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Mode-coupling theory of the fifth-order Raman spectrum of an atomic liquid
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A fully microscopic molecular hydrodynamic theory for the two-dimensidfiéth-order) Raman spectrum
of an atomic liquid(Xe) is presented. The spectrum is obtained from a simple mode-coupling theory by
projecting the dynamics onto bilinear pairs of fluctuating density variables. Good agreement is obtained in
comparison with recently reported molecular dynamics simulation results. The microscopic theory provides an
understanding of the timescales and molecular motions that govern the two-dimensional signal. Predictions are
made for the behavior of the spectrum as a function of temperature and density. The theory shows that novel
signatures in the two-dimensional Raman spectrum of supercritical and supercooled liquids are expected.
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Nonresonant nonlinear Raman spectroscopy holds thehereN is the number of atoms in the samplg,represents
promise of providing crucial information concerning the cou-isolated polarizability tensor of atory T(f;;) denotes the
pling and dynamics of microscopic collective modes in con-dipole-dipole interaction tensor between atomendj, and

densed phase systems. In particular, fifth-order Raman spefie notationA is used as a reminder of the operator nature of
troscopy has been proposed, in analogy to two-dimensionghe quantity under investigation. It should be noted that more
(2D) NMR, as a sensitive means to elucidate the mechanismgajistic forms of the polarizability tensor are easily accom-
and timescales that govern the intricate motions that occur ifodated in our theory. The off-resonant fifth-order response

complex liquids, polymeric systems, and protdibs5]. The  fynction is expressed in terms of Heisenberg operators of the
important feature of this technique is its ability to differenti- ho|arizability tensor at different times, 4],

ate between inhomogeneous and homogeneous broadening
through the appearance or absence of an echo in the fifth- i
order signal. R(S)(tl,tz):(g
Two obstacles have emerged in the pursuit of this goal.
The first hurdle concerns the experimental detection of the ,
spectrum. Early attempts to detect the fifth-order signal ifVereé square brackets represent the commutator, i.e.,
liquids were contaminated by competing parallel cascade”BI=AB—BA, and angular brackets indicate an en-
processes which masked the detection of the desired ré€MmPle(quantum average over the initial conditions. Note
sponse profile[6]. Recently, however, several researchthatll is @ quantum mechanical operator, and that in any
groups have overcome this problem, and have detected fiftffomparison with classical simulations, the classical limit
order signals uncontaminated by cascddesd]. Difficulties ~ MuSt be taken carefully. o
have also appeared on the theoretical side. At present, the 1h€ only portion of tr;e polarizability tensor that affects
only fully microscopic theoretical calculation of the fifth- the time dependence &(ty,15) is that containingT (f;).
order Raman spectrum in a simple systéiguid Xe) pre- Note thatT(f;;) may be expressed in terms of density opera-
dicts a strong echo, at variance with concurrent moleculafC's as
dynamics simulation§10].
Given the fact that fifth-order Raman spectroscopy may aB(e aBin a
indeed provide a powerful technique for the elucidation of i T Ek: TP w=N), &)
collective motion incomplexsystems, it is of primary impor-
tance to develop a microscopic predictive theory of the fifthyhere T¢# is the wave-vector Fourier transform of tiags
order Raman signal isimple systems, such as atomic lig- component of the dipole-dipole interaction tensor and the
uids. Not only would such a theory act as a foundation fordensity operatop, is given byﬁkZEi’\LleXp@k-fi)- Due to
the study of more complex systems, but it would also prosq tact thatfor all times the dynamically important piece of
vide an understanding of exactly what the signal reveals witfjy may be decomposed into fluctuating pairs of density op-
rggard to the fundamenteiarhtermoleculardynamics of qu-. erators, a simple mode-coupling approach is suggddted
uids. Here, we attempt to provide such a theory for the fifth-y 41 |, this approach, the dynamically relevant portion of the
order Raman spectrum of liquid X&0]. polarizability tensor is projected onto bilinear pairs of fluc-
We assume that Xe atoms interact via a Lennard-JOn€g,siing density operators. In particular, we replaceith its
potential and that the polarizability tensor of the sample is ol iection onto fluctuating bilinear pairs of density operators

2
([Tt +12), II(t) LIT(O) ]y, (2)

the form asT—pT, where
HeS a S w0t SR S . S S S
e e (Fiy)-ay. @ g0 2N* 5 So(k)So(lg—k[) =k
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@k‘q_k=f)kﬁq_k, So(k) is the(quantum static structure fac- (a)
tor at wave vectok [ Sq(K) =(p_pk)/N], andA is an ar-
bitrary quantum operator that depends only on nuclear posi-
tion. Note that the projection operatgris simply the zero
wave-vector limit of a quantum version of the projector used
to derive the mode-coupling equations for the dynamic struc-
ture factor[15]. The subscript Q” is used to remind the
reader that the quantity in question is calculated via a quan-
tum mechanical averaging procedure. The classical analogs j
of such quantities will appear without this subscript. 0.lof h
The fully quantum mechanical expression in E2). in-
volves two commutators, and thus four distinct correlation
functions, each consisting of the product of six density op-
erators at different times, is obtained affey; is replaced by
its projection onto a bilinear pair of density variables. In this
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work, we will focus for simplicity on the fully polarize€o *é 13
=z, B=2z) case. In the spirit of theimplifiedmode-coupling =
theory[11,12, the multitime correlation function iapproxi- S
matedas a factorized product of density correlatfas is the = ‘
denominator in Eq(4)]. Since the fully quantum mechanical < 054
expression involvesperatorsof the fluid density, the proper &
time ordering of paired density variables must be maintained. "v"xﬁ
Performing the above procedure yields, for the fully polar- = 5
ized signal, 8’ /4"1': \
i\2a [VEK)\® 5
Q 15
R(ZSZ)zzzglth): _) E 2) t. (ps) 1 = 1
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X[Fa(kita) =Folk,—t5)] FIG. 1. Fifth-order Raman spectrutfully polarized obtained

X[Fo(k,ty+1,)Fo(k,ty) from theory (above and simulation(below). The reduced density

p* and temperaturé* employed in the calculation are 0.8 and 1.0,
—Fo(k,—t;—ty)Fo(k,—t)], (5  respectively.

whereFo(k,t) is the quantum mechanical intermediate scat-

: : P - for liquids that are supercooled, where the tails of the signal
tering function(Fo(k,t) = (p_ () (0))/N). and the vertex develop a slow dynamical character. In particular, due to the

, . :
Qz(k) is defined as multitime nature of the fifth-order response, and the under-
1N NN lying rolg of density quctuqtion:{in simple .systemb.s our
VE(K) = — T.(F0exn —ik-Fi)). theory highlights the potential use of studyidgnamic het-
W=y EI ,Z % (Ted Fij)expl im)) erogeneityin supercooled liquid§16]. A more quantitative

discussion of this connection will be given elsewhgté.
Since we will eventually take the classical limit, we considerEquation (6) also predicts interesting behavior near the
here the high temperature situation where this average can figuid-gas critical point, where the correlation length for den-
performed classically. The classical vertex contains twosity fluctuations grows tremendously. A fully self-consistent
three, and four body coupling terms. Taking the classicatalculation of the fifth-order Raman spectrum may be com-

limit of the expression in Eq5) we obtain puted with a theory for the pair distribution functiégiving
) 5 a description of all structural input needed to compute the
ROt ty)= 1 > (V k)| P dF(k,tp) vertex within the generalized Kirkwood superposition ap-
2222221 "20 (1T 2 4| S(k)? dt, proximation [17] and a(self-consistentmode-coupling cal-

culation of the density fluctuatiord5]. Here, however, we
explore the predictions of E¢6) by simulating the structural
input and using the viscoelastic theory to generate the spec-
trum of density fluctuationf11].

Equation (6) predicts that the fifth-order response for an  The spectrum obtained from our theory is compared to the
atomic liquid is governed by a complex interplay of densitymolecular dynamicsMD) simulation results of Ma and
fluctuations. Note that this expression has fully microscopicStratt[10] in Figs. 1 and 2. The most striking feature of the
predictive power. Given simple structural information onespectra is the complete lack of an echo in the analytical re-
may predict the density and temperature dependence of trsault. This is precisely the behavior predicted by the simula-
spectrum. The response is predicted to have novel signaturéisn, but is described in a qualitatively improper fashion by

d
XW[F(k,tl"‘tz)F(k,tl)]- (6)
1
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FIG. 3. Raman signal for various temperat(aeand densityb)
values, along cutt¢=t,) of the 2D spectrum. The normalized
spectra are shown far=300fs. Curves are for differerie) T*
(p*=0.8) and(b) p* (T*=1.0) values.

Time (ps)

FIG. 2. Comparison of the mode coupling thedsplid line)
results with MD simulation(dashed ling results forp* =0.8 and
T*=1.0. (a) Contour plot of the fifth-order signalb) Normalized

fully polarized signal along cutt{=t,) of the 2D spectrum. to contribute nonnegligibly as well.

We now make predictions for the temperature and density
the instantaneous normal mode calculation of Ma and Stratiependence of the signal. We restrict our discussion to the
[10]. Given the central role played by density fluctuations independence of the response on external parameters along the
our theory, the complete lack of an echo is not entirely sur-‘echo direction” (t;=t,). This is done for two reasons.
prising[18]. In general, the theory is in good agreement withFirst, the experimental interpretation of the signal should be
the simulation results of Ma and Stratt. In particular, both themost unambiguous along this direction. Second, the simple
overall form of the signal, and the rotated, nearly ellipsoidalmode-coupling theory employed here will be most reliable
character of the response are well captyre®]. The mode- outside the inertial regime, thus rendering the prediction of
coupling theory presented here is expected to be more accéq. (6) most accurate away from the axgs=0 andt,=0.
rate at longer times. In Fig(8) we compare the decay of the ~ The temperature dependence |&3),,(t;,t,)|? for t;
fifth-order response function under the conditior=t, as  =t, is studied in Fig. 8). We monitor the decay of the
computed by molecular dynamics simulation and E).  signal after the strict inertial regime and normalize each
After approximately 200 fs the agreementdsantitative  curve for comparison. The decay curves show an increase in
One feature not captured is the “ridge” along theaxis.  the rate of decay as the temperature is increased. This can be
This failing will be discussed before concluding. physically understood by the fact that a change in the tem-
The Rf}zzzgtl,tz) signal observed is composed of contri- perature does not alter the static coupling parameters such as
butions arising from different wave vectors, thus decipheringS(k) and VV*3(k) appreciably; however, at higher tempera-
these contributions yields useful information concerning thdures the dynamical quantify(k,t) decays noticeably faster
various modes that are involved in the response. At highdue to the increased fluidity of the system.
densities(for examplep*>0.8), the contribution from the An interesting feature of the decay along the echo direc-
wave vectorko <4, i.e.,r/o>1.57 is around 20%, suggest- tion is observed as the density of the liquid is varied. In Fig.
ing that the dynamics of the spectra are dominated by locad(b) we plot the asymptotic decay ¢R§§)Zzzgt1,t2)|2 for t;
(“first-shell” ) events. For these high densities, higher wave=t, as a function of density. Note that frop¥ =0.7 to p*
vectors ko>10) influence the response function greatly. =0.8 the decay of the fifth-order signal increases as a func-
However, for lower densitie€.e., p* =0.8), the contribution  tion of density increase. However, in the density range of
arising fromko <4 is more than 40% and longer wave vec- p* =0.8 to p* =0.9 (the density of liquid-solid coexistence
tors (ko>10) contribute only about 12%, suggesting that theat T* = 1.0) completely contrasting behavior is observed. For
distance betweem/o~0.8—2.0 captures most of the dy- such higher densities, th@ormalized decay slows down.
namical information. Thus “second-shell” processes beginThis can be understood as a type of de Gennes narrowing
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[11]. As the dynamical phenomena become dominated bys displayed by the simulation is probably a direct conse-
first-shell events, the dynamic structure factor exhibits aguence of this shortcoming. Our treatment has not included
slowing down due to a sharp rise in the static structure factogorrections for inertia(binary) dynamical effect$20]. Note,
for the wave vectors corresponding to localized, first-shelhowever, that previous simple mode-coupling treatments that
liquid structure. capture the correct initial value of the correlation function
Given the degree of complexity of the correlation functionynder study do indeed capture short-time effects reasonably
of Eq. (2) and the simplicity of Eq(6), the results presented \ye||[11,13,14,2] While those treatments use a wave-vector
in Figs. 1 and 2 are rather remarkable. In particular, thgyioff to enforce the proper initial value, the value
off-axis response described by E(f) is in quantitative R(5)00)=0 is automatically satisfied in the case of the
agreement with simulation after200 fs, where the ampli- fith_order Raman signal due to the double commutator form
tude of the signal is still experimentally detectable. This isqy¢ Eqg. (2). It is thus expected that even the strict short-time

significar_n, becagse it is.this portion of the signal that will pebehavior predicted by Eq6) will not be grossly inaccurate.
most telling and interesting for the study of supercooled liq- fact, our recent work on the simpler third-order signal
uids[17,16. However, there are limitations to the theoretical strongly supports this claiff22]. It is hoped that future ex-

approach outlined here. We have used the term “simple” toeriments on liquid Xe may indeed confirm the behavior
describe the mode-coupling approach employed in this workyispjayed in Fig. 3. A demonstration of the predictive utility
This is because the mode-coupling approximation has beegx the theory developed here for simple atomic systems may

performed direc;ly on the desired (_:orrelation function, a”%ave the way for an understanding of the microscopic con-
not on an associated memory functidri,12. Furthermore,  yihytions to the fifth-order Raman signal in more complex
the factorization of the multitime correlation function result- systems.

ing in an expression that contains only the intermediate scat-

tering function and no direct coupling between different We thank Ao Ma for providing his simulation results, and
wave vectors is expected to be less accurate in the stri®Richard Stratt and Andrei Tokmakoff for helpful discus-
short-time limit. The lack of a distinct ridge along theaxis  sions.
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