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Stopping of acoustic waves by sonic polymer-fluid composites
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A two-dimensional periodic array of air cylinders in water is known to have giant acoustic stop bands@M.S.
Kushwaha and B. Djafari-Rouhani, J. Appl. Phys. 84~1998! 4677#. It is shown in the present paper that hollow
cylinders made of an elastically-soft polymer containing air inside and arranged on a square lattice in water can
still give rise to large acoustic band gaps. Similar properties can also be obtained with a close-packed array of
tubes containing water when arranged on a honeycomb lattice in air. The transmission coefficient of films made
of such polymer-fluid composites has been calculated by finite difference time domain method. With film
thickness not exceeding 75 mm, a deep sonic attenuation band was found with, in the best cases, a lower limit
below 1 kHz and an upper limit above 10 kHz.

DOI: 10.1103/PhysRevE.63.066605 PACS number~s!: 43.20.1g, 46.40.2f, 68.60.Bs
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I. INTRODUCTION

In a recent publication, Ping Sheng and collaborators
ported on the successful realization of a three-dimensio
periodic elastic medium presenting band gaps in the dom
of acoustic frequencies, while having a period much sho
than the forbidden wavelengths@1#. Such a periodic medium
is a sonic crystal, which somehow is an adaptation to ela
waves of the concepts developed earlier for electromagn
waves in photonic crystals@2#. The design of a composit
medium for which the propagation of sound is forbidden
some frequency domains is of great practical interest. T
dimensional periodic materials are conceptually simpler t
three-dimensional sonic crystals and may also present ac
tic band gaps@3,4#. It is only recently that this possibility
was demonstrated experimentally by several groups@5–8#.
On the theoretical point of view, a two-dimensional crys
requires much less computational load than the thr
dimensional systems and is therefore more suitable for
merical simulations.

This paper is devoted to the calculation of the transm
sion coefficient of acoustic waves across a phonic-cry
slab. The technique used is a variant of the finite-differe
time-domain~FDTD! method recently developed by sever
groups in the context of elastic wave propagation@9–12#. As
a first example, we consider a square array of polymer tu
with air inside and water outside. The choice of this syste
which mixes both fluid and solid media, was dictated by
fact that a periodic array of air cylinders~without a solid
envelope! in water is predicted to present giant sonic st
bands@13#. The aim of the present paper is to see to w
extent this property is conserved in a realistic situation wh
the air cylinders are contained in solid tubes immersed
water, and to evaluate the acoustic transmission across
nite thickness of such a medium. This system would have
property of preventing the propagation of sound in a la
frequency domain, with the period of the sonic crystal be
much smaller than the acoustic wavelength.
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If one exchanges the roles of air and water, it appears
water cylinders in air may also present large frequency g
when arranged on a honeycomb lattice. This system has b
considered too, using again polymer tubes to separate
two fluids. Transmission calculations indicate that films
60–80 mm thickness containing such tubes with air or wa
either inside or outside can attenuate the sound transmis
by two or more orders of magnitude in large intervals
audible frequencies.

II. FORMULATION

We consider a two-dimensional elastic material, possi
a fluid, containing cylindrical or prismatic inclusions parall
to the z direction and having a periodic arrangement in t
(x,y) plane. A film of such a composite material is realiz
by considering a small number of periods in they direction.
The film is bounded by semi-infinite homogeneous media
both sides. The system is infinite in the vertical directionz,
and none of its properties depends onz ~translational invari-
ance!. A traveling wave packet is supposed to arrive fro
one side and to propagate in the direction of increasiny
across the composite-material slab. The wave equation t
solved is

r~x,y!]2uW /]t25¹W •s, ~1!

with r the mass density ands the stress tensor. For simplic
ity, the displacement fielduW is taken independent onz, and
all the materials are supposed to obey the isotropic Hook
law. In these conditions,

sxx5C11]ux /]x1C12]uy /]y, ~2!

sxy5C44~]uy /]x1]ux /]y!, ~3!

syy5C11]uy /]y1C12]ux /]x, ~4!
©2001 The American Physical Society05-1
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with C11, C12, andC44 the position-dependent elastic co
stants. For a given isotropic medium, these constants are
independent. They are related to the longitudinal and tra
verse speeds of soundcl and ct in the usual way:C11

5cl
2 r, C445ct

2r, andC125C1122C44. A fluid is treated as
a solid with zero transverse speed of sound.

The second-order time-differential wave equation~Eq. 1!
can conveniently be written in a set of canonical, first-ord
equations:

]vW /]t5FW /r~x,y!, ~5!

]uW /]t5vW , ~6!

with vW the velocity field and whereFW 5¹W •s is the elastic
force per unit volume. These equations are solved by FD
method, using central differences. The displacement fiel
calculated at multiple integers of a time stepDt, whereas the
velocity is calculated on a time grid shifted by half the ste
The solution is subject to the initial conditions

uW ~ t50!5g~y!eW y , ~7!

vW ~ t5Dt/2!52clg8~y2clDt/2!eW y , ~8!

whereg(y2cl t) is a longitudinal wave packet that at tim
t50 is localized in the incoming medium and propaga
with the velocitycl of that medium. Here above,g8 denotes
the derivative ofg with respect to its argument. The wav
packet is polarized in they direction and does not depend o
x andz. Despite the fact that the initial conditions depend
y only, a two-dimensional solution depending on bothx and
y is searched for for bothux anduy components of the dis
placement field.

The canonical equations are solved numerically and
time-dependent displacement field is calculated on the o
side of the film, in the outgoing medium, where the comp
nent uy(t) is integrated in an interval along thex direction
corresponding to a period of the slab. The Fourier transfo
with respect to time,Uy(v), of that quantity is computed
The same algorithm is applied to simulate the propagatio
the incoming wave packetg(y2cl t) in the absence of the
film, more precisely when assuming that the incoming m
dium occupies the whole space. The Fourier transformG(v)
of that signal is obtained along the same way as here ab
The transmission coefficient of the film is then defined as
ratio T(v)5uUy(v)u/uG(v)u. This definition does not
ground on energetics consideration and, for that reason, t
is no guarantee thatT(v) will be smaller than one for al
frequencies. The definition ofT simply assumes that a dete
tor used in an experimental situation will provide a sign
proportional to the displacement fielduy(t). In all the calcu-
lations we have performed, thex component of the transmit
ted signal was found to be at least an order of magnit
smaller thanuy(t). The x component of the displacemen
field was therefore ignored in the definition of the transm
sion coefficient.

In order to compute the transmission coefficient with
good accuracy, it is important thatG(v) varies smoothly on
06660
ot
s-

r

D
is

.

s

e
er
-

m

of

-

e.
e

re

l

e

-

a frequency scalev0 characteristic of the problem consid
ered. This condition can be realized by taking a wave pac
of the form

g~y!5A cos~k0y!exp@2~k0y!2/2#, ~9!

wherek051.5v0 /cl . In Fourier space,G(v) is the sum of
two Gaussians centered atv56k0cl . The mean-square de
viation of the two Gaussians is such that all the derivatives
G(v) up to order three vanish at the origin. As a resu
G(v) varies by one percent only in the interval (0,v0).

The wave packet@Eq. ~9!# has a spatial extension of th
order of half a wavelength,l052p/k0, on both sides of its
maximum. Therefore, the incident medium in front of th
slab needs to have a thickness of the order ofl0 to contain
the initial wave packet. Its maximum at timet50 is placed
at the center of this medium slice. On the other side of
slab, the thickness of the outgoing medium is also chose
be of the order ofl0 and the transmitted signaluy(t) is
recorded at the end of that slice and integrated along thx
interval, as explained above.

The spatial derivatives in the wave equations are a
evaluated with a finite difference scheme, using central
ferences correct to the second order. Thex components ofuW

andvW are calculated on the nodes (i , j ) of a two dimensional
grid with stepsDx, Dy, and they components are calculate
at the center of the meshes@12#. Equations~2!–~4! then re-
quire that the components of the stress tensor be evaluat
the centers of the segments joining two neighboring nod
such as for instance at the coordinates (i 11/2,j ). The elastic
constants there are defined as the geometric average o
values tabulated on the neighboring nodes, here (i , j ) and
( i 11,j ) @14#.

Periodic boundary conditions are applied in thex direc-
tion. In they direction, the so-called Mur conditions@15# are
used at the free ends of the incoming and outgoing media
the end of the outgoing medium for instance, one impo
that the elastic wave is propagating in the forward directi
that is to say is leaving the medium without reflection. T
condition is therefore,

cl]uW /]y1]uW /]t50, ~10!

where the longitudinal speed of sound is used for both thx
and y components of the displacement field. A finit
difference approximation of that condition, correct to t
square of they and t increment steps, is used.

III. AIR-FILLED TUBES IN WATER

The calculations discussed in this section were carried
for a square lattice of cylindrical polymer tubes in wate
with air inside the tubes. The geometry is illustrated in F
1, the lattice parameter is 20 mm. In the absence of poly
coating (d50), air cylinders in water give rise to a ban
structure with little dispersion when placed on a square
hexagonal lattice and when the air filling fraction is betwe
0.1 and 0.55@13#. When, as a first approximation, the dens
ratio between water and air is taken as infinity, the eigen
5-2
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STOPPING OF ACOUSTIC WAVES BY SONIC . . . PHYSICAL REVIEW E 63 066605
quenciesv of the air cylinders can be obtained from th
zeroes of the derivative of the Bessel function of the fi
kind, J m8 (vr /c)50, wherec is the speed of sound in air an
r is the cylinder radius. This remains approximately tr
when the finite density of water is taken into account, b
cause for intermediate filling fractions, the propagation of
acoustic waves is predominant in air and the air cylind
only weakly influence each other. The frequencies obtai
by band-structure calculations of the first five bands for
infinite periodic system are listed in Table I for a fillin
fraction close to 0.2. All the bands but the first one hav
dispersion smaller than 30 Hz. As indicated by the tab
there is a huge band gap in the audible region, between
and 20 kHz.

The transmission coefficient of the film shown in Fig.
was computed as explained above. The reference frequ
used for generating the incident wave packet@see Eq.~9!#
was v0/2p520 kHz. In order to avoid reflections at th
interfaces between the film and the external media, 70 mm
the same material~water! as the host containing the air cy
inders was used as propagating media on both sides o
film.

The first band of the air-water composite crystal is ch
acterized by a small sound velocity, approximately 30 m
In order not to affect this band too much, we chose for
tubes that separate the air from water a polymer having s
speeds of sound, of the order of 30 m/s. A butyl rubber~Poly
isobutene-co-isoprene! was selected on that ground, the ela
tic data @16# are given in Table II. Different values of th

FIG. 1. Two-dimensional cross section of a square array
polymer tubes, with thicknessd and internal radiusr. Air occupies
the interior of the tubes and there is water at the exterior. T
system has an infinite extension in thex direction and is excited by
an incident wave packet arriving as indicated by the arrow.

TABLE I. Eigenfrequencies of a perfect square lattice of
cylinders in water with radiusr 55 mm and perioda520 mm.m
is the order of the Bessel function from which the bands derive

Band 1 (m50) 2 (m51) 3 (m52) 4 (m50) 5 (m53)
n ~kHz! 0.0–0.6 20.0 33.1 41.6 45.6
06660
t

-
e
s
d
n

a
,
.6

cy

of

he

-
.

e
all

-

polymer coating thickness were considered, and typical
sults are shown in Fig. 2 for a film composed of four perio
~four rows of cylinders! in the y direction.

For d50 ~no polymer coating around the air cylinders!,
there are a few peaks of transmission below 0.6 kHz com
from the first band in Table I. At 1 kHz, the computed tran
mission has fallen down to 2%~17-db attenuation! and keeps
decreasing. The second frequency band of the air-w
square lattice gives rise to a small transmission peak a
kHz ~Fig. 2, top panel!. The frequency bands of this com
posite lattice are so flat that it was difficult to find the
signatures in the computed transmission spectrum. A v
long time integration (221 time steps of 20 ns! was used for
this particular system. When the polymer coating was int
duced, 219 time steps were used to investigate the sonic ch
acteristics of the film. The transmission spectrum shown
the top panel of Fig. 2 is fully consistent with that obtain
for a cluster of air bubbles in water where the wide gap
transmission is due to multiple-scattering effects@17#.

With a polymer tube thicknessd51.25 mm, there is a

f

e

TABLE II. Elastic properties of the materials used in the calc
lations: mass density, longitudinal, and transverse speeds of so

r(kg/m3) cl(m/s) ct(m/s)

Air 1.3 340 0
Water 1000 1490 0
Polymer 933 55 19

FIG. 2. Solid lines: spectral transmission coefficient of the s
tem shown in Fig. 1 for three values of the thickness of the polym
tubes:d50, 1.25, and 2.50 mm. The lattice parameter is 20 m
four periods are considered in the transverse direction, the in
radius of the tubes~air cylinders! is r 55 mm. Dashed line: trans
mission spectrum of a film composed of 5 rows of tubesd
51.25 mm) arranged on the centered square lattice obtained
rotating the unit cell by 45°. This curve has been shifted vertica
for clarity.
5-3
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PH. LAMBIN et al. PHYSICAL REVIEW E 63 066605
broad transmission band centered around 12 kHz, and
other small peak at 35 kHz~not shown in Fig. 2!. The large
pass band is obviously due to the polymer, since its
quency changes by increasing the tube thickness. Its pos
is also dependent on the elastic response of the polymer c
ing: multiplying its longitudinal velocitycl by a factor of 2,
while keepingct constant, shifts the transmission peak to
kHz.

Returning to Fig. 2, the transmission level on both sid
of the large polymer band is found significantly higher th
in the absence of polymer. However, the transmission of
film remains reasonably small, below 2.5%, forn between 1
and 10 kHz, and above 15 kHz. Whend52.5 mm, the fre-
quency of the polymer-induced transmission band decre
by a factor of two~see Fig. 2, bottom panel!, and another
transmission peak appears at 17.5 kHz. Still, there are
sonic stop bands between 1 and 5 kHz, and between 8.5
16.5 kHz, where the computed transmission is found m
smaller than the background transmission obtained witd
51.25 mm.

By rotating the two-dimensional unit cell by 45° wit
respect to the incident~y! direction, the properties of the
composite crystal can be investigated along the@11# direc-
tion in the reciprocal space, instead of@10# as before. As
viewed from the incident direction, the cylinders are no
arranged on a centered square lattice, with parameterA2a.
The results for the tube thicknessd51.25 mm are shown by
the dashed line curve in the central panel of Fig. 2 for a fi
composed of 5 rows of cylinders~2.5 periods!. The transmis-
sion spectrum remains essentially the same as with the
vious geometry, which indicates that the frequency gaps
not depend on the wave-vector direction.

The number of periods across the film has some influe
on the transmission spectrum of the composite medium. T
is illustrated in Fig. 3 for a series of films having the origin
geometry depicted in Fig. 1 and composed of 1 to 5 rows
tubes across thickness. Already with one row of tubes,
essential features of the spectra computed for thicker fi
are present. A resonance of the air cylinders is clearly vis
at 20 kHz but the signature of this mode rapidly disappe
by increasing the number of periods. At least two other
calized modes are present in the transmission curve of
monolayer film, at 1.0 and 7.2 kHz. These peaks shift
ward by increasing the transverse velocityct of the polymer.
They are much less sensitive to the longitudinal veloc
Like for the air-cylinder resonance, the amplitude of the t
polymer-tube resonances rapidly decreases by increasin
number of periods alongy. This is because the width of th
resonances decreases and eventually becomes smaller
the spectral resolution used in our calculations~100 Hz!. A
test calculation performed for the four-period film wi
25-Hz resolution~the same as for the top panel of Fig.!
revealed the presence of narrow peaks at 1.05, 7.25, and
kHz. The main transmission band around 12 kHz rema
strong in all cases. Interestingly, the background transm
sion in the wings of the band, around 5 and 17 kHz, is fou
smaller with 3 periods than with 2 and 4 periods. With
periods, the background transmission is again smaller.
origin of this oscillatory behavior is unknown.
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The use of tubes with very small speeds of sound w
essential to preserve part of the sonic band gaps of the o
nal air-water system. With a hard material such as PVC
instance, the transmission of the film shown in Fig. 1 h
been found oscillating between 0.8 and 1 for all frequenc
between 0 and 25 kHz~no gap in the audible domain!.

IV. WATER-FILLED TUBES IN AIR

From a practical point of view, it would be more interes
ing to have the water contained in tubes with air outsi
rather than the opposite. However, water cylinders in air g
rise to allowed acoustic bands with much larger dispers
than air cylinders in water@13#. The most favorable situation
arises at the close-packing limit since, then, the air cavi
between the cylinders become isolated from each other, v
much like in the previous section. That close-packing lattic
in air are characterized by large acoustic band gaps has
demonstrated for various systems in the all-fluid approxim
tion @8,18,19#. In this respect, one of the best systems is
honeycomb lattice@8,18#.

To explore this geometry in transmission, FDTD calcu
tions were performed for a close-packed array of tubes o
honeycomb lattice with hexagonal edge size 11.5 mm~lat-
tice parametera519.9 mm). The tubes were supposed to
made of the same polymer as before, with a thickness of 1
mm ~the inner diameter is 9 mm!. There is water inside the
tubes and air outside. The transmission coefficient was c
puted for the two films shown in Fig. 4, which present eith
a zigzag or an armchair configuration of the tubes at
surface. Air slices 11 mm tick were considered on both si
of the film to generate the incident wave-packet upstre
(v0/2p545 kHz) and to record the transmitted sign
downstream. Time integration of the equations was p
formed over 221 steps of 8.3 ns. For the two configurations

FIG. 3. Spectral transmission coefficient of a square array
polymer tubes in water~inner radius 5 mm, thickness 1.25 mm!
composed of 1, 2, 3, 4, and 5 periods in the transverse direc
The curves have been shifted vertically by 0.05 units for clarity
5-4



o
th
o
m

H

he
e
ir
h

n
h
er
es
t

ng
al

ns
re-

sary
ium

re-
ol-
ex-
nd,
in

wo
film
cu-
to
in
Hz,
air
ob-

per
be
e-
oc-
is-
ere

e-
air
Hz

soft
to

d
n
rop-
ble
ins

nic
ost

R
c-

de
T-

ith

ch
m
go

STOPPING OF ACOUSTIC WAVES BY SONIC . . . PHYSICAL REVIEW E 63 066605
the honeycomb structure, Fig. 4 shows that there is a str
attenuation band between 2 and 11 kHz, and there is ano
transmission gap between 17.5 and 21 kHz. By comparis
band-structure calculations performed for the honeyco
lattice of touching cylinders of water in air~no envelope!
@18# lead to a first absolute band gap extending from 2.6 k
(0.15c/a, with c the speed of sound in air! to 13.9 kHz
(0.82c/a). Interestingly, with the zigzag arrangement of t
tubes~bottom of Fig. 4!, the band gap settles at a much low
frequency, around 0.8 kHz, in close analogy with the a
filled tubes in water depicted in the central part of Fig. 2. T
pass band between 12 and 14 kHz~central panel of Fig. 2!
also comes out in the present geometry and finds its origi
the polymer coating but also in the water cylinders. With t
armchair geometry illustrated in the top panel of Fig. 4, th
are a two small peaks in the first gap, near 6.8 kHz. Th
peaks may have the same origin as the one observed a
kHz in Fig. 3 for small film thickness.

V. CONCLUSIONS

Two-dimensional fluid-fluid composites have interesti
phononic properties for they may give rise to large interv

FIG. 4. Spectral transmission coefficient for an array of tou
ing polymer tubes filled with water and located on a honeyco
lattice in air~tube inner radius 4.5 mm, thickness 1.25 mm, hexa
nal lattice parameter 19.9 mm!. Two configurations of the film are
shown, corresponding to an incident wave packet~arrow! propagat-
ing along theGX ~bottom! andGJ ~top! symmetry lines of the first
Brillouin zone. The overall thickness of the film is 71 mm~top! and
69 mm ~bottom!.
d
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of forbidden acoustic frequencies. Any practical applicatio
of these systems as sonic insulators for instance would
quire two amendments. First, solid envelopes are neces
to separate the two fluids and, second, the composite med
must be of finite thickness. These are two difficult requi
ments to explore theoretically, because mixing fluids and s
ids causes serious convergence problem in plane-wave
pansions usually used in band-structure calculations a
furthermore, the finite thickness destroys the periodicity
one direction.

This paper aimed at exploring the effects of these t
requirements. The transmission coefficient across a
made of a two-dimensional composite medium was cal
lated numerically with the FDTD methodology applicable
solid-fluid composites. It was shown that air cylinders
water may lead to a large attenuation band starting at 1 k
typically, and extending over about 10 kHz, provided the
be contained in elastically-soft tubes. These results were
tained with tubes on a square lattice with a parameter~20
mm! much smaller than the stopped wavelengths. The up
limit of the sonic gap depends on the thickness of the tu
and on its longitudinal speed of sound. The lower limit d
pends on the air-filling fraction and on the transverse vel
ity of the tube material. A few, narrow-resonance transm
sion peaks may exist inside the gap. In our calculations, th
was one such resonance at 7.2 kHz.

Another system, with water now contained in a clos
packed array of polymer tubes on a honeycomb lattice in
also shows an attenuation band starting slightly below 1 k
and ending at 11 kHz, with again a lattice parametera of
about 20 mm. In both cases, the use of an elastically-
polymer to separate the air from water made it possible
maintain the lower limit of the first band gap aroun
0.06c/a, typical of the periodic arrays of air cylinders i
water. The sonic crystals studied in this paper have the p
erty of exhibiting large acoustic band gaps in the audi
frequency range while the thickness of the sample rema
small, of the order of a few cm. Furthermore, these so
crystals are essentially made of water and air, which c
nothing.
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