
PHYSICAL REVIEW E, VOLUME 63, 056310
Heat transfer and convection onset in a compressible fluid: 3He near the critical point

Andrei B. Kogan* and Horst Meyer†

Department of Physics, Duke University, Durham, North Carolina 27708-0305
~Received 23 July 2000; published 24 April 2001!

Heat transport in3He above its critical temperatureTc was studied along the critical isochore in a flat
Rayleigh-Bénard cell ~height h51 mm, diameterD557 mm!. The range of the reduced temperaturee was
531024<e<231021. The temperature differenceDT(t) across the fluid layer as a function of the timet was
measured for different values of the heat currentq until steady state was reached. The crossover was observed
from the regime dominated by the Rayleigh criterion for the convection onset to that controlled by the adiabatic
temperature gradient~ATG!, or ‘‘Schwarzschild criterion,’’ in good quantitative agreement with predictions.
The slope of the convective heat current versus the reduced Rayleigh number was found to be independent of
compressibility and the same as for still less compressible fluids. Plots of Nu versus Ra, both corrected for the
ATG effect, are presented for early-stage convective turbulence (13105,Ra,53108), with unexpected
results for the highest values of Pr'590. The evolution of the transientsDT(t) upon turningq on and off are
described. In the nonconvective regime, the observed transient relaxation curve agrees quantitatively with
predictions. In the convective regime, the shape ofDT(t) changes qualitatively with increasingq and withe.
In the Appendix, new data for the thermal conductivity are presented, the impact of the ‘‘piston effect’’ on the
temperature profiles inside the fluid is described, and the derivation forDT(t) in the diffusive regime is
outlined.

DOI: 10.1103/PhysRevE.63.056310 PACS number~s!: 44.25.1f, 64.70.Fx, 47.27.Te
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I. INTRODUCTION

A common feature of many fluids is a very small value
their isothermal compressibilitybT . The assumption of low
bT is one of the several validity conditions of the so-call
Boussinesq approximation@1#, often used in hydrodynamics
The other ‘‘ingredients’’ needed for the Boussinesq appro
mation to apply include, for example, the requirement t
the fluid properties be temperature and density -indepen
within the layer under consideration and are discussed
detail later in the text.

The primary focus of our paper is to study the hydrod
namic effects, which are specific to highly compressible fl
ids. This is achieved by designing the experimental setup
the measurement method so as to preserve the validity o
the assumptions made in the derivation of the Boussin
equations except for the assumption of the incompressibi
Near-critical fluids are particularly convenient for studyin
the influence of the largebT on the hydrodynamics becaus
of the strong dependence ofbT on the distance from the
critical point. As a result, one can investigate both the hig
compressible and moderately compressible regime in
same experiment.

The second feature of near-critical fluids, which is tak
advantage of in this paper, is the possibility to achieve
tremely high values of the Prandtl number Pr as the crit
point is approached. The flow at large Pr is usually diffic
to study experimentally. This is because in simple fluids
gases, the values of Pr5n/DT ~with n being the dynamic
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viscosity andDT the thermal diffusion coefficient of the
fluid! are typically of the order of 1, because the sam
mechanism~molecular collisions! is responsible for the dis
sipative flow of both heat and momentum. To exhibit a lar
value of Pr, a ‘‘regular’’ fluid must possess an unusua
high value ofn ~viscous organic oils, tar, etc.! which intro-
duces experimental difficulties. Near the critical point ho
ever, the transport is dominated by the long-range correla
effects and as a result,DT→0, a signature of the so-calle
‘‘critical slowing down.’’ Therefore very high Prandtl num
bers, up to 590 in this paper, can be achieved despite
very small value of the weakly divergent viscosity of nea
critical He3 ~approximately 16.7mP!. In this paper, we are
interested in the effects of Pr values on the hydrodynam
and we find unexpected results for the largest values of

We are studying a classical problem of Rayleigh-Be´nard
~RB! convection with particular emphasis on the region ve
close to the convection onset and also on the regime of
ginning turbulent convection for Rayleigh numbers Ra,5
3108. Existing theories@2,3# describe the onset of convec
tion for incompressible or only moderately compressible fl
ids @4#. For a compressible fluid and fluid columns of larg
height, the ‘‘Schwarzschild’’—or ‘‘adiabatic temperatur
gradient’’ ~ATG! criterion—replaces the usual ‘‘Rayleig
criterion’’ in determining the onset of convection. The stab
lizing effect of the ATG on a large air column is well know
in atmospheric sciences@1,5#, but until recent experiments
@6,7# the ATG effect had been ignored in laboratory expe
ments, where it is usually much too small to be observ
The assumption of fluid incompressibility, which is equiv
lent to assuming that the layer is sufficiently thin, leads to
so-called Rayleigh condition for the onset of convection@8#.
According to this criterion, the mechanical stability of a ho
zontal layer of a pure fluid heated from below is determin
by the strength of dissipative mechanisms characterized

e,

d-
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the viscosity and thermal conductivity coefficients. The
crease of the fluid compressibility is expected to give rise
a qualitatively different additional source of mechanical s
bility, described by the ATG, which does not depend on
dissipative coefficients. As a result, a compressible fl
heated from below remains stable and does not start conv
ing until DT becomes much larger than the onset value c
culated from the Rayleigh condition. Our goal was to o
serve the crossover in the convection onset from
Rayleigh—to the ATG regime and to verify the correspon
ing stability calculations@9–12#.

Our heat transfer experiments with a RB cell are p
formed in He3 close to the critical point, as defined by th
reduced temperaturee5(T2Tc) /Tc with Tc'3.318 K
~NPT-90 scale!. We measure the temperature differenceDT
across the fluid layer for a constant heat flowq, both in the
transientDT(t) and the steady-stateDT(`) regimes, as will
be explained below. In the first part of this paper, we
interested in the regime close to the onset of convection.
are measuring the heat dependence of the temperature d
enceDT across the fluid layer at several different values oe
along the critical isochorer̄5rc . These measurements sp
approximately three decades inbT . This investigation was
stimulated by our recent experiments on the density eq
bration of 3He nearTc following a small disturbance of the
cell temperature@13,14#. One of the effects observed in th
work was the convective enhancement of the fluid equilib
tion rate. The magnitude of the temperature disturbance,
essary to observe convection, was independent ofe over at
least the range of 531023,e,531022, where such stud-
ies were performed. These observations prompted us to
an experiment, which would directly test the available p
dictions for the stability of a compressible fluid and, in pa
ticular, verify the Schwarzschild criterion.

In the second part, we investigate the behavior of the fl
in its convective state. In the regime close to the onset
compare the convective heat flow as a function of the R
leigh number Ra with that obtained in other experimen
Here Ra5aPgh3DT/(nDT), whereaP is the coefficient of
thermal expansion at constant pressure,g is the gravitational
acceleration, andh the fluid layer height. In the regime o
early turbulent convection we present the Nusselt number
as a function of Ra for various Prandtl numbers Pr up
about 590, the largest number investigated so far. Here
5DTdiff /DT, where for a given heat currentq, DTdiff is the
temperature difference that would have been measured i
fluid had been in the nonconvecting state.~For a more de-
tailed discussion of Nu we defer to Sec. IV.!

In the third part, we study the transientsDT(t) after turn-
ing the heat currentq on and off. In the nonconvective re
gime, the transient and corresponding relaxation times
compared with predictions. In the convective regime we
scribe the observed unusual temporal profiles of the trans
and their evolution with changingq ande.

In the Appendix, we describe the new data for the therm
conductivity of He3 obtained during the measurements p
sented in this paper. We also discuss the influence of
Piston effect on the temperature dynamics in the diffus
regime and consider two different boundary conditions, o
05631
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of them used in our experiments.

II. BACKGROUND

We consider a horizontal fluid layer of heighth and den-
sity r in the gravitational field with accelerationg. The me-
chanical stability of a layer of a compressible fluid was fi
analyzed by Gitterman and Steinberg~GS! @9,10#, as re-
viewed by Gitterman@11#, and very recently by Carle`s and
Ugurtas~CU! @12#. In the limiting case for an uncompress
ible fluid the onset conditionDTonsetis given by the Rayleigh
criterion

DTonset5R3
nDT

aPgh3 , ~1!

whereR is the critical Rayleigh number~;1708 for aspect
ratio G5`!, while for a very compressible fluid near th
critical point, the ATG criterion dominates. The latter is d
rived from the requirement that the direction of the for
acting on any fluid particle when it is displaced adiabatica
by a small distance is opposite to the direction of the d
placement. The resulting stability conditions are as follow
the fluid will remain stable when heated from below as lo
as the temperature gradient has no horizontal compo
anywhere in the fluid, andDT,DTad, where

DTad5
hgTaP

CP
5rghS 12

CV

CP
D S ]T

]PD
r

. ~2!

In the two expressions above,CP andCV are, respectively,
the heat capacity at constant pressure and volume of
fluid. We note that along the critical isochore, asT→Tc ,
where CV /CP→0, the ATG inequalityds/dz.0 can be
shown to reduce to the conditiondr/dz,0. Heres is the
entropy andz the vertical coordinate@See Ref.@8# Chap. 1,
Eq. ~4.3!#. This means that for the fluid to remain stable, t
zero-gravity density gradient due to the temperature inhom
geneity associated with the heat flow, (]r/]T)P(DT/h),
cannot be larger than the density gradient due to the c
pression of the fluid under its own weight under isotherm
condition, (]r/]P)Trg, as can be seen from Eq.~2!.

As mentioned before, the role of the adiabatic gradi
effect in noncritical fluids is negligible in laboratory exper
ments; for example, in liquid3He atT52.6 K, which is well
below Tc , and for a layer of 1 mm thickness, we calcula
DTR5750mK, while DTad51.3mK.

In their pioneering work, Gitterman and Steinberg@9–11#
developed a general expression that includes the cross
between the two limiting situations, and this was used@15# to
calculate the curve for the onset of convection in3He along
the critical isochore aboveTc . This problem was reexamine
in Ref. @12# where ‘‘matched asymptotic descriptions’’ tech
niques were used to derive linearized perturbation equati
With their method, which they claimed to be rigorous, C
showed that theDTonset is the sum of the terms in Eqs.~1!
and ~2!:

DTonset5DTR1DTad, ~3!
0-2
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and they compared the numerical results over a wide ra
of reduced temperatures for the case of CO2 with those ob-
tained from the expressions of GS. They found that the
ferences between the two methods amounted to less
0.2%.

Near the critical point, experiments on convection we
performed by Assenheimer and Steinberg@16# who studied
the convective flow pattern formation and dynamics alo
several isochores, including the critical one. In their expe
ments a room-temperature fluid, SF6, was used over two de
cades ine to achieve a wide range of variability for param
eters characterizing Rayleigh-Be´nard convection. However
because their cell was very thin, the expectedDTad(T) was
very small in comparison withDTR in their range of reduced
temperatures and therefore was undetectable. More rec
however, Ashkenazi and Steinberg@17,7# observed the ATG
for SF6 in a RB cell ofh510 cm from the onset and disap
pearance of vertical velocity, and found agreement with p
dictions.

Also recently, results of an experimental study of conv
tion in 4He (Tc55.2 K) over the temperature range betwe
3.8 and 5.9 K and a wide density range (0.01,r/rc,2)
were published@6,18#. This research, carried out with a ce
of 20 cm height and 10 cm diameter, focused on the dyn
ics of highly developed turbulent states. In that work, t
presence of the ATG term discussed above was observed
corrected for. This plot then evidenced scaling for all t
densities up to Ra of the order of 1015, and is described in
detail in part II of the thesis by Chavanne@19#. More re-
cently, measurements in4He were reported by Niemelaet al.
@20# at still higher values of Ra.

III. EXPERIMENT

A. Motivation

As mentioned before, a fluid near the critical point is
unique system which, compared to noncritical fluids, p
sesses unusually highbT and Pr values. The experiment
apparatus used in this paper was designed with the prim
goal of studying the conditions for the convection onset i
highly compressible fluid. However, our steady-stateDT(t
5`) vs q data also allow to explore the heat transfer at la
heat currents. This area is of interest due to the exis
predictions of a universal power-law behavior of the Nuss
curve at high Rayleigh numbers, which were recently ch
lenged by several experimental and theoretical gro
@7,21,22#. Performing such measurements on critical fluids
desirable because it allows to study flows at large Pra
numbers unattainable otherwise. However, the compar
of our data to those by other groups is limited by the fact t
in our experiments, the effects due to anomalously largebT
and anomalously large Pr cannot be separated. The com
son then relies on the proposed method to ‘‘correct’’ for t
compressibility-related effects by utilizing the so-called ‘‘p
tential temperature’’ in the analysis~Sec. IV A 1!.

This problem can be solved in the future by performi
measurements in several cells that have different fluid la
thickness, because the compressibility effects decrease
the layer height. Such a study would be especially interes
05631
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because of the unexpected results obtained in this work a
highestbT and Pr combination~the data closest toTC!, how-
ever it was beyond the scope of our current program.

The heat dependence ofDT(q) as a function ofq was
determined at 22 different values ofe, the reduced tempera
ture of the top plate. The heat transport was studied by m
suring DT(t) across the horizontal fluid layer for differen
values ofq, corrected for the heat flow through the side wa
of the cell. The temperature range was 531024<e<2
31021, which corresponds to Prandtl numbers 590>Pr>2
and to compressibilities 731024>bT>131026 cm2/dyn,
larger thanbT.2.431027 cm2/dyn for the ideal gas atT
53.5 K andr5rc . Short accounts of this work including
both the steady-state and transient results have been rep
@23–25#.

Besides the questions of the mechanical stability of co
pressible fluids against convection and heat transport at l
values of Ra, we were also interested in the transientsDT(t)
after turningq on and off. This was stimulated by the su
stantial current interest in developing efficient numerical
gorithms for computing compressible flows. Numeric
simulations starting from the complete system of hydrod
namic equations are being developed by Amiroudine a
co-workers@26#. The experimentally recorded time depe
denceDT(t) provide data that can be directly compared
the results of such calculations, because the physical pro
ties of He3 needed for such comparisons are available ove
wide range of reduced temperatures. Preliminary comp
sons have been made with the experimental transient pro
in 3He @27#.

In the diffusive regime~without macroscopic convection!
the theory for the temperature relaxation in a compress
fluid at constant average density has been developed
Onuki and Ferrell@28#. This relaxation does not follow the
usual diffusion equation at constant pressure due to the
istence of adiabatic energy transfer or ‘‘Piston effect.’’ T
relaxation curveDT(t) as well as the temperature profi
inside the fluid can be calculated analytically~see the Ap-
pendix!. Measuring the relaxation curve in the diffusive r
gime allows for an independent check of the experimen
setup. Also, as explained later in the text, obtaining the c
responding relaxation timest allowed to correct the previ-
ously measured@29# values of the thermal conductivityl and
eliminate the inconsistencies@30# between the calculated an
measured values oft.

B. Apparatus and procedures

The low-temperature section of the apparatus includ
the RB cell is schematically shown in Fig. 1. The fluid lay
is bound by two 1.5-cm-thick horizontal copper plates se
rated by a'0.3-mm-thick stainless steel spacing wall that
soldered onto the bottom plate without leaving any ga
This wall, a poor heat conductor, is soft soldered to the b
tom plate and extends beyond the top plate via a tight
leaving a small gap of 0.02 mm. An indium ring between t
top plate and the spacer provided a vacuum-tight seal.
copper surfaces facing the fluid are made parallel to 0.
mm or better. After the cell was mounted on the cryostat
0-3
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was leveled to ensure that these surfaces were horizont
better than 0.5°. Two Germanium temperature sensors w
mounted on the top plate of the cell, which could be int
changeably used for the temperature control and monitor
Another sensor was mounted on the bottom of the cel
measure the temperature differences across the fluid la
The power was supplied to the bottom plate by a commer
metal film resistor used as a heater.

The cell heighth was chosen to allow measuring the pr
dicted DTad from the ATG with sufficient accuracy while
minimizing the diffusive fluid relaxation time, which is pro
portional toh2 and diverges asT→Tc . As a compromise,
we choseh to be 1.06 mm, for which we calculateDTad
'3.6mK and relaxation times of the order of 103 s and 10 s
at e51023 and 1021, respectively. Another advantage
this choice forh was that it permitted reaching both th
asymptotic ‘‘Rayleigh’’ and ‘‘ATG’’ regimes as well as in
vestigating the crossover region between them@31#. The cell
was filled with 3He via a 0.1-mm inner diameter stainles
steel capillary to a density within 0.5% ofrc by monitoring
the capacitive density cell connected in parallel, and th
sealed off from the sample handling system. The amoun
sample within the capillary was estimated to be less t
0.5% of the fluid mass in the RB cell.

The germanium resistor thermometry using ac bridge s
tems had a temperature resolution of 0.3mK. These bridges
enabled controlling the temperature of the upper plate
measuringDT. We used commercial metal film resistors
low-temperature standards in all three bridges and found
they performed as good as the traditionally used wire-wo
resistors. The typical time constant of the phase-sens
detectors was either 0.3 or 1.25 for different measureme

FIG. 1. Schematic presentation of the low-temperature assem
including the Rayleigh-Be´nard and the density cells. All Ge the
mometers are mounted and wired identically.
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The density of the fluid was determined via its dielect
constant in a separate cell, thermally anchored to
temperature-controlled platform, to which the top of the R
cell was attached~see Fig. 1!. A capillary ~not shown! from
the density cell and valves at room temperature enabled fl
exchange with a gas handling system and the RB cell.
ratio-transformer bridge system was of the same type a
previous experiments@29# and permitted a density resolutio
of dr/rc5131026 nearrc . The techniques for density an
temperature calibration and measurements used in this p
are analogous to those in previous thermal conductivity
shear viscosity experiments@29,32,33#.

The critical temperatureTc was located by determining
the compressibilitybT at rc from density measurement
along an isotherm at the temperatureT known from theT-90
scale. By identifyingbT with the data by Pittmanet al. @34#,
the value ofe of this isotherm was determined, and therefo
Tc . The uncertainty was estimated to bede56131024.
The absolute value was found to beTc53.3189(10) K, con-
sistent withTc53.3190(10) in other experiments describ
in Ref. @14#, but slightly higher thanTc53.3169(10) K from
experiments of Ref.@34# after the correction, 6.9 mK, from
the T58 to theT90

4He scale.
During the experiments, the temperature of the top pl

was controlled at a fixed value with a short-term stability
60.8mK for most experiments and with slow drifts typicall
within 3–5 mK over tens of hours. In a measurement, t
power was applied to the bottom plate and a change in
temperature difference across the fluidDT(t) was measured
as a function of time and its steady-state value recorded
improve the resolution, we averaged the results of 5–
measurements for each heat, depending on the magnitud
DT, to reduce the scatter due to the equipment noise to60.3
mK. Because of the time limitations, lengths of individu
traces did not exceed about 1800 s taken ate5231023. All
the results were obtained over a period of 8 months cont
ous data recording.

We calculate the heat fluxq through the fluid layer by
subtracting the fraction of the heat that travels through
side wall from the total power applied to the bottom pla
The thermal resistance of the sidewall was measured be
introducing the sample into the cell. The sidewall is trea
as a heat conductor parallel to the fluid layer and it is
sumed that no heat is exchanged between the fluid and
sidewall. Without convection in the cell, this was demo
strated to be a very good approximation in a recent num
cal simulation of thermal transport experiments in simi
experimental geometries in normal He4 by Murphy @35#,
both for steady-state transport and for time-dependent di
sive transport at low frequencies. The presence of convec
in the cell in general is expected to make this assump
weaker, in particular in highly turbulent states characteriz
by a nonlinear temperature profile across the fluid layer@36#.

Because the top plate temperature is kept constant du
the heat flow, the average fluid temperature increases witq.
The values of Ra, Nu, and Pr have been calculated for a
age values ofe, and care was taken to ensure that t
changes in parameters for a givene of the top plate were

ly
0-4
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HEAT TRANSFER AND CONVECTION ONSET IN A . . . PHYSICAL REVIEW E63 056310
only of the order of a few percent for the highest values oq
used.

Finally we briefly consider the thermal boundary res
tanceRb at the interface between the parallel copper pla
and the fluid. It is difficult to measureRb in a ‘‘normal’’
fluid as opposed to superfluid4He where many measure
ments have been reported~for a review see Ref.@37#!. The
measurements in the normal phase of liquid4He by an ac
method@38# give a much larger value well above the sup
fluid transition than do more conventional dc measureme
by Lipa and Li@39#, and have been questioned in Ref.@35#.
Based on the results of Ref.@39#, we estimate that theRb for
3He under our experimental conditions will be negligible
comparison with the thermal resistanceh/l of the bulk fluid.
A divergence ofRb nearTc for fluids is expected@40#, but no
specific predictions have been made.

In our data analysis, we assumed theRb to be zero. This is
certainly a good assumption in the diffusive regime and
supported, for example, by the agreement between
steady-state conductivity and the relaxation-time meas
ments~see Sec. IV B 1!. It is conceivable that the correctio
due toRb could become significant at large enough Nu nu
bers. This subject can only be addressed afterRb in He3 has
been studied separately, in particular close toTc .

IV. RESULTS

In this section we first present the steady-state data
DT(`) versusq and their discussion, namely, for the he
flow in the diffusive regime and just above the convecti
onset. Second, we present convective heat current data
the highest Rayleigh numbers we have used and where
density variation across the fluid layer is calculated to be
than'5%. The conditions in our experiment with compres
ible 3He are such that the first three Boussinesq criteria A
and C, described in Tritton’s book@1# @Eqs.~14.78!–~14.80!#
are satisfied. These are, respectively,~1! the relative density
changedr/rc across the fluid layer due to the temperatu
changeDT is very small~in practice less than a few perce
in our experiment!, ~2! the density stratification due to th
earth’s gravity is also small~at most'4% in our arrange-
ment, namely, ate5531024!, and~3! DTad/T!1, which is
certainly satisfied.

The last remaining condition of the validity of the Bous
inesq approximation,DTad!DT ~see the following section!
is obviously not satisfied in our experiment, and therefore
flow that we observe is not a Boussinesq flow. This lead
the change in the stability condition, which we address fi
Second, we describe the ‘‘correction’’ for the adiabatic
fects via the so-called ‘‘potential temperature’’u. The use of
this correction allows to establish a correspondence betw
the measurements of the Nu~Ra! curve in a fluid with a non-
zeroDTad and the predictions for a Boussinesq fluid. We w
show that based on the proposed correction, measurem
done relatively close to the convection onset in a compre
ible fluid effectively probe the Nusselt curve of a tru
Boussinesq fluid obtained at much larger values of Ra. T
will permit a comparison of the data with those of much le
compressible fluids and also with predictions.
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Finally, we deal with the transient fluid response after t
heat flow is turned on and off, as measured byDT(t), ana-
lyze the data in the diffusive regime, and present the evo
tion in the convective regime.

A. Steady-state data

1. Convection onset

In a nonconvecting layer, we expect the measuredDT(q)
to represent diffusive heat transport and to be given
DTdiff(q)5qh/l, wherel is the thermal conductivity of the
fluid. When the fluid is driven into convection, the slop
]DT/]q suddenly decreases with increasingq.

Figure 2~a! shows a plot ofDTdiff /DT versusq for e
50.05 with a sharp break in the slope, the signature of
onset.DTdiff was calculated from the values ofl obtained in
experiments described in the Appendix. Three representa
plots ofDT versusq, showing a sharp kink, are displayed
Fig. 2~b!, where the arrow indicates the onset of convecti
As Tc is approached further, the transition becomes l
sharp, and the rounding prevents its unambiguous dete
nation fore,531023. This is shown in Figs. 2~c! and 2~d!
for e50.005 and 0.002, and it suggests that with diverg
compressibility, the mechanical stability of the fluid mig
possibly be getting more sensitive to the temperature con
quality, and possibly to a small tilt, if any, of the RB ce
from the horizontal. It then appears reasonable to determ
DTonset as a crossing point of a linear extrapolation of t
DT(q) curve from above the onset~dotted straight line! and
the DTdiff(q) line ~dashed straight line!, which is based on
the amended conductivity data of Ref.@29# ~see the Appen-
dix!. We performed this analysis and compared the res
with theory as shown in Fig. 3. Here the solid line is o
tained from the expressions for theDTonset derived in Refs.

FIG. 2. ~a! The Nusselt number,DTdiff /DT(t5`), as a func-
tion of heat fluxq for e50.05, showing the sharp onset of conve
tion. ~b! The onset signature~change in the slope! in the DT(t
5`) vs q curves, as shown by the horizontal arrow on the t
curve.~c! and~d! Similar plots close to the critical point where th
onset signature becomes increasingly more rounded ase is de-
creased.
0-5
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ANDREI B. KOGAN AND HORST MEYER PHYSICAL REVIEW E63 056310
@9–11# and where static and transport properties of3He ob-
tained in this laboratory were used~Refs.@34#, @29#, @32# and
references therein to earlier work!. Within computational ac-
curacy, the same solid line is also obtained from Eqs.~1!–~3!
as per the recent analysis of Ref.@12#. For comparison, we
also show curves representing the individualDTR(e) and
DTad(e) from Eqs.~1! and~2!. The agreement is very good
and this represents the first systematic study of the con
tion onset crossover into the regime where the ATG do
nates.

In this and the next section, we will often be making u
of the so-called ‘‘potential temperature’’u defined asu5T
2Tad, T being the temperature of the fluid.Tad is an arbi-
trary solution of the equation

]T

]x
52

DTad

h
, ~4!

whereDTad is defined by Eq.~2!. Thusu is defined to within
an arbitrary constant, however, as will be seen below, o
the changeDu across the fluid will be needed.

The potential temperatureu is useful because of the fol
lowing property, discussed in Ref.@1# @Eqs. ~14.112! and
further equations#. Suppose the fluid under consideration s
isfies the criteria of the Boussinesq approximation, descri
above, except the requirement

D[gaPhT/CPDT!1

or equivalently

DTad!DT ~5!

~notations as in Ref.@1#!. This is precisely the case for th
experiments described in this paper. It can be shown@1#, that
under such conditions, the Boussinesq form of the equat

FIG. 3. Comparison of the experimentally determinedDTonset

versuse ~symbols! with theory ~lines!. Main figure: linear plot.
Inset: semilogarithmic plot in the region where the ATG is dom
nant. The ‘‘error bars’’ represent the approximate width of the tr
sition, resulting from the rounding of the onset feature, which
creases asTC is approached@see Figs. 2~c! and 2~d! and the text for
explanations#.
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describing the fluid can be restored if the real temperaturT
is replaced with the potential temperatureu. This point
serves as the basis for ‘‘correcting’’ the various quantities
a high compressibility regime, whenDT;DTad, as de-
scribed in Sec. IV A 2.

To demonstrate the use ofu we present the onset data
terms of the corresponding critical Raleigh number Rac at
the convection onset,DTonset, as a function of the reduce
temperaturee. Note that the property ofu stated above im-
mediately yields the prediction of CU as given by the E
~3!: If true, one expects the ‘‘corrected’’ Raleigh numb
Racorr:

Racorr5
aPgh3

nDT
3@DT2DTad# ~6!

to take the valueR51708 at the onset, regardless of com
pressibility. This implies thatDTonset2DTad5DTR , which is
precisely Eq.~3!.

Figure 4 shows the values at the convection onset of
‘‘raw,’’ or uncorrected, Rayleigh number Rac ~solid circles!
and the ‘‘corrected’’ Rayleigh number Racorr

c ~open squares!.
The ‘‘corrected’’ data in Fig. 4, divided by 1708, show th
expected value of unity independent ofe, with less than
615% error. The increasing scatter and uncertainty with
creasinge reflects the subtraction in Eq.~4! of the two terms
that become comparable as the ATG term in Eq.~3! domi-
nates. For this reason, the data fore,0.03 are not shown
here.

2. Heat current just above the convection onset

Our second purpose was to study the initial convect
state and determine the convection currentj conv, which is the
ratio of the convective portion of the heat current to th
conducted through the fluid at the transition. This definiti
leads to the relation@3#

-
-

FIG. 4. The ratio Rac/1708 versuse where Rac/1708 is given by
Eq. ~1! and where the corrected number (Rac)corr is obtained as
explained in the text. The ratio (Rac)corr /1708 agrees with the ex
pected value of unity.
0-6
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HEAT TRANSFER AND CONVECTION ONSET IN A . . . PHYSICAL REVIEW E63 056310
j conv[~Nu21!~ra* 11! ~7!

versus the reduced Rayleigh number ra* [(Ra2Rac
obs)/

Rac
obs and where

Nu[DTdiff /DTobs ~8!

is the Nusselt number, withDTobs the observed temperatur
change across the fluid layer. For ra* ,0, DTobs5DTdiff . It
was of particular interest to check whether the initial slo
d jconv/d(ra* ) of the data in the convective state is indepe
dent of compressibility, and how it compares with results
other fluids in cells with a similar aspect ratio.

In Fig. 5~a!, a plot of j conv versus ra* is presented for
various reduced temperatures, where againe is the tempera-
ture of the top plate. Fore,131022 the rounding of the
transition to the convective state did not allow us to det
mine the slope near ra* 50. Chavanne@19# has used the
concept of the potential temperature differenceDu men-
tioned above to propose relations that correct both Nu
Ra for the effect from the ATG. Then, instead of Eq.~6! one
obtains

Nucorr5
DTdiff2DTad

DTobs2DTad
. ~9!

Substituting the ajusted parameters Racorr and Nucorr into
Eqs. ~5! and ~6! we obtain the corrected heat current a
reduced Rayleigh numbers where the relations take the
lowing simple form:

j corr
conv5@11C~e!# j conv and racorr* 5@11C~e!#ra* .

~10!

The factor C(e)5(Ra/1708)(DTad/DT), where Ra is the
uncorrected Rayleigh number, expresses the relative stre
of adiabatic effects compared to dissipative forces and
verges asT→Tc . The result is that bothj conv and ra* are
rapidly ‘‘stretched out’’ by the corrective transformation
Tc is approached.

FIG. 5. The convection currentj conv versus the reduced Ray
leigh number ra* . ~a! Obtained directly from the measuredDT(q)
curves, such as shown Fig. 1.~b! Data restricted to those near th
onset for racorr* ,1, corrected to take into account the presence of
ATG, as explained in the text. Note the difference in both the v
tical and horizontal axes scales.
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The transformed data of Fig. 5~a! are shown in Fig. 5~b!
for racorr* ,1.6 that emphasizes the initial slopeS in the con-
vecting state. The large scatter fore50.04 and 0.03 is due to
the transformation fromDT to Du, but is random about the
average shown by the straight line. The slopeS remains un-
changed for 0.03<e<0.2 with S51.360.1, as an examina
tion of individual plots for a given value ofe shows. This
corresponds to a compressibility range between 1.931025

and 1.231026 cm2/dyn and is to be compared withS
51.23, 1.25, and 1.20 for liquid3He between 2.1 and 2.6 K
~whereSwas obtained from the data in Fig. 2 of@41#!, liquid
4He at 2.4 K @42# and distilled water at 30 °C@43# in RB
cells with similar aspect ratios. Also for comparison, t
compressibilities for these fluids are 1.331027, 231028,
and 4310211cm2/dyn, respectively, while their Pr number
are 0.8, 0.5, and 6.0@41–43#.

It is known that the initial slope ofj conv(ra* ) is strongly
dependent on the flow pattern formed at the convection
set. The experiment with water was the only one provid
with a shadowgraph optical arrangement that clearly show
the pattern to be one of concentric rolls~See Fig. 2 of Ref.
@43#.! We note that shadowgraph experiments on liquid4He
by Woodcraftet al. @44# also indicate that at the onset o
convection, concentric rolls are obtained in their cell co
figuration. For such a pattern with zero-velocity amplitude
the center, the predicted slope is 0.86@3#, while for straight
rolls it is 1.42 @2#. The experimental slopes agree best w
the straight roll prediction, and we note that nonconcent
almost straight parallel rolls, have been observed by C
quette@45# with a cylindrical container when the Rayleig
number is increased very slowly. In spite of the uncertai
about the form of the convection pattern, it is notewort
that the slopes for the fluids we have mentioned are all c
sistent with one another, regardless of the compressib
that varies over a factor of;105 between water and3He
nearTc . ~The effect from the different Prandtl numbers
these fluids on the predicted slope@2,3# is calculated to be
insignificant.!

The data ofj corr
conv(racorr* ) for various values ofe are found

to collapse onto a single line in a logarithmic plot for racorr*
numbers up to 104. This is shown in Fig. 6, where the dat
points departing from the common curve~see in particlar the
two solid triangles! simply reflect the uncertainty ofDTonset
for low values ofe due to rounding of the transition. Thi
serves as an experimental ‘‘proof’’ of the property of th
potential temperatureu stated in Sec. IV A 1. For compari
son, we also show the line representing the data on4He gas
at various densities@19,18#, carried out in a cell of 10 cm
height and 5 cm diameter, extend to much higher racorr* num-
bers well into the turbulent regime.

3. Early stages of convective turbulence

Several series of measurements ofDT versusq were car-
ried out over a large range ofq, but where the heat flow wa
limited so as to satisfy the Boussinesq conditions. This
striction becomes more severe asTc is approached. Fore
5531024, or (T2Tc)51.7 mK, measurements were ther
fore taken forDT<70mK, or '0.03(T2Tc). As mentioned

e
-
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ANDREI B. KOGAN AND HORST MEYER PHYSICAL REVIEW E63 056310
before, the temperature of the top plate was kept cons
and hence the average fluid temperature increased with
heat current. This led to an increase of Racorr and to a de-
crease of Nu and Pr up to a few percent forDT570mK.
These corrections have been implemented in the calculat
for all three parameters. In Fig. 7~a! we show a logarithmic
Nucorr versus Racorr plot for Racorr,107. For this range of
Racorr, our experiments can be compared with the very rec
ones by Xuet al. @21# These authors worked with RB cel
using acetone with Pr54.0. The measurements by Chavan
et al. @19,18# at comparable values of Pr as well as those
Ashkenazi and Steinberg@7# were done at substantiall
higher values of Ra than ours.

There has been strong interest in convective turbule
and the most recent summary of both theoretical and exp

FIG. 6. The convection currentj corr
conv versus (ra* )corr ~symbols!

in the convective regime. Also shown are the data for4He ~dashed
line! at various densities for the cell withG51/2, used by Chavanne
et al.

FIG. 7. ~a! Nucorr versus Racorr plot for various values ofe from
this paper, and comparison with the data of Xuet al. obtained with
acetone. The corresponding values of Pr are given in parenth
Dashed line shows a 2/7 power law with an arbitrary amplitude.~b!
Sensitive scaled representation showing deviations from the 2
power law for the sets of data shown in~a!.
05631
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mental work has been given by Grossmann and Lohse~GL!
@22#. These authors have presented a systematic theory
the scaling of Nu and the Reynolds number in strong
convection and have identified various zones that are c
acterized by the relative importance of certain contributio
from boundaries or bulk in the dissipation during the he
transport. In their Fig. 2 they present the phase diagram
these zones in the Ra-Pr plane. The high-precision meas
ments of Xuet al. with Ra between 108 and 1010 could be
fitted by the predictions of Grossmann and Lohse~GL!.

Similarly to Ref. @21#, we present in our Fig. 7~b! the
more sensitive ratio NucorrRacorr

22/7 versus Racorr, where the
exponent~2/7! is a convenient representation of experimen
data over a large range of Ra@22#. The very recent extension
of the GL theory to Prandtl numbers over 12 decades up
106 @46# will permit a comparison of our results with theor
in the near future. We note in Fig. 7~b! the systematic chang
in the slope of the data curves as Pr is increased ove
comparable range of Racorr. The uncertainty in the param
eters of3He at a givene causes an uncertainty of the order
65% in the absolute value of Nu and Ra. As a result,
change of Nu with Pr at constant Ra for 105,Ra,106 can-
not be estimated with precision, but it appears to be of
order of 10% or less.

While the data with Pr numbers below'50 show a
smooth increase of Nu with Ra and follow the expect
power law, those at the highest Pr numbers show a surpri
and unexplained behavior. Figure 8 shows a rise of the d
points for Pr5293 and 586 above this power law, followe
by a maximum. In particular, the negative slope of Nu w
increasing Ra is contrary to expectations. We note that a
of the ~corrected! convective current (Nu21)Ra versus Ra
does not show the negative slope of the Nu~Ra! plot at the
highest Ra numbers. We further note that the primary d
are DT(q), which were obtained in four different series o
experiments. These data used the same routine as tho
lower values of Pr and where the fluid behavior appea
normal, and care was taken to stay within the Boussin
criteria mentioned before. We are unclear whether at
largest compressibilities the ‘‘ATG’’ corrections, Eqs.~6!
and~9!, are still sufficient and appropriate for the calculatio

es.

th

FIG. 8. Nvcorr versus Racorr at larger Racorr and highest Pr num-
bers. The dashed line again has an arbitrary amplitude.
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HEAT TRANSFER AND CONVECTION ONSET IN A . . . PHYSICAL REVIEW E63 056310
of Nu~Ra!. These results need to be verified with furth
experiments on3He and other fluids closer to the critica
point with still higher values of Pr.

B. Transient data

We present our data in order of increasing values oq,
and chose as a representative example a series of traces
intermediate temperaturee5531022. Figure 9~a!, 9~b!, and
9~c! show the evolution withq increasing from the bottom to
top, for the most convenient representation. Figure 9~c!
shows the evolution ofDT(t) first in the diffusive regime
and further asq increases above the onset of convect
(DT.7.5mK). On the left side, the traces are obtained af
starting the heat currentq at t50 and where the steady sta

FIG. 9. Left side: selected transient profilesDT(t) at e55
31022 for various heat currentsq after ‘‘heat-on.’’ Right-hand
side: the corresponding steady stateDT(`) versusq. The figures
~a!, ~b!, and~c! with progressively higherq represent separate se
of experiments. The shape of a transient changes from a sim
‘‘overshoot’’ to damped oscillation, then to a simpler shape at s
larger values ofq.
05631
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DT(`) is reached within'200 s. The right-hand plot show
the steady stateDT(`) versusq. The break in the curve for
DTonset57.5mK reflects the onset of convection for highe
values ofq.

We now examine and analyze the results in the diffus
regime, and then forq beyond the onset of convection.

1. Diffusive regime

In Fig. 10 a normalized trace is presented forq
512 nW/cm2 at e50.1, for the ‘‘heat-on’’ process, where
DT(`)512.0mK, and stratification from gravity is negli-
gible. The trace is compared with predictions@28# ~solid
line! without adjustable parameters. The calculations use
values ofDT and g[CP /CV determined experimentally in
this laboratory, and an outline of the theory is given in t
Appendix. Generally, for a givene, we find that the data a
various values ofq, when normalized to the correspondin
value ofDT(`), overlap within the scatter of the noise. Th
is particularly noteworthy fore.0.05, whereDTonset be-
comes large, making it possible to generate traces in
diffusive regime over a wider range ofq. This result implies
that the diffusive relaxation timet is independent ofDT(`),
as expected.

We note that since the experiment takes place at cons
r̄, reaching a steady state is therefore influenced by the a
batic energy transfer~‘‘Piston effect’’! after turning the heat
on or off @28#. This transient is given by a more complicate
mathematical expression than the simple diffusive proc
observed at constant pressure. In the Appendix B we pre
a short discussion on the effect of the adiabatic energy tra
fer on the fluid stability after turning the heat flow on.

The diffusive relaxation time has been obtained by
exponential fit of the transientuDT(t)2DT(`)u versus t
both after turning the heat on and off; this is when the ‘‘tai
amplitude is less than'1/3 of the total steady-state spa
DT(`). As shown by Behringeret al. @30#, the exponential
fit exp(2t/t0) gives the slowest mode relaxation time as

t05S h

A~e! D
2 1

DT
, ~11!

le
l

FIG. 10. DT(t) transient in the diffusive regime fore50.1 and
DT(`)512.5mK after turning the heat on att5600 s, shown by
the noisy line. Solid curve: prediction as described in the text an
the Appendix, without free parameters.
0-9
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ANDREI B. KOGAN AND HORST MEYER PHYSICAL REVIEW E63 056310
whereA(e) is a function ofg and changes fromp/2 to p as
g(e) varies from 1 tò . This calculation explained the ma
jority of the large discrepancy between the experimental
laxation times and those expected based on the meas
conductivity values as reported by Pittmanet al. @29# How-
ever, Behringeret al.’s analysis of Pittman’s data showe
that there was still a remaining discrepancy of the order
approximately 10%, which was not understood at the tim

The data fort0
21 obtained in this experiment, scaled b

h2, are plotted versuse in Fig. 11. As discussed in the Ap
pendix, our data suggests that in the earlier experiments@29#
the value of the cell heighth was determined incorrectly
which introduced approximately an 8% error inl. We re-
plotted the scaled relaxation times reported in Ref.@29# using
the corrected value ofh, and found that it eliminated all the
discrepancies between these and the calculations of
hringeret al. Thus the experimental and expected relaxat
times are in agreement, both for our most recent data and
those of Ref.@29#, provided the cell height used in thos
experiments is corrected.

2. Convective regime: Data

For DT.DTonset'7.5mK, Fig. 9~c! shows that a gradua
‘‘overshoot’’ emerges with increasingq, as observed in pre
vious work with liquid 4He at saturated vapor pressu
@47,42,48#. By contrast, the overshoot decay in the pres
traces is not simply exponential but evolves into damp
oscillations where both the damping and the oscillation ra
increase withq. These seem to have not been reported p
viously. We also observe the critical slowing down of t
convective relaxation ratetRB

21 as the onset of convection i
approached from the higher values of ra* as found by Be-
hringer and Ahlers@47#. This is consistent with the expecta
tions, as described by Behringer@48#.

Figures 9~a! and 9~b! show the evolution ofDT(t) at
small times, well before the steady state has been reac
and where the traces were recorded over a period of 90
Some traces have been suppressed to avoid overcrowdin
plot. Again the right-hand side showsDT(`) versusq. At
still higher heat currents, the oscillation amplitude decrea
and the ‘‘overshoot’’ gradually disappears. Whenq is turned

FIG. 11. Scaled relaxation rateh2t0
21 versuse. Open squares

present data, open circles: Pittmanet al.with the heighth increased
by 8%, as described in text. Solid line: predictions, as describe
the text.
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on, the initial rise ofDT becomes more rapid as the flu
system is driven harder. Steady state is reached already
about 20 s for the highest values ofq, compared with times
of order 300 s in the regime below and just above the c
vection onset. The type of behavior shown here is repres
tative for the traces at 131022<e<231021 investigated in
these experiments.

As e decreases below'931023, the damped oscillations
are not observed as clearly. After the heat current has b
turned on, the steady state in the convective regime imm
ately above the onset~this is for DT>3.7mK! is reached
much faster than in the diffusive regime. An overshoot do
not develop until well above the convection onset f
DT(`).12mK. This is shown in Figs. 12~a! and 12~b! for
two representative examples ate5531023 and 531024,
where the transient profile is to be contrasted to that in F
9~c! at e5531022. After the heat flow has been turned of
there is correspondingly a strong difference in the decay
DT(t)→0 between the traces ate5531022 and 531024.
In the first case there is a smooth decrease to zero, whil
the second one, the signal decays very rapidly toDT'0,
rebounds, and is followed by a maximum beforeDT50 is
asymptotically reached.

A detailed summary of the domains corresponding
these different features in theDT(`)2e plane has been pre
sented elsewhere@14#. We note that there seems to be
marked change in the transient pattern fore,931023, both
after the heat current is turned on and also off. It will

in

FIG. 12. DT(t) transient profiles fore5531023 and 5
31024, to be compared with those ate50.05 in Fig. 9~c!. The
DTonset is less than 4mK for both sets of data. Note the absence
the overshoot and of the damped oscillations for the traces take
comparableDT to Fig. 9~c! above the convection onset.
0-10
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HEAT TRANSFER AND CONVECTION ONSET IN A . . . PHYSICAL REVIEW E63 056310
interesting to understand what factors are responsible for
change, whether the diverging Pr or the compressibility
both.

3. Convective regime: Transient experiments and simulations

Amiroudine et al. @49# have carried out a two
dimensional~2D! numerical simulation of the onset of insta
bilities in a near-critical fluid (CO2) at the critical density in
a RB configuration. In their system, a square cavity withh
510 mm, the boundary conditions differ from those in o
experiment as follows: In the simulation a temperature d
ferenceDT is established across the fluid within approx
mately 2 s, and where the heat flux is left floating. The lo
parametersr, T, and particle velocityv are then calculated a
various times, showing the evolution of the bottom~hot! and
top ~cold! boundary layers with time and the formation
‘‘plumes’’ in the convective state, both on the hot and on t
cold layers. By contrast, in our laboratory experiment,
bottom temperature is left floating, and tends to a stea
state value some time after turning on the constant h
flow q.

Preliminary results have been reported by Amiroud
et al. @27# on their results of a 2D numerical simulation fo
3He near the critical point. This is done with identical para
eters and boundary conditions as those in our laboratory
periment, and using a similar RB configuration with c
height h51 mm andD550 mm. In a control simulation
very good agreement was obtained with our data in the
fusive regime at several values ofe. In the convective regime
for e50.01, the simulation produced the expected ‘‘ov
shoot’’ both in magnitude and in time scale agreement w
the laboratory experiment.

4. The noise spectrum

Examination of individual~not signal-averaged! traces of
DT ~steady state! as a function oft shows no convincing
evidence of periodic oscillations, fluctuations or bursts, s
as reported in previous experiments reviewed by Behrin
@48#. Even for Racorr@1708, the noise in the traces is on
twice that forq50. We have calculated the power spectru
of DT(t) in the steady state. The results for the high
power with Racorr/Rac5132 ate50.1 were compared with
the spectrum for zero heat, in a form identical to that
Behringer’s work for4He at saturated vapor pressure~Fig.
22 in Ref. @48#!. Although we do observe the increase
fluctuations withq, a substantially higher relative noise lev
in our experiments prevents a systematic study of the fl
tuation spectra at various reduced temperatures nearTc .
From our present data, there is no clear signature for
onset of turbulence, in contrast of what was observed w
liquid 4He. For details, we refer to Ref.@14#.

V. CONCLUSION

We have presented the steady-state results for the
perature differenceDT(t) across a fluid layer along the crit
cal isochore for3He obtained in a Rayleigh-Be´nard cell with
an aspect ratio ofG5D/h557. The first part of this program
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consists in the systematic study of the steady-state onse
convection as the ATG criterion becomes dominant when
compressibility diverges as the critical point is approach
In the second part, we have investigated the transients,
in the diffusive and in the convective regimes, after turni
the heat flow on~and off!, until steady state was reache
Our results are as follows:

~1! We have observed the crossover of the convect
onset condition from the classic Rayleigh regime, where d
sipative effects determine the transition to convection, to
regime dominated by the ATG or ‘‘Schwarzschild’’ crite
rion. Close toTc , when Cp@Cv , the nonzero ATG stabi-
lizes the fluid against convection as long as the fluid den
decreases in the upward direction. The transition cu
DTonset(e) obtained experimentally in the steady state is
very good agreement with predictions.

~2! In the convective regime, the correction for the AT
effect through introducing the potential temperatureu col-
lapses the plots of the convective current vs reduced R
leigh number onto a common line. The value of the init
slope of the scaled data, obtained above the convection
set, agrees with the experiments on other fluids in RB c
with a similar aspect ratio and with a much smaller co
pressibility than supercritical3He. The numerical value o
the slope is closest to the calculated one for a flow patt
given by a family of straight parallel rolls, and disagrees w
the calculations for a concentric rolls pattern found m
commonly with fluids.

~3! The experiments in the early turbulent convective
gime with Rayleigh numbers up to 53108 have been pre-
sented, together with comparison with other data at sim
Pr. The Nu versus Ra presentation~with both numbers cor-
rected for the ATG effect! for Pr,40 is compared with high-
precision data on acetone with Pr54 @21#. A surprising and
unexplained behavior is shown for the two highest Pr nu
bers~293 and 586! indicating a significant departure from th
expected power-law behavior.

The transientDT(t) results are as follows:
~4! In the regime without convection, the experimenta

obtained curves agreed with predictions. Our combined m
surements of the thermal conductivity and the diffusive
laxation time allowed to identify the source of the discre
ancy between these quantities reported in the ea
experiments and justified a simple correction to earlier da
as proposed in the Appendix.

~5! In the convective regime, the previously report
overshoot inDT after turning on the heat has been observ
but it was followed by an unusual pattern of damped os
lations before a steady-state was reached. The gradual
lution of the temperature transient with further increasingq
has been described. Computer simulations by Amiroud
et al. presently in progress, can help clarifying these obs
vations.
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APPENDIX

1. Thermal conductivity

Measurements of the thermal conductivityl with the heat
flowing upwards were made in the diffusive regime at t
same temperatures as the convection measurements. Th
extend to higher values ofe those of Pittmanet al. @29# and
by Cohenet al. @50#, obtained with a regular conductivit
cell where the heat flows downwards, therefore stabiliz
the fluid. The accuracy of our present measurements,
heat flowing upwards, was limited by the allotted range
DT in the diffusive regime, and it degraded fore,0.05, with
the maximumDT'3.5mK, the value fixed by the ATG cri-
terion. The new data and those of Ref.@29# are presented in
Fig. 13. A systematic discrepancy of'8% between the set
of measurements abovee50.05 is found.~The data by Co-
henet al., taken in a more complicated thermal conductiv
cell with an uncertainty in the effective value ofh, have not
been included.! For e,0.05, the rapid increase of the appa
ent l observed in the present paper reflects the rounding
the transition due to partial convection in the cell, and th
data will not be considered further.

We believe that the origin of the discrepancy lies in t
incorrect determination ofh in the cell of Ref.@29# with h
50.032 cm, compared to our convection cell withh
50.106 cm. We checked this assumption by comparing
observed relaxation times with the expectations based on
measuredl and thermodynamic properties of the fluid~see
Fig. 11!. We found that the discrepancy between the o
served and expected relaxation times reported in R
@30, 51# is eliminated when the cell height used in Ref.@29#

FIG. 13. Thermal conductivity of3He along the critical isoch-
ore. Solid circles: present data. Solid line: fit to the conductiv
data obtained by Pittmanet al.
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was taken to beh50.03231.0850.0345 cm. This adjust-
ment, which increasesDT by 8%, also leads to an improve
agreement within the combined uncertainties between
measured and the calculated linewidth of scattered light
3He near the critical point~Fig. 5 in Ref.@52#!.

2. Impact of the Piston effect

The term ‘‘piston effect’’ describes the mechanism
adiabatic temperature relaxation, which emerges in co
pressible fluids under fixed total volume conditions, a
qualitatively changes the equilibration scenario as compa
to ordinary heat diffusion. There are distinct ways in whi
the piston effect is expected to affect our measurements

~1! During the transient, even before the fluid starts co
vecting, the presence of the piston effect modifies the te
perature and density spatial distribution compared to an
dinary diffusive relaxation process. A proper analysis of t
relaxation with the piston effect presence allows to ident
which regions inside the layer are the most unstable du
the transient, and is therefore important for understand
our DT(t) results. This will be treated in detail later in th
section. A complete analytical treatment can be made fo
fluid where the properties can be assumed to be indepen
of temperature and density variations within the layer.

~2!. The fluid flow in the convective regime is likely to b
affected by the piston effect, and this has been discusse
the work of Amiroudineet al. @49#. The density of a given
fluid element may be changing substantially during its tra
across the cell compared to the Boussinesq case. Such v
tions in density will couple with the corresponding fluid tem
perature in the cell through the piston effect, and this c
pling might produce unexpected results. In our opinion, t
is an interesting and still open question. We hope that co
puter simulations by Amiroudine and co-workers@26# will
provide clues regarding the role of the piston effect dur
convection.

Below, we present calculations of the temperature
sponse to an external disturbance under conditions when
piston effect is non-negligible. The response of a compre
ible fluid at fixed average density~fixed total volume! is
sensitive to the choice of the boundary conditions,
equivalently, to the form of the disturbance. Below we co
sider the two scenarios A and B to obtain the steady-s
data in our cell. Both assume that the top plate is always k
at constant temperature during the measurement, and
fluid is initially in equilibrium.

Case A: The measurement is initiated by forcing the te
perature of the bottom plate,Tbot, to increase rapidly by
some finiteDT, which then equals the temperature diffe
enceDT(t5`) across the fluid. This will initially produce
thin layers of denser fluid at the top and lighter fluid at t
bottom of the cell, a typical signature of the piston effect.
the paper by Amiroudineet al. @49#, the point is made tha
the small initial width of the boundary layer has a high
convection onsetDT than the bulk fluid, and therefore stab
lizes the fluid. With increase of time, where the width of bo
boundary layers increase, the fluid stability decreases,
then increases again under the effect of the ATG. We e
0-12
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phasize that this would only affect the transient, and wo
be irrelevant for steady-state measurements.

Case B, which corresponds to our experimental con
tions: The temperatureTbot is left floating, the heat flux (q
5const.) is turned on, and the bottom plate is allowed
reach the final~steady-state! temperature. Numerical calcu
lations of the density profile for this boundary condition
the bottom@Ref. @51#, Fig. 7~a!# showed that unlike in Cas
A, the density gradient at both boundary layers at short tim
after heat is turned on, never exceed the final value at
point of the cell. No boundary layers of large, rapidly chan
ing temperature or density gradients are produced. T
means that if the final temperature difference is smaller t
DTonset, the fluid is always stable throughout the measu
ment. Therefore in our experiments in the nonconvect
state, the piston effect does not play a significant role in
stability of the fluid.

In Fig. 14 we present a plot of the local vertical tempe
ture gradient as a function of vertical locationz at various
timest, computed ate50.05: ~a! case A where the tempera
ture of the bottom plate is suddenly raised byDT(`) andq
is floating, ~b! case B for fixedq and floating bottom plate
temperature until it reachesDT(`). These plots have bee
computed in a similar way as described in Ref.@13#. In the
first case, very large temperature gradients are generat
the boundaries immediately after the bottom temperatur

FIG. 14. The normalized local vertical temperature gradi
across the layer versus timet and vertical locationz5x/h for two
different boundary conditions at the bottom surface, both star
with the cell initially in a thermal equilibrium ate50.01. ~a! Bot-
tom temperature raised stepwise by fixed amount, andq floating.~b!
Bottom plate temperature floating, andq is turned on in a stepwise
manner.
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stepped up. By contrast, in case B, the temperature grad
never exceeds the final value anywhere in the cell during
transient. The almost flat curve with long dashes reflects c
ditions close to steady state.

3. Transient in the diffusive regime

As will be shown below, the transientDT(t) in this re-
gime, predicted by the Onuki–Ferrell theory@28# can be cal-
culated analytically and compared with the experimenta
measuredDT(t). This comparison was made to verify th
the apparatus is functioning properly. The method is
same as that already described in Ref.@53#, but with bound-
ary conditions adapted to a thermal conductivity cell. He
we briefly outline the method, and refer to Ref.@14# for the
detailed derivation.

When the fluid is kept at constant average density,
equation for the temperature inside the cell in the lineariz
Onuki-Ferrell approximation reads

]T

]t
5a

]@T#

]t
1DT

]2T

]x2 , ~A1!

where@...# means averaging over space. Herex is the vertical
coordinate anda[(12g21). This equation can be solved i
a way similar to that described in Ref.@53#. We only outline
this method here with the boundary conditions appropriate
a conductivity cell, which are

q~ t !50, t,0, ~A2!

q~ t !5q0 , t.0, ~A3!

T~xt!x5h5Ttop. ~A4!

Here the heat fluxq0 is applied to the bottom plate. In th
frequency~v! space, one defines a complex response fu
tion Z(v,x/h) by

Z~v,z!5dT* ~v,z!/DT~q0!, ~A5!

wheredT* (v,x/h) are the Fourier components of the tem
perature difference dT(t,x/h)5@T(t,x/h)2Ttop# and
DT(q0)5q0h/l is the steady-state value ofdT at x5h.
Upon Fourier transforming Eq.~A1! and applying the bound
ary conditions, the functionZ(v,z) is obtained. In order to
obtain the responseDT(t) in real time, a direct and invers
Fourier transform operation is used, as given in Refs.@13#
and @14#.

An alternative approach was used in Ref.@51#. In that
work, the solution of Eq.~A1! was developed in the form o
a series directly in time-space coordinates. Both meth
give the same results, however the use of the response f
tions in frequency space is slightly more flexible for the fo
lowing reasons: First, the same expression in freque
space allows to calculate the response to an arbitrary ti
dependent fluxq(t), should such conditions be used in fu
ture experiments or in numerical simulations. Second, as
cussed below, the response function method allows mak
corrections for instrumental time scales in a simple fashi

t

g
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In Fig. 10, Sec. IV B 1, we have shown the comparison
tween the observed transient and the analytical solutio
e50.1, and noted the good agrement. Here the analyt
response function used in the calculation was corrected
the presence of a double-pole low-pass filter at the outpu
the phase-sensitive amplifier used for theDT(t) measure-
ments. To perform such an adjustment, the solution
Z(v,z) given by Eq.~A5! needs to be multiplied by the filte
response function

L5
1

~11 ivtF!2 . ~A6!

The time constant of the filter wastF51.25 s and is re-
sponsible for the noticeable ‘‘lag’’ during the first seconds
the relaxation, visible both in the calculated curve and in
experimental trace. No corrections for either heat capacit
the bottom plate or conductivity of the sidewall were mad
lui

-

. B

c

on
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because a previous analysis of their contributions@30#
showed them to change the fluid relaxation timet in a neg-
ligible way.

4. Transport properties along the critical isochore

TheCp values, based on compressibility and density da
were calculated using the common thermodynamic rela
with Cv , where the data@54# had again to be extrapolate
beyonde50.05. The good internal consistency forDT ob-
tained from the relaxation times, from the ratiol/Cp , and
also implied by the light scattering experiments@52# indi-
cated that the extrapolation was adequate. The valuesl
used for the calculations ofDT are obtained from by increas
ing the values of Pittmann by 8%.

A tabulation of static and transport properties used in
convection work with the ajusted value ofl is available on
request as a postscript document.
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