
PHYSICAL REVIEW E, VOLUME 63, 061804
Counterion evaporation
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We study the adsorption behavior of a highly charged rodlike polyelectrolyte approaching an oppositely
charged planar wall in an unbounded electrolyte solution. The grand potential, the entropy, and the total
number of screening particles are calculated as functions of the rod-wall distance, using input parameters that
are typical of a DNA-molecule and charged lipid bilayers. It is found that counterions which are bound to the
polyelectrolyte at infinite rod-wall distances will be released, or ‘‘evaporated,’’ as the DNA molecule moves
closer to the charged wall. This effect can be regarded as the opposite of the ion-condensation process. The
transition of ions from the system of screening ions into the reservoir of bulk ions can lead to an increase of
the enthalpy. This gain of enthalpy for the whole system manifests itself as an attractive contribution to the
effective interaction between the wall and the polyelectrolyte.

DOI: 10.1103/PhysRevE.63.061804 PACS number~s!: 61.25.Hq, 68.03.Cd, 87.14.Gg
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I. INTRODUCTION

The possible occurrence of a phenomenon known
counterion condensation is perhaps the most prominent
ture of polyelectrolyte suspensions@1,2#. These chainlike
macromolecules become charged, when solved in a liq
characterized by the Bjerrum lengthlB5e2/ekT ~with e be-
ing the elementary charge,e the dielectric constant of the
solvent, andkT the thermal energy! @3#. This is due to the
dissociation of certain molecules at their surface. The co
terions leaving the surface can either stay in the vicinity a
thus remain under the influence of the charged polym
~bound counterions!, or they can free themselves from th
field of the polyelectrolyte~free counterions!. If d, the mean
distance between two charges on the polyelectrolyte, is la
compared tolB , the number of free counterions in the su
pension will increase parallel with the line charge densityt
51/d. However, once the line charge densityt becomes so
high thatlBt>1, i.e.,d<lB , the number of free counteri
ons ceases to grow witht and remains constant. New cou
terions produced by further increasingt, will now become
bound counterions. This behavior is reminiscent of the co
istence of saturated vapor pressure and liquid in the u
condensation process, where any increase in the de
leaves the number of molecules in the gas phase~the analogs
in our case are the free ions! unaffected, and only change
the total amount of liquid~bound ions!. This analogy ex-
plains the term ‘‘ion condensation’’@1#.

This paper is concerned with the question of whethe
reverse process of condensation is possible, that is, if so
thing like ‘‘counterion evaporation’’ can occur. Suppo
some of the bound counterions could be freed, or evapora
for example, by an additional external electric field of
charged wall. These ions then leave the system and ente
bulk reservoir of electrolyte ions. Here and in the followin
the term ‘‘system’’ refers to all those ions that are involv
in screening the fixed charges of the polyelectrolyte and
wall. The disappearance of ions leaves more space for
counterions remaining in the system, so that their entrop
increased. This can lead to a substantial reduction of
grand potential energy of the system. If the external field
1063-651X/2001/63~6!/061804~5!/$20.00 63 0618
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a gradient, this mechanism should therefore result in an
ditional evaporation-induced force~or ‘‘counterion-release
force’’! which pulls the whole polyelectrolyte in the direc
tion of the growing field strengths. It is the aim and purpo
of this paper to show that this counterion-release force
deed exists, and on what mechanism it is exactly based.

That there is energy to be gained from the release
counterions is a fact long known in the theory
polyelectrolyte-ligand binding@4#. Relatively new, however,
is the incorporation of these ideas into a theory of polyel
trolyte adsorption by Sens and Joanny@5#. This work, as well
as the current interest in counterion release, was triggere
a number of experiments by Ra¨dler and co-workers on cat
ionic lipid DNA condensation@6#, and only recently a pape
appeared where, for the first time, counterion release se
to have been observed directly@7#.

A good theoretical model system to address these q
tions consists of an infinitely long, charged, cylindrical ro
that is immersed in an unbounded electrolyte, and brou
into the external field of an oppositely charged, planar w
@8,9#. This model system was studied in Ref.@5# where a
counterion-release induced force was analyzed in the cas
a weakly charged polyelectrolyte,lBt,1, where the nonlin-
ear Poisson-Boltzmann~PB! equation @10# can be treated
perturbatively. Their perturbative treatment failed, howev
for the case of highly charged polyelectrolytes (lBt.1), a
charge regime that is of considerable importance as a la
number of biomolecules fall into this class of polyelectr
lytes ~for example, the DNA molecule for whichlBt'4).
More importantly than this,lBt.1 characterizes the charg
regime where counterion condensation sets in, and wh
one thus would expect evaporation-induced forces to bec
most pronounced.

Here we focus on the caselBt.1, and study the tota
grand potential energy of the system as a function of
distanceh between the rod and the wall, a quantity whic
can be regarded as the effective wall-rod interaction pot
tial. To this end, we choose a mean-field approach, and s
the nonlinear PB equation for a fixed wall-rod distanceh in
order to first find the electrostatic mean-field potential in t
regionG between the surfaces of the cylinder,]GC , and the
©2001 The American Physical Society04-1
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wall, ]GW . Using this potential to evaluate the grand pote
tial and repeating this procedure for varyingh, we obtain the
effective potential as a function ofh, which we then can
analyze in regard to the counterion release force.

II. THEORY

We are faced with the following two-dimentional boun
ary value problem~BVP! for the electrostatic potentialf(rW):

¹2f~rW !5k2sinhf~rW !, rWPG,

nW W•¹W f524plBsW , rWP]GW ,

nW C•¹W f52lBt/r 0 , rWP]GC ,

~1!

wherek258plBcs is the usual screening constant chara
terizing the electrolyte,cs is the bulk density of the electro
lyte ions assumed to have a valency of 1,sW is the number
of wall surface charges per unit area,r 0 is the radius of the
cylinder, andnW W andnW C are two unit vectors directed norma
to the surfaces of wall and rod, respectively.f differs from
the usual potentialc by a factor eb, f5ebc, with b
51/kT. Furthermore, we requiref to vanish at infinity. Note
that the wall is positively charged, while the charges on
cylinder are negative. Note also that, with the boundary c
dition at the wall, we have implicitly assumed that the ra
e8/e of the dielectric constants of the wall and solvent va
ishes: an assumption that, for an aequous solution, is ne
always justifiable. Thus image charges of equal magnit
and polarity are fully included in the calculation@11#. To
simplify the BVP of Eq.~1!, we have subtracted the Gouy
Chapman solution,fG , from f for a single charged wall in
a symmetric electrolyte@12#, and could then formulate a
BVP for the potential differencedf5f2fG . It is also con-
venient to choose a coordinate system that is adapted to
geometry of the problem; in our case this is a bicylindric
coordinate system, in which the regionG is mapped on to a
rectangular domain, with the two confining surfaces]GW
and]GC becoming two opposing sides of the rectangle.

In writing the PB problem as in Eq.~1!, we have implic-
itly adopted a grand-canonical description of our problemcs
is fixed!. This ensemble is best suited for our case, where
want to allow ions to leave or enter the system. Thus ther
a ’’system’’ ~ions involved in the screening process! and a
bulk reservoir of ions. The number of particles in the syst
is not fixed but only their chemical potential. This is give
by the bulk densitycs , bms5 logcsL

3, with L3 being the
usual thermal wavelength. With the aid of the potentialf,
we can now calculate the number densityr21r1 , with
r65csexp(7f), and hence the total number of particles
the system,

N52csE
G

drW coshf, ~2!

which is, of course, dependent onf and thus onh. Let us
now turn to the energy calculation. The functional
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bV* @f* #52
1

8plB
E

G
drW~¹f* !22

t

2pr 0
E

]GC

drWf*

1sWE
]GW

drWf* 22csE
G

drW coshf* ~3!

is the generating functional for the PB equation in Eq.~1!,
i.e., the PB equation produces the functionf* 5f where
dV* @f* #/df* (rW) vanishes~the saddle-point approxima
tion!. We obtain the grand potentialV of the system by
insertingf into Eq.~3!, which after some rewriting become

bV* @f#5bV5
1

8plB
E

G
drW~¹f!2

1 (
a56

E
G

drWra~ lograL321!2bmsN. ~4!

Taking ]bbV* @f* # at f* 5f, we find the internal energy
U, while 2]TV* @f* # at f* 5f leads to the entropy

S/k5S 5

2
2bmsDN2 (

a56
E

G
drWralogra /cs . ~5!

Defining the enthalpybH5S/k1bmsN, the grand potential
bV of Eq. ~4! can now be understood as the difference
two termsU andH, V5U2H, where

bH5
5

2
N2 (

a56
E

G
drWralogra /cs . ~6!

Now inserting the solutionf of Eq. ~1! into Eqs.~2!, ~4!, and
~6! provides us with the particle number, the effective pote
tial, and the enthalpy, all as functions of varying wall-ro
distancesh. In the following, we refer these three quantitie
to the entire system, with an uncharged rod at the same
sition, and introduce the tilde symbol for this difference:Ṽ

5Vt2V0, H̃5Ht2H0, andÑ5Nt2N0 ~superscriptt and
0 for charged and uncharged cylinders, respectively!. All
three quantities refer, furthermore, to a unit length of t
polyelectrolyte rod; hence we give all three of them in un
of d51/t.

To be able to evaluate our expressions numerically,
choose a set of parameters typical of a DNA molec
(lBt54,r 051 nm), keeping in mind a number of rece
experiments where the DNA adsorption behavior on lip
bilayers @13,14# was studied@6,15#. To specify the surface
charge density of the wall, it is convenient to introduce t
dimensionless quantitylBz52pr 0lBsW , which gives the
surface density in numbers that are directly comparable
lBt. Surface densities derived from typical values of t
average area per lipid headgroup are thenlBz51.88, 0.94,
0.31 , and 0.063.

III. RESULTS AND DISCUSSION

Let us now come to a discussion of our results. For illu
trative reasons, in the inset of Fig. 1 we show the equipot
4-2
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COUNTERION EVAPORATION PHYSICAL REVIEW E63 061804
tial lines of f for a typical wall-rod distanceh. From a se-
quence of such potentials for varioush, with Eq. ~2! we
obtain a change of the particle numberÑ between a system
with charged and uncharged rods as a function ofh; see Fig.
1. We observe that, on reducingh, ions leave the system an
return to the reservoir. This can be interpreted as counte
evaporation. To understand the reason for this ion evap
tion, one needs to recall that the total charge of a dou
layer surrounding either the wall or rod is equal to the to
charge of the object~and is of opposite sign, of course!.
When twooppositelycharged objects come sufficiently clos
to each other, the~fixed! surface charges of one object ca
help screen the charges of the other object, so that mo
ions of the atmosphere become useless and can leav
system. ThatÑ in Fig. 1 decreases with decreasingh shows
that the contribution of the fixed charges to the screen
grows with decreasingh. Only for very small values ofh,
when the image charges of the cylinder charges—both h
equal polarity and magnitude—become more important t
the interfacial wall charges, there is again a demand for m
bile electrolyte ions to help screen the image charges anÑ
again increases. Another way of looking at counterion
lease is that two double layers of different charge polari
dissolve each other if the wall-rod distance becomes s
enough for these double layers to overlap. Returning to
language of the gas-liquid phase transition, the electric fi
strength of the wall charges here plays the role of the h
which one has to supply to transfer molecules from the liq

FIG. 1. NumberÑ of evaporated ions, as a function of th
distanceh between the wall and the polyelectrolyte~salt concentra-
tion k21550 nm). The parameters used in the calculation are ty
cal of a rigid DNA molecule approaching a charged lipid bilay
Labels specify the wall surface charge densitylBz. The inset shows
the mean-field electrostatic potentialf for a fixed wall-rod distance
of h510 nm (lBz50.94,k21550 nm). The potential drops from
15 at the wall (y50) to 25 at the cylinder surface.
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phase into the gas phase. In accordance with this picture
total fraction of evaporated ions should grow with the i
creasing ‘‘heat rate,’’ that is, increasinglBsW , and the four
curves of Fig. 1 reveal that this is indeed the case.

Evaluating the entropy expression of Eq.~5! as a function
of h, one obtains the curves plotted in Fig 2. They look ve
similar to those ofÑ in Fig. 1. The entropy becomes increa
ingly negative whenh is reduced, that is, the counterion
release causes aloss of entropyin the system. This is clea
from Eq. ~5!, which shows that the entropy is governed
2bmsN(bms,0), and that thus a loss of particles leads to
loss of entropy in the system. However, the term2bmsN in
the entropy is energetically not relevant, because it is c
celed by the last term ofV in Eq. ~4!. Those terms of the
entropy that actually contribute to the grand potential
given by the sumS/k1bmsN, i.e., bybH̃ of Eq. ~6!. This
quantity is shown in Fig. 3 as a function ofh. It increases
when h becomes smaller. The second term in the entha
expression in Eq.~6!, 2(a56*GdrWralogra /cs, can easily
be seen to be identical to

S̃pªS St

Nt
2

S0

N0D Nt ~7!

if N0→`. ThusbH̃55Ñ/21S̃p /k. The inset of Fig. 3 now
shows thatbH̃ is dominated byS̃p , and that it increases
becauseS̃p increases. What is the meaning ofS̃p in Eq. ~7!?
Nt andSt are the number of particles and the total entropy
the system if the rod is charged; henceSt/Nt is the entropy
per particle if the rod is charged, andS0/N0 that if it is
uncharged. Its difference gives the entropy change per
ticle, where ‘‘particle’’ now refers only to those particles th

i-
.

FIG. 2. The entropybTS̃, calculated using the same paramete

as in Fig. 1. The minima ofbTS̃ correspond to the minima ofÑ in
Fig. 1.
4-3
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remain in the system. Accordingly, (St/Nt2S0/N0)Nt is the
total entropy change of all those ions remaining in the s
tem. This ~and not the entropy as such! increases when ion
evaporate. This increase, as we will see, is responsible
the counterion-release force. That the second term in Eq~6!
must increase whenh becomes smaller can also be und
stood if one considers that the average volume per ion
maining in the system increases when ions disappear f
the system.

Having learned that the release of ions causes an incr
of bH̃, the relationV5U2H suggests an enthalpy-drive
gain in energy when the cylinder approaches the wall. Le
therefore now consider the energy changeṼ. We first note
that there will be always a trivial electrostatic attractive
teraction between the fixed charges of the wall and r
which tends to mask the attractive counterion-release co
bution. Therefore, we separately calculate the trivial con
bution arising from the attractive interaction of the ba
charged cylinder in theunperturbedGouy-Chapman laye
~Gouy-Chapman potentialfG), Ṽw5V* t@fG#2V* 0@fG#,
and split the energy into two terms:Ṽ5Ṽw1DṼ. We can
now concentrate on the more interesting contributionDṼ
coming from the interaction of the rod with the perturbati
of the Gouy-Chapman layer.

Figure 4 showsDṼ for a typical salt concentration o
k21550 nm. This plot clearly reveals that a minimum in th
self-energy forms when the surface density of the wal
increased. The first question must be if it is really the
crease of enthalpy in the grand potential that is respons
for the creation of minimum. We demonstrate that this is
with the inset of Fig. 4, where we plottedDṼ5(Ũ2Ṽw)

FIG. 3. The enthalpybH̃55Ñ/21S̃p /k as a function of the
rod-wall distanceh with the same parameters as in Fig. 1. The in
displays the two contributions to the enthalpy forlBz51.88, and

demonstrates the dominance of the termS̃p .
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2H̃ along with its two competing components (Ũ2Ṽw) and
2H̃. Plots of other surface charges look similar. This th
leads us to the main point of this paper: Evaporation of io
leads to an increase in enthalpy, which in turn is respons
for a net gain in energy. This explains the counterion-rele
force.

For low surface charges (lBz50.063), in Fig. 4 we ob-
serve thatDṼ is repulsive. This is the expected behavio
The existence of wall charges here is of minor importan
and the interaction is dominated solely by the hard w
which is responsible for an energetically unfavorable dist
tion of the rod double layer from its perfect cylindrical sym
metry. This confinement effect can also be obtained in lin
theory, where we find thatbDṼ'lBt2K0(2kh) (K0 is the
usual Bessel function!. From Fig. 1 we see that, already fo
so low a surface charge density, there are ions disappea
from the system, but the gain in enthalpy~see Fig. 3! is not
yet large enough to overcome the repulsive confinement
fect.

This changes on increasinglBz to 0.94, when the loss o
ions takes effect. Due to the evaporation the average volu
per ion remaining in the system increases, so that their~and
only their! entropy is increased. Remembering thatV5U
2H, and acknowledging the fact that the internal energy
only very weakly affected by the loss of particles, we c
infer that it is the evaporation-induced entropy gain of t
ions remaining in the system, or more precisely, the entha
gain of the system as a whole, that is responsible for
attractive counterion-release interaction observed in Fig
The position and depth of the minima in Fig. 4 match w
the maxima of the enthalpy in the inset figure of Fig. 4.
very smallh, Fig. 1 shows that the return of ions again co

t
FIG. 4. The grand potentialDṼ5(Ũ2Ṽw)2H̃ and in the inset

DṼ along with its two competing components (Ũ2Ṽw) and2H̃
for lBz51.88 ~same parameters as in Fig. 1!. The inset shows tha

the minimum inDṼ is due to the maximum ofH̃.
4-4
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COUNTERION EVAPORATION PHYSICAL REVIEW E63 061804
enthalpy, so thatDṼ in Fig. 4, at these distances, goes
again. This is the repulsive interaction of the rod with
own image charge.

As pointed out above, it is essential for the occurrence
this effect that the wall and rod by oppositely charged. T
implies that inevitably there will be another attractive inte
action, namely, a direct interaction~in our case, the interac
tion of the bare charged cylinder with the unperturbed Go
Chapman layer!. The corresponding force points in the sam
direction as the evaporation-induced force. Moreover, b
forces grow in the same way~with increasingsW in our
case!. Thus, it is not easy to see how in an experiment o
force could discriminate against the other. However, in
accurate quantitative measurement, it should be possib
identify the contribution of the evaporation-induced forc
for instance, in DNA unbinding experiments as in Ref.@15#
or in experimental adsorption studies of polyelectrolytes
in Ref. @8# ~also see Ref.@9#!. We have calculated the poten
tial minimum for a variety of differentsW and k; it can
easily reach a fewkT per distanced, which should suffice to
make a measurable effect.
ol.
.
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In conclusion, we have clearly demonstrated that io
cannot only condense onto a polyelectrolyte, but may a
evaporate again. Two oppositely charged objects, imme
in an electrolyte, can take part in screening each other if t
are close enough for their double layers to overlap. T
allows ions which are involved in the screening of the o
jects at infinite distances to leave the system. This loss
ions affects the effective interaction between both obje
Studying a DNA approaching a lipid bilayer, we have show
that, due to this evaporation, the whole system can ga
considerable amount of enthalpy, because the ions remai
in the system can increase their entropy, and this gain for
system manifests itself as an attractive contribution to
effective interaction between the polyelectrolyte and
wall. This can also be regarded as the energy that is gain
one allows two ion atmospheres of opposite polarity to ov
lap with and dissolve each other. The effective charge of
polyelectrolyte is, of course, also affected by the change

Ñ. We will report on this and our related calculations f
mobile wall surface charges elsewhere.
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