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Multiple current reversals in forced inhomogeneous ratchets
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Transport properties of overdamped Brownian particles in a rocked thermal ratchet with space dependent
friction coefficient is studied. By tuning the parameters, the direction of current exhibit multiple reversals, both
as a function of the thermal noise strength as well as the amplitude of rocking force. Current reversals also
occur under deterministic conditions and exhibit intriguing structure. All these results arise due to mutual
interplay between potential asymmetry, noise, driving frequency, and inhomogeneous friction.
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Fluctuation induced transport in ratchet systems has beeammplitude of the rocking force. Moreover, these systems
an active field of research over the last decade. In these syshow current reversals when rocked adiabatically. In the de-
tems in the absence of any net macroscopic forces, the asyrterministic overdamped case we get current reversal as a
metric potential can be used to induce a unidirectional parfunction of the amplitude of rocking force. Most of our re-
ticle flow when subjected to external nonthermalsults are attributed to the presence of space dependent mo-
fluctuations. These studies have been motivated in part byility. We have studied the same system as that of Bartussek
the attempt to understand the mechanism of movement adt al [4], except the presence of a space dependent friction
protein motors in biological systeni4]. To this effect sev- term. In the earlier work the spatial asymmetry of the poten-
eral physical models have been proposed under the name g| is responsible for unidirectional currents and their rever-
rocking ratchets[2-4], flashing ratchets5,6], diffusion  sa| as function of frequency. As mentioned previously one
ratchets[ 7], correlation ratchetg8], etc. In all these studies can get unidirectional currents in the presence of symmetric
the potential is taken to be asymmetric in space. It has alsgoentials, but for this space dependent friction is required
been shown that one can obtam unldlreptlonal current in thflO—lq. In these systems transport direction is given by the
presence of spatially symmetric potentials. For these nony e “shift between mobility and periodic potential. This
Zgumk;l:t:? dz)]lsotre?;]z e)r(éig]r?cler?)?dsorgcgozjcee ::gz:g r?]ig:m%hase shift induces spatial symmetry breaking as required for
is )rlequired[10—1fi B?’ suitably tunliong the gystem param- the directed motion. Appropriately choosing the phase shift

: A%ads to current reversal. We would like to emphasize that

eters such as temperature, friction coefficient, mass, etc., o . L
can even change the direction of the curfd. Indeed, the space dependent friction does not alter the equilibrium prop-

study of current reversal phenomena has given rise to a r&'Y Of the system, however, when the system is driven out of
search activity on its own. The motivation being the possi-€duilibrium, nontrivial dynamical effects arise due to space
bility of new particle separation devices superior to existingdependent frictior16,22,23. Naturally in our present sys-
methods such as electrophoretic method for particles of mitem we expect additional effects arising due to a combination
crometer scal¢18]. of spatial asymmetry and the position dependence of the fric-
Bartusseket al. [4] showed the occurrence of current re- tion coefficient. It is to be noted that systems with space
versal in a rocked thermal ratchet with both amplitude ofdependent friction are not uncommon. Brownian motion in
rocking force as well as the temperature of thermal bathconfined geometries show space dependent fri¢2dh Par-
This simple and generic model has been studied analyticallficles diffusing close to surface have a space dependent fric-
in the adiabatic regime and numerically for intermediate redion coefficient[24,25. It is believed that molecular motor
gime. They attributed this current reversal to the “mutualproteins move close along the periodic structure of microtu-
interplay between noise and finite-frequency driving.” Mul- bules and will therefore experience a position dependent mo-
tiple current reversals have also been shown in the determipility [15]. Frictional inhomogeneities are common in super
istic limit of these ratchets when the inertial term is takenlattice structures and Josephson junctifi2@] also.
into account3,19]. However, these multiple current rever-  We consider an overdamped Brownian particle moving in
sals in inertial ratchets are not robust in the presence oft asymmetric potentia¥/(x) with space dependent friction
noise. In addition to rocking ratchets current reversals haveoefficient n(x) under the influence of external force field
also been observed in flashing ratchf8s20,21. In this  F(t) at temperaturd. Throughout our analysis we take the
work we report that that multiple reversals can be achievedatchet potential/(x) = — (1/2)[ sin(2mX) + (u/4) sin(4mX)].
even in a rockedverdampedatchet in the presence of space Here w is the asymmetry parameter with values taken in the
dependent mobility, as a function of the noise strength andange G<u<1, friction coefficient #(x)= ng[1
—\sin(2mx+¢)], [\|<1. ¢ determines the relative phase
shift between friction coefficient and potential. The forcing
*Email address: dan@iopb.res.in term is taken to bé& (t) =Asinfwt+6), (w=2ax/7, wherer
"Email address: jayan@iopb.res.in is period of force. Without any loss of generality is taken

1063-651X/2001/6&)/0563075)/$20.00 63 056307-1 ©2001 The American Physical Society



DEBASIS DAN, MANGAL C. MAHATO, AND A. M. JAYANNAVAR PHYSICAL REVIEW E 63 056307

to be zero. The correct Langevin equation for this system in 0.0025 " oo30
the overdamped limit is given byl 2,27,28 e @=40
0.0015 —0=350
- [V'X)-FM®)] 7 (X)
== 3+ é(t) 1)
[0 00005

whereé(t) is a zero mean thermal Gaussian noise with cor- J N _:;5_\;;:_________
relation (&(t) €(t"))y=26(t—1t"). The equation of motion is -0.0005 + %
equivalently described by the Fokker-Planck equatieRb \\“’ ’/
[12] 00015 | &/
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FIG. 1. The mean currentvs temperaturd for ¢=0.27, A
=0.5, andA=0.1. The driving frequencies ame=3.0, 4.0, and
5.0. The inset shows the contour of zero current for the same values
IP(X,1) AJ(X,t) of T,\. Regions enclosed on the right hand side of a given contour
(3 is the negative current region and vice versa. Note that we have
only one reversal for all values @f> .

whereP(x,t) is the probability density at positionat timet.
Equation(2), in the form of a continuity equation

g ox

where
the curreng versusT and ¢ for three values oW. Crossing

this zero contour line implies current reversal. It can be seen
(X,t) (4)  that twice current reversal occurs only for a very narrow
range of¢. For frequencies higher than certain critical fre-

is the probability current. Since the potential and the drivingduencywc(¢) current flows in only one direction for all
force have spatial and temporal periodicity, respectivelyemperatures, i.e., no current reversal occurs. The adiabatic
therefore](x t) J(X+1t+ 7—) [29 4] The average Curremt curvew<1 is not shown in the f|gure as it goeS much be-

1 J
J(x,t)=— m{[v (X)—F(t)]-i-kBT& P

in the system is given by yond the scale of the graph. However, it has a similar quali-
tative shape as fow= 3.0 curve. The plot, vs ¢ is shown
A A & o 1 in Fig. 2. As mentioned before, currents are due to the com-
j=lim f dtf x,t)ydx (5 pined effect of phase shifb coming from space dependent

friction and asymmetry parametex. In the regime ¢
=0.27 andA=0.5 and in the absence of asymmetry current
flows in the negative direction for all values ©f The asym-
metric case = 1.0) in the absence of space dependent fric-
tion gives current in the positive direction only as a function

It should be noted that for symmetric potential and 0, j
=0. Rectification of current is possible if the potential is
either asymmetric ok #0 with ¢+ 0,7 [16]. j is indepen-
dent of the initial phase of the driving force.

Our model can be analytically studied in the adiabatic
regime[16]. However, in our present work we are interested 7 ' ' ' '
in the intermediate frequency and strong amplitude of driv-
ing. In this limit no general valid analytical expressions are
possible[30]. Hence we explore the nonadiabatic regime of
the problem by solving the FPE2) numerically with the
finite difference method. Throughout we have set curjent
and all other physical quantities such BsA, w in dimen-
sionless form. W, 5| §

In the Fig. 1, the average curreptis plotted vsT for
various values ofn. Here A\=0.1, ¢=0.27, A=0.5, and
n=1. Unlike Bartusselet al.[4], where they show that cur-
rent reversal is not possible under adiabatic conditions, how- 4 ]
ever, current reversal even in adiabatic condition can be ob
tained in the present case for some valuespof16]. For
moderately high frequencw=4.0 the current reverses its . . . .
signtwiceat T=0.1 andT=0.22 and asymptotically goes to 0.01 02n 047 0.61 0.81 1.0%
zero for higher values off as shown in the figure. This
phenomena of twice current reversal with temperafliie
the foremost feature of our system, previously unseen in any FIG. 2. The critical frequency,, above which no current re-
overdamped system. The inset shows the zero contour plot @&rsal withT occurs vs¢ for A=0.5 and\=0.1.
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FIG. 4. The mean currenftvs w and T for A=0.5, ¢=0.2,
andA=0.1. The contour on the base shows the zero current.
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easily cross the slanted barrier, resulting in a current reversal
and positive current. On further increasing the temperature,
the effect ofA dominates as mentioned previously and as a
result the current again flows in the negative direction, im-

ing a second current reversal as shown in the dotted curve
Fig 1. It is obvious from the above argument that for

of stochastic resonance phenomena. In a purely asymmetrhégher frequency t_he first reversal temperature will be higher
case §=0) current vanishes rapidly wheT exceeds the &5 shown in the Fig. 4. The dotted line in the ba;e of Fig. 4
temperature associated with the barrier height. Whereas Ishhows t'he contour of zero cgrrent. But as mentioned previ-

) ' gusly, since the effect of dominates for higher temperature,

the symmetric case due to space dependent friction absolu fierefore the second reversal temperature decreases with in-

values pf currents are significantly _higher and de_cay slowlyCreasing frequency. Beyond the critical frequemgythere is
to zero in the large temperature regime. Naturally.m. the PreSt o reversal of current as shown in Figs. 4 and 2. In the high
ence of both asymmetry and space dependent friction for th]e i y

case under study the low temperature regime is dominated by Joc Y regime the effect of space dependent friction
y mp . 9 Aed Yominates the nature of current. We would like to emphasize
the effect of asymmetry while the high temperature regime i

dominated by space dependent friction. From this, one ca%;kr: ;T:één absence of asymmetry current reversals does not

qualitatively explain the current reversals from positive to .

; ; . X - Multiple current reversals can also be seen when the am-
negative side as a function of temperature even in the ad'a'litude(A) of the forcingd term is varied in a suitable param-
batic limit. In the regime$> = current due to space depen- P 9 b

L . . " _eter regime of our system. In Fig. 5, the plotjofersusA is
dent friction and potential asymmetry flows in same direc- . ; .
. . ) . shown for different values ofi, keeping\, ¢, andT fixed at
tion and hence no reversal is possible as a functioh &for
frequencies higher than the interwell frequeney, the low
temperature scenario changes. The direction of current in this
regime is more of a interplay between potential asymmetry  0.05 |
andw than that ofA. Due to higher frequency the Brownian
particles do not get enough time to cross the right barrier
which is at a larger distance from the minima. Number of
particles moving about the potential minima increases. This 0.03,
fact is amply reflected in Fig. 3, where the time averaged |
probability curve P(x)=(1/7) [iP(x,t)dt is plotted as
function ofx for various values o# with T=0.05. Itis to be
noted that the distribution is independentafx). Figure 3 0.01
shows that the probability of finding the Brownian particles
near the minima of the potential well increases with increas-
ing frequency, consequently the probable number of particles
near the potential barrier decreases. Since the distance from a 0.01
potential minima to the basin of attraction of next minima is
less from the steeper side than from the slanted side, hence in F|G. 5. The mean currejiwith amplitudeA of the forcing term
one period the particles get enough time to climb the potenfor ¢=0.887, T=0.05, and\=0.1 with w=3.0, 4.0, 5.0. The
tial barrier from the steeper side than from the slanted sidéenset shows the contour of zero current Tox 0.05 forw=4.0. The
resulting in a negative current. On increasing the temperadots in the inset show the four valuesAffor ¢=0.97 where the
ture, the particles get kicks of larger intensity and hence theyurrent reversal occurs.

FIG. 3. The time averaged probability,, vs x for various
values ofw and T=0.05 andA=0.5. The distribution is indepen-
dent of ¢ andA.

of temperature. Separately in both these cases absolute valgle/
of current exhibits a maxima as a function ofreminiscent
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also possible in the deterministic regime of the overdamped
system. This deterministic reversal of current cannot be at-
tributed to the chaotic motion of the system as in a forced
underdamped oscillat§d9]. It solely arises due the presence
of space dependent friction. As shown in Ref] here too

the deterministic current shows quantization and phase lock-
ing behavior. However, all these complex features are not
robust in the presence of noise as discussed in earlier litera-
ture.

In conclusion, we have studied the transport properties of
overdamped Brownian particles moving in an asymmetric
potential with space dependent friction coefficient and
rocked by periodic force. We observe several novel and com-
plex features arising due to the interplay between asymmetry
and inhomogeneous friction. Currents in the low-temperature
A regime is mostly influenced by the asymmetry of the poten-
tial. At higher temperatures it is controlled by the modulation
parametein of the friction coefficient. We find current re-
versal with temperature even when the forcing is adiabatic.

. . In the presence of finite frequency, current reversals are seen
0.1,0.88r, and 0.05, respectively. Far=4.0 curve, we can 0o A 3 function of amplitude of the forcing term we

see as many as four curr_ent reversals. For very large value Bbserve multiple current reversals. Current even reverses its
A, the current asymptotically goes to a constant value de:

di th | iouslv sh for th sign in the adiabatic deterministic regime. All the above re-
pgn t;n? on the Vié’e Q_{fh.as wals prewousyr:]s own tor be sults can be understood in a qualitative manner. Current re-
adiabatic case[_ .]' IS value was  shown 10 D€ \argyis in ratchets are very sensitive to system parameters.
—(N\/2)sin(¢). This is special to the space dependent friction

h h h fini ue i hEven the condition of current direction cannot be readily
ratchet wnere the currents saturate to a finite value in t ﬁredicteda priori. Ratchets of different kind&nd there are
largeA limit. In the absence of space dependent friction it is

b d th q in th as many as discussed by Reimdd®]) require different
to be nqte t at currents ecay_to zero In e same,njitions for current reversals, which have been worked out
asymptotic regime. As the asymptotic value depends on the, o0 limiting case$30]. However, all ratchets exhibit

phase ¢, SO we can qhoose it appropriately to make thegreat sensitivity to the form of underlying potential and its
asymptotic current positive or negative. In the present gase %

is ch h that th s . . hi erivatives over the entire periogee the introduction of
Is chosen such that the asymptotic current is negative whicg ¢ [30]). For example, it has recently been shoi8g] that

guarantees at least one current reversal irrespective of frgy, paqrer subdivision of the potential profile with an integer

quency._The oscillatory behaw'or_ in theA characterlstlgs IS n’number of modulation&n a randomly rocked ratchetan

the reminiscent of the deterministic dynam{es31] which |54 ton—1 current reversals as a function of temperature.
will be discussed later. The inset in Fig. 5 shows the zerq g yever, there is no universal rule to obtain current reversal.
contour ofj versus$ andA for w=4.0. For¢>m only tWo  \ye expect that our analysis should be applicable for the
current reversals can be seen. fior ¢>m— e (Whereeisa  mgtion of particle in porous media and for molecular motors

small number or 0<¢<e, four or more current reversals \here space dependent friction can arise due to the confine-
can occur. The value of depends critically ofT, large for  ent of particles.

smallT, and vice versa. It is also to be noted that we have an

even number of reversals for finite frequency driving. These M.C.M. acknowledges partial financial support and hos-
oscillatory features along with their associated current reverpitality from the Institute of Physics, Bhubaneswar. M.C.M.
sals disappear in the high-temperature regime as expecteaind A.M.J. acknowledge partial financial support from the
Figure 6 is forw=0.25 and shows that current reversal isBoard of Research in Nuclear Sciences, DAE, India.
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FIG. 6. The deterministic curreiptvs amplitude of forcingA for
w=0.25 and¢$=0.27 and\=0.1.
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