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Designability of lattice model heteropolymers
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Protein folds are highly designable, in the sense that many sequences fold to the same conformation. In the
present work we derive an expression for the designability in a 20-letter lattice model of proteins which,
relying only on the central limit theorem, has a generality which goes beyond the simple model used in its
derivation. This expression displays an exponential dependence on the energy of the optimal sequence folding
on the given conformation measured with respect to the lowest energy of the conformational dissimilar
structures, an energy difference which constitutes the only parameter controlling designability. Accordingly,
the designability of a native conformation is intimately connected to the stability of the sequences folding to
them.
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I. INTRODUCTION whereU iy m(j) is the effective interaction potential between

_ _ ~ monomersn(i) andm(j), r; andr; denote their lattice po-
Even a quick look at the set of known proteimotein  gjtions, andA(x) is the contact function. In Eq1) the pair-
data bank databaseeveals a striking feature. While there \yise interaction is different from zero whérand j occupy

are tens of thousands of protein sequences, they only assurﬂ@arest—neighbor sites, i.&\(a)=1 andA(na)=0 for n

some thousands of folds. In other words, proteins are highly, ; '\ horea indicates the step length of the lattice. In addi-

designable. This concept can be qugntlﬂed _by measuring ﬂ}?on to these interactions, it is assumed that on-site repulsive
number of sequences that fold uniquely into a particula

I, . ) . }
forces prevent two amino acids from occupying the same site
structure. p pying

With the use of a simple 20-letter lattice modi&+4] of simultaneously, SO that (0)=co. .
protein folding it has been shows] that the whole issue of Wg shall consider throughout a 20-Ietter.represent§t|on of
estimating the numben of sequences that fold to the same Protéin sequences whetg is a 20<20 matrix. A possible
conformation is reduced to enumerate how many of thenf€alization of this matrix is given in Reff9] (Tables 5 and 5
have native energy lying below a threshdld, the energy where it was derived from frequencies of contacts between
which any sequence with the same Composition disp|ays iﬁifferent amino acids in protein structures. The employment
the conformation structurally dissimilar to the native confor-0f a 20<20 matrix ensures that the threshold eneRyis
mation[2]. well defined, depending only on the interaction matrix ele-

The aim of the present paper is to provide a reliablements and on the composition of the protein in terms of
analytic expression fon, which we shall show increases amino acids. The model we study here is a generic het-
exponentially with the ga@ between the native energy of eropolymer model that has been shown to reproduce impor-
the optimal sequenckE, and the threshold enerdy,. This tant generic features of protein-folding thermodynamics and
functional form is found to be universal, as it emerges fromkinetics, independent on the particular potential chosen
the central limit theorem. We have, furthermore, found tha{10,11]. However, in using such an approach, one should
while the parameters defining depend on the interaction keep in mind that the labeling of amino acidspherical
matrix, they are independent of the particular choice madéeads all of the same size and with no side chaigeneric
for the native structure or for the optimal sequence. and there may be no obvious relation between those labels

In Secs. Il and Il we briefly review the 20 letters lattice and labels for real amino acids.
model of proteins in general and the question of protein des- Good-folder sequences are characterized by a large gap
ignability in particular. The quantitative, analytic answer to $=E.—E,, (compared to the standard deviatioen of the
the question of how many mutations a designed protein toleontact energigsbetween the energy of the designed se-
erates is given in Sec. IV. The conclusions are collected imuence in the native conformatid, , and the lowest energy
Sec. V. of the conformations structurally dissimilar to the native con-

formation[1-5]. In other words, good folders are associated
Il. LATTICE MODELS with a normalized gag= 6/0>1, a quantity closely related
) ) .. tothezscoreg[12]. For example, the 36mer sequence listed in

A_useful the(_)retlpfal appr_oach to study protein fold!ng ISthe caption to Fig. 1 and calleB in the literaturg 13—18,
prqwded by a S|mpI|f_|ed lattice model, wh_ere the protein is adesigned by minimizing the energy in the targetive con-
string of beads that is arranged on a cubic latfe8]. The  5rmation with respect to the amino acid sequence for fixed
configurational energy of a chain of N monomers is given bycomposition has, in the units considered heRTfm

LN =0.6 kcal/mol[9]), an energy ga@=2.5 and thus a suffi-
E=— Uiy o A(IF—T4]), 1 ciently large value of (=2.5/0.3=8.33) so as to ensure fast
2 IEJ m(i mp A1 =1]) @ folding. In fact, Monte CarlgMC) simulations carried out at
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)
Nm= Nt JO Pm(AE)d(AE). )

So far, we have done nothing more than express the prob-
lem in another way, since to know the spectrum of mutation
energies of the optimal sequence one has again to enumerate
all sequences. In fact, it looks like as if we have made things
even worse, in that now one has to find the optimal sequence,
which is a nontrivial problem, and also has to ensure Ehat
does not change with mutations.

We shall show in the following that the distribution of
mutation energies does not depend on the particular structure
or on the particular sequence chogerovided thatE<E,)

FIG. 1. Three conformations are used as natives in the preserﬁ)‘tOr onlthe cpntact ener_g_y matréx useﬁ to desblgn t?e protein,
study. Sequenc8;4, which is a good folder onto structure), is ut only on its composition and on the number of contacts

SOKWLERGATRIADGDLPVNGTYFSCKIMENVHPLA. (or the length, if it is fully compagt This observation leaves
room for approximations. In fact, if one is able to find an

approximate expression f@(AE), such an expression will

the temperaturd =0.28 of 3000 36mers with energies, in i
the native conformation, lying inside the gap fold in times hold for all model proteins of the same length. Furthermore,

<7x10' MC steps[5] (for caveats see Ref19]). In par- thg _knowledge of the sequence associated with the global
ticular Sy folds in 6.5< 10° MC steps. minimum of energyE, is not necessarybecause all se-

It has been also shown that most of the thermodynamicdiUences have the same spectrum of mutafjoosly the

[18] and dynamica[5,13] behavior of designed proteins is value of E,, is required. Conse_zquently, even if the _optimal
controlled by only 5-10% of the sites. As a consequenceS€dueénce cannot be known without a full enumeration _of all
making mutations in these sites, which are called “hot” in S€quences, it is allowed to use any other sequence with en-

Ref.[18], one destroys, as a rule, the ability the protein ha€£9y E~En, introducing in this way only an error in the
to fold (denaturation On the other hand, the effects of sub- INtégration boundariegand not on the function to be inte-
stitutions in any other sitéthat can be regarded as “coly” grated. It is then possible to c_alculate de5|gnab|I|ty_ of a
are small, leading to neutral mutations. structure from Eqgs(2) and(3) using an approximate distri-
bution p(AE) and an approximate value ot
The most conservative way to calculate the number of
lll. DESIGNABILITY WITH 20-LETTER MODELS sequences which fold to a conformation is then to use a

While 20-letter heteropolymers capture the essential comdistribution p(AE) found only by swappings between the
ponents of real proteins, it is hardly possible to enumerate aflesidues of the optimal sequence, as in such a way the com-
sequences which have a given conformation as their nonddosition is conserved ani; does not change. On the other
generate ground state. Accordingly, it is not possible to calhand, since there are also sequences with different composi-
culate the exact designability of protein conformations. Totions folding to the same conformation, one is also forced, in
bypass this problem, we shall determine designability frompPrinciple, to calculate the numbarassociated with pointlike
energetic considerations, using a strategy which relies on th@utations. The values found from the swapping of amino
fact that all sequences which have an energy lower fhan acids and from pointlike mutations can be viewed as the
fold on short call, in any case in times which are muchlower and the upper limit to designability, respectively.
shorter than that associated with the random seg#@h ~In Figs. 2a) and 2b) we display the unnormalized energy

Any sequence of a given lengtd (e.g.,N=36) can be dlstnbut!on probapll|tles asgoc!ated Wlth two _composition-
obtained makingm<N mutations (i.e., substitution of an conserving and with two pointlike mutations 845 (the in-
amino acid in a given site with a different onie the mini-  tegral of these distributions being the total number of se-
mum energy sequende.g., S in the case of Fig. |)]. quences Each of these curves can bﬂell fitted byth_esum
Consequently, the designability of a conformation can beof two Gaussians, whose means a&,=1.2 and AE,
found starting fro.m the min!mgm energy sequence, counting- 3 o [Fig. 2(a), composition conserving cas@nd A_Ez
how many mutations lay within the gap=E.—E,, . If AE — : o .
is the change in the energy of the native state produced by :t;'nl d:rr(]jd dAe I\E/iza:tigﬁi [‘;Ez'_zéb;’ a?}%'g“'fi Bn[L::t%tlozr;;)]c:gs

. o - . =0. ,=1. )
mutation,p,,(AE) the energy distribution probability associ 5= 0.7 ando,— 1.1 [Fig, 2b)]. The behavior of these two

ated withm mutations ana!°! the total number of sequences 92~ ~-'. :
m q distributions seems very alike, except for the fact that the

that can be produced by introducing mutations in the area below the composition-conserving curve is much

minimum energy sequence, designability can be defined 3maller than that below the pointlike mutations curve. This is

N because much fewer mutations can be made in the first than
_ 2 2 in the second case and, consequently, the associated Gauss-
n Nm» 2 o .
m=1 ian behavior is less well defined.
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40 ‘ ‘ - siteg and the sum of a number of contact energies associated
with the new residue, energies which can be considered as
random numbers. Being the sum of random numbers, the
energy associated with the new residue is forced to respect
the central limit theorem, and consequently its distribution
approaches a Gaussian function. Of course, an exact Gauss-
ian distribution could be reached only if the number of near-
est neighbors of each site were infinifehile in a cubic
lattice this is, at most, fiye On the other hand, the fact that
pm(AE) can be accurately fitted by Gaussian distributions
[cf. e.g., Fig. Zb)] testifies to the fact that we are not far
from the conditions in which the central limit theorem holds.

While the hypothesis that cold mutations give rise to
Gaussian-like peaks is quite grounded, due to the uncorre-
8 lateness of the energy contributions of cold sites, it is un-
likely that the central limit theorem works properly for hot
sites, whose energy contributions are correlafgdin order
to calculate the degree of designability of a protein confor-
mation, we only need to know the contributions from cold
sites and, consequently, we do not need to better characterize
the peaks associated with hot sites.

We have found that the distribution of mutation energies
are rather universal functions. Examples of such a behavior
are shown in Fig. 3, where two-pointlike-mutations spectra
p,(AE) associated with low-energy 36mer sequences opti-
mized(making use of the elements of Table 6 of R&f) on
three different conformationsf. Figs. Xa)— 1(c)] and with
three sequences designed on the same conformEfign
1(a)] are displayed. Similar results have been obtained for
chains of different lengths. Furthermore, using different 20
X 20 interaction matrices lead to the same Gaussian behavior
of p,(AE), although the mean values and the standard de-
viations are different. This is again a consequence of the

FIG. 2. Energy distribution for two composition-conservi@  central limit theorem. This can be seen from Fig. 4, where
and pointlike (b) mutations. The parameters of the Gaussian fityye display the functiomp,(AE) associated with two point-
(dotted ling are given in the text. like mutations orSyg (cf. Fig. 1), but making use this time of

the interaction matrix elements listed in Table 5 of Réf.

The overall structure of the curves shown in Fig. 2 can b%ecause, making use of this matrix, the average change in
understood from the fact that the average value\& for  operqv unon mutations in cold sites is zero, while that in hot

“cold” sites is 0.65 and for hot sites is 2.§18]. Accord-  gjaq’s 0.35, it is easy to identify the peaks associated with
ingly, the low-energy peak can be associated with two mu- Nl B .
tations in cold sites, while the high-energy peak can be adWo cold mutations §E;=0 and,=0.34), with one cold

sociated with a mutation in a cold site and a mutation in a hoind one hot mutations\E,=0.35 ando,=0.02), and with
site. The contribution from mutations in two hot sites leadsyyo hot mutations 4 E,=0.70 ando,=0.22).

to an enhancement of the high-energy tail of the curve. Con-  suymming up, the functiop,(AE) associated with chains
Ceming the Gaussian behaViOI’, we note that the enel’gieS 3@"' different |ength and Sequence as We” as designed on dlf_
sociated with the 19 possible mutations on a given cold sit¢erent native conformations overlap quite nicely, suggesting
are uncorrelated. In other words, one has to pay an energnat the spectrum of both composition conserving and non-
AE,/2~0.6(concerning the factor 1/2 one is reminded of theconserving mutations is universal. On the other hand, the

fact thatAE, gets contributions from two mutationto re-  actual value ofAE, and o, characterizing the different
move the wild-type residue, reflecting the fact that it haspeaks of the energy distribution probability depend on the
been optimized. Second, one has to introduce a new residumatrix used to describe the contact energies among the
in the niche left by the wild-type residue. The Gaussianamino acids.

shape of the distribution suggests that the niche is neutral The univerality of the energy distribution probability is in
with respect to the new residue and that the new interactionagreement with the interpretation of the main peaks of the
are merely random. To be more precise, the change in energpectrum of mutations of a designed protein in term of cold
AE upon mutations is the difference between the energynd hot sites. In fact, the properties of the hot sites are rather
needed to remove the original residuehich is roughly con- homogeneous, their contribution to the mutation spectrum
stant and assumes two different values for cold and for hapeing universal. Assuming, furthermore, that the interactions

no. of sequences
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4000

no. of sequences

2000
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(b) FIG. 4. The distributionp(AE) associated with two pointlike

] mutations for the structure displayed in Figalwhen the mono-
mers interact with the matrix listed in Table 5 of Rgd] (instead of
Table 6. The dashed line is the Gaussian fit obtained with the
least-squares method.

8000

6000 -

(3)]. As a consequence of this, designability turns out to
depend only on the length of the protdithrough the total
number of mutationsand on the gag.

In order to calculate using Eqs(2) and3) we first have
to know the total numben2' of sequences that can be ob-

tained by makingm sequence-conserving mutatiotsvap-

0 s o . T pings in the optimal sequence. This humber can be obtained
h AE by counting the number of ways one can seledites, mul-

o . . i tiplied by the number of permutations of these sites which
FIG. 3. The distribution of energies associated with two move all them residues. That is

composition-conserving mutations made on three sequences de-

signed on three different 36mers conformatiofis. The spectrum N

obtained making two composition-conserving mutations on three nﬁgtz( )Po(m), (4)
sequences designed on the same conforméti@none displayed in m,

Fig. 2. The values of the energy gap ase-2.5 (dotted curvg, §
=1.6 (solid line), and §=1.3 (dashed ling

no. of sequences
Y
[=]
(=]
o

2000 |

whereP;(m) is the number of ways one can permutesites
in such a way that only positions are kept fixed. From the

. . . . . relation
associated with the mutations in cold sites are random, the

resulting energy distribution is Gaussiéand so universa| m! =Py(m)+Py(m)+Py(m)+---+Py_,(m)+1 (5

and its standard deviation depends only on the interaction

matrix, while its average value depends on the degree df is possible to extract the expression @y,

optimization of the wild-type monomer. This, in turn, can be

approximated by the degree of optimization of the whole

chain(measured by the energy gap divided by its length, Po(m)=m! -~ gfl

a quantity which is essentially constant for long chdi24]

(for example, in the case 0835 this number is 2.5/36 For largem, one can use the Stirling approximation for the

=0.07). factorials in Eqs(4)-(6), and keep only the largest exponent
term in the sum(saddle point approximation obtaining

ni°'~exp(@m). The constanix can be determined from the

relationni{'=e*N=N!, which for N=236 leads tow=2.66.

The basic idea to calculate the designability of a model To proceed further in the calculation af one needs to
protein, as we have discussed above, is to find a simple affind a simple approximation tp.,(AE). For this purpose,
proximation to the universal distribution of energies associwe shall express the energy distribution of an arbitrary num-
ated with mutations onto the optimal sequence, integrate thiser of mutations as a convolution of functiops(AE) asso-
distribution up to the gaj$, and normalize this result to the ciated with the swapping of two amino acids. The validity of
total number of mutations that one can make Egs.(2) and  this approximation rests on the ansatz that every couple of

m—2

m
I()Po(m—k)—l. (6)

IV. HOW MANY GOOD FOLDERS?
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mutations affect the energy of the native state independentlipldability (i.e., thermodynamical stability of the sequences
of the other couple of mutations. This approximation is ex-with low energy on the given conformation, expressed by the
pected to work also for large values of where the prob- gap 8) are intimately connected by E¢9). If a protein is
ability of mutating neighboring sites is not negligible, be- stable in its native conformation, such native conformation is
cause the contact energy associated with the mutategecessarily highly designable. Vice versa, if a conformation
residues are in any case random quantities with average zei® highly designable, there exist sequences with a large gap
(cf. the discussion in the preceding secjidWithin this sce-  folding to it.

nario, the number of folding sequences displayimg R2uta- To give a numerical evaluation of protein conformations,
tions and whose energy in the native conformation lies insideve make use of Eq8), rewritten in the form

the energy gap can be written as

N \E2
n, ~nt°‘J5dEJ+mdAE1dAE2--~dAE 1 n=2> 5ex a— AE:
m 2m 0 Y m— m=1m 4(0_2)2

mi, (10

X Po(AB)PAAE,)- - -Po(ABnm-1) wherek does not depend am and, for the case of the struc-
Xp(AE—AE;—AE;—---—AEq_;). (7))  turedisplayed in Fig. (B), assumes the valde=17 (in keep-
] o - ) ing with the fact thatt=2.5, AE,=1.2, ando,=0.7). In the
M_akmg use of th? energy (_j|str|but|on_ probab|l|ty a_ssomatedcase in Whicha>A_E§/4(az)2, which in the case of the
with an amino acid swappingcomposition conserving mu- 36mer under discussion implies>0.73, one can keep only

gg‘;\/ﬁ: W;;Z tg:ig r)gglr?élIl;itg?#;ag?enT(;vggp::cljuct)r?engn_er the largest term in the above sum. Within this approximation
9 PPET jne can writen~el9%<36=0 6x 10%, a number to be com-

limit of the designability of a conformation. Pared Withntg%t=3.72>< 100

In what follows we shall essentially discuss the case o o tion. for th ke of let that th
composition conserving mutations. & is lower than the ne can mention, for the sake of completeness, that the
peak associated with mutations in hot sitas in the case of number of sequences within the gap obtained by pointlike

mutations(which is the upper limit to designabilityis well

the sequenc&;s where 5§=2.5, cf. Fig. 4, one should con- . . .
volute only the peak op,(AE) associated with mutations fitted by the_ func'yon 4 exp(@), while the total number of
sequences is 19 ).

in cold sites[25]. Exploiting the fact that the convolution
of m Gaussian distributions, of the form d&xXpE

—AE,)%2(0,)?] is a Gaussian distribution with average V. CONCLUSIONS
AE;m=mAE; and standard deviation =m0, it is The degree of designability of a given conformation de-
possible to write pends exponentially on the energy gépSince the number
— of folding sequences is given by the integral of a universal
N~ N2 2rm2e2) ~ Y2 ex —(AEy) functi(_)n(the_ mutation energy distributiprearried up tos, a
zm-t72m 2 2(05)? quantity which also determines the thermal stability of the

o designed protein, one can conclude that designability and
s AE? AE,AE thermal stability are strongly interconnected. In other words,
Xfo dAEexp — 2m( )2+ 2(0,)% ] sequences displaying large gaps are both thermally stable
72 72 and highly designable. Even sequences displaying, in the na-
tive conformation, a small gap fold on short call and share
m>2) one can neglect the first exponential factor in the(in the compaction processhe conserved contacts leading

integral, in which case the integration can be carried ouf® local elementary structures and ttgoscritica) folding
analytically, leading to nucleus[5,26]. Consequently, it is possible to obtain from

them, through composition-conserving mutations, other se-
Eg ) quences folding to the same native conformation and dis-

For m> 6/(20,)*? (in the case 08,4 this condition means

m playing a large gap. In other words, any sequence able to
4(0,)? fold fast, folds to a highly designable conformation.
) We have estimated that there are of the order o’ 10

Ny~ nﬁr‘]’t(wmzcr%/Z)‘l’zexp( -
« 2(02)? ex AE, S 9) sequences folding to a compact 36mer conformation, over a
E, 2(05)2 total of 10*%. This is only the lower limit, but let us assume
that it describes well the typical degree of designability of
where the substitutionf— m has been made. This equation the designed protein. Is this number small or big? The an-
tells us that designability increases exponentially with theswer to this question has, of course, important implications
gap é. In other words, the number of sequences folding to &rom the evolutionary point of view. If good folders were
(compact conformation is determined only by the gap asso-distributed homogeneously in the space of sequetiit@sin
ciated with the minimum energy sequence. the case of RNA27]) the important parameter would be
We have shown that the concepts of designabiiig, the  their density, that is 10'~. This number would be very low,
number of sequences folding to a given conformatiand  preventing sequences from moving along neutral pathways
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(which are collections of sequences folding to the same corsequently, the relevant parameter that measures the design-
formation and differing by single mutationsSuch a scenario ability of a conformation is the total number of sequences
is very unfavorable for evolution. The situation is, however,which conserve, in any way, the energy gap. This number
quite different for proteins. In fact, it has been shoj@8]  (>10%) is very large, in particular in keeping with the fact
that good folders group themselves in clusters and supercluthat over a lifespan of the order of 60 mutations occur in the
ters, giving rise to quite an inhomogeneous landscape. Corgenome of each persgg9].
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