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Theory of structure formation in snowfields motivated by penitentes, suncups, and dirt cones

M. D. Bettertorf
Department of Physics, Harvard University, Cambridge, Massachusetts 02138
(Received 27 July 2000; published 26 April 2001

Penitentes and suncups are structures formed as snow melts, typically high in the mountains. When the snow
is dirty, dirt cones and other structures can form instead. Building on previous field observations and experi-
ments, this paper presents a theory of ablation morphologies, and the role of surface dirt in determining the
structures formed. The glaciological literature indicates that sunlight, heating from air, and dirt all play a role
in the formation of structure on an ablating snow surface. The present paper formulates a minimal model for
the formation of ablation morphologies as a function of measurable parameters and considers the linear
stability of this model. The dependence of ablation morphologies on weather conditions and initial dirt thick-
ness is studied, focusing on the initial growth of perturbations away from a flat surface. We derive a single-
parameter expression for the melting rate as a function of dirt thickness, which agrees well with a set of
measurements by Driedger. An interesting result is the prediction of a dirt-induced traveling instability for a
range of parameters.
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Penitentes are structures of snow or [id¢ which com- formed in three distinct ways, a reminder that similar pat-
monly form during the summer on glaciers or snow fields atterns can have quite different physical causes. For ablation
high altitudes(in the Andes and HimalayaA penitente is a  hollows, solar illumination is important in some settings. For
column of snow, wider at the base and narrowing to a poinpther locations, heating from the air appears to be the key
at the tip. The name “penitente” is a Spanish word meaningeffect. The effect of this “sensible” heat transfeso called
“penitent one,” and arose because a field of penitentes rebecause it is easily felt with the sensés the snow depends
sembles a procession of monks in white robes. Penitented? whether the snow is clean or dirty. Since some readers
range from 1® 6 m high with the spacing between columns may be unfamiliar with the glaciological literature, | give a
comparable to their heightFig. 1). Smaller structures, brief review here.
known as suncups or ablation hollows, can be found in lower The observational evidence for Sunlight—driven formation
mountains like the Rockies and the AlpBig. 2). Suncups ©f penitentes is abundant. In early work, Mattfiésargued
are smaller, a few centimeters to half a meter in amplitude that a variety of ablation forms, from sun cups a few inches

The first written record of penitentes comes from Charledn size to penitentes many feet deep, are formed by the sun.
Darwin, who observed them during his travels in the moun-As he pointed out, the formation of the largest penitentes
tains of Chile[3]: “Bold conical hills of red granite rose on requires strong and prolonged solar radiation—the primary
each hand; in the valleys there were several broad fields dgason why penitentes develop only in regions with dry sum-
perpetual snow. These frozen masses, during the process Bl climates. Matthes also observed that penitentes tilt to-
thawing, had in some parts been converted into pinnacles d¥ard the elevation of the midday suyan observation con-
columns, which, as they were high and close together, madémed by other$1,5-8). Such tilting is strong evidence that
it difficult for the cargo mules to pass. On one of these col-the sun has an important role in the development of structure,
umns of ice, a frozen horse was sticking as on a pedestal, but
with its hind legs straight up in the air. The animal, | sup-
pose, must have fallen with its head downward into a hole, !
when the snow was continuous, and afterwards the surround- |
ing parts must have been removed by the thaw.”

An extensive literature of observations and field experi- 4
ments has documented these ablation morpholdgess Ref. )
[2] for many referencgsAblation in this context means re-
moval of snow by melting or sublimation. This contrasts
with other processes like wind, avalanches, and rain. There is
a consensus about the causes of ablation morphologies, al

though some contradictory claims do exist in the literature. g5 1 Photographs of penitentes, from Post and LaChapelle
For penitente;, bright sunlight and colq, dry weather are apr1), p. 72. Left, penitentes on Cerro Negro, Chile. Right, field of
parently required2]. The smaller ablation hollows can be penitentes, north slope of Cerro Marmolejo Norte, Chile. Note the
ice axe, approximately 80-cm high. In the picture on the left, the
snow in the hollows has completely melted, exposing the soil un-
*Present address: Institut Curie and Laboratoire de Physiquéerneath. This is a frequent, though not universal, feature of peni-
Statistique, ENS, Physicochimie Curie, 11 rue Pierre et Marie Cutentes[2]. Photographs reprinted with permission from the Univer-
rie, 75248 Paris Cedex 05, France. sity of Washington Press.
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FIG. 3. Photographs of dirt-driven structure, from Workman and
vorkman [19]. Left, ablation hollows with dirt collected on the
Iridges. The structures are reportedly 12 to 18-in. high, p. 196.
Right, dirt cones, approximately 20 to 40-in. high, p. 190.

FIG. 2. Photographs of suncups, from Post and LaChapE]le
Left, suncups on the Taku Glacier, Coast Mountains, Southea
Alaska, p. 70. Right, deep suncups in Disappointment Cleave
Mount Rainier, p. 71. Photographs reprinted with permission from

the University of Washington Press. ence of direct sunlight. Ashwell and Hanngll5] claim that

when the incident solar power is larger than the incident

because the direction of incident radiation provides the sympower from heating by wind, the hollows disappear. Detailed
metry axis in the problem. In later work, Lliboutf] ob-  observations, along with wind-tunnel experiments, have been
served that incipient penitentes begin as east-west rows. Panrade by Takahashi and collaboratpt$§,17); they conclude
haps most important, if the weather is not dominated bythat structures grow most rapidly when the air temperature
direct sunlight—if the weather is cloudy] or very windy  and wind speed are highddt8]. When the weather is warm
[4,8]—penitentes are observed to decay. In the 1930s Trolind cloudy, wind mixes the air so heat is delivered at a
performed an experiment to create penitefiids The exact steady rate to the surface; the higher the temperature and
statemenireported by Lliboutry[8]) is “Troll was able to  wind speed, the faster the heating.
reproduce penitents in Germany by shining an electric bulb Rhodes, Armstrong, and Warr¢@] suggested a resolu-
on fresh snow during a cold, dry night.” This supports thetion to this apparent contradiction, which | now summarize.
sunlight mechanism, although to my knowledge no con4n their view, dirt on the snow surface is the hidden variable
trolled laboratory experiments have investigated light-driverdistinguishing the two cases. Sunlight drives the formation of
structure formation. penitentes in clean snow because reflection into hollows

To understand qualitatively how sunlight can cause strucmakes depressions in the snow surface grow. Any source of
ture formation, note that when light is reflected off the snow,ablation that transfers heat uniformly to the snow surface
the base of a depression receives more reflected light than thieerefore disrupts the formation of structure. However, sun-
neighboring peaks. This drives an instability of the surfacdight acts differently on alirty snow surface. Dirt decreases
and the amplitude of a perturbation grows; quantifying thisthe amount of reflected light, preventing the concentration of
argument will be a main goal of this paper. The effects ofsunlight in the hollows. This agrees with the Rhodasl.
reflections are considered important by several observersbservations of suncups on Mount Olympus. The researchers
[4,8,9. This may not be the only required effect. At the high noticed that when the snow surface was covered by a layer of
altitudes where penitentes commonly form, the air is so coldaish from the eruption of Mount Saint Helens, suncups did
and dry that sublimation occurs instead of meltig], con-  not form. They scraped away the ash from one patch of snow
sistent with the observations that the snow in penitentes iand observed the formation of sun cups on this clean snow
quite dry[4,8]. Lliboutry [8] claims that the snow in the surface.
hollows between penitentes is soft and wet, and that tem- How does dirt affect snow ablation? If the dirt thickness
perature variations of 5-10 °C exist between the peaks ancbvering the snow is sufficiently thick, the dirt forms an
the troughs. This was interpreted to indicate snow sublimatinsulating layer which slows down the ablation rate of the
ing from the peaks and melting near the troughs—an effecsnow([20]. Thus dirt can have different effects, depending on
that accelerates the growth of structure, since seven timahickness. A thin layer of dirt causes faster ablation because
more heat is required to sublimate a volume of snow than teeflection is inhibited. However, sufficiently thick dirt slows
melt it. Lliboutry believes this effect is crucial for the devel- ablation. A large amount of work has looked at how debris-
opment of the largest structures, and claims that penitentesovered ice or snow mel{€0,15,21; one typically finds a
only appear at altitudes high enough that sublimation bepeak in the ablation rate for dirt thickness around 0.5-5 cm
comes important. But other researchers report results in digthe variation in location of the peak depends on the thermal
agreement with thi$4,6]. Quantitative comparison to mod- properties of the debris, as discussed bglo@ne nice ex-
eling predictions should test whether sublimation is requirecperiment was done by Driedgg22], who measured ablation
to produce high amplitude shapes. rate as a function of ash thickness on the South Cascade

A different set of observations and experiments has led t@lacier. The typical grain sizes of the ash were 0.25 to
a very different claim: that solar illumination destroys abla-1.0-mm diameter, and the maximum ablation rate occurred
tion morphologies, while windy weather promotes theirfor a dirt thickness of 3 mm. The data from her measure-
growth. Leighly[11] argued that heat from a{delivered by = ments are shown in Fig. 6. Comparison to these data pro-
wind) leads to the formation of ablation polygofts. Fig. 3.  vides a test of the model discussed below.
Others stat¢12—14 that structures do not grow in the pres-  As pointed out by Ball[23], small particles of dirt can
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Melting Snow Surface structure formation. I am not familiar with any further theo-

retical or experimental consideration of the Takahashi pro-
W posal; this mechanism for structure formation will not be
considered in this paper.
Despite the extensive observations of ablation morpholo-
gies, there is a lack of mathematical models of their growth
[26]. The goal of this paper is to quantify the primary mecha-
nisms discussed above, and characterize the initial stages of
the instability of a flat surface. An understanding of the lin-
ear instability is only a first step in a quantitative theory of
ablation morphologies. Further work is in progress to address
the interesting questions of the high-amplitude shapes; this
adhere to the snow surface. This is true only for SUfﬁCienﬂypaper is restricted in scope to formulating a minimal model
small dirt particles; the adhesive force on the particle mustind describing the linear regime.
be large compared to the gravitational fofd®]. When ad- In this paper we consider sunlight—direct and reflected—
hesion to the snow dominates, the pieces of dirt move perthe primary source of heat that leads to snow ablation. It is
pendicular to the snow surfadeather than falling straight well-documented that radiation is the dominant heat source
down) as the snow ablates. Sticky dirt therefore tends tdor ablating snow[27,28], especially at high altitudes and
become concentrated on the most elevated regions of tHew latitudes[6]. The importance of consideringeflected
surface(Fig. 4). The concentration of dirt on melting snow light as well as direct illumination is supported by the obser-
can be observed in old snow piles in cities, and is illustrateyational evidence. The fraction of light reflected from old
in Fig. 3. This movement of dirt normal to the melting snow SNoWw is about 0.510,27. Therefore, if reflections are im-
surface is quantitatively well-documented in the literaturePoOrtant, the amount of heat absorbed localiynd corre-
[2,14-18; throughout this paper we will assume the dirt spondingly the ablation rateould vary by up to a factor of

moves purely normal to the snow surface. For the argument& Or different parts of the surface—such a large variation

here to be correct qualitatively, the dirt need not move com&an have important consequences for structure formation.

. Kotlyakov and Lebedevf6] made measurements of the al-
pletely normal to the surface—a component of motion nor bedo on a glacier with small penitentes. In a measurement
mal to the surface is adequate.

Thi hani lains dirt-dri tructure f i .averaged over surface features, 10% more light was absorbed
IS mechanism explains dirt-ariven structure formation.ye the sun was high overhead, presumably indicating the
as the snow ablates, dirt becomes concentrated on the m

: : * MOLBsorption of reflected light in the structures.
elevated parts of the surface. The thicker dirt forms an insu- |, the presence of dirt, sensible heating from the air may

lating layer on the ridges, so they ablate more slowly. Theye jmportant, in addition to sunlight. In this paper | focus
hollows thus grow deeper. This concentration of dirt by ab-primarily on the sunlight-dominated case, and comment on
lation can lead to the formation of so-called dirt cones, conesimilarities and differences with sensible heat. Modifying the
of snow or ice covered by a thick layer of dj®0,20,21,24  model to include sensible heating is straightforward.
(See Fig. 3. These structures can become quite large: Swith- By forming a quantitative model, we can test whether the
inbank[24] reports a dirt cone in the Himalaya estimated toeffects considered can explain the appearance of structure,
be 85-m high! Drewnf21] has done detailed experiments on and describe the morphologies produced. The primary goal is
dirt cones. He concludes that the cones ultimately reach t formulate the simplest model that contains the essential
steady state, where the motion of dirt toward the center iphysics. Ideally the theory would contain no free parameters,
balanced by the debris sliding down the cone when the slopthat is, all parameters in the model can be calculated or mea-
angle exceeds the angle of repose. sured in experiments. | also discuss which effects are left out
The proposal of Rhodes, Armstrong, and War2hthat  of the simple model, and estimate how serious the conse-
uniform heating causes structure only for dirty snow does notjuences are for such omissions.
completely resolve the disagreement about structure forma- The first part of this paper addresses clean snow only. In
tion. Some observers who advocate uniform-heating driveisec. | we formulate a minimal model, and carry out the
formation of ablation hollows insist that dirt on the snow analysis of the model for small perturbations. The linear sta-
surface is not requirefl11,13,16,17. Indeed, some photo- bility analysis lets us estimate the wavelength of the fastest-
graphs show ablation hollows in clean snow, inside a tunnelgrowing disturbance, and determines the initial size struc-
or on other inverted surfaces, suggesting that neither dirt naures that form.
solar illumination are necessary. How can this be explained? We then discuss the effects of dirt and reformulate the
Some have suggested that a regular pattern of convectianodel to include dirt in Sec. Il. We compare our model to
cells leads to the observed polygonal pattgrh,12), but a the field experiment of Driedger and find good agreement.
simple estimate shows this cannot give the correct size strudhus reassured that the theory contains the important physi-
tures [25]. Another suggestion is that the structures arecal effects, we examine how dirt alters the growth of small
formed by turbulent eddig4.3,16], although Takahashil7]  perturbations. We show that a thin dirt layer suppresses the
later claimed that the diameters of the hollows are indepenreflection-driven instability and induces traveling dispersive
dent of the eddy size. Takaha$hi7] proposed that the sepa- waves on the surface. In the limit of thick dirt, we demon-
ration of the air boundary layer as it flows over a cusp couldstrate the insulation-driven instability expected from the dis-
produce lower temperatures at the cusp, and therefore lead taission above.

FIG. 4. Motion of dirt on a snow surface. A particle adhered to
the surface of the snow moves normal to the surfdeft). When
particles follow such “normal trajectories,” peaks are stable equi-
libria and valleys unstable equilibrigight).
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I. LIGHT REFLECTION ON CLEAN SNOW extinction lengtH 27,28 for old snow(grain radius 1 mmis
of order 1 cm[29]. This is the penetration depth of near IR

simplifying assumptions; we hope to capture the essenti avelengths, which give the dominant contribution to snow
P g ¢ ptions, P pture the blation. Other wavelengths penetrate much deeper into the
features while neglecting some effects. We will discuss the

assumptions and their limits of validity as the model is de_snowpack; blue light can reach depths of 50 cm or more.

veloped. Some of the most important simplifications includeHowever’ the absorption of these wavelengths is so low that

considering the latent heat to be constant and including onIthey cause little ablation; thus a cutoff length of order 1 cm

. . - X s appropriatg 27].
f'FS"ord.e“ Isotropic reflec.t|on§. We foqus on a one- We will choose the diffusion coefficient so that the char-
dimensional model, assuming invariance in the transvers

L L . . Scteristic cutoff length is approximately the optical extinc-
o 2T a42e S engt. Agin, s term i he heigh equston & s
consider the height of the snow surfaeéx.t), and seek én plified r.epresentatlon of the :s_mall—scale physics, apd any
equation for the time evolution d1 v conclusions tha.t depend sensmvgly on the form of this term

' should be considered suspect. Diffusion of heat through the
snow might seem another natural form of the small-scale
cutoff; however, the gradients of temperature in the snow are

Heat incident on the surface leads to ablation—the heighmot large enough for thermal diffusion to stabilize short
h decreases as the snow melts or sublimates. We assume th¢avelengthg30].
ablated snow vanishes into the air or drains, and therefore Work in progress by Nodwell and Tied[@5] considers
that the flow of water along the surface and refreezing arghe scattering of light in the snowpack in quantitative detail.
not important(and similarly that other changes in the nature Their results show the same qualitative features as the linear
of the snow are unimportantThis model can apply to either instability of the model presented here, and they make quan-
melting or sublimation. We use the term “ablation” to refer titative predictions of the fastest-growing size suncup based
to either type of removal of snow. on Monte Carlo simulations of diffuse reflections in the
Suppose a point on the surface absorbs a power per urnowpack.
horizontal ared@(x). The latent heat required to ablate a unit
volume of snow isL. Combining this with a diffusive
smoothing term(see below gives the evolution equation for

The model for penitente growth we derive here contain

A. Snow ablation

B. Light reflection

the surface: Here we describe the reflection of sunlight from the snow
surface. We assume that the sunlight shines directly dawn
oh P(x) 9%h the —z direction and has a uniform power per unit lendth
R Dﬁ' (1)  The parameter characterizing reflections is the albedo

which denotes the fraction of ligheflected Thus the ab-

For clean snow, we assume thais a constantindepen-  Srbed power per unit length is {la)l. For old snow

dent ofx). This is true when the surface temperature andc@/led fir a typical value is¥=0.5[10].

humidity are approximately constant. As discussed in the The _reflectlng properties O.f show are d!fferent from tho;e

introduction, fully developed penitentes may have melting in®f & mirror. Snow looks white because it scatters light in

the hollows and sublimation in the tips—a situation that re-many directions. Here we treqt the I|ght using ray optics, anq
quiresL to vary along the surface. Indeed, the variatior.in assume the surface reflects isotropically. Thus the power is

might be the essential effect for large structures. For small:;j'st“buted uniformly mthmr ?}f S°|f'|d angle outside tEe surf—
angle structures, that is, amplitude small relative to wavelace. We approximate that the reflection occurs at the surface

length,L = constant should be a good approximation. Later,Of the snow.(As mentioned above, the reflection takes place

we will include spatial variation in the effectiedue to dirt I @ layer of order 1 cm thick. We ignore this in formulating
on the snow surface—see Sec. Il.

the reflections, and include its effects schematically through
The second term in Eq.l) for the surface height is a the d|ffu3|ve term. . .

simple form of the small-scale cutoff: a diffusive term with Using _these properties, t_he total amount of light scattered

diffusion constanD. As we will see below, in the absence of oM an interval around poir, to the interval betweex

any smoothing term the model can produce arbitrarily smalpndx+dxis

structures. This is clearly not realistic, because the physics at ol

small scales will cut off the instability. For the qualitative —d@ dxq, 2

results here, the exact mechanism of the small-scale cutoff is 77

not essential; the main point is that there is some minimum

size structure that can form. A natural small-scale cutoff iswvhered# is the angle subtended by the surface between

the extinction length of sunlight, which defines the thicknessandx+dx (see Fig. 5.

of the snow layer in which the light scattering takes place We can findd# in terms of the shape of the surface.

[27]. Points on the snow surface within one extinction length

are not optically independent, and therefore such nearby ,

points ablate at the same rate. The extinction length depends do= ﬂ: [pxds — Ah—Axh'(X)

on the density and grain structure of the snow. The typical p p Ah?+ Ax?
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Snow Surface another part of the surface. This requirement is a nonlinear
constraint, which is difficult to handle analytically but is

h(x) n . . . . y but.
/\ straightforward to implement in numerics. We typically in-
dicate the constraint schematically, by writing “line of

'dl sight” under the integral:
p ds
al dx[Ah—h'(x)Ax]

T Jine-ofsight  Ax2+ Ah?

Pr(x)

We can also write a necessaflyut not sufficienk criterion

for the line-of-sight constraint, when applied to local analysis
within one “basin.” The two pointsx and x; are within a
line of sight of each other when the dot product of the vector
normal to the surface and the vectpris less than O:
FIG. 5. Schematic of the ablating snow surface. Scattering fro . p:Ah—Axh’(x)?O. .(Se.e Fig. 5. Note, howeyer, that

the pointx; to the interval between and x+ dx depends on the n{hls simple crlterlo_n will miss '”t?rmed'ate bumps n the sur-
angledd. The vectom points fromx, to x and the incremerd| is face. The constraint may be satisfied but no reflection occurs

normal top such thatdg=dI/p. The vectorn is normal to the Petweenx, andx because the line of sight is blocked by an

surface ak anddsis the increment along the surface betweemd intervening peak.
X+ dx.

x’ X X+dx

C. Model
where we have useld’ = oh/Jx and _ . . .
The equations combining reflection and ablation are

AX=X;—X, ()
M)+ ph 9
Ah=h(x;)—h(x), (4) PR ' ©
andds is the vector tangent to the surface where we have defined the integral
ds=dx(1h"). O oL dx; [Ah—h'(x)Ax] o
We define the vectap, which points from the point, to the ()= 7 Jiine-of-sight  Ax%+ Ah? '

point x. From Fig. 5, we can see that
The intensity of the sun determines a characteristic ablation
p=VAX*+Ah?, ©®  ratelL " Combining this velocity with the diffusion coef-

To find the total power reflected to poirt we must add ficient D gives a length

up the intensity scattered from all points:

— DL
dx[Ah—h’ (x)Ax] =T (v
al X1 —h'(x)Ax
P(x)=— — . Y
& Ax“+Ah and time
The integrand in this equation is the propagator for light 2
intensity, it describes how the intensity is carried from one T DL _ (12)
point to another on the surface. The integRalx) is the 12

intensity due to asingle reflection. To include multiple re-
flections, we can write the power as an integral equation foiThe solar constant gives the intensity of solar radiation at the
P: top of the atmospherf28] 1=1.4x10° erg cm 2 s™1; we
therefore choosk=10° erg cni 2 s~ ! as the typical value of
I under bright sunny condition§The atmosphere and clouds
of course change the amount of radiation reaching the earth’s
surface; the solar constant gives a convenient upper bound
This can be written as a power seriesdn We will only  on the solar intensity for order-of-magnitude estimatébe
consider single reflections here, which does not introduce &tent heat depends on density. Freshly fallen snow has a
large error whenw is small. For old snow, a typical value of density of between 0.05 and 0.2 g tf while older snow
a~0.5. Including the higher-order correction from multiple that has survived one melt season has a density range of 0.4
reflections may be important in the nonlinear regime. to 0.8 g cm 2 [10,8]. Here we pick an intermediate density
This formula for reflected intensity is not complete, be-of 0.3 g cm 2 for our estimates. This gives a latent heat per
cause it neglects théne-of-sight constraint. Light cannot unit volume for melting.=10° erg cm 3 and a melting rate
scatter fromx; to x if the path of the light ray is blocked by 1/L=10"2 cm s ! [31]. We pick D=2.5x10"° cn? s 1,

dx, P(x;)[Ah—h'(x)AX]

o
P(x)=(1—a)|+;J Y

8
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where this choice is made so that the most unstable wave- al
length is 2 cm(see below. In this case the length scale 0= Hq_qu' (14)
=0.25 mm and the time scate= 25 seconds.

For sublimating snow, the latent heat is seven timesThis argument selects a fastest-growing mode with wave
larger. This gives the slower melting ratéL=1.4x10"*  number and growth rate

cm s !, larger length scalé=1.75 mm, and time scale ol

=1225s. _ _ =510 (19
We will now perform a perturbation analysis of H§) to ™

see how the size structures formed compares to the bcale 2

We have set up the problem so that structures will initially 0. = (al) —42D. (16)

form on a scale roughly comparable kp and expect the * aq??’D 7

perturbation analysis to give this result. ] . . ] )
These equations are the dimensional analysis result, with an

estimate of the prefactor from the scaling argument. Plug-
ging in values of typical parameters given above, we find the
Here we show how an approximate linear analysis of thenost unstable wavelength for melting =2#/q, =2 cm,
equations can be performed. This allows us to derive thend characteristic time 4000 s. In the case of sublimation the
dispersion relation, which characterizes when the system igavelength is 14 cm and the timex2.0° s. The choice of
stable or unstable. There is a fastest growing mode detethe diffusion coefficient is now clear; we choBeto give a
mined by the competition between reflection and diffusion.most unstable wavelength of 2 cm. We have put in diffusion
The length scale of this mode is related to the basic dcale as a simplified representation of the small-scale physics, and
from dimensional analysis above; we determine the prefactathosen its value so that the numbers make sense. It is impor-
here. The results are significant because they describe ha&nt to remember that because of this choic®pthe num-
the physical parameters affect the instability. We will arguebers calculated here cannot be considered a prediction of the
that reflection favors structures on scales as small as pogaitial size structures that form. The calculation of real inter-
sible. On the other hand, the small-scale cutoff limits theest is how this instability is changed by dirt, as discussed in
smallest structures possible. Therefore we expect the fasteshe following section.
growing mode to be of order the cutoff size. Although it agrees well with simulations of initial growth
The reflection integral is scale invariant; upon rescaling of perturbations that compute the reflected intensity at each
andh by the same amount the integflx) is unchanged. In  point, we must remember that this analysis is only quasilin-
the absence of diffusion, there is no characteristic scale in thear because we do not know the eigenfunctions of the reflec-
problem. Therefore a shape with aspect ratio 1—a shape wittion integral, and superposition does not hold: because the
variations inh comparable to variations ix—should have a integral is nonlocal, a surface variation with two modes of
growth rate of order 1in the absence of boundary effects different wavelength cannot be described by the addition of
The integral contributes a shape factor independent of thtwvo modes with differeng.
amplitude of the shapé. Therefore the rate of change of

amplitudes is constant. Il. EFFECTS OF DIRT
To examine shapes with aspect ratio far from one, we

start with an aspect-ratio 1 shape, then transferm\ x and

h— éh . Whené<<\, we find that the integral scales with the

D. Quasilinear regime

A layer of dirt on the surface of the snow changes its
properties. We model both the optical and insulating effects
. of dirt, and fit the theory to melting data measured b
a_mgle oI\ according toZ— &/AT. Thus_for small perturt_)a- Driedger[22]. These datayallow meagurement of a crucigl
'FIOHS, we expect a growth rate proportional to the amp“tUdeparameter in the model, and the good agreement between
(_S~ 8, where the dot denotes differentiation with respect t0theory and experiment shows that we have captured the im-
time. o o portant effects of dirt. The essential features are that thin dirt
For sufficiently smallé/\, we treat the contribution from  gpeeds ablation, because it increases light absorption, while
the reflection integral as a numerical factor of order 1. Notenpick dirt insulates the snow, slowing ablation. This basic
that a sinusoidal perturbation is not an eigenshape for smafjehavior leads to the two different regimes of instabilRy.
amplitudes; we do not know what the actual eigenshapes are. pjt |ooks black because it absorbs light. The presence of
The dominant contribution is the scaling wih and we  (jrt effectively decreases the surface albedo and therefore
neglect the othefslowey dependence on position, ampli- jncreases the fraction of absorbed light. We assume light has
tude, etc. Thus thequasilinear equation for a small- 5 probability of being absorbed that is constant per unit
amplitude variation in the surfade= §singx €' is approxi-  thickness of dirt. The fraction of light not absorbed by the
mately dirt is e~ /% [32], wheres is the dirt thickness and, the
extinction length in the dirt—typically of order the charac-
Z(X)~ ﬂasinqx et (13  teristic dirt particle size. Therefore dirt modifies the albedo
™ according to

which gives a dispersion relation ag=ae 5%, (17
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This formula shows one effect of dirt, increased absorption |
through a lower effective albedo. Note that absorption by the m(s=0)=(1-a). (23
dirt layer is not isotropic—more light will be absorbed near

graz'ing. incidence, depreasing the reflection even more. Thg it to the data of Driedgef22] is shown in Fig. 6. Driedger
qualitative effect of dirt remains the same however, and Weneasured melting rates of a flat surface for different dirt
neglect this anisotropy. _ thicknesses. The plot shows/m(s=0) versus dimension-
But the dirt can also slow ablation. In the presence of angsg dirt thickness. The choice.=1 mm comes from

. . . . (5]

insulating dirt layer, the temperature at the surface of thepjeqgers measurement of the dirt particle size. Fitting the
snow is decreased below the ambient temperature, and mogg5 to Eq. 21 allows us to determine the dimensionless in-
heat is required to ablate a given amount of Snow. SUPPOSE jation coefficienty. For «~0.5 (from other measurements

an amount of healt is necessary to ablate a unit volume of 152y 6 fit givesy=0.047. We can also estimate the param-
clean snow. How much additional heat is required in the

. eter y using other datdgsee below. The estimate give
presence of a dirt layer? At steady state the temperature Saérosey to thg value obtgned fromV)tlhis fit gves
isfies i

The fitted curve does not closely match the final data

V2T=0. (18 point (s=30). This may arise from an approximation in the

result above; we ignored heat loss in the dirt. Convective or
When the radius of curvature of the surface is large comsadiative losse¢for example mean that not all heat flux into
pared to the dirt thicknegshe important limit for growth of the dirt reaches the snow—an effect that becomes increas-
perturbationswe can treat the snow surface as planar, leadingly important for thicker debris.
ing to variations inT in the z direction only. The boundary This model and the experiment of Driedger are in the
conditions are that at the dirt-air interface<0), the tem- regime where solar radiation is the dominant heat source.
perature must be equal to the ambient temperature. The terithe discussion of Rhodest al. [2] points out that the abla-
perature gradient at the surface due to heat flux into the dition curve changes when sensible heating is important. In
from the air isT'(z=0)=P/«, where P is the incident fact, if radiation is negligible, the curve will monotonically
power flux andx the thermal conductivity of the dirt. Thus decrease as the dirt thickness increases, because light absorp-
we find that the temperature at the snow surface is less thaion effects disappear in this limit. It is straightforward to
T(z=0) by an amounAT=Ps/«. An extra amount of heat adjust the model to include other sources of heating. Mea-
AQ=CAT is needed to raise the snow temperature up to itsurements of the type Driedger performed, compared to the
value in the absence of dirt, whe@is the specific heat of type of model presented here, could in principle give infor-
the snow. Thus the effective latent heat of snow covered withmation on the relative importance of radiant and sensible
dirt of thicknesss is heating.

Ly=L+ C_Ps (19 A. Dynamics of dirt
“ As the snow surface ablates, the dirt layer on it moves
Both L and C depend on the ambient temperatteHow-  (Fig. 4). We assume the particles are sufficiently small that
ever, the dependence is sufficiently weak that we can negletihe snow moves purely normal to the surface. The sideways
it. (x direction velocity of a piece of dirt is
Combining these two effects we find that the snow abla- )
tion velocity for a flat surface covered with dirt is v=—hh’, (29

where the dot and prime denatend x derivatives, respec-
tively. The thickness of the dik(x) must obey a conserva-
tion equations+V - (vs) =0, since we assume dirt is neither
deposited on nor removed from the surface. The evolution

|
m(s)= [g(s), (20

whereg is a dimensionless function of the dirt thickness. In

this model, equation for the thickness of dirt is thus
1—ae 5%
s)= , (2D 075_ J T
o 1+ ys(1— ae %) E——a(vs)—(hh s)’. (25

where we have defined the dimensionless measure of t

insulating value of dirt: r\ﬁ/hen the surface of the snow is fldt'(=0) the velocity of

the dirtv=0. Thus the tops of peaks and the bottoms of

SeCl valleys are equilibrium points. The peaks are stable equilib-
Y= (22 ria, where dirt becomes concentrated, while valleys are un-
stable(Fig. 4).
The nonmonotonic behavior of(s)—positive slope for We assume that the particles move normal to the snow

smalls and negative for large—is the important qualitative surface, neglecting other effects, which are important in
result. Note that in the absence of dirt the ablation rate is asome contexts. For example, water flow can move dirt. This
expected: effect is typically more important for melting ice, when the
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meltwater cannot drain away from the surface as it can for 2
snow. The phenomenon of thermal regelation can cause dirt
particles to migrate parallel to temperature gradients in ice
[33]. However, this is apparently negligible in melting snow-

— Theory
o Driedger 1981

—_
o0

0)

packs, where the motion of sediment normal to the surface is ol
quantitatively well-documentefil4—16; measurements of El 4
the increase of sediment concentration with time agree well 5 '
with the predictions of the normal-trajectory hypothesis. o0l.2
g
e 1
B. Model =
We now rewrite the model equations incorporating dirt. 0.8f 5
V\/_e have equations fo_r the height of the surfécahe dirt 0 5 0 15 20 25 30
thicknesss, and the incident powdp. Dirt thickness s
. P(x) 1 , FIG. 6. A plot of the relative ablation rat@/m(s=0) versus
h=— +Dh", (26) dirt thickness. The points are the data measured by Drigdggr

L 1+(C/kL)Ps ) . ! - :
The solid curve is a one-parameter fit to E2{l), yielding the fitted

) ) y=0.047. Note the fastest ablation occurs for dimensiorgess.
s=(hh's)’. (27 The choices,=1 mm comes from Driedger's measurement of the
dirt particle size, and albede= 0.5 from other measuremer7].

The only sources of heat fluR we will consider are direct We can also estimate the paramejeisee text The estimate gives
and reflected radiation, v within a factor of 2 of the value obtained from this fit.

P(x I —
(T)=(1—ae*5/59)t For sublimation, the time scalg~700 s and the dimen-
sionless diffusion constamty/s2~1.75; the dimensionless
eSS J' dx; [Ah—h'(x)Ax] parametery similarly decreases by a factor of 7.
" X . : 4
AL Jineotsight APt ARZ The nondimensionalized equations are
(28) N + ”
h 1+ yPs Dh”", (29
We use the same reference ablation rate as in SédL |, o
=102 cm s *. However, the presence of dirt introduces a s=(hh’s)’, (30
new length scale in the problem: the length scale for light
absorption by the dirt. We choose to nondimensionalize in L., e’ dx; [Ah—h'(x)Ax]
terms of this length, since the physically important regimes P=r(1—ae *)+— f“ne_of_si o AYLAR?
of thin and thick dirt are measured relative to this thickness. ¢ (31)

When Driedger measured diameters of ash particles on a
glacier, 90% of the particles had diameters between 0.25 anthe dimensionless control parameters gréhe solar light
1.0 mm([22]. We therefore choosg=1 mm as the order of intensity, ands, the initial dirt thickness. Here we have in-
magnitude extinction length for dirt absorption; this choice istroduced the parameter
supported by the good fit to the data.

The dimensionless time scale comes from combining the r:IE 10° s/em, (32)

ablation rate and length scalgj=Ls./I =100 s. This is the
time for a depths, of snow to melt in bright sun. Fine glacial ) ) ) . .
debris and dirt typically have~2x10f ergcm st K~  to examine the effects of varying the light intensity away
[34]. This allows us to estimate the dimensionless parametfom the typical value.

y=s.Cl/(Lk)=0.03 using the value C=6x10°

erg cm 3 K~1. Note that the thermal conductivity and the C. Linear analysis

spgcific heat dep_end on .the density, wetness, etc._ Th_e fit t0 Here we analyze the stability of EqR9)-(31), including
Driedger's data(Fig. 6) gives a valuey=0.047, which is  effects of dirt. There are two important regimes: when the
slightly larger than this estimate. We interpret this as a meapjtja| dirt thickness is small compared 83, the dirt acts to
surement of the ash thermal conductiviyin the particular  modify the reflection-driven instability. We find that the in-
setting of the Driedger experiment, and use the implied valugapility is suppressed by the absorption of the dirt layer
k=1.3X 10* erg Cm_l_ s t K™% this is the same order of exponentially in the dirt thickness. In this regime, dirt can
magnitude as found in other measurements on dirt and sarnglso induce a traveling, dispersive instability of the snow
[34]. The nondimensionalized diffusion constantDs$y/s2  surface. Qualitatively, this dispersion arises from the cou-
=0.25. pling of dirt motion to absorption. Dirt migrates to the high-
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FIG. 7. Sketch of the symmetriteft) and antisymmetri¢right)
modes of dirt modulation.

est point on the surface—but then the thicker dirt increases
the ablation of that peak, and it ablates until it is no longer a
local maximum. The existence of these waves is an experi-
mentally testable prediction which has not, to my knowl-

Wavelength A,
W

edge, been discussed before. 1

The other limit is when the dirt thickness is large com- 0 . .
pared tos,. The effective albedavre S—0. Therefore the 107 10" 10°
dirt instability is independent of reflected light; the “light” Dirt Thickness s

acts simply as a source of heat. The instability is driven by FIG. 8. Wavelength of the reflection-driven instability. The

dirt insulating the snow. The characteristic length and time ayelength is normalized to the most unstable wavelength of clean
scales of the instability depend only on the thermal propergnoy, whers,<1, the wavelength is close to the wavelength in the
ties of the dirt. Within this insulation-dominated regime, the gpsence of dirt. However, the absorption of light by dirt becomes
behavior of the instability depends on whetiset(yr) "> or  important fors,>0.1 and the wavelength increases rapidly. The
s>(yr)~ ! (see below Thus there are three different re- piot is for fixed solar intensity =1, a typical value. Parameter
gimes of behavior, depending on the dirt thickness. values for this plot are as discussed in the text: 0.5, D=0.25,

As mentioned above, under different weather conditionsand y=0.047.
uniform heating from the air may be more important than
radiant heating. In this case any amount of dirt slows abladirt, calculated above. The dirt thickness= constant. We
tion of the underlying snow2], and the insulation-driven expand the equations to first orderdnThe resulting disper-
instability is the only one possible. This can be included insion relation is
the model by removing the dirt-dependent absorption of
light. are” % )

To perform the linear perturbation analysis, we assume w= A1t (1—a)ors ]Z—Dq - (34)
that variations of the dirt thicknessAs are always small. Yo

However, the initial uniform dirt thickness, may be large  compare this to the clean snow dispersion relation,(E4).
or small relative tas,; this initial thickness determines the The first term(proportional tog) contains the factoe™ .

limit of instability. This term decreases exponentially with increasing dirt thick-
ness. The factdrl+ (1— ) yrs,]? in the dispersion relation

D. Thin-dirt limit results from uniform insulation by the dirt layer.
Here we consider the limé,<1, meaning the initial uni- The most unstable mode is characterized by
form dirt thickness is small compared to the extinction s
length. In the discussion and plots, we give results or q are (35)
*

<1 to show the trends, bearing in mind that the approxima- 2aD[1+(1—a) 7r50]2'
tion breaks down as,—1.

There are in general two modes of dirt modulati@tig. W, =qiD_ (36)
7): the symmetric mode with constant thickness and the an-
tisymmetric mode with As=2ecosgx The symmetric Figure 8 shows how dirt cuts off the instability, with fixed
mode, because it has constant thickness, is simpler to anbght intensityr =1. Whens,<1, the wavelength is close to

lyze. Note that constant dirt thickness is unstable; any moduthe wavelength in the absence of dirt. However, the absorp-

lation in the dirt thickness tends to grow. tion of light by dirt becomes important fa&,>0.1 and the
wavelength increases exponentially. As the wavelength in-
1. Symmetric mode creases, the growth rate of the instability decreases, and the

Because the symmetric mode has constant thickness, iffStability becomes less readily observed.
insulates the snow surface uniformly. Therefore, no thick-
dirt instability can arise from the symmetric mode. But the
symmetric mode affects the reflection-driven instability. We  The antisymmetric mode involves variations in the thick-

2. Antisymmetric mode

look for solutions of the form ness of the dirt. We must solve for the coupling between
snow ablation and dirt motion. The solution is of the form
_ wt
h=—mt+ se® cosqx, (33 h=—mt+ se“t cosqx, (37)
wherem(s) is the ablation rate of a flat surface covered with S=8,+ 2€e! cosqx, (39
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right moving modes. The existence of these traveling insta-
bilities is an experimentally testable prediction.

Note that the dispersion relation appears to be poorly be-
haved forf =0. In fact, whenf =0 the terms in the equation
coupling motion of dirt to ablation vanish; the dispersion

-

g

i Travelling relation reduces to the expression for the symmetric mode

S10° ¢ Instability above.

8 Whenf is negative, we can find the fastest growing wave-

8 length by looking at the real part od:

107} ae™ Sor “
‘ ‘ L q* = 2!
107 107" 10° 27D[1+(1— a)yrs,]
Dirt Thickness s b

FIG. 9. Traveling instability in the reflection-driven instability. Wy :Eqi . (43

Under the line, there is an imaginary partw@f showing the regime
where traveling waves exist. The dirt thickness is normalized so
s,=1 corresponds to one extinction length; similartys1 is a E. Thick-dirt limit

typical intensity of sunlight. For the typical solar brightness, The equations are considerably simplified in the limit of
any dirt thickness,>0.008 will show a traveling instability; there- thick dirt s,>1. The effective albedae 0. Therefore
he dirt instability is independent of any reflections; the qua-
silinearized equations are truly linear in this limit. The thick-
dirt instability is driven purely by dirt motion coupled to
slower ablation under a thicker-dirt layer. This instability is
the linear precursor to the dirt cones of Fig. 3.

Note that if light is not an important source of heat, the
“thick-dirt limit” is actually valid for all dirt thicknesses.

Replacing ae™ %—0, the symmetric mode disappears.

values for this plot are as discussed in the text 0.5, D=0.25,
and y=0.047.

wheres, is the uniform dirt thickness at=0. Upon linear-
ization, Eq.(30) for the motion of dirt relates the perturba-
tion amplitudes

2
c_ M4 ) (39 The background ablation rate=r/(1+ yrs,). The disper-
20 sion relation is, to second order @
The dispersion relation, to second orderjins Jyssm® D 5
wziTq—Eq . (44)
are”Soq _1|Dg?
w=[1x \/ﬂm_ +ﬁ o (40 Here no imaginary component of the dispersion relation is
0

present; it is a straightforward linear instability with one

where f is, definingw=1[1+(1— a)yrs,] and recalling growing mode. The most unstable wave number is

m=(1—ae %)rw is the dimensionless melting rate as a 1 3
function of dirt thickness, Qo =oe _ S (45)
¥ 2DV (1+9rs,)®

For a fixed value of the heat inprtthe most unstable wave-
length scales differently at small and largge

2. e .2
f=(are Somr w?)?| 1+ 4s,m(m-y—are” “ow?)
(al’e_soﬂ-—lw2)2

N, ~S, Y2 for sy<(yr)7 %, (46)
In the limit s,— 0, this dispersion relation is identical to the
symmetric mode dispersion relation . However, for increas- ~s, for sy>(yr) L. (47
ing dirt thickness it contains effects from the dirt modulation.
The termf can benegative leading to an oscillatory compo- The location of the minimum wavelength is determined by
nent tow. Thus dirt can cause the instability to travel on thethe dimensionless parametgr which represents how well
snow surface, in a region of phase space shown in Fig. 9. Féhe snow insulates per unit thickness. Therefore, even for
the typical solar brightness=1, any dirt thicknesss, optically thick dirts,>1, there is a change in the behavior,
>0.008 will induce traveling modes; therefore, most dirty depending on the value o, compared to the insulation
snow surfaces should show this behavior. Qualitatively, thigparameter. Since typicallyr =0.05, these limits are consis-
arises from the coupling of dirt motion to absorption. Dirt tent.
both migrates to the highest point on the surface and in- There is an optimak,~(yr) *~20 where the wave-
creases the ablation of the high point, which then ablatefength is smallest. Figure 10 illustrates this: it shows the
until it is no longer a local maximum. The positive and nega-unstable wavelength versus dirt thickness for the typical
tive roots in the dispersion relation correspond to left and=1, with the optimals,~20~2 cm. Comparing this figure
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This instability is exponentially suppressed by a dirt layer,
1t ] consistent with field observations. We predict traveling
modes induced by a modulated dirt layer in this regime. The
existence of such traveling modes is an experimentally test-
able prediction.
In the presence of a thick layer of dirt, our analysis finds
< ! | the insulation-driven instability, as expected. Here we
) showed an optimal dirt thickness where the instability is
most easily observed, which depends on the thermal proper-
0.25¢ 1 ties of the dirt.
The visually striking structures in the field are the larger
ones: penitentes and dirt cones. Understanding the nonlinear
1(')0 1(')1 1(‘)2 1'03 regime of the model presented here is therefore of interest,
Dirt Thickness s and will be the subject of a future paper. The scale of both
o penitentes and dirt cones is typically larger than the size of
_FIG. 10. Most unstable wavelengif), versus dirt thickness,,  smaller-amplitude structures. One way to explain this, which
with typical heat fluxr=1. The wavelength is normalized to the 55 peen suggested from observatip®0], is that large
most unstable wavelength of clean snow. Comparing this figure Qi \ctyres grow at the expense of small ones. Such coarsen-
B e e vk . ing beavior is also apparent i prelminary work on he
this instability is :qreatest where the wavele.ngth is smallest nonlinear regime of the model presented here. .

' The most obvious problem with the results here is that we
have considered variation of the surface height in only one
direction. Checking whether the results are the same for a
realistic two-dimensional surface is a necessary extension of
this paper. A better understanding of the small-scale cutoff is
also important. In particular, we need to understand how
using different representations of the short-scale physics af-

ll. COMPARISON TO EXPERIMENT fect the numerical prediction®f the fastest-growing wave-
; ; - length, for example
This paper presents work on a simple theory (o descrlbé Because the model here is simplified, we have left out

the initial formation of ablation structures such as suncups hvsical effects that be i fant. Our treat i
penitentes, and dirt cones. The goal is to make the model me physical efiects that may be important. LDur freatmen
of light reflections considered single reflections only, which

simple as possible while including the essential physics, o )
Most parameters in the equations can be calculated or me%‘fay be a bad approximation when the albedo is close to 1

sured in experiments, allowing predictions with no free pa-'2'9¢ fraction reflected In the field, the sun of course is not

rameters. The exception is the effective diffusion coe1‘ficientla.ll\?]'?yS hig:\hoverhead—ftkt\ﬁ vzriation c;:tthﬁ angletﬁf inzident
D, which | estimate using the value for light diffusion. How- Ight over the course of the day might change the shapes.

ever, | have not realistically treated the small-scale scatterin t';her pos|5|gly |rtr;]portant effectfs rt]hatt (ian o;:cutr |r;hf|eld Sf'tu'
of light in these schematic results. ions include other sources of heat transfer to the surface,

At this point, the only quantitative comparison betweengrayity' and the deppsition an(_j removal of di_rt. Better com-
' iorParison with lab or field experiments should indicate which
pf these effects are most important to include.

to the thin-dirt instability, we see that whep>1 the wave-
length will initially decrease, then increase beyaa 20.
The growth rate of this instability will be greatest where the
wavelength is smallest.

rate of a flat snow surface, compared with the data o
Driedger in Fig. 6. This measurement allows us to extract the
dimensionless constant governing dirt insulation. The good
agreement indicates that the model captures the important | am grateful to John Wettlaufer and Norbert Untersteiner
effects of dirt. for comments on an early version of this paper. | thank Eric

The linear stability analysis of the equations shows theéNodwell and Tom Tiedje for discussing their unpublished
two types of instability described in the literature. The modelwork on suncups with me. | also wish to thank Michael
predicts the dependence of the most unstable wavelength aBttenner, Daniel Fisher, David Weitz, Martine Benamar,
characteristic growth rate on the experimental control parambPavid Lubensky, and David Nelson for helpful discussions,
eters, predictions which could be tested. We saw that foguestions, and criticism. This work was supported by the
little or no surface dirt, light reflection drives the instability. NSF under Grant No. DMS9733030.
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