap

2
A0w0xw0yDt

3expH 2Fw0xkx

2 G2

2Fw0yky

2 G2

2FDt~v21!

2 G2J
3d~kz2Av22kx

22ky
2!@ i ~2 x̂kz1 ẑkx!#. ~43!

FIG. 5. On-axis x-ray brightness as a function of the electr
bunch charge; all other parameters are as in Fig. 3.S«(q) is dimen-
sionless.
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Here, we recognize thek' spectrum, the frequency spec
trum, the propagator,d(kmkm), and the curl operator, as ex
pressed in momentum space.

The scattered radiation can now be determined by us
the HLF theorem; to obtain an analytical result than can
further exploited to include the phase-space topology of
electron beam interacting with the laser pulse using
method outlined above, the paraxial propagator formali
@40,41# is used: the phase functiond(kz2Av22kx

22ky
2), is

replaced byd@kz2v1(kx
2/2k0)1(ky

2/2k0)#. The accuracy of
the paraxial approximation has been studied in detail@40,41#,
and found to be extremely good over a wide range of para
eters; however, in the case of Compton scattering, the
lowing conditions must also be satisfied:k0

2w0,x,y
2

.Df2@uz(ks2k0)2ux,y
2 #.

With this proviso, the integrals over the transverse wa
number components converge, and can be performed ana
cally @53#: we use the well-known integral of the exponent
of a complex, second-order polynomial,

E
2`

1`

e2~ax212bx1c!ei ~rx212qx1r !dx

5
Ap

A4 a21p2
expS a~b22ac!2~aq222bq1cp2!

a21p2 D

3expH i F1

2
arctanS r

aD

2
p~q22pr !2~b2p22abq1a2r !

a21p2 G J ~44!

and the fully three-dimensional x-ray spectral brightness
now obtained as a function of the electron initial position a
velocity, x0 andu0 , as well as the laser parameters, and
scattered 4-wave-number,km

s 5(vs ,vsn̂). Frequencies are
normalized to the laser pulse central wavelength,k05v0

51, and axial positions are measured from the laser fo
plane, lying atz50. The complete result is quite comple
and was tracked analytically usingMATHEMATICA @55#.

A. The cold three-dimensional spectral density

Writing the cold ~single electron! three-dimensional
brightness as

n

1-9
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aA0
2Df2w0x

2 w0y
2

~4p!2 S0~km
s ,xm

0 ,um
0 !5

d2Nx

dv dV
5

a

~4p!3

v

k2 A0
2w0x

2 w0y
2 Dt2U n̂E E

R2

~akx
21bky

21gkxky1dkx1«ky1z!

3exp@2~akx
21bky

21ckxky1dkx1eky1 f !#exp@ i ~pkx
21qky

21rkx1sky1t !#dkxdkyU2

~45!
n

m

ll as

l
ree-
lly,

m,
m,
ap

d

fre-

se
nge
e to
tor

lli-
we can introduce the following coefficients for the expone
tials:

a5
1

4 H Dt2@ux
22uz~ka2k!#

k2 1w0x
2 J ,

b5
1

4 H Dt2@uy
22uz~ka2k!#

k2 5w0y
2 J ,

c5
Dt2uxuy

2k2 , d5
Dt2ux~ks2k!

2k2 ,

~46!

e5
Dt2uy~ks2k!

2k2 , f 5
Dt2~ks2k!2

4k2 ,

p52
gz0

2k
, q52

gz0

2k
, r 5x01

uxz0

k
,

s5y01
uyz0

k
, t5

kzz0

k
;

furthermore, the curl operator, expressed in transverse
mentum space, yields the following vector components:

ax5
gks22ux

212kuz

2kks
, ay50,

az5
kuxuz2ux

31uxgks

k2ks
,

bx5
g

2k
, by52

uxuy

kks
, bz5

2uxuy
21uxgks

k2ks
,

gx52
uxuy

kks
, gy5

kuz2ux
2

kks
, gz5

kuyuz22ux
2uy

k2ks
,

~47!

dx522
ux

k
, dy50, dz511

uz

k
22

ux
2

k2 ,

«x52
uy

k
, «y52

ux

k
, «z522

ux

k

uy

k
,

01650
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zx52
ks

k
, zy50, zz52

ksux

k2 .

These terms are functions of the laser parameters, as we
the scattering 4-wave-numberkm

s , and the electron initial
position xm

0 and velocity um
0 ; therefore the 6-dimensiona

electron phase space now appears explicitly in the th
dimensional spectral density of the scattered x rays. Fina
the incident and scattered light-cone variables are

k5g2zz , ks5v~g2n̂•u!. ~48!

The advantage of a fully analytical treatment of the proble
afforded by the use of the paraxial propagator formalis
resides in the much shorter computing time required to m
the radiation produced by each electron in the beam.

A much simplified form of the general result is obtaine
by considering a centered electron, wherex050: in this case,

d2N~km
s !

dvsdV

5
avsA0

2

4pk0
2 hxhyh tun̂3v~un

0,xn
0km

s !u2

3expH 2
Df2~x21!21F~un

0,xn
0,km

s !

2F11hxDf2S ux

w̄x
D 2

1hyDf2S uy

w̄y
D 2G J .

~49!

Here, we have definedw̄x,y5k0w0,x,y , and the normalization
constants

hx,y~km
s !5

w̄x,y
2

w̄x,y
2 1Df2uz~k02ks!

,

h t~km
s !5FDf221hxS ux

w̄x
D 2

1hS uy

w̄y
D 2G21

; ~50!

we have also introduced the normalized Doppler-shifted
quencyx(un

0,km
s )5ks /k0 . Equation~50! indicates that the

minimum x-ray spectral width is given by the laser pul
duration; it also shows that three-dimensional effects cha
the x-ray spectrum because of the convective terms du
the electron crossing the laser focus. The vec
v(un

0,xn
0,km

s ), and the functionF(un
0,xn

0,km
s ) both depend on

the initial position of the electron; whenxn
050”, F50. In

addition, in the specific cases of transverse or axial co
sions,un̂3vu2 takes a relatively simpler form:
1-10
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un̂3v~ ẑuz,0”,km
s !u25un̂3 x̂u2Fhxk0~2k0uz1gks!

w̄x
2ks

1
hyk0g

w̄y
2 2

ks

k0
G2

, ~51!

un̂3v~ ŷuy,0”,km
s !u2

un̂3 x̂u2
5H k0g

w̄x
2 2

ks

k0
2

Df2uy
2~k02ka!2

gk0
2uy

2

Df2uy
21w̄y

2 FDf21
Df4

2 S 12
ks

k0
D 2

1
w̄y

2

uy
2 G

k0~Df2uy
21w̄y

2!
J 2

, ~52!

ux̂3v@ x̂ux,0”,vs~1,x̂!#u2

ux̂3 ẑu2
5H k0g

ŵy
2 2

ks

k0
2

2Df2ux
2~k02ks!1

gks22ux
2

2ks
@Df4ux

2~k02ks!
212k0

2~Df2ux
21w̄x

2!#

k0~Df2ux
21w̄x

2!
J 2

. ~53!
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B. Three-dimensional effects

The physics underlying these results can be summar
as follows: first, the one-dimensional kern
(avsA0

2Df2/4pk0
2)exp$2(Df2/2)@x(v,g,u,w)21#2% al-

ways appears, indicating that the scattered radiation s
trum peaks near the Doppler-shifted frequencyx51; fur-
thermore, the scattering is proportional to the laser pu
energyA0

2Df, and the minimum spectral width is given b
that of the laser,Df21; second, the interaction geomet
modifies the spectral width, as illustrated in Fig. 6; in t
case of a transverse interaction, wider bandwidths can
obtained for narrow focal spots, corresponding to the afo
mentioned shorter effective interaction time due to the c
vective motion of the electron through the focus; in additio
the spread of incidence angleDw.pl0 /w0 , corresponding
to smaller spot sizes plays an important role whenw0
5p/2, because of the cosw0 behavior of the differential scat
tering cross section; by contrast, whenw05p, these correc-
tions are quadratic and nearly negligible; third, in the ca
where the initial velocity is in the direction of polarization
shown in Fig. 6, the radiation observed along that direct
results from the axial component of the 4-potential, which
a purely three-dimensional effect; finally, we note that
larger values of the focal spot size, aroundw05100mm, the
spectra converge to the minimum spectral width of the la
regardless of the interaction geometry.

A systematic study of three-dimensional effects, includ
timing jitter, electron beam and laser pulse spatial overlap
well as varying interaction geometry, is given in Sec.
where we present the three-dimensional code develo
from the formalism derived here.

V. THREE-DIMENSIONAL COMPTON CODE

In order to fully exploit the results derived in Sec. IV, w
have developed a three-dimensional code describing the
diation scattered by a distribution ofNe point charges having
the same charge-to-mass ratio as electrons.
6Ne-dimensional phase space is generated by rando
loading the particles in prescribed statistical distribution,
can be the output of an electron beam optics code, suc
PARMELA. The interface ofPARMELA @56# to our three-
dimensional code will be described in detail in an upcom
01650
ed
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paper; here, we will focus on a 6Ne-dimensional phase-spac
model using Gaussian distribution: a given particle, nu
bered 1< i<Ne , is assigned a random position, (xi

0,ui
0), in

phase space; its charge is then scaled as

qi5expF2S xi
02x0

Dx D 2

2S yi
02y0

Dy D 2

2S zi
02z0

Dz D 2

2S uxi
0 2ux0

Dux
D 2

2S uyi
0 2uy0

Duy
D 2

2S uzi
0 2uz0

Duz
D 2G ,

~54!

to reflect the probability distribution. Here,x0 and y0 now
correspond to transverse spatial offsets,z0 represents timing
jitter, Dx andDy are the electron bunch waist size, whileDz
is the bunch duration;u0 corresponds to the electron bea
incidence, whileDux andDuy are related to the beam hor
zontal and vertical emittance; finally,Duz represents energy
spread. Note that far from head-on collisions, one need
perform the appropriate projections to correctly relate
quantities discussed above to the conventional parame
describing the electron beam phase space; we also note
the random Gaussian loading technique presented here
not include correlations found in typical beams modeled
PARMELA; for our current purpose, however, this mod
proves entirely sufficient as it allows us to verify the acc
racy of the one-dimensional theory of emittance and ene
spread developed in Sec. III, and to benchmark the cod
the plane wave limit; it also allows for the systematic stu
of the x-ray spectral brightness degradation under a var
of conditions closely approaching experimental constrain
The code keeps track of the total charge,( i 51

Ne qi , and after
performing the incoherent summation over all particles,
charge is rescaled to the desired value.

The terms in Eqs.~46! and ~47! are easily tracked by the
code, and formula~44! is used twice to perform the integra
over thekx andky components of the transverse wave nu
ber, as prescribed in Eq.~45!. In running the code initially, it
was determined that good statistical convergence is obta
for Ne>33104; generally, we have used 50 000 particles
the results presented here. Two different types of output d
files are created by the code: spectral brightness measur
a prescribed scattering angle, or angular maps at a spec
1-11
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x-ray frequency; for angular maps, the code also integra
the flux over the map, in a small~typically 1 eV! x-ray pho-
ton energy interval. This last result is important for x-ra
protein crystallography and other applications.

We have first systematically studied the effects of ene
spread, emittance, electron beam focal spot size, bunch
ration, and timing jitter. For the sake of clarity, we hav
chosen cylindrical foci:Dx5Dy and w0x5w0y . To distin-

FIG. 6. On-axis spectral brightness as a function of the Dopp
shifted frequency and focal radius for transverse interactions; e
spectrum is normalized to unity to clearly exhibit the broaden
and frequency shift. Here,g550, l05800 nm, andDt550 fs. The
spurious peak on the bottom graph corresponds to a regime w
the conditionk0

2w0x,y
2 .Df2@uz(ks2k0)2ux,y

2 # is violated.
01650
es

y
u-

guish between the various effects, we have varied each
one of the parameters listed above, while maintaining
other parameters equal to zero, and the radiation freque
x51; furthermore, to help comparing the various effects,
have normalized the brightness. The results are given in
7, and very clearly show that the various degradation mec
nisms studied yield similar curves, roughly scaling
1/A11j2, where j represents the degradation paramet
properly scaled; for example, in the case of energy sprea

j5
Df

&

Dg

g0

v

g0
2

cosw2cosu

~12cosw!2 .

From an experimental point of view, the most stringent
quirements are clearly on emittance and energy spread
nally, the optimum electron beam size does not corresp
to a match with the laser mode; rather, the beam should
focused as tightly as possible within the laser focal spot. T
can easily be understood, if we consider the laser pulse a
electromagnetic wiggler, which has maximal field streng
or photon density, on-axis. For high-energy beams, wh
emittance and space-charge effects are very small, and
therefore be focused over a few tens of nm, this is a pot
tially important result. We also note that this conclusion do
not hold if the laser beam depletion becomes important.

The case of a realistic beam is presented in Figs. 8 an
The laser parameters are as follows:l05800 nm, w0
510mm, Dt5200 fs, and a pulse energy of 50 mJ. T
electron bunch energy is 22.75 MeV, its charge is 0.5 nC,
relative energy spread isDg/g050.5%, the beam normal
ized emittance is 1p mm3mrad, and the focal spot siz
matches the laser focal distribution. A repetition rate of
kHz is used to scale the average spectral brightness of
source; the maximum brightness compares well with t
produced by bend magnets on synchrotron beamlines.
angle of incidence is 180°, and the spectra are observed
axis; the angular maps are obtained at the spectral maxim
One-dimensional, cold beam results are shown for comp
son in Fig. 3, and clearly demonstrate the importance of
theoretical model developed here, as the warm, thr
dimensional brightness is seen to be considerably sma
than that predicted by a simple one-dimensional theory.

We also note that the laser-driven Compton source
produce much shorter x-ray flashes than those currently g
erated at synchrotrons: sub-100-fs pulses will be readily p
duced, in contrast with FWHM in the 35–100-ps range at
Advanced Light Source and 170 ps at the Advanced Pho
Source~APS! @29#.

VI. X-RAY PROTEIN CRYSTALLOGRAPHY

One important application identified and targeted for t
0.9-Å Compton x-ray source is protein crystallography;
this section, a broad outline is given, while for details, w
refer the reader to Sec. 5 of the Appendix. Recombin
DNA technology@33# is used to produce large quantities of
given protein by introducing the corresponding coding DN
sequence into the genetic material of a bacterium. Ove
pression of large quantities of the protein is induced, and

r-
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g
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FIG. 7. Degradation of the on-axis x-ray spe
tral brightness as a function of energy spread~top
left!, emittance~top right!, electron bunch radial
beam overlap~bottom left!, and timing jitter~bot-
tom right!; the other parameters are maintain
equal to zero and the beam energy is 22.75 Me
the bunch charge is 0.5 nC, its duration is 1 p
the laser wavelength isl05800 nm, w0

510mm, and the laser pulse energy is 50 mJ.
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protein is extracted and purified. Single crystals of the p
tein are grown in solution, and diffraction data~intensities of
lattice reflections! are collected at cryogenic temperatures
minimize radiation damage. To reconstruct the thr
dimensional electron density of the molecule by Four
methods, two terms per reflection are needed: the struc
factor amplitudes, which are readily measured as the sq
root of the reflection intensities, and the phase angle for e
reflection, which is not directly obtainable from protein da
~the ‘‘phase problem’’ in crystallography!. The most power-
ful method to solve the phase problem is MAD phasin
where experimental phase information is obtained from d

FIG. 8. On-axis, average x-ray spectral brightness backscatt
by a 22.75-MeV, 0.5-nC, 1-ps electron bunch;l05800 nm, 50 mJ,
w05r b510mm cylindrical focus,w05180°, A050.17; the repeti-
tion rate is 1 kHz.
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persive differences between, and anomalous~Bijvoet! differ-
ences within, data sets collected at different waveleng
around the absorption edge of anomalously scattering at
introduced in the protein@27,28,38#. ~See Fig. 10.!

This approach, first demonstrated at dedicated sync
tron beamlines, has proven extremely successful, for
ample, to provide the structural information crucial for th
ab initio design of inhibitor molecules targeting specifi
binding sites on proteins such as the HIV protease, thus
viding a paradigm for systematic drug design and devel
ment@34#. As synchrotrons are large and expensive faciliti

ed
FIG. 9. ~Color! Angular map of the x-ray spectral brightnes

the other parameters are as in Fig. 8, and the x-ray energy is 1
keV.
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FIG. 10. ~Color! Section of electron density map and protein structure model. After initial protein phases are obtained, a mode
protein ~ball-and-stick model, yellow: carbon atoms; blue: nitrogen atoms, red: oxygen atoms and water molecules! is built into the
solvent-flattened electron density map~blue three-dimensional grid! using real space fitting. The selected region is a three-residue stretc
of the 233 residues comprising the structure of a rationally designed, engineered Staphylococcal enterotoxin A~SEA! mutant vaccine@62#.
The hole in the proline ring indicates that displayed electron density map is of high quality~1.5 Å resolution!.
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our goal is to develop compact, tunable, x-ray sources w
nearly comparable characteristics at a fraction of the c
Laser-driven Compton scattering allows one to use a m
lower electron beam energy~tens of MeV instead of GeV!,
while retaining the tunability distinguishing synchrotro
from conventional x-ray sources. The combination of a tab
top, terawatt-class laser with an integrated, high-brightn
relativistic photoelectron source will result in such a comp
x-ray source, provided that the combined quality of the el
tron and laser beams is sufficiently high.

In recent years, molecular biology has yielded tremend
advances in our understanding of the basic mechanisms
01650
h
t.
h

-
s,
t
-

s
n-

derlying the biology of multicellular organisms, as exemp
fied by the Human Genome Project~HGP! @30# and the
emergence of recombinant DNA technology@33#. These ad-
vances have resulted in novel approaches to the system
diagnosis and treatment of a broad range of illnesses:
example, a detailed understanding of the expression of pr
oncogenes might lead to highly efficient new strategies
fight cancer. With the HGP nearing full completion, the a
tention of the biomedical research community is rapid
shifting to the fundamental problem of protein structure a
function, or structural genomics@31,32#.

Within this context, x-ray protein crystallography is on
1-14



tu
t

n

th

c
-
m

c-

e

he
um

r
s

irs
da

r

d
fo
e
o

o
en
in
i

or
in
gl

tic
tl

ra
e
at
ro
s

the
ults
h,

ht-
ts
,
ith

c-
ine

ge:
nt

ote
l
AD

ce
ieved
ma-
-
dis-
best
the
eter-

THREE-DIMENSIONAL THEORY OF EMITTANCE IN . . . PHYSICAL REVIEW E64 016501
of the foremost tools to study the three-dimensional struc
of proteins. As recently demonstrated by the developmen
HIV protease inhibitors@35,36#, x-ray protein crystallogra-
phy is a key enabling technology for rational drug design a
development@34#.

A. Multiwavelength anomalous diffraction

One of the key challenges in protein crystallography is
determination of the phase of the diffracted waves, which
determined by the absolute spatial position of each diffra
ing atom in the lattice@57#. The electron density in the crys
tallized protein is obtained by performing the Fourier su
mation:

r~x,y,z!5
1

V (
h52`

1`

(
k52`

1`

(
l 52`

1`

uF~h,k,l !u

3exp$22p i @hx1ky1 lz2w~h,k,l !#%,

~55!

whereuF(h,k,l )u is the structure factor amplitude of refle
tion (h,k,l ), including the temperature factor, andw(h,k,l )
is the phase angle to be determined. The x-ray detector m
sures the diffracted intensity,I (h,k,l )}uF(h,k,l )u2; there-
fore, additional information is required to determine t
phase in order to perform the three-dimensional Fourier s
mation in Eq.~55!.

In the case where a crystal contains anomalous scatte
~either as heavy atoms soaked into the protein crystal
introduced into the protein as Se-methionine! @58#, one can
exploit the differences in intensity between Bijvoet pa
within a data set, and dispersive differences between
sets recorded at different wavelengths, to determine the
flection phase angles@59–61#. In MAD, the strong wave-
length dependence of the anomalous scattering aroun
x-ray absorption edge is used: typical spectral widths
well-definedK or L edges are of the order of a few eV. Th
wavelengths must be correspondingly carefully chosen to
timize the anomalous and dispersive signal~see Fig. 11!.
Many high-Z elements, which can be incorporated into pr
teins, give rise to sufficiently strong anomalous signals. H
drickson showed that the presence of a single Se atom
protein of up to approximately 150 amino acid residues
sufficient to determine phases via MAD@58#. A single heavy
atom like Au or Hg can have the power to phase 300 or m
residues. Several anomalous scatterers present in a s
crystal allow the phase determination of correspondin
larger structures.

B. Protein data acquisition time

We now compare the calculated radiation characteris
of the Compton source with the two main sources curren
used for x-ray protein crystallography: rotating anode x-
sources and synchrotrons. As one must match the x-ray b
divergence to the crystal mosaicity for high-resolution d
collection, the 3.5-mrad half-angle of the x-ray cone p
duced in our simulations is a very encouraging result, a
matches the mosaicity of the best protein crystals,.0.2°.
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A simple comparison can be made by considering
average spectral brightness of different sources; the res
are typically given in units of photons per 0.1% bandwidt
per mm2, per mrad2, s! @29#. For modern rotating anode
sources, given a 2.6-eV width for theKa1 line of copper at
1.540 51 Å and up to 98% flux in that line, an average brig
ness around 109 is possible; synchrotron bending magne
reach 1015 at 10 keV for a 6–8-GeV ring, while a 72-period
3.3-cm wavelength undulator produces 9.4-keV photons w

FIG. 11. Selection of wavelengths for a MAD experiment. A
tual normalized absorption edge scan of Se in a Se-Methion
labeled protein@63#. The atomic scattering factorf contains a sig-
nificant wavelength dependent contribution at the absorption ed
f 5 f 01 f 81 i f 9. The top part represents the imaginary compone
of the anomalous, wavelength dependent scattering factorf 9, while
the lower graph shows the real partf 8, obtained from the measured
absorption signal, using the Kramers-Kronig transformation. N
that the magnitude off 8 and f 9 is only a few electrons. Carefu
selection of the wavelengths is thus necessary to optimize the M
data collection. At the peak of the absorption edge (f MAD9 ), the
anomalous signal difference between Bijvoet~or Friedel! pairs
within a data set is maximized. The largest dispersive differen
between data sets recorded at different wavelengths can be ach
against data collected at the minimum of the real part of the ano
lous scattering factor (f 8). The arrows labeled high and low repre
sent the remote wavelengths used in the creation of additional
persive differences. From a number of differences a combined,
anoamolous difference data set is created, from which, in turn,
heavy atom positions, needed in the phasing process, can be d
mined by Patterson and/or direct methods@64#.
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F. V. HARTEMANN et al. PHYSICAL REVIEW E 64 016501
a brightness of 4.831018 at the APS@29#; however, bright-
nesses.1012 begin to cause severe radiation damage. T
Compton source generates 12.77-keV photons with a bri
ness of 4.131010; this compares quite favorably with rota
ing anode x-ray sources, especially in view of added tuna
ity, which is indispensable for MAD. A more detaile
comparison is given in Sec. 5 of the Appendix.

C. The micro-MAD concept

A unique characteristic of the Compton source is the v
small size of the x-ray source, which essentially matches
of the laser focal spot size; for imaging applications, t
translates into increased contrast and better resolution.
also has important implications for microcrystals, which a
more easily produced and often are of better quality~i.e.,
diffracting to higher resolution with smaller mosaicity! than
larger ones. Cooling also becomes less problematic
smaller crystals due to the lower amount of heat genera
and the more advantageous surface-to-volume ratios. Th
fore, the Compton x-ray source seems almost ideally su
for the development of a compact, user-friendly, tuna
x-ray source, with an average brightness comparing w
with that of rotating anode sources, and the capability
using MAD on microcrystals; this is the idea underlying t
micro-MAD ~mMAD ! concept currently being evaluated
Lawrence Livermore National Laboratory.

VII. CONCLUSIONS

In this paper, we have given a detailed and extensive
sentation of the three-dimensional theory of Compton s
tering, where the influence of the electron beam phase-s
topology, including the effects of emittance and ener
spread, upon the scattered x-ray brightness is fully taken
account. The centerpiece of our theoretical model is emb
ied by the radiation theorem derived in Sec. II, which yie
the three-dimensional spectral density scattered by a si
charged particle in an arbitrary electromagnetic field dis
bution in vacuo, provided that the corresponding vector p
tential satisfies the conditionueA/m0cu2!1. We then apply
this formalism to the case of a laser focus, and use
paraxial ray approximation to obtain a fully analytical sol
tion; finally, incoherent summations are performed in t
case of a distribution of charges. We have developed a th
dimensional Compton scattering code based on this form
ism; the initial electron phase-space distribution can be m
eled either using a random Gaussian loading scheme, w
is useful to benchmark the code, and to compare the th
dimensional results with the analytical theory of emittan
and energy spread derived in the one-dimensional limit
discussed in Sec. III, or by interfacing our code with
electron beam design code, such asPARMELA; in that case,
the macroparticles pushed byPARMELA are propagated
through the three-dimensional laser focus, and the radia
scattered by each charge is summed incoherently to ob
the corresponding x-ray brightness. Finally, a design
ample is discussed, and its relevance to x-ray protein c
tallography is examined in detail; within this context, w
introduce themMAD concept, where we believe that th
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Compton source could be used to apply MAD to prote
microcrystals with great benefits.
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APPENDIX: COHERENCE, HARMONICS,
AND RADIATIVE CORRECTIONS

This Appendix is mainly intended as a brief review, i
cluded here for the sake of completeness; however, the
chastic electron gas model is highly relevant to our analy
as it justifiesa posteriori the incoherent summation tech
nique used to model the electron beam phase-space topo

1. Stochastic electron gas model

To study the coherence of the radiation produced by
ensemble of electrons subjected to the drive laser field
simple plane-wave model suffices: the electron 4-velocity
described by

u'~t!5A'~f!, uz~t!5u01
k0

21

2
A'

2 ~f!,

g~t!5g0

k0
21

2
A'

2 ~f!. ~A1!

Here, u05g0b0 is the initial electron momentum. Th
4-position of the interacting electron is then

xm~f!5xm~f50!1E
0

f dxm

dt

dt

df
dc

5xm01k0
21E

0

f

um~c!dc. ~A2!

For a number of independent electrons, provided that sp
charge effects can be neglected, the dynamics are iden
except for the fact that the initial positions vary. Again,
discussed by Jackson@51#, the distribution of photons radi
ated per unit solid angle, per unit frequency is

d2Nx~v,n̂!

dv dV
5

a

4p2

v

k0
2 U(

n51

Ne E
2`

1`

n̂3@ n̂3un~f!#

3exp$ iv@f1zn~f!2n̂•xn~f!#%dfU2

,

~A3!
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whereNx is the photon number,n̂ is the unit vector in the
direction of observation,a is the fine-structure constant,Ne
is the electron number, and where we have used the pha
the independent variable, as well as the invariance ok
5k0 . As discussed above,un(f) can be replaced by th
single-electron result obtained in Eq.~A1!.

In the case of Compton backscattered radiationn̂
52 ẑ), Eq. ~A3! reduces to

d2Nx~v12 ẑ!

dv dV
5

a

4p2

v

k0
2 U(

n51

Ne E
2`

1`

A'~f!

3exp$ iv@f12zn~f!#%dfU2

; ~A4!

the axial position of each radiating electron must now
specified:

zn~f!5zn1
u0

k0
f1

1

2k0
2 E

0

f

A'
2 ~c!dc, ~A5!

where zn is the initial position of the nth electron.
*0

fA'
2 (c)dc represents the relativistic mass correction of

‘‘dressed’’ electron within the high-intensity laser pulse. T
integral over phase and the sum over electrons are now s
rated:

d2Nx~v12 ẑ!

dv dV
5

a

4p2 xU E
2`

1`

A'~f!

3expH ixFf1E
0

f

A'
2 ~c!dcG J U2

3U(
n51

Ne

exp~ i2vzn!U2

. ~A6!

Here, x5v@(11b0)/(12b0)# is the normalized Doppler

shifted frequency andu(n51
Ne exp(i2vzn)u2 is the coherence

factor @42,43#.
In the case of a uniform initial electron distribution wit

random phase, illustrated in Fig. 12~top!, the coherence fac
tor is simply the amplitude of a sum of phasors, each w
unit length and a random angle. To show that the aver
length of the sum is given byANe, one can simply use a
proof by recurrence: let us first assume that the aver
length of the firstn phasors isAn; we now add a vector o
unit length with random orientation, as shown in Fig.
~middle!, and the new vector has a length given

A(An1cosu)21sin2 u5An1112Ancosu. To obtain the
average length of the new vector, we perform the integ
over the random angleu:
01650
as

e

e

pa-

h
e

e

l

^Au~An1cosu!x̂1 ŷ sinuu2&

5Fn111
An

p
E

0

2p

cosu duG 1/2

5An11, ~A7!

which proves the recurrence.
We have thus shown that^u(n51

Ne exp(iun)u2&5Ne; this re-
sult is independent of the radiation frequency, because th
are no boundary conditions to define a length scale. I
realistic situation, the initial electron distribution natural
defines a transition from coherent to incoherent radiation
a given wavelength: for electron distributions much shor
than that wavelength, the radiation process is expected t
coherent, while for longer bunches one should obtain in
herent radiation.

To properly model this situation, the derivation presen
above must be modified: the key point in the derivation is
replace the average over the random phase angle perfo
in Eq. ~A7! by a weighted average including the probabili
density of the initial phase. As derived previously, the leng
L(n11) of n11 phasors is given by

L2~n11!5@L~n!1cosu#21sin2 u

5L2~n!1112L~n!cosu; ~A8!

FIG. 12. Phasor summation and phase angle probability den
for ~from top to bottom! incoherent, partially coherent, and full
coherent scattering.
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averaging Eq.~A8! over the random phase angle, and taki
the limit wheren@1, we find that

L~n!5An~12^cosu&2!1n^cosu&, ~A9!

with a relative error equal to 1/An. The accuracy of this
solution is illustrated in Fig. 13~top!, where the behavior o
L(n), calculated exactly with a computer, is shown as
function of ^cosu&, and compared to Eq.~A9! for n5106;
the precision is excellent.

For incoherent radiation̂cosu&50, and we recover the
linear scaling of the radiated power withn; the case of co-
herent radiation corresponds tôcosu&51, for which the
power scales asn2. At this point, the averaging over th
random phase angle must be specified; we have

^cosu&5E
2`

1`

P~u!cos@u~z!#du, ~A10!

whereP(u) is the probability density for the initial phase o
the electron.P(u) is directly related to the initial electron
distribution by the relationu52vz, and is normalized:
*2`

1`P(u)du51. Here, a Gaussian bunch of widthDz is con-
sidered; the probability density takes the form

FIG. 13. Top: comparison between the average length on
5106 phasors, as calculated exactly with a computer, and as
rived from Eq.~A9!. Bottom: logarithm of the effective number o
radiating electrons as a function of the normalized bunch length
both models.
01650
a

P@u~z!#5~1/Ap2vDz! exp@2~z/Dz!2#,

and the average over the phase angle becomes

^cos~u!&5h~a!5Aa/pE
2`

1`

e2au2
cosu du, ~A11!

wherea51/(2vz)2. The integral in Eq.~A11! can be per-
formed analytically@53# to obtain

^cosu&5exp~2v2Dz2!5e21/2a. ~A12!

In the case where the electron distribution is much lon
than the radiation wavelength,a!1, andh(a)→0; the co-
herence exponent approaches one half, and the radiatio
incoherent. When the electron distribution is much shor
than the radiation wavelength, the probability density dis
bution approaches a Dirac delta function, wi
lima→`(Aa/pe2au2

)5d(u), and the radiated power scale
asNe

2. This is illustrated in Fig. 12: for incoherent scatterin
~top!, each phasor angle has equal probability;^cosu&50,
and the resulting superposition increases asAn. The case of
fully coherent radiation is shown in Fig. 12~bottom!; here
the angular probability density is a Dirac delta functio
where P(u)5d(u2u0), the interference term,̂cosu&51,
and the phasor sum increases asn. Finally, an intermediate
case is shown in Fig. 12~middle!; here the probability den-
sity indicates a preferred angular range, resulting in a su
position with an average length increasing as shown in
~A9!.

Thus, the power backscattered by an electron bunc
given by

d2Nx~v,2 ẑ!

dv dV
5

ax

4p2 L2~Ne ,u2v2Dz2
!U E

2`

`

A'~f!

3expH ixFf1E
0

f

A'
2 ~c!dcG J dfU2

;

~A13!

as expected, the effective number of radiating electrons n
depends explicitly on the wavelength and bunch size. Fo
linearly polarized Gaussian pulse, whereA'(f)
5A0x̂e2 if2(f/Df)2

, and with A0
2!1, the Fourier transform

yields

d2Nx~v,2 ẑ!

dv dV
5

a

16p
xA0

2Df2L2~Ne ,e2v2Dz2
!

3expF2
~x21!2Df2

2 G . ~A14!

2. Relativistic fluid model

To compare the stochastic electron gas to a relativi
fluid, we now consider the Lorentz force equation

dum

dt
5~un]n!um52~]mAn2]nAm!un, ~A15!

e-

or
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and the charge conservation, or continuity, equation]m j m

50. Here,um(xn) is the 4-velocity field of the relativistic
fluid, Am(xn) is the 4-potential of the laser pulse, and t
total derivative with respect to proper time is to be cons
ered as a convective operator, as indicated. The 4-cur
density of the relativistic fluid is given byj m(xn)
52n(xn)um(xn)/g(xn), wheren(xn) is the density. Space
charge and radiation reaction@20,21,39,50# effects are ne-
glected.

As the force equation is driven by the laser 4-poten
that is a function of the fluid phase,f(z,t)5t2z, we seek a
solution where the other fluid fields also depend onf; the
convective derivative operator reduces to

~un]n!um~z,t !5@g] t1uz]z#um~f!

5S g
]f

]t
1uz

]f

]z D dum

df

5~g2uz!
dum

df
. ~A16!

The Lorentz force equation now reads (g2uz)du/df
52(gE1u3B); in addition, energy conservation yield
(g2uz)dg/df52u•E. The electromagnetic field compo
nents are given byFmn5]mAn2]nAm . The evolution of the
momentum field can be separated into a transverse an
axial component:

~g2uz!
d

df
~u'2A'!50,

~A17!

~g2uz!
duz

df
5u'•

dA'

df
5~g2uz!

dg

df
.

We recover the transverse canonical momentum invari
u'2A' ; Eq. ~A17! also shows that the light-cone variable
a fluid invariant. The sought-after fluid equilibrium is

uz~z,t !5uz~f!5uz01k0
21FA'~f!•u'01

A'
2 ~f!

2 G ,
~A18!

and

g~z,t !5g~f!5g01k0
21FA'~f!•u'01

A'
2 ~f!

2 G .
~A19!

To determine the density, we seek a solution to the cha
conservation equation where the density field is a function
the phase: the continuity equation reads

] ln~f!1“•@n~f!b~f!#5
]f

]t

dn

df
1

]f

]z

d

df
~nbz!

5
d

df
@n~12bz!#

50. ~A20!
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Multiplying and dividing the density by the energy, we ca
rewrite Eq.~A20! in terms of the light-cone variable,

d

df Fn

g
~g2uz!G5

d

df S n

g
k D5k0

d

df S n

g D50; ~A21!

wheren(f)/g(f) is a relativistic fluid invariant. This is an
important result, as it shows that the relativistic plasma f
quency is invariant: the density modulation induced by
laser radiation pressure exactly compensates the variatio
the fluid energy within the pulse. We finally find

n~z,t !5n~f!5n0H 11k0
21FA'~f!•u'01

A'
2 ~f!

2 G J ,

~A22!

wheren0 is the initial electron beam density.
Having defined the fluid dynamical variables, we can d

rive the distribution of energy radiated by the fluid per u
solid angle, per unit frequency, by Fourier transforming t
4-current into momentum space@51#:

d2Nz~v,n̂!

dv dV
5

a

4p2 vU E
R4

d4xmn̂3@ n̂3 j ~xm!#

3exp@ iv~ t2n̂•x!#U2

, ~A23!

where j (xm) is given by j52nb52n0(g/g0)b
52(n0 /g0)u.

The initial density distribution of the unmodulated bea
has the formn0(xm)5r f (z), where we have defined th
electron beam phasez(z,t)5z2b0t, and wheref (z) is the
normalized axial envelope of the bunch, which propaga
with the axial velocityb0 ; the normalization constantr is
defined by the total charge in the bunch:r*2`

1`dz f(z)
5Ne . Note that with the initial density field used here, th
charge conservation equation is automatically satisfied. T
model for the background fluid density is valid as long as
spatial and temporal gradients are small compared tok0 and
v0 . The radiated photon number density now takes the fo

d2Nx~v,n̂!

dv dV
5

a

4p2

v

g0
2 r2U E

R2
dz dt f~z!n̂

3@ n̂3u~xm!#exp@ iv~ t2n̂•x!#U2

.

~A24!

We use a Gaussian profile to obtain an analytical result
the radiated spectra; the calculations presented here can
ily be generalized to other distributions. We havef (z)
5exp@2(z/Dz)2#, andr5Ne /ApDz, whereDz is the axial
scale of the electron bunch;
1-19
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d2Nx~vz2 ẑ!

dv dV
5

a

4p2

v

g0
2 r2A0

2

3U E
R2

dz dt f~z!g~f!

3exp$ i @v~ t1z!2f#%U2

. ~A25!

Here, a linearly polarized laser pulse, with temporal envel
g(f), is considered.

The integrals over axial position and time can be se
rated by usingz(z,t)5z2b0t, and f(z,t)5t2z, as inde-
pendent variables. The product of the differential element
obtained using the Jacobian of the transform:

dz dt5U ]z

]f

]z

]z

]t

]f

]t

]z

Udf dz52
df dz

12b0
. ~A26!

Equation~A25! now takes the simple form

d2Nx~v i2 ẑ!

dv dV
5axr2A0

2U E
2`

1`

dz

3expF i
2xz

11b0
2

z2

Dz2G E
2`

1`

df

3expF i ~x21!f2
f2

Df2GU2

. ~A27!

The first integral can be identified as the fluid coheren
factor, while the second integral corresponds to the spec
density of the Doppler-shifted Compton backscattered li
Performing the integrals overf andz @53#, we finally obtain

d2Nx~v,2 ẑ!

dv dV
5

a

16p
xA0

2Df2N0
2 expF22S xDz

11b0
D 2G

3expF2
~x21!2Df2

2 G . ~A28!

The physics of this solution can be understood as follo
the photon number density radiated on-axis scales line
with the laser pulse energyA0

2Df, and quadratically with the
number of electrons in the bunch, while the coherence fa
scales exponentially with the inverse electron bunch dura
squared, measured in units of the Doppler upshifted wa
length. This indicates that long electron bunches radiate
coherently at short wavelengths; also note that the fluid
coherent radiation scaling is quite different from the sim
Ne scaling: it is a function of frequency, and shows ve
strong ~i.e., exponential! suppression of short wavelength
Finally, the Compton backscattered spectral linewidth is
termined by the laser pulse linewidth&/Df, and its fre-
01650
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quency is obtained forx51. This corresponds to the fre
quency v5@g0(12b0)#2; for b0→21, we recover the
resultv54g0

2 @21,52#.
The stochastic electron gas and relativistic fluid mod

are compared by inspecting Eqs.~A14! and~A28!, in a frame
where the initial electron distribution is at rest (b050). The
difference between these theoretical models is shown in
13 ~bottom!, where the number of electrons has been cho
asNe51010. The logarithm of both coherence factors is ca
culated as a function of the normalized electron distribut
axial scale length,vDz. In the case of a perfectly coheren
radiation process, wherevDz→0, both models yield the
well-known Ne

2 scaling. When the electron distribution be
comes long compared to the radiation wavelength, the
chastic electron gas model correctly predicts the linear s
ing with Ne . The fluid model yields a very different resul
the coherence factor continues to decrease exponentiall
shown by the parabolic curve in Fig. 13~bottom!. This is due
to the fact that the Fourier transform of the Gaussian fl
distribution is a Gaussian with an argument proportional
the productvDz: for arbitrarily short wavelengths, the fluid
4-current yields a vanishingly small Fourier component. T
fluid model introduces an unphysical cutoff scale given
the length of the electron distribution. Thus, the fundamen
difference between the stochastic electron gas approach
the relativistic fluid model resides in the fact that, for a
number of incoherently phased point electrons, the 4-cur
contains Fourier components at arbitrarily short waveleng
whereas the fluid model introduces an unphysical cu
scale. Therefore, the discrete nature of electric charge
shown to play a fundamental role in the physics of incoh
ent radiation processes.

3. Harmonics

In Compton scattering, harmonic production is direc
related to a modulation of the Doppler-shift term in the r
diation equation: as discussed earlier, the spectral bright
for a single electron is given by

d2Nx~v,n̂!

dv dV
5

a

4p2

v

k0
2 U E

2`

1`

n̂3@ n̂3u~f!#

3exp$ iv@f1z~f!2n̂•x~f!#%dfU2

;

~A29!

therefore, the position of the radiating electron is required
determine the spectral brightness of the scattered light
shown in the Doppler shift term, corresponding to the arg
ment of the exponential in Eq.~A29!; this is obtained by
performing the following integral: xm(f)5xm0

1k0
21*0

fum(q)dq. At this point, a number of important re
marks are in order: first, for a number of radiating electro
the various initial positions must be taken into account; t
forms the basis of the stochastic electron gas~SEG! theory of
coherence in Compton scattering presented in Sec. 1 of
appendix. Second, the linear motion of the electron in
laser field yields a modulation of the Doppler shift, which
1-20
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at the origin of harmonics radiated off-axis, as discussed
detail by Ride, Esarey, and Baine in Ref.@18#. Finally, at
higher intensities, in the so-called relativistic intensity r
gime, the ponderomotive force modulates the axial motion
the electron; this results in the radiation of harmonics
axis, as extensively discussed by Hartemann and Ker
@20,21#, this nontrivial effect has recently been measured
perimentally by Umstadter and his group@65#.

In the case of circular polarization, the dimensionless v
tor potential takes the formA'(f)5A0g(f)@ x̂ sinf

1ŷcosf#, which implies that the magnitude of the 4-vect
potential varies adiabatically as the pulse intensity envelo
AmAm5A'

2 (f)5A0
2g2(f). Furthermore, for a hyperbolic

secant pulse, the full nonlinear spectrum can also be de
mined analytically@53# with g(f)5cosh21(f/Df), the elec-
tron’s axial position is

E
2`

f

A'
2 ~c!dc5E

2`

f A0
2

cosh2S c

Df D dc

5A0
2DfF11tanhS f

Df D G . ~A30!

and the nonlinear backscattered spectrum is now pro
tional to

xUA0ei zA0
2DfE

2`

1` x̂ cosf1 ŷ sinf

coshS f

Df D
3expH ixDfF f

Df
1A0

2 tanhS f

Df D G J dfU2

. ~A31!

The Fourier transform can be evaluated analytically by p
forming two changes of variables, namely, we first sey
5ef/Df, thenx5(y221)/(y211), with the result that

d2Nx~v,2 ẑ!

dv dV
5

a

8
xA0

zDf2H (
6 UF~m6,1,2iA0

2xDf!

coshFp2 Df~x61!GU
2J .

~A32!

Here F is the degenerate~confluent! hypergeometric func-
tion @53,66#, andm65 1

2 @11 iDf(x61)#. The downshift of
the Compton backscattered line due to radiation pressu
determined by considering the nonlinear phase in the Fou
integral: the argument of the complex exponential takes
form L(f)5(x21)f1xA0

2Df tanh(f/Df); we Taylor ex-
pand this nonlinear phase aroundf50 by using the fact tha
tanhx.x, to obtainL(f).@x(11A0

2)21#f1O(f3). The
frequency of the main Compton backscattered line is
tained by canceling the linear coefficient of the expansi
which yieldsx5(11A0

2)21; this can be recast in the mor
familiar form
01650
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-
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-
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v5
1

11A0
2 S 12b0

11b0
D.

4g0
2

11A0
2 ,

where the last equality holds forb0→21. This is the well-
known radiation frequency for an FEL with an electroma
netic wiggler@21,52#.

Finally, we note that temporal shaping of the drive las
pulse can increase the contrast between the main rad
line and the satellites produced by the transient during
rise and fall of the pulse: we have demonstrated theoretic
that square optical pulses, such as those studied experim
tally by Weineret al. @67#, could be used to efficiently filter
the spectral content radiated on-axis, in the case of a ci
larly polarized laser pulse.

4. Radiative corrections

Radiative corrections correspond to the electron inter
tion with the electromagnetic fields it scatters, and can
treated using quantum electrodynamics~QED!, or classi-
cally, using the Dirac-Lorentz equation@20,39,50#. The latter
equation describes the covariant dynamics of a class
point electron, including the radiation reaction effects due
the electron self-interaction. The main steps of Dirac’s de
vation are briefly outlined here; for conciseness, we now
the classical electron radiusr 0 to measure length, and th
corresponding time unitr 0 /c. In these units, the vacuum
permittivity is «051/4p, and its permeability ism054p.
The electron 4-current density is

j m
s ~xl!52E

2`

1`

um~xl8 !d4~xl2xl8 !dt8, ~A33!

and the corresponding self-electromagnetic fieldFmn
s

5]mAn
s2]n Am

s satisfies the driven wave equatio
hAm

l (xl)524p j m
s (xl), which can be solved in terms o

Green’s function; as

Am
s ~xl!54pE

2`

1`

um~xl8 !G~xl2xl8 !dt8.

The self-force on the electron can now be evaluated a

Fm
s 52~]mAn

s2]nAm
s !un

52E
2`

1`

un~xl!@un~xl8 !]m2um~xl8 !]n#G~xn2xn8!dt8.

~A34!

The advanced and retarded Green’s functions both dep
on the space-time interval

s25~x2x8!m~x2x8!m:

G652d~s2!F17S x02x08

ux02x08u
D G .

As a result, the partial derivatives can now be replaced by
operator]m52(xm2xm8 )(]/]s2), and Eq.~A34! reads
1-21
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Fm
s 522E

2`

1`

un~xl!@un~xl8 !~xm2xm8 !

2um~xl8 !~xn2xn8!#
]G

]s2 dt8. ~A35!

At this point, the new variablet 95t2t8 is introduced, so
that the range of integration explicitly includes the electr
~singular point t 950). To evaluate the integral in Eq
~A35!, one can now use Taylor-McLaurin expansions
powers oft 9:

xm2xm8 5t 9um2 1
2 t 92am1 1

8 t 93dt am1¯

um~xl8 !5um~t2t 9!5um2t 9am1 1
2 t 92dtam1¯

~A36!

where the 4-accelerationam5dtum . Using the above expan
sions, one first finds thats252t 92, which yields]G/]s2

.2(1/2t 9)(]G/]t 9). With this, the expression for th
self-electromagnetic force now reads

Fm
s 5E

2`

1` H 2
t 9

2
am1

t 92

3 Fdam

dt
2um~anan!G J ]G

]t 9
dt 9.

~A37!

This equation can be integrated by parts; using the reta
~causal! Green’s function, one finds

Fm
s 52

1

2
amE

2`

1` d~t 9!

ut 9u
dt 91

2

3 Fdam

dt
2um~anan!G .

~A38!

The corresponding 4-momentum transfer equation now re

F11
1

2 E2`

1` d~t 9!

ut8u
dt 9Gam

52Fmnuv1t0Fdam

dt
2um~anan!G , ~A39!

wheret05 2
3 is the Compton time scale, in the units ofr 0 /c

used here. The divergent integral on the left-hand side of
equation is the infinite electromagnetic mass of the po
electron, which multiplies the 4-acceleration. Dirac first p
posed@39# to renormalize this term away by using the tim
symmetrical Green functionG5 1

2 (G12G2); with this one
obtains the Dirac-Lorentz equation:

am52Fmnun1t0Fdam

dt
2um~anan!G . ~A40!

One of the conceptual difficulties associated with t
equation is the existence of unphysical, runaway solutio
contracting Eq.~A40! with am, it is easily seen that in the
absence of an external field it reduces to

amam5
t0

2

d

dt
~amam!,
01650
ed

ds

e
t

-

s:

which admits the runaway solution

@amam#~t!5@amam#0 expS 2
t

t0
D .

To avoid these unphysical solutions, one must require
the Dirac-Rohrlich~DR! asymptotic condition@39,68# be sat-
isfied: limt→6` am(t)50.

Also note that the second radiative correction term cor
sponds to the radiated 4-momentumHm ; thus we can rewrite
Eq. ~A40! as

am52Fmnun1t0

dam

dt
2

dHm

dt
. ~A41!

In the case of an external electric field deriving from a sta
potential, the timelike component of the Dirac-Lorentz equ
tion, which describes energy conservation, takes the sim
form

dg

dt
5u•“w1t0

d2g

dt2 2
dH0

dt
5

d

dt Fw1t0

dg

dt
2H0G ,

~A42!

and can be formally integrated to yield the conservation l

D~g2w1H0!5t0Fdg

dt G
2`

1`

, ~A43!

which indicates that, provided the DR asymptotic conditi
limt→6`@dg/dt#50 is satisfied, the electron potential e
ergy is converted into kinetic energy and radiation.

In the case of nonlinear Compton scattering, the Dir
Lorentz equation can be given as

am5Lm1t0Fdam

dt
2um~anan!G ,

~A44!
L'5kE' , Lz5L05u'•E' ,

where we recognize the light-cone variablek5g2uz , and
the laser transverse electric field.t05 2

3 r 0 /c50.626
310223s is the Compton time scale. Subtracting the ax
component of Eq.~A44! from the temporal component, w
obtain an equation governing the evolution ofk,

dk

dt
5t0Fd2k

dt22k~anan!G . ~A45!

Introducing the small parameter«5v0t0 , which measures
the Doppler-shifted laser wavelength in units ofr 0 , and not-
ing thatE'5«dA' /df, we also obtain an equation govern
ing the evolution of the canonical momentum:

d

dt
~u'2A'!5t0Fd2u'

dt2 2u'~anan!G . ~A46!

Now using the laser phasef as the independent variable, E
~A45! reads
1-22
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dk

df
5«F d2

df2 S k2

2 D2k2S dum

df

dum

df D G . ~A47!

Since the right-hand side of Eq.~A47! is at least of order«,
we can replace the terms in the brackets with their zero
order ~Lorentz dynamics! approximation; in this case, w
obtain a simple differential equation for the light-cone va
able perturbation

d

df F 1

k~f!G.«A0
2g2~f!, ~A48!

where we recognize the envelope of the circularly polariz
laser pulse. Equation~A48! can easily be integrated to yiel

1

k~f!
5

1

k0
1«A0

2E
2`

f

g2~c!dc. ~A49!

This last equation describes the electron recoil from the
herent laser field; it is clear that at sufficient intensities a
short wavelengths, the relative radiative energy loss beco
significant.

Finally, the Dirac-Lorentz equation can be integrat
backward in time to avoid runaways due to the electrom
netic mass renormalization@21,68#, and the Compton back
scattered spectrum is obtained by evaluating

d2Nx~Ã,2 ẑ!

dÃ dV
5

a

4p2 ÃU E
2`

1` u'~f!

k~f!

3expH iÃFf12E
2`

f uz~c!

k~c!
dcG J U2

.

~A50!

5. X-ray protein crystallography

As discussed in Sec. VI, one important application ide
tified and targeted for the 0.9-Å Compton x-ray source
protein crystallography. Proteins are highly structured a
complex polymers ofL-amino~left-handed! acids, linked to-
gether by peptide bonds. Three-dimensional, structured
teins are produced from their linear DNA templates in
complex transcription and subsequent ribosomal transla
process.

The importance of structural knowledge cannot be ov
emphasized as the molecular structure of proteins determ
an extremely wide variety of functions: enzymes cataly
biochemical reactions; membrane receptor proteins signa
the cell interior when a ligand binds; transport and stora
proteins, such as hemoglobin and ferritin, distribute me
ions or chemicals throughout the body; structural prote
including collagen and keratin, and muscle fibers, such
actin and myosin, play an important role in the architect
of multicellular organisms; nutritional proteins provid
amino acids for growth~e.g., casein and ovalbumin!; anti-
body proteins are essential components of the immune
tem; finally, regulatory proteins such as transcription facto
bind to and modulate the transcription of DNA. Huma
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DNA contains approximately 33109 base pairs, which code
for over 100 000 different proteins.

A. Multiwavelength anomalous diffraction

The basic elements behind MAD phasing are presente
Sec. VI A; here we note that before the introduction
MAD, the isomorphous replacement method was succe
fully used to obtain the structure of complex proteins; f
example, urease was studied by Jabriet al. @57#, with 40
heavy atom compounds screened to find five sufficiently i
morphous derivatives of the crystal: HOHgC6H4CO2Na,
EuCl2, Hg2~CH3COO!2, C~HgOOCCH3!4, and
~CH3!3Pb~CH3COO! @57#. This example indicates the leve
of complexity and uncertainty involved in the search f
multiple isomorphous heavy metal derivatives, and w
MAD has quickly become the preferred method for pha
determination for complex macromolecular crystals, as
plained in Sec. VI.

b. HIV protease inhibitors: A case study for structure-based
drug design

The recent development of powerful antiviral drugs
fight HIV has demonstrated the efficiency of x-ray prote
crystallography as a powerful tool to help design new dru
ab initio, in sharp contrast with the previous trial-and-err
approach. For example, the first generation of anti-H
drugs includes such molecules as AZT~azidothymidine!, a
molecule analogous to the nucleoside thymidine; the reve
transcriptase enzyme of the virus is thus misled into us
AZT instead of thymidine, which is normally paired wit
adenosine on the RNA chain to be transcribed. Howev
because of its relatively poor specificity, AZT also inhibi
the cellular polymerase of mitochondria, which produce a
enosine triphosphate~ATP!; this explains the serious sid
effects of this drug, including severe muscle fatigue and a
mia @36#. Similarly, other reverse transcriptase inhibito
have been synthesized and administered to AIDS patie
including ddl~a precursor to ddA, an analog to deoxyaden
ine!, and ddC~an analog to deoxycytosine!; both are toxic,
causing neurological problems, including polyneuritis. Mo
recently, equally active and somewhat less toxic drugs h
been introduced, such as 3TC, an analog of cytosine, d4T
analog of thymidine, and non-nucleoside analogs, such
TIBO inhibitors @36#. Combining such drugs, at lower dose
helps minimize the aforementioned side effects; howev
the most dramatic improvements have been obtained a
the HIV protease structure has been determined by x
crystallography: with the knowledge of atomic details with
the catalytic site of the HIV protease, a novel family of sm
molecular drugs, called protease inhibitors, has been
signed and synthesizedab initio, with high specificity to the
aspartyl binding sites of the HIV protease. These new dr
have been very successful, especially when used in conj
tion with the aforementioned reverse transcriptase and i
grase inhibitors~the so-called ‘‘triple therapy’’!, in reducing
the viral load in some patients below the detection thresh
of enzyme-linked immunosorbent assays@37#.
1-23
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c. Protein data acquisition time

In Sec. VI B, basic considerations were taken into acco
to give a first comparison of the average x-ray brightn
produced by different sources. In this section, we first brie
recapitulate the aforementioned results; we then elabo
and refine this discussion in much greater detail.

In terms of the spectral brightness requirement for
data acquisition time, a few preliminary comments are
order. First, the current average cost for the determinatio
the three-dimensional structure of a protein is approxima
$200,000@31#; given the number of proteins coded for b
human DNA, which is estimated to be on the order of 15,
new technologies are clearly required to complete a geno
wide structural analysis of proteins~structural genomics!
@31#. We also note that the average cost of a synchrot
beamline is $8,000,000; smaller, less expensive sou
could be extremely useful in terms of added flexibility, ev
at lower average spectral brightness. Second, the amou
time currently required to isolate and amplify the target
quence, crystallize the corresponding protein, acquire
x-ray diffraction data at different wavelengths for MA
phasing, post-process the data, and build a structural m
into the electron density map, range between 1 and 6 mon
therefore, an acquisition time of a few tens of hours is qu
acceptable; in fact, a reasonable target would be to determ
50–100 structures/year on a compact device. Finally,
tremely high flux, such as that produced by insertion devi
on third-generation synchrotrons, frequently causes radia
damage in the biological material and loss of the crystal e
in properly cryocooled specimens. Consequently, strong
tenuation of the beam becomes necessary@59#.

A first, simple comparison can be made by consider
the average spectral brightness of different sources; the
sults are typically given in units of photons/0.1
bandwidth/mm2/mrad2/s @29#. For modern rotating anod
sources, given a 2.6-eV width for theKa1 line of copper at
1.540 51 Å, and up to 98% flux in that line, an avera
brightness around 109 is possible; synchrotron bending ma
nets reach 1015 at 10 keV for a 6–8-GeV ring, while a 72
period, 3.3-cm wavelength undulator produces 9.4-keV p
tons with a brightness of 4.831018 at the APS @29#;
however, brightnesses.1012 begin to cause severe radiatio
damage. The Compton source generates 12.77-keV pho
with a brightness of 4.131010; this compares quite favorabl
with rotating anode x-ray sources, especially in view
added tunability, which is indispensable for MAD.

A more detailed comparison between the Compton sou
and conventional rotating anode x-ray sources will now
given, where the protein diffraction acquisition time is eva
ated in each case. We start from a known, state-of-the
rotating anode x-ray source with Osmic MaxFlux® confoc
multilayer fixed-focus optical system@60#: the flux through a
0.5-mm-diameter collimator is measured at 2.53109

photons/(mm2 s! @61#. The corresponding flux on the samp
is 53109 photons/s, and the total data acquisition time
2.163104 s, in high-resolution mode; including absorptio
and other losses, the total number of photons diffracted
the sample is 1.0831013. Depending on the resolution~the
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diffraction limit in the 2u angle, expressed as the smalle
observedd-spacing!, 104– 105 unique reflections are rou
tinely collected for molecules weighing a few tens to a fe
hundred kiloDa~for example, lysozyme, space groupP43 21

2, molecular weight of 14.5 kDa, 19 500 unique reflections
a typically good resolution of 1.5 Å, 39 000 reflections f
both Friedel wedges!. The collection of these reflections re
quires a systematic, careful scanning of a large solid an
with a sufficient integration time at each step to bring t
signal-to-noise ratio to a desired value@usuallyI /s(I )52 in
the highest resolution shell; in our example 1.5 Å#, which
determines the data acquisition time. Using a typical num
of 1.953104 unique reflections for lysozyme, we see that t
highest-resolution mode requires approximately 5.53105

photons/reflection (s520.1, which is excellent!; further-
more, the signal-to-noise ratio scales as the square roo
this number. The Compton source produces an average
of 2.53107 photons/s in a 1-eV spectral interval, quite su
ficient for MAD, that can be captured in a 3.5-mrad ang
which is much smaller than the 1°~17 mrad! acceptance
angle of the aforementioned confocal mirrors@61#. For 108

photons/reflection (s518.4), the acquisition time is esti
mated at 10 h/104 reflections. These results are in line with
goal of 50–100 structures a year: a full 3-wavelengths MA
scan could be completed in 60 h. We also note that
results are preliminary, and that we are in the process
designing an optimized source for this application.

d. The micro-MAD concept

A unique characteristic of the Compton source is the v
small size of the x-ray source, which essentially matches
of the laser focal spot size; for imaging applications, th
translates into increased contrast and better resolution.
also has important implications for microcrystals, which a
more easily produced and often are of better quality~i.e.,
diffracting to higher resolution with smaller mosaicity! than
larger ones. Cooling also becomes less problematic
smaller crystals due to the lower amount of heat genera
and the more advantageous surface-to-volume ratios. Th
fore, the Compton x-ray source seems almost ideally su
for the development of a compact, user-friendly, tuna
x-ray source, with an average brightness comparing w
with that of rotating anode sources, and the capability
using MAD on microcrystals; this is the idea underlying t
micro-MAD ~mMAD ! concept currently being evaluated
Lawrence Livermore National Laboratory.

e. Practical issues

One important issue related to the concept discus
above are the background x-rays produced by the elec
beam line and dump. The beam halo produces bremss
lung x-rays over a broad energy range, which contribute
the background noise on the detectors; this problem can
partially alleviated by using a magnetic chicane before
1-24
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Compton interaction region. In terms of shielding, the el
tron source is similar to a clinical linac, although the avera
current is somewhat lower; therefore, we believe that it is
an insurmountable problem. In particular, it may be poss
pt.

o.
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n
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to decelerate the electron bunch in a linac section, after
teraction, before the dump; this could minimize the x-ray a
activation problems, and produce rf power that could pot
tially be recycled.
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