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Mode-coupling theory of the fifth-order Raman spectrum of an atomic liquid
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A fully microscopic molecular hydrodynamic theory for the two-dimensional~fifth-order! Raman spectrum
of an atomic liquid~Xe! is presented. The spectrum is obtained from a simple mode-coupling theory by
projecting the dynamics onto bilinear pairs of fluctuating density variables. Good agreement is obtained in
comparison with recently reported molecular dynamics simulation results. The microscopic theory provides an
understanding of the timescales and molecular motions that govern the two-dimensional signal. Predictions are
made for the behavior of the spectrum as a function of temperature and density. The theory shows that novel
signatures in the two-dimensional Raman spectrum of supercritical and supercooled liquids are expected.
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Nonresonant nonlinear Raman spectroscopy holds
promise of providing crucial information concerning the co
pling and dynamics of microscopic collective modes in co
densed phase systems. In particular, fifth-order Raman s
troscopy has been proposed, in analogy to two-dimensio
~2D! NMR, as a sensitive means to elucidate the mechani
and timescales that govern the intricate motions that occu
complex liquids, polymeric systems, and proteins@1–5#. The
important feature of this technique is its ability to differen
ate between inhomogeneous and homogeneous broad
through the appearance or absence of an echo in the
order signal.

Two obstacles have emerged in the pursuit of this go
The first hurdle concerns the experimental detection of
spectrum. Early attempts to detect the fifth-order signa
liquids were contaminated by competing parallel casc
processes which masked the detection of the desired
sponse profile@6#. Recently, however, several resear
groups have overcome this problem, and have detected fi
order signals uncontaminated by cascades@7–9#. Difficulties
have also appeared on the theoretical side. At present
only fully microscopic theoretical calculation of the fifth
order Raman spectrum in a simple system~liquid Xe! pre-
dicts a strong echo, at variance with concurrent molecu
dynamics simulations@10#.

Given the fact that fifth-order Raman spectroscopy m
indeed provide a powerful technique for the elucidation
collective motion incomplexsystems, it is of primary impor-
tance to develop a microscopic predictive theory of the fif
order Raman signal insimplesystems, such as atomic liq
uids. Not only would such a theory act as a foundation
the study of more complex systems, but it would also p
vide an understanding of exactly what the signal reveals w
regard to the fundamentalintermoleculardynamics of liq-
uids. Here, we attempt to provide such a theory for the fif
order Raman spectrum of liquid Xe@10#.

We assume that Xe atoms interact via a Lennard-Jo
potential and that the polarizability tensor of the sample is
the form

P5(
i 51

N

a i1(
iÞ j

N

a i "T~ r̂ i j !•a j , ~1!
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whereN is the number of atoms in the sample,a i represents
isolated polarizability tensor of atomi , T( r̂ i j ) denotes the
dipole-dipole interaction tensor between atomsi and j, and
the notationÂ is used as a reminder of the operator nature
the quantity under investigation. It should be noted that m
realistic forms of the polarizability tensor are easily acco
modated in our theory. The off-resonant fifth-order respo
function is expressed in terms of Heisenberg operators of
polarizability tensor at different times@3,4#,

R~5!~ t1 ,t2!5S i

\ D 2

^†@P~ t11t2!,P~ t1!#,P~0!‡&, ~2!

where square brackets represent the commutator,
@A,B#5AB2BA, and angular brackets indicate an e
semble~quantum! average over the initial conditions. Not
that P is a quantum mechanical operator, and that in a
comparison with classical simulations, the classical lim
must be taken carefully.

The only portion of the polarizability tensor that affec
the time dependence ofR(5)(t1 ,t2) is that containingT( r̂ i j ).
Note thatT( r̂ i j ) may be expressed in terms of density ope
tors as

(
iÞ j

Tab~ r̂ i j !5(
k

Tk
ab~ r̂2kr̂k2N!, ~3!

whereTk
ab is the wave-vector Fourier transform of theab

component of the dipole-dipole interaction tensor and
density operatorr̂k is given byr̂k5S i 51

N exp(ik• r̂ i). Due to
the fact that,for all times, the dynamically important piece o
P may be decomposed into fluctuating pairs of density
erators, a simple mode-coupling approach is suggested@11–
14#. In this approach, the dynamically relevant portion of t
polarizability tensor is projected onto bilinear pairs of flu
tuating density operators. In particular, we replaceT with its
projection onto fluctuating bilinear pairs of density operato
asT→`T, where

`Â5 lim
q→0

1

2N2 (
k

R̂k,q2k

SQ~k!SQ~ uq2ku! ^R̂k,q2k
† Â&, ~4!
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R̂k,qÀk5 r̂kr̂q2k , SQ(k) is the~quantum! static structure fac-
tor at wave vectork @SQ(k)5^r̂2kr̂k&/N#, and Â is an ar-
bitrary quantum operator that depends only on nuclear p
tion. Note that the projection operator̀ is simply the zero
wave-vector limit of a quantum version of the projector us
to derive the mode-coupling equations for the dynamic str
ture factor@15#. The subscript ‘‘Q’’ is used to remind the
reader that the quantity in question is calculated via a qu
tum mechanical averaging procedure. The classical ana
of such quantities will appear without this subscript.

The fully quantum mechanical expression in Eq.~2! in-
volves two commutators, and thus four distinct correlat
functions, each consisting of the product of six density o
erators at different times, is obtained afterTab is replaced by
its projection onto a bilinear pair of density variables. In th
work, we will focus for simplicity on the fully polarized~a
5z, b5z! case. In the spirit of thesimplifiedmode-coupling
theory@11,12#, the multitime correlation function isapproxi-
matedas a factorized product of density correlators@as is the
denominator in Eq.~4!#. Since the fully quantum mechanica
expression involvesoperatorsof the fluid density, the prope
time ordering of paired density variables must be maintain
Performing the above procedure yields, for the fully pol
ized signal,

Rzzzzzz
~5! ~ t1 ,t2!5S i

\ D 2

(
k

S VQ
zz~k!

SQ~k!2D 3

3@FQ~k,t2!2FQ~k,2t2!#

3@FQ~k,t11t2!FQ~k,t1!

2FQ~k,2t12t2!FQ~k,2t1!#, ~5!

whereFQ(k,t) is the quantum mechanical intermediate sc
tering function„FQ(k,t)5^r̂2k(t) r̂k(0)&/N…, and the vertex
VQ

zz(k) is defined as

VQ
zz~k!5

1

N (
i

N

(
j Þ i

N

(
l ,m

N

^Tzz~ r̂ i j !exp~2 ik• r̂ lm!&.

Since we will eventually take the classical limit, we consid
here the high temperature situation where this average ca
performed classically. The classical vertex contains tw
three, and four body coupling terms. Taking the class
limit of the expression in Eq.~5! we obtain

Rzzzzzz
~5! ~ t1 ,t2!5

1

~kBT!2 (
k

S Vzz~k!

S~k!2 D 3 dF~k,t2!

dt2

3
d

dt1
@F~k,t11t2!F~k,t1!#. ~6!

Equation ~6! predicts that the fifth-order response for
atomic liquid is governed by a complex interplay of dens
fluctuations. Note that this expression has fully microsco
predictive power. Given simple structural information o
may predict the density and temperature dependence o
spectrum. The response is predicted to have novel signa
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for liquids that are supercooled, where the tails of the sig
develop a slow dynamical character. In particular, due to
multitime nature of the fifth-order response, and the und
lying role of density fluctuations~in simple systems!, our
theory highlights the potential use of studyingdynamic het-
erogeneityin supercooled liquids@16#. A more quantitative
discussion of this connection will be given elsewhere@17#.
Equation ~6! also predicts interesting behavior near t
liquid-gas critical point, where the correlation length for de
sity fluctuations grows tremendously. A fully self-consiste
calculation of the fifth-order Raman spectrum may be co
puted with a theory for the pair distribution function~giving
a description of all structural input needed to compute
vertex within the generalized Kirkwood superposition a
proximation! @17# and a~self-consistent! mode-coupling cal-
culation of the density fluctuations@15#. Here, however, we
explore the predictions of Eq.~6! by simulating the structura
input and using the viscoelastic theory to generate the s
trum of density fluctuations@11#.

The spectrum obtained from our theory is compared to
molecular dynamics~MD! simulation results of Ma and
Stratt @10# in Figs. 1 and 2. The most striking feature of th
spectra is the complete lack of an echo in the analytical
sult. This is precisely the behavior predicted by the simu
tion, but is described in a qualitatively improper fashion

FIG. 1. Fifth-order Raman spectrum~fully polarized! obtained
from theory ~above! and simulation~below!. The reduced density
r* and temperatureT* employed in the calculation are 0.8 and 1.
respectively.
1-2
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the instantaneous normal mode calculation of Ma and S
@10#. Given the central role played by density fluctuations
our theory, the complete lack of an echo is not entirely s
prising @18#. In general, the theory is in good agreement w
the simulation results of Ma and Stratt. In particular, both
overall form of the signal, and the rotated, nearly ellipsoi
character of the response are well captured@19#. The mode-
coupling theory presented here is expected to be more a
rate at longer times. In Fig. 2~b! we compare the decay of th
fifth-order response function under the conditiont15t2 as
computed by molecular dynamics simulation and Eq.~6!.
After approximately 200 fs the agreement isquantitative.
One feature not captured is the ‘‘ridge’’ along thet2 axis.
This failing will be discussed before concluding.

The Rzzzzzz
(5) (t1 ,t2) signal observed is composed of cont

butions arising from different wave vectors, thus decipher
these contributions yields useful information concerning
various modes that are involved in the response. At h
densities~for exampler* .0.8!, the contribution from the
wave vectorsks,4, i.e.,r /s.1.57 is around 20%, sugges
ing that the dynamics of the spectra are dominated by lo
~‘‘first-shell’’ ! events. For these high densities, higher wa
vectors (ks.10) influence the response function great
However, for lower densities~i.e.,r* 50.8!, the contribution
arising fromks,4 is more than 40% and longer wave ve
tors (ks.10) contribute only about 12%, suggesting that t
distance betweenr /s'0.8– 2.0 captures most of the dy
namical information. Thus ‘‘second-shell’’ processes be

FIG. 2. Comparison of the mode coupling theory~solid line!
results with MD simulation~dashed line! results forr* 50.8 and
T* 51.0. ~a! Contour plot of the fifth-order signal.~b! Normalized
fully polarized signal along cut (t15t2) of the 2D spectrum.
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to contribute nonnegligibly as well.
We now make predictions for the temperature and den

dependence of the signal. We restrict our discussion to
dependence of the response on external parameters alon
‘‘echo direction’’ (t15t2). This is done for two reasons
First, the experimental interpretation of the signal should
most unambiguous along this direction. Second, the sim
mode-coupling theory employed here will be most reliab
outside the inertial regime, thus rendering the prediction
Eq. ~6! most accurate away from the axest150 andt250.

The temperature dependence ofuRzzzzzz
(5) (t1 ,t2)u2 for t1

5t2 is studied in Fig. 3~a!. We monitor the decay of the
signal after the strict inertial regime and normalize ea
curve for comparison. The decay curves show an increas
the rate of decay as the temperature is increased. This ca
physically understood by the fact that a change in the te
perature does not alter the static coupling parameters suc
S(k) and Vzz(k) appreciably; however, at higher temper
tures the dynamical quantityF(k,t) decays noticeably faste
due to the increased fluidity of the system.

An interesting feature of the decay along the echo dir
tion is observed as the density of the liquid is varied. In F
3~b! we plot the asymptotic decay ofuRzzzzzz

(5) (t1 ,t2)u2 for t1

5t2 as a function of density. Note that fromr* 50.7 tor*
50.8 the decay of the fifth-order signal increases as a fu
tion of density increase. However, in the density range
r* 50.8 to r* 50.9 ~the density of liquid-solid coexistenc
at T* 51.0! completely contrasting behavior is observed. F
such higher densities, the~normalized! decay slows down.
This can be understood as a type of de Gennes narrow

FIG. 3. Raman signal for various temperature~a! and density~b!
values, along cut (t15t2) of the 2D spectrum. The normalize
spectra are shown fort>300 fs. Curves are for different~a! T*
(r* 50.8) and~b! r* (T* 51.0) values.
1-3
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@11#. As the dynamical phenomena become dominated
first-shell events, the dynamic structure factor exhibits
slowing down due to a sharp rise in the static structure fa
for the wave vectors corresponding to localized, first-sh
liquid structure.

Given the degree of complexity of the correlation functi
of Eq. ~2! and the simplicity of Eq.~6!, the results presente
in Figs. 1 and 2 are rather remarkable. In particular,
off-axis response described by Eq.~6! is in quantitative
agreement with simulation after'200 fs, where the ampli-
tude of the signal is still experimentally detectable. This
significant, because it is this portion of the signal that will
most telling and interesting for the study of supercooled
uids@17,16#. However, there are limitations to the theoretic
approach outlined here. We have used the term ‘‘simple’
describe the mode-coupling approach employed in this w
This is because the mode-coupling approximation has b
performed directly on the desired correlation function, a
not on an associated memory function@11,12#. Furthermore,
the factorization of the multitime correlation function resu
ing in an expression that contains only the intermediate s
tering function and no direct coupling between differe
wave vectors is expected to be less accurate in the s
short-time limit. The lack of a distinct ridge along thet2 axis
.
.

.
.

.

r,

.
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as displayed by the simulation is probably a direct con
quence of this shortcoming. Our treatment has not inclu
corrections for inertial~binary! dynamical effects@20#. Note,
however, that previous simple mode-coupling treatments
capture the correct initial value of the correlation functi
under study do indeed capture short-time effects reason
well @11,13,14,21#. While those treatments use a wave-vec
cutoff to enforce the proper initial value, the valu
R(5)(0,0)50 is automatically satisfied in the case of th
fifth-order Raman signal due to the double commutator fo
of Eq. ~2!. It is thus expected that even the strict short-tim
behavior predicted by Eq.~6! will not be grossly inaccurate
In fact, our recent work on the simpler third-order sign
strongly supports this claim@22#. It is hoped that future ex-
periments on liquid Xe may indeed confirm the behav
displayed in Fig. 3. A demonstration of the predictive utili
of the theory developed here for simple atomic systems m
pave the way for an understanding of the microscopic c
tributions to the fifth-order Raman signal in more compl
systems.
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sions.
g,

at
.

ar-
la-

c.
@1# S. Mukamel, A. Piryatinski, and V. Chernyak, Acc. Chem
Res.32, 145 ~1999!; Y. Tanimura and S. Mukamel, J. Chem
Phys.99, 9496~1993!.

@2# T. Steffen, and K. Duppen, J. Chem. Phys.106, 3854~1997!;
Phys. Rev. Lett.76, 1224~1996!.

@3# K. Okumura and Y. Tanimura, J. Chem. Phys.106, 1687
~1997!; 107, 2267~1997!.

@4# S. Saito and I. Ohmine, J. Chem. Phys.108, 240 ~1998!.
@5# T. Keyes and J. T. Fourkas, J. Chem. Phys.112, 287 ~2000!;

R. L. Murry, J. T. Fourkas, and T. Keyes,ibid. 109, 7913
~1998!.

@6# D. A. Blank, L. J. Kaufman, and G. R. Fleming, J. Chem
Phys.111, 3105~1999!; D. J. Ulness, J. C. Kirkwood, and A
C. Albrecht,ibid. 108, 3897~1998!.

@7# D. A. Blank, L. J. Kaufman, and G. R. Fleming, J. Chem
Phys.113, 771 ~2000!.

@8# V. Astinov, K. J. Kubarych, C. J. Milne, and R. J. D. Mille
Chem. Phys. Lett.327, 334 ~2000!.

@9# O. Golonzka, N. Demirdo¨ven, M. Khalil, and A. Tokmakoff,
J. Chem. Phys.113, 9893~2000!.

@10# A. Ma and R. M. Stratt, Phys. Rev. Lett.85, 1004~2000!.
@11# U. Balucani and M. Zoppi,Dynamics of The Liquid State~Ox-

ford University Press, New York, 1994!; J.-P. Hansen and I. R
McDonald, Theory of Simple Liquids, 2nd ed. ~Academic,
London, 1990!.
@12# W. Götze and M. Lucke, Phys. Rev. A11, 2173~1975!.
@13# T. Munakata and A. Igarashi, Prog. Theor. Phys.60, 45

~1978!.
@14# T. Geszti, J. Phys. C16, 5805~1983!.
@15# W. Götze, in Liquids, Freezing and the Glass Transition, ed-

ited by J. P. Hansen, D. Levesque, and J. Zinn-Justin~North-
Holland, Amsterdam, 1991!, Vol. 1, Chap. 5, pp. 287–503.

@16# See, for example, U. Tracht, M. Wilhelm, A. Heuer, H. Fen
K. Schmidt-Rohr, and H. W. Spiess, Phys. Rev. Lett.81, 2727
~1998!; for a different measure of dynamic heterogeneity th
doesnot involve multitime information, see S. C. Glotzer, V
N. Novikov, and T. B. Schrøder, J. Chem. Phys.112, 509
~2000!.

@17# R. A. Denny and D. R. Reichman~unpublished!.
@18# M. Berg and D. A. Vanden Bout, Acc. Chem. Res.30, 65

~1997!.
@19# The recent studies of Blanket al. @7# and Golonzkaet al. @9#

also show that the off-axis signal has a rotated ellipsoidal ch
acter. This may be a general indication of the kind of trans
tional motion discussed in this work.

@20# K. Okumura, B. Bagchi, and Y. Tanimura, Bull. Chem. So
Jpn.73, 873 ~2000!.

@21# U. Balucani, R. Vallauri, and T. Gaskell, Phys. Rev. A35,
4263 ~1988!.

@22# R. A. Denny and D. R. Reichman~unpublished!.
1-4


