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Gyrotropy problem in nonhomogeneous media: The case of short-pitch chiral-smecti€- liquid
crystals and incommensurate structures
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The question about the existence of macroscopic models for gyrotropy in inhomogeneous materials is
examined. We have carried out a detailed polarimetric study on a short-pitch chiral-s@digtied crystal,
which has been taken as an example of an inhomogeneous optical medium. In accordance to the theoretical
predictions, we have found that, as a first approximation, the inhomogeneous liquid crystal can be modeled as
a homogeneous uniaxial medium with huge optical activity in a direction perpendicular to the optic axis.
However, some deviations have been determined in the precise values of the optical activity predicted by the
theory. These discrepancies have been attributed to higher-order gyrationlike effects, which are usually negli-
gible and have not been considered in previous theoretical approaches. The agreement improves when these
higher-order effects are incorporated. In the light of the above results, the theory is applied to the case of
incommensurate structures. The origin of gyrotropy in these materials is clarified, and it is shown that this
quantity can be described by a usual macroscopic tensor. If the incommensurate structure has an inversion
center we deduce that all gyration effects rigorously vanish, contrary to the opinion maintained by several
authors.
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I. INTRODUCTION predictions in actual materials, since, up to now, the limits of
validity of the model have been essentially established theo-

Optical activity (OA) in crystals is a nonlocal property retically by comparison of the analytical results with exact
that explicitly depends on some spatial periodigitselevant  numerical calculation§3].
in the structure, a molecular size or any other characteristic In Sec. I, we briefly review the homogeneous optical
length. This fact was already recognized by Boltzmann ormodel for short-pitch SmT materials and give the expres-
the basis of a molecular model for OA, finding that gyrot- sions for the effective dielectric tensor. The experiment is
ropy scales as/\, wherea is a molecular size anad the  described in Sec. lIl. In view of the results, further exten-
light wavelength. This characteristic indicates that OA is asions of the theory are developésec. IV), and applications
clear manifestation of the molecular structure of matterto other inhomogeneous materials are propoggec. V).
However, as usuallp<\, OA is described in terms of mac- More specifically, we show that the optical properties of in-
roscopic constitutive relations that are valid for homoge-commensurate crystal structures can be described by macro-
neous models. scopic tensors in a very good approximation. In particular, if

This approach to the problem of OA can seem somewhahe incommensurate structure is centrosymmetric, we deduce
paradoxical, in the sense that it is not obvious to what extenthat the gyration effects are strictly zero, contrary to the
a homogeneous model can describe a property that is entirefypinion maintained by several authors. This puts an end to a
due to the inhomogeneous nature of the medium, especialigontroversy opened in the literature 15 years ago.
in crystals with long periodicities. In fact, the search or even
the existence of macroscopic models for some gyrotropic
crystals is still a controversial problem.

Recently this question has received attention from the the-
oretical viewpoin{1,2]. The problem has been addressed on  Consider a locally uniaxial and nongyrotropic medium in
the basis of a simple optical model coming from the field ofwhich the optical indicatrix uniformly rotates about tlze
liquid crystals. Despite its simplicity, the model is however axis. The orientation of the optic axis is described by a unit
realistic for several liquid crystalline phases of interest, andsectorn, with components
in particular for chiral-smecti€ (SmC*) phases with short
helical pitches. Under several conditions that are easily met
in practice, it can be shown that these inhomogeneous me-
sophases can behave as homogeneous optical media, and the
refractive index and gyrotropy tensors are described byrhis optical model corresponds to the usual description of a
simple analytical expressions. SmC* phase. Heren is identified with the molecular direc-

The main aim of this paper is to test empirically thesetor, 6 is the molecular tilt angle, ang(z) =qz+ ¢q is the

II. HOMOGENEOUS MODEL FOR SHORT-PITCH SmC *
STRUCTURES

ny=sin6 cose(z); ny=sin@sing(z); n,=cosd. (1)
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azimuthal angle, wherg=2/p beingp the helical pitch. ized high-quality polarizers that should be rotated during the

The local dielectric tensor is given by: measurements with high accuracy and reproducibility
(0.001° in our casge The technical details of the apparatus
e(z)=ggl +ezn®n, (2)  and experimental procedure can be found in R&f.

The studied material is a commercial liquid crydfablic
wherel is the 3X 3 identity matrix,e,=&.— ¢ is the local FLC10854, whose phase sequence above room temperature
dielectric anisotropy, andy, e, are the principal values af. _ . 9a1°c | , 19°C

An analysis of the light propagation in a medium defined'S 1SOUropIiC —  chiral nematic — SmC'. At room tem-
by Eq.(2) was carried out by Oldano and Rajtéti using perature, this compound is a ferroelectric mixture with short

the Berreman formalism. A perturbative procedure that conp'tﬁh(’j %e?gned dfﬁr Ifabfncancl)n ?f def\fncb%s F)r?]sed on the so-
verges rapidly whemp<<\ indicates that, under this condi- called detormed nelix terroelectric efiegt]. the measure-

tion, the material behaves as an homogenddijsoptically ments were performed in the SthGange above 25°C. A

active, and uniaxial medium. The OA scalespa (in ac- ?A_ass ie" of thl::kr;]essiztl&(_)tOisuméh%olgted_wnh leci-
cordance with Boltzmannand is maximal for light propa- Ines 1o promote homeotropic alignm IXaxis perpen-

gating orthogonally to the helix axis. The effective dielectricdICUIar fo the cell platgswas used. The alignment was ex-
tensor is given in first order by cellent over the whole sample area. In contrast, the quality of

the planar cellgwhich seem more appropriate to measure
T 0 0 0 0 -m g.) was not so high, independent of the sample thickness or
electric-field treatment. In these cells, a texture of fine stripes

eer=| 0 %o O [+ig | O 0 M |, (3 parallel to the aligning direction, which seem to be charac-

0 %, m, —m, O teristic of short-pitch SmC materials[8,9], was always ob-
served.
where In order to detecty, , the homeotropic cell was illumi-
- - - nated at oblique incidence;=23.5°. The light wavelength
Be=e0+£4C0S 0, Bo=s0(1+e/20)/2, (4 was\=632.8nm. The material parameters directly deter-
.2 mined from the experiment were the optical retardation
glz—gésinz 20, (5) o
e A= ~ ATd, (6)
andm=k/k,, wherek is the light wave vector in the mate-
rial andkg=2m/\. and the ellipticity of the normal modes
Equation (3) defines a homogeneous uniaxial medium
with the optic axis parallel ta. The optical behavior is simi- - i @
lar to that found for crystal classé&s,,D,,, with n>2, ex- 2AT°

cept for one peculiarity: there is no OA along the optic axis, _ o .
i.e., g,=0. This is somewhat unexpected since, as is welHere, AT andG are the birefingence and OA along the illu-
known, SmC phases have usually large optical rotationsMination direction, respectivey10]. _ o
along the helix axis, in agreement with the de Vries equation. 1h€ HAUP data were supplemented with additional mea-
However, a simple analysis of the de Vries equation show§urements ob andp versus temperature in order to get the
that for smallp, g, scales as/\), vanishing for all prac- Material parameters required to check E@$.and(5). The
tical purposes foh >5p. tilt angle was detgrmlned on a'planar cell .ofu,ﬁn Wl'th the
usual electro-optic method using a polarizing microscope.
The pitch was deduced from the de Vries equatadapted
to SmC" materialg 11]) by measuring the optical rotation of
The existence of a unique gyration coefficient perpendicuihe homeotropic cell at normal incidence. In the last case, the
lar to the optic axis can only be proven by using nonstandardlAUP device working as a standard polarimeter was used.
polarimetric techniques. The problem arises because theigures 1 and 2 show the temperature dependengéenép.
modifications in the polarization state of light due to gyration The behavior of both quantities is classical. The pitch is re-
are usually very small corrections of the main birefringencemarkably small. As can be seep/\<1/4 below 50 °C,
effects. In other words, OA is extremely difficult to detect which indicates the suitability of the material for our pur-
along birefringent crystal sections, and its effects can ofteifpOSes.
be confused with those due to imperfections of the optical Figures 3 and 4 show the results obtained from the HAUP
measuring system and sample surface defects. We haveeasurements. The birefringence in Fig. 3 corresponds to the
solved this difficulty by using the so-called high-accuracyvalue of the optical anisotropy/.— \Z,. The increasing
universal polarimetefHAUP) technique[5]. The HAUP  tendency of this quantity is due to the decreas® as tem-
method permits us to control possible imperfections of theperature rises. The data are in good agreement withi4xd.
optical equipment, and to measure reliably the values of théhe local birefringence is almost independent of temperature
birefringence, OA, indicatrix rotation, and linear and circular and takes the valuge,— \/eo=0.14. This value is consistent
dichroism, when all these effects appear simultaneously. Theith the birefringence found for a sample with the helix un-
most critical components of the equipment are two motorwound by an electric field. On the other hand, Fig. 4 indi-

IIl. EXPERIMENTAL PROCEDURE AND RESULTS
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FIG. 1. Temperature dependence of the tilt angle in the SmC  FIG. 3. Temperature dependence of the birefringence in the
phase of FLC10854. The measurements were carried out gana 2 SmC* phase of FLC10854. Measurements were carried out using
thickness planar sample. the HAUP technique on a homeotropically aligned sample at an

oblique incidencex;=23.5°.
cates the existence of a remarkable gyration. Open squares

represent the measured ellipticities. Thg size wlould cor- ot smer materials, they are not enough to fully describe the
respond to an order of magnitu@~10 " for light propa-  gyration effects we have found experimentally. This is not
gating in a direction perpendicular o This is a huge OA  gprising since the degree of inhomogeneity of our material
since in the absence of birefringence it would imply a rota-g ather largdat high temperatureg/\ is as large as 0.42

tory power larger than 600°/mm. We are then forced to consider higher-order terms in the

Open circles in Fig. 4 represent the elipticity deducedexpansion ofeo in powers ofp/\. These are presented in
from Eqgs.(3)-(5) and(7) using thed, p, and AT values of  {ha next section.

Figs. 1-3. The experimental data are in agreement qualita-

tively, though the quantitative comparison is not completely

satisfactory. As can be seen, the disagreement is not large, V. HIGHER-ORDER CONTRIBUTIONS TO &
but the experimental ellipticity is systematically higher by an
amount larger than the error bars. Obviously, one should n
expect a complete accordance with the theory, especially in1
the region of high temperatures, where certaiplys not
much smaller thar. In addition, since the illumination di-
rection is not far from the optic axidhe angle of refraction
was o, = 14.5°), it seems reasonable to consider the effect
of g, in G. It is not evident the way in whicly, should be
incorporated td5 sinceg; is not a true OA1,2]. Anyway, if
the g, contribution is removed in the usual way like a true

Higher-order corrections fok.; can be obtained by
eans of an extension of the perturbative treatment reported
Ref.[1]. Here, however, we will follow a different proce-
dure, which is simpler, and is based on a paper by Galatola
[2]. The complexity of the analysis of Rdfl] is due to its
enerality, accounting even for optical effects that are
ample dependent. However, both approa¢heand[2] are
practically equivalent provided that the validity of a homo-

0.025 T T T T

gyration(solid circles in Fig. 4, the discrepancies are similar
at low temperatures and become greater at high temperatures 0.02 -
(whereg is as large as 20°/mmbecausgy, andg,; have
opposite signs. goosy
We therefore conclude that although E(®—(5) provide £
a good first approximation for modeling, the optical behavior g 001 ]
0.005 - .
0.3 . [
* 0 | | I I 1
025 - S 20 30 40 50 60 70 80
o2l i Temperature ( °C )
g 015t _ FIG. 4. Experimental ellipticity of the normal modes versus
z temperature of FLC10854 in the Srh(phase(square symbojs
0.1 7 Measurements were carried out on anud8 thickness sample at an
0.05 L i incidence angley;=23.5° using the HAUP technique. Solid circles
were obtained after removing tige contribution, using the birefrin-
0 1 | {

' ‘ gence,, andp data and the de Vries equation for evaluating this
20 30 40 50 6 70 80 . .
Temperature ( °C ) quantity. The error bars in both cases are smaller than the symbol
size. Open circles represent the theoretically predicted ellipticity
FIG. 2. Pitch versus temperature in the Sm@hase of assuming a gyration tensor contribution given by expres¢in
FLC10854. The depicted values were obtained from measuremenithe measured birefringenc#, and p values were also used to
of the pseudorotatory power along the optic axis, by using the dealculate this quantity. The error bars are due to error propagation,
Vries expression. starting from the experimental errors in the birefringeng;eandp.
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geneous model for the Sri(phase is assumdd].

According to Ref.[2], a short-wavelength periodic me-
dium can be described as a homogeneous medium ayjth
given by

seﬁ<k>=s<0>+k§q§Os(—q)G(q)e(q). ®)

wheree(q) are the Fourier components ofz) and
G(q)=[(k+q)’I = (k+aq)@(k+0q)—kje(0)] 1. (9

In our caseg=(27m/p)z, with m an integer.
The expansion of Eq@8) in powers ofp/\ is equivalent

to the classical expansion of the dielectric tensor in powers

of the light wave-vectok, which is used to treat the spatial
dispersion phenomenon
(0)

eff; ;

. 1 2
[T YK+ AT ki

gerrij(K)=¢

+i7i(,?}),l,m,nklkmkn+"' ) (10)

beingsg‘;zijzseﬁij(oy
The first two terms of Eq(10) are explicitly written in
Eq. (3) for a SmC phase, and describe the refractive index

and OA, respectively. Further-order terms are expressed in
terms of tensors of increasing rank and are corrections to the

symmetric(rea) and antisymmetri¢imaginary components
of ;. As will be shown below, successive corrections in
Eq. (10) scale as increasing powersmf\. Their effects are

usually negligible in the optical region and, due to the small

size of (p/\)", n=2,3,..., are seldom considered in the lit-
eraturd 12]. Here, however, in view of oys/\ values, some
of these terms will be retained.

From Eq.(2), the Fourier components ef(z) are easily
found:

&
0)= & ,
8( ) 0 80+ fsmzﬂ 0
0 0 gote,C0S0
11
0 0 1
& . .
s(t1)=§sin90050 0 0 Tiletieo, (12
1 % 0
1 Fi 0
t] . :
e(iZ)ZZasinze Fi =1 0|e*@%, (13
0 0 O

Using Egs.(8), (9), and (11)—(13), a rather complicated
expression fore (k) results. By expanding this expression
in powers ofp/\, the serieq10) is obtained. The first two
terms of the series coincide with those given by 8. The

PHYSICAL REVIEW B4 011707

indicatrix and will not be written here. The next-order con-
tribution is a gyrationlike term, which is given by

0 Ty Iys
i'}’i(,3j),l,m,nklkmkn: Fz,l 0 1_‘2'3 ) (14)
I';; I's, O
with
Iﬂ2,1=_r1,2
e, £a
__I(X> [1—68a sin* #(ncosa) + 3—2595|n40
85 €a . .
——| g+ = sir? 8| [n®sirf a cosa |, (15)
4deg 2
F3|1:_F1,3
. p 3 Sg Sa nz _— .
=— x 8Tse 80+?S| dl+ninsina

2
€a

T o~2

got %sin2 0>ﬁ3 sin® a] singsir? 24,

89
(16)
3= =13
2
. p 3 € Sa B 2 |=:
—|<)\) {8513 g0t 2smza +n?[nsina
851 €a
— —>| 8o+ = Sir? 8| N°sin® | coSE sir? 26.
8eg 2

17
where we have expressed the components a$

ky=nkgsina cosé, ky=nkgsinasing, k,=nk,cosa,
(18)

beingn a mean refractive index.

Obviously, the property described by® is not a true
OA, since it is a fifth-rank tenso@antisymmetric in its first
two indiceg instead of a third-rank one. However, for small
a angles(as in our experiment, where the angle inside the
material wasa=14.5°, the imaginary part ok s can be
approximately written as a true OA, namely,

‘yi(,lj),lk| + ‘yi(,z}),l,m,nklkmkn

0 g\?ﬁmz _giﬁmy
~| —g'm, o0 gf'm, |, (19
g?_ﬁmy _giﬁmx 0

third term represents a very small correction to the opticalvith
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0.03 geneous materials. More specifically, we will examine the

0.025 1 case of incommensurat@C) phases, where some features
about their optical properties have been in dispute in the

0.02 - literature for more than one decade.

0.015 L As is well known, IC structures can be described in terms

of a basic crystal structure, which is distorted by a modula-
0.01 |- - tion wave whose period is IC with the periodicity of the
basic structure. This gives rise to long-range structural dis-
tortions in comparison to the dimensions of the unit cell of
0 ' ‘ ' ‘ * the basic structure. Optical properties of IC structures, and
20 30 40 50 60 70 80 . )

Temperature ( °C ) more especially, the question of the OA, have become an

interesting subject since the report in 1985 of a nonnull gy-
FIG. 5. Theoretical temperature dependence of the ellipticity ofration in the centrosymmetrid 3] IC phase of (NH),BeF,

the normal modes assuming an @ g$" sirf a, with g5" given  [14]. After this preliminary result, the existence of OA has
by Eq.(20) (open circles Solid circles are the same as those in Fig. been claimed in other centrosymmetric IC materials, most of
4, i.e., are obtained from the raw experimental ellipticities by subthem belonging to the 88X, family [15—19. On the other
tractin_g theg, contribution assuming a tensor behavior for this hand, other authorf20—24 disagree with these surprising
quantity results, finding null gyrations in some of the materials in
which OA had been previously detected. They argue that the

Ellipticity

0.005

ealp [p ) . apparent gyrations determined in some experiments are due
eff __ ~a | M e 2 . .
90" T8 N +()\) [20+eqsinPo+D ]}S'”z 20, to the presence of systematic errors in the measurement pro-
(20)  cess.
As will be shown below, the OA in IC structurdsen-
and trosymmetric or ngtcan be described using the formalism

presented here. The local dielectric tensor is spatially inho-
mogeneoug: (r), and expressioii8) for e4(k) is formally
valid, with wave-vectorg of the form[25]

3
g2 sint'e. (21

p
eff _ — [ F
9y _l6<)\

Equation(20) introduces an additional term tp,_ in Eq.
(5) that scales asp{\)3. On the other hand, it can be
checked thagﬁlff is just the first term of the expansion of the
de Vries equation in powers gf/\. Therefore, even when Wwhere, for simplicity, a one-dimensiondlD) IC structure is
neither g™ nor the higher-order term ig®" are genuine considered. Hera*,b*,c* describe the reciprocal lattice of
OA's, their interpretation as true gyrations for smallis ~ the basic structure anglis a temperature-dependent irratio-
reasonably justified. With these corrections in mind, a newPal number, whileh,kl,m are integers. The Fourier wave
interpretation of the experimental results must be carried outectors given by (0,0,—m) with I[/m~y are the respon-

In Fig. 5, a comparison between the experimental andible of the longest modulations, with a periqe~c/(l
theoretical values of the eigenmode ellipticities is depicted—My). In practice, the modulations with relevant structural
Solid circles in this figure are obtained by removing from theinformation have periods as large as some tens times the cell
raw experimental data thg contribution, assuming a usual Parameterc. Evidently, this is a rather long-range modula-
tensor behavior for this quantity. Open circles represent théon in comparison to the unit cell of the basic structure, but
ellipticities deduced form expressid@0) in which (p/\)3 it is still small compared to the optical wavelength. There-
contributions have been included. As can be seen, a god@'e, one can expect that the optical properties of these
agreement is obtained up to 65 °C. However, above this tenRhases are those of a homogeneous medium with an effective
perature, a clear discrepancy between both curves appeafi€lectric tensor given by an expression similar to ).
which can be interpreted as a limitation of the model due to The homogeneous model for IC phases is even more re-
the rise of the pitch length with temperature. For temperadlistic than for short-pitch SmiCphases, because here, apart
tures h|gher than 65°C the raucp/(}\) is |arger than 03’ from the shorter modulation Scale, the Fourier Components
which, indeed, is a value surprisingly high for the validity of £(d) with q#0 are usually small corrections to the main
any homogeneous model. However, at least below this limithomogeneous contributios(0). This greatly contrasts with
the optica| properties of this material can be proper]y delhe SmC case, where the inhomogeneity of the structure is

scribed in terms of the zero Fourier component of the elecimore evident. . _
tromagnetic Bloch wave. We turn now to the particular case of centrosymmetric IC

structures. In generak(r) should fulfill the symmetry re-
strictions imposed by the superspace grdep of the IC
structure [25]. This group has elements of the forgy
Having established the adequacy of the homogeneous{Rg,R|ts}, and is defined in a 4D space. HerBg
model to describe the optical properties of short-pitch 3mC = (Rg,R;) whereRg is the usual 3D orthogonal transforma-
phases, we now turn to apply this approach to other inhomadon andR, the internal transformation, whiley= (tg,t;) is

g=ha* +kb* +Ic* + myc*, (22

V. OA IN INCOMMENSURATE STRUCTURES
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the superspace translation. More explicitly, it can be showrirom Egs.(8) and(9), it can be straightforwardly concluded

that the symmetry requirements imply the relatj@6]
e(0)=Re®Res(Re "a)exd i (Rs *he) -],

wherehg= (hg,h)), with hg=(h,k,l) defined in the 3D ex-
ternal subspace arg=(m) defined in the 1D internal sub-

(23

space, perpendicular to the external one. In particular, if th

IC phase has an inversion center, thggy={—1,—1|0000,
and Eq.(23) impliese(q)=¢(—Qq).
On the other hand, since in a nonabsorbing medigm

must be hermitiar(in accordance to the general symmetry

requirement$27]), it can be easily shown from E¢8) that
this implies thate(r) is real[(q) =¢(—q)* ] and symmet-
ric.

Now, taking together both requirements fefq), we

thate (k) is a real tensor, which excludes the possibility of
true OA or any pseudogyration effect. More general, it can
be shown from Eq(23) that e.4(k) as well as the material
tensorsy!") in Eq. (10) satisfy the Neumann Principle with a
symmetry group equal to the point group of the basic struc-
ture Gp={Rg}. This remarkable conclusion represents a the-
Bretical support to the experimental data first obtained by
Ortegaet al.in 1992[20], and clarifies a long controversy in
recent studies of crystal optics.
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