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Mercury wetting film on sapphire

Y. Ohmasa, Y. Kajihara, and M. Yao
Department of Physics, Graduate School of Science, Kyoto University, Kyoto 606-8502, Japan

~Received 28 August 2000; published 10 April 2001!

We have measured optical properties of a mercury wetting film on sapphire under high temperature and high
pressure near the liquid-gas critical point of mercury by using a newly developed 45° reflection technique. We
have analyzed the experimental data to deduce the density, the thickness, and the coverage of the wetting film
quantitatively as functions of pressure and temperature. As a first approximation, we have assumed a slab
model for the density profile of the wetting film, and found that the density of the wetting filmdslab is much
smaller than that of bulk liquid at the liquid-vapor coexistence curve. This result is consistent with the Lifshitz
theory, from which we may predict that the sapphire substrate prefers wetting film with density lower than the
metal-nonmetal transition. When the temperature is close enough to the prewetting critical temperatureTpw

c ,
the effective slab densitydslab shows a sharp decrease as the pressure approaches the liquid-gas coexistence.
This indicates that the slab model is not sufficient to describe the shape of the wetting film, and a smooth
variation of the density has to be taken into account. In the prewetting supercritical region, two anomalies are
observed in the reflectances. Possible mechanisms of these anomalies are discussed.

DOI: 10.1103/PhysRevE.63.051601 PACS number~s!: 68.08.Bc, 68.15.1e
-
nd
o

la
lo

al

th
a
rg

ur
ity

hi
o
e
d-

in

s
sla
t

as
ic
on

t
o
t t
ns

i

the
ar
-

e-
ex-
the

to
the
e
tions

flu-
ct

ely
en-
e.
ould

on
ue

ity

tal
nts
lem

the
ur
is
e
o-

a
e

I. INTRODUCTION

It is well known that liquid mercury is a nonwetting sub
stance on solid nonmetallic substrate under ambient co
tions. Indeed the closest example in common experience
nonwetting substance is a mercury drop on a glass p
However, at high temperatures and high pressures c
to the liquid-vapor critical point of mercury (Tc51478 °C,
pc5167 MPa,dc55.8 g/cm3), a transition from nonwetting
to wetting is expected to take place from Cahn’s critic
point wetting theory@1#. This transition is called a wetting
transition. Cahn argued the asymptotic behavior of
Young’s equation on approaching the liquid-gas critic
point. Based on the scaling behavior of surface free ene
he predicted the necessity of wetting at the critical point.

The wetting transition of fluid mercury on a sapphire s
face is found by Yao and Hensel from optical reflectiv
experiments with normal incidence@2,3#. A prewetting tran-
sition, which is a first-order phase transition between a t
and a thick wetting film on the substrate, was evidenced fr
anomalous behaviors in the optical reflectivity. The prew
ting transition line merges tangentially into the bulk liqui
vapor coexistence curve at the prewetting temperatureTw
51310 °C, and terminates at the prewetting critical po
(Tpw

c 51468 °C andPpw
c 5158.6 MPa! lying close to the

bulk critical point. The thickness of the wetting film wa
estimated on the assumption that the wetting film has a
shape, and that the density and the optical constant of
slab are identical to those of liquid mercury at liquid-g
coexistence. For quantitative understanding of the phys
properties of the wetting film, however, these assumpti
should be checked more carefully.

Recently, it is found that not only optical reflectivity bu
also optical emissivity for the mercury-sapphire system sh
remarkable changes at the prewetting transition, and tha
emissivity is more sensitive to the interfacial fluctuatio
than the optical reflectivity@4#. Indeed, in the prewetting
supercritical phase, a sharp minimum in the emissivity
1063-651X/2001/63~5!/051601~14!/$20.00 63 0516
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observed, and the anomaly is much stronger than that in
reflectivity. The strong anomaly in the emissivity is a cle
indication of permittivity fluctuations in the wetting film as
sociated with the prewetting critical phenomena.

Since the prewetting critical point (Tpw
c ,Ppw

c ) in this sys-
tem lies very close to the bulk critical point (Tc ,Pc) of fluid
mercury, it is interesting to study how the bulk critical ph
nomena influence the surface critical phenomena. For
ample, competition between the wetting phenomena and
critical adsorption may be conceivable@5#. In addition, it is
known that fluid mercury is transformed from metallic
nonmetallic under high temperature and pressure near
bulk critical point @6#, and hence drastic changes in th
adsorbate-substrate and adsorbate-adsorbate interac
should be caused by the metal-nonmetal~M-NM ! transition.
Thus the problem of how the wetting phenomena are in
enced by the M-NM transition may be an intriguing subje
of inquiry.

The purpose of the present paper is to study quantitativ
the physical properties of the wetting film, such as the d
sity ~or the density profile!, the thickness, and the coverag
For these purposes interface-sensitive measurements sh
be carried out. A simple extension of the normal reflecti
measurements may be an ellipsometric study with obliq
incidence. In the conventional ellipsometry, the reflectiv
ratio r5r p /r s5tanc exp(id ) of p- and s-polarized light is
measured. However, from the viewpoints of experimen
technique, this method is not suitable for our experime
under high temperature and high pressure. The main prob
is how to determine the phase shiftd, becaused is strongly
affected by the birefringence of the sapphire window and
birefringence is highly temperature dependent. To o
knowledge, sapphire is the only window material that
available up to the critical condition of mercury. Hence, w
cannot use conventional ellipsometry in which the ellips
metric anglesc andd are detected.

In order to avoid these difficulties, we have developed
new method. Instead ofc and d, we have measured th
©2001 The American Physical Society01-1
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intensity reflectances forp- and s-polarized lights, Rp

5ur pu2 andRs5ur su2. In addition, we found that the sapphir
window works as a polarizing prism by itself, and this e
ables us to measureRp and Rs , separately. By using the
reflectance data, we have studied the physical propertie
the wetting film quantitatively. Preliminary results we
given in previous papers@7,8#. In the present paper, full de
tails of the experimental method, the observed data, and
results of analysis are described.

The paper is arranged as follows: In Sec. II, we descr
the experimental methods, such as the principle of the refl
tance measurements, layout of the optical system, and
assembly. In Sec. III, experimental results are presen
These data are analyzed in Sec. IV. First, we estimate
optical constants of bulk fluid mercury in Sec. IV A. The
by using these parameters, physical properties of the we
film in the prewetting subcritical region are analyzed a
discussed in Sec. IV B, and those in the prewetting sup
critical region in Sec. IV C. Finally, a brief summary is give
in Sec. V.

II. EXPERIMENT

We have performed optical reflectance measurements
a sapphire-mercury interface with normal reflection geo
etry and 45° reflection geometry. Figure 1 shows the c
assembly. The liquid sample was contained in a molyb
num cylindrical cell with an inner diameter of 6 mm. Th
cell was connected to a sample reservoir. The cell was clo
at one end by a 95-mm long synthetic single-crystalline s
phire rod, which was used as an optical window. This c
assembly is similar to that used by Hensel and Yao@3#.

In the normal reflection measurements, a sapphire rod
has a flat surface perpendicular to the axis of the rod
used, as shown schematically in the Fig. 2~a!. In the 45°
reflection measurements, on the other hand, we used a w
shaped sapphire rod as shown in the Fig. 2~b!. The axis of
the rod was parallel to the optical axis (c axis! of the sap-
phire crystal, and the angle of the wedge was 90°. When
incident light comes along the axis of the rod, it is reflect
successively by the two surfaces, and the reflected light g
back through the sapphire rod. It should be noted that,
tween the successive reflections, thes-polarized componen
propagates as the ordinary ray and thep-polarized compo-
nent as the extraordinary ray. Therefore, the reflectedp- and
s-polarized lights split into two beams and go back
slightly different directions. This means that the wed

FIG. 1. Optical cell for reflectance measurements for mercu
sapphire interface.
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shaped sapphire rod works as a polarizing prism becaus
the birefringence of the sapphire crystal. Therefore, we
determine the reflectances forp- and s-polarized lights,Rp
and Rs , separately by measuring the intensity of the tw
beams.

The cell was mounted inside an autoclave with a hig
pressure window and an internal electric resistance furn
as shown in Fig. 3. The autoclave was made of high-stren
steel with 60 mm in inner diameter, 190 mm in outer dia
eter and 260 mm in axial length. The cylinder was closed
a 88 mm thick flange and a 93 mm thick flange. The furna
consists of two independently controlled heating eleme
made of molybdenum wire. The sample temperature w
measured with two W-Re thermocouples in close cont
with the hot part of the cell where the mercury sample w
located. A high-pressure window in Fig. 3 was made o
sapphire with thickness of 19 mm and diameter of 15 m
This window was supported by a flat area of a backup scr
Pure argon gas was used as pressure transmitting med

-

FIG. 2. Schematic illustrations of the optical paths through
sapphire rods for~a! the normal reflection measurements and~b! the
45° reflection measurements.

FIG. 3. Internally heated autoclave for reflectance measu
ments at high temperatures and pressures.
1-2
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MERCURY WETTING FILM ON SAPPHIRE PHYSICAL REVIEW E63 051601
and the pressures of argon and fluid samples were bala
through the sample reservoir inside the autoclave. The p
sure was measured using a Heise gauge with the accura
0.3 MPa. The free volume in the autoclave was filled w
alumina powder to obtain good thermal insulation and
prevent convection of the compressed argon gas. We
brated the sample temperature by employing the most a
rate vapor pressure data@9#. The vaporization temperature a
a given pressure could easily be found as an abrupt cha
in the reflectances when the mercury sample is vaporiz
The experimental error was less than 1 °C.

Figure 4 shows the layout of the optical system for t
reflectance measurements with the 45° reflection geome
A He-Ne laser~wavelengthl5632.8 nm) was used as
light source. The light from the laser was depolarized a
chopped at 90 Hz, and its intensity was monitored by a p
tomultiplier tube~PMT-1 in the figure!. The reflected light
was split into thep and s components due to the birefrin
gence of the sapphire crystal, and both components w
detected separately by two photomultiplier tubes~PMT-2
and PMT-3 in the figure!. Before detection, the reflecte
light passed through a band-pass filter, which has a nar
transmission band around 632.8 nm, in order to suppres
spurious light such as thermal radiation. The backgrou
noise in the output signal of the PMT was eliminated
using a lock-in amplifier. For the lock-in detection, the ou
put signal of PMT-1 was used as a reference signal.

In the 45° reflection measurements, the reflectances w
calibrated by using the total reflection that occurs when
density of the bulk mercury vapor is smaller than 2.0 g/cm3.
For the normal reflection measurements, the reflectance
calibrated against the reflectance of the sapphire-mercur
terface at the room temperature@10#. In the extreme condi-
tions, an influence of Ar gas between the sapphire rod
the high-pressure sapphire window had to be taken into c
sideration, since the refractive index of Ar changes w
pressure.

When the sapphire window is in direct contact with t
bulk vapor or liquid phases of mercury~i.e., in the absence

FIG. 4. The layout of the optical system for the 45° reflecti
measurements.
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of the wetting film!, the reflectance for the normal incidenc
(Rn), the reflectance for thes-polarized light (Rs), and the
reflectance for thep-polarized light (Rp) in the 45° reflection
geometry can be expressed in terms of the complex ref
tive index,ñ5n1 ik, of bulk mercury@11#:

Rn5ur nu25Un02ñ

n01ñ
U2

, ~2.1a!

Rs5ur su25Un02A2ñ22n0
2

n01A2ñ22n0
2U2

, ~2.1b!

Rp5ur pu25U ñ22n0A2ñ22n0
2

ñ21n0A2ñ22n0
2U2

. ~2.1c!

Here n051.77 is the refractive index of sapphire. It shou
be noted that, from equations~2.1b! and ~2.1c!, the relation

Rp5Rs
2 ~2.2!

always holds for the 45° reflection.
When the wetting film of mercury intrudes between t

sapphire surface and the mercury vapor,Rn , Rs , and Rp
change significantly, because the complex refractive inde
the wetting film is much different from that of the mercu
vapor. If the wetting film has a slab shape with a comp
refractive indexñslab5nslab1 ikslab and thicknessl slab, the
reflectancesRi ( i 5n,s,p) have the form@11#

Ri5U r i
011r i

12exp~2iD!

11r i
01r i

12exp~2iD!
U2

~2.3!

with

D5
2p l slab

l
Añslab

2 2n0
2 sin2u,

wherer i
01 andr i

12 ( i 5n,s,p) are the complex Fresnel reflec
tion coefficients at the sapphire-wetting film interface, and
the wetting film-bulk vapor interface, respectively. The ang
of reflectionu is 0 for i 5n, and 45° fori 5s,p.

It should be noted that, when the wetting film is prese
relation~2.2! does not hold any more. For example, we ha
calculated how theRp andRs

2 depend on the film thicknes
l slab in a typical case where the density of the wetting film
7.0 g/cm3 and the density of the coexisting vapor
3.5 g/cm3. Figure 5 shows the calculatedRp andRs

2 as func-
tions of l slab. When l slab increases,Rs

2 first decreases and
then increases above 5 nm, whileRp increases monoto
nously. The ratio betweenRp and Rs

2 changes by about an
order of magnitude. Therefore we can detect the existe
of the wetting film with high precision by comparingRp

andRs
2 .
1-3
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III. RESULTS

Representative results of the reflectanceRn in the normal
reflection geometry are shown in Fig. 6, and those ofRp and
Rs

2 in the 45° reflection geometry are shown in Fig. 7
functions of pressure at various temperatures.

Figure 6~a! showsRn in the normal reflection geometry a
1420 °C. When the pressure is decreased crossing the liq
vapor coexistence line~indicated by ‘‘LV’’ in the figure!, Rn
jumps discontinuously. This jump is due to the differen
between the optical constants of the liquid and vapor pha
of mercury. In addition,Rn shows another discontinuou
jump below the liquid-vapor coexistence~indicated by
‘‘PW’’ in the figure!. This observation is completely consi
tent with that reported by Yao and Hensel@2,3#, who attrib-
uted this reflectance anomaly to the prewetting transition

The formation of the wetting film can be confirmed fro
the reflectance measurements in the 45° reflection geom
@7,8#. Figure 7~a! shows the pressure dependence ofRp

~closed circles! and Rs
2 ~open circles! in the 45° reflection

geometry at 1328 °C. When the pressure is smaller than;94
MPa, bothRp andRs

2 shows a plateau, which implies that th
refractive indexn of mercury vapor is less thann0 /A2 in this
region, and the total reflection occurs for the 45° reflect
geometry. In this region, bothRp andRs

2 are equal to unity,
by which we can calibrate the reflectances. When the p
sure is increased above 94 MPa, the reflectances decrea
the refractive indexn of mercury vapor increase with den
sity. In this region,Rp and Rs

2 coincide, implying that the
wetting film does not exist on the sapphire surface, or i
too thin to be detected by this method. At 105.8 MPa~indi-
cated by PW in the figure!, Rs

2 shows a sudden decreas
while Rp does not show such a big change. The relationRp

5Rs
2 does not hold above this pressure, indicating that a

film of mercury is formed on the sapphire-mercury interfa
or the prewetting transition. When the pressure is increa
further, Rp and Rs shows another jump, which correspon

FIG. 5. Calculated reflectances for thes-polarized light (Rs) and
for the p-polarized light (Rp) in the 45° reflection geometry in th
case where a wetting film is present. They were calculated as f
tions of film thickness for a typical case where the density of
mercury wetting film is 7.0 g/cm3 and the density of the coexistin
vapor is 3.5 g/cm3.
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to the vapor-liquid transition~indicated by LV in the figure!.
On the high-pressure side, where the bulk mercury is liqu
Rp andRs

2 coincide again.
At higher temperatures, the wetting film below th

prewetting pressure becomes noticeable. As an example,
7~b! shows the result at 1440 °C. When the pressure is
creased up to the prewetting pressure~145 MPa!, the differ-
ence betweenRp andRs

2 increases gradually, indicating tha

c-
e

FIG. 6. Representative results ofRn in the normal reflection
geometry, observed when the pressure is changed at the con
temperature of~a! 1420 °C,~b! 1465 °C, and~c! 1500 °C. PW and
LV in ~a! indicate the prewetting point and liquid-gas transitio
point, respectively. EPW1 and EPW2 in~c! indicate the anomalies
observed in the prewetting-supercritical region.
1-4
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MERCURY WETTING FILM ON SAPPHIRE PHYSICAL REVIEW E63 051601
a thin mercury film is formed and grows on the sapph
substrate below the prewetting pressure.

When the temperature is increased further, the jump in
reflectances at the prewetting transition becomes sma
and eventually it vanishes. As an example, Fig. 6~b! shows a
result of Rn at 1465 °C. When the pressure is changed,Rn
changes continuously, indicating that the change from thi
thick film is continuous in this region. This is in accordan

FIG. 7. Representative results ofRp ~closed circles! and Rs
2

~open circles! in the 45° reflection geometry, observed when t
pressure is changed at the constant temperature of~a! 1328 °C,~b!
1440 °C, and~c! 1484 °C. PW and LV in~a! and ~b! indicate the
prewetting point and liquid-gas transition point, respectively. EP
and EPW2 in~c! indicate the anomalies observed in the prewettin
supercritical region.
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with the existence of the critical temperatureTpw
c of the

prewetting transition@2,3#.
In the prewetting supercritical one-phase region, t

types of anomalies are observed in the reflectances a
they are no longer discontinuous jumps. They are indica
by ‘‘EPW1’’ and ‘‘EPW2’’ in Fig. 6~c! showing Rn at
1500 °C, and in Fig. 7~c! showing Rp and Rs

2 at 1484 °C.
One of the anomalies indicated by EPW1 appears as a
in Rn around 155 MPa@Fig. 6~c!#, and is less noticeable in
Rp andRs

2 @Fig. 7~c!#. The state points of EPW1 are plotte
by the open squares on theP-T plane in Fig. 8 together with
the prewetting line~PW! denoted by the solid line with solid
circles. It should be noted that the EPW1 point coincid
with the temperature and pressure where a sharp dip in
optical emissivity was observed@4#. The other anomaly in-
dicated by EPW2 is characterized by a rapid but continu
increase in the reflectances. One might think that this is s
ply due to the increase in the density of bulk mercury. Ho
ever, the state points of EPW2 are located at much lo
pressures than the bulk saturated vapor pressure curve a
extension to the supercritical region. See also Fig. 8, wh
the EPW2 points are denoted by the closed squares a
Tpw

c . Therefore, the secondary anomaly should also be
signed to an interfacial phenomenon. In Fig. 8, the loci
EPW1 and EPW2 may be regarded as extensions of
prewetting line, though both of them deviate towards low
pressures from the linear extrapolation of the PW. It is n
ticed that the line EPW2 nearly coincides with the isocho
line of 4.0 g/cm3 for the bulk fluid mercury.

The inset in the Fig. 8 shows the difference in chemi
potential between the wetting film and the bulk liquid at t

1
-

FIG. 8. TheP-T phase diagram for mercury-sapphire syste
The thick-solid line indicate the bulk liquid-vapor coexistence lin
The solid circles show the state points where the reflectances
hibit discontinuous jumps. The solid and open squares show
anomalies in the reflectances aboveTpw

c . The thin-solid line and
dashed line indicate the prewetting line and its extension ab
Tpw

c , respectively. The inset shows the difference in chemical
tential between the wetting film and the bulk liquidDm jump

5m jump2mo at the prewetting transition and its extension.
1-5
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Y. OHMASA, Y. KAJIHARA, AND M. YAO PHYSICAL REVIEW E 63 051601
prewetting transition,Dm jump5m jump2mo . The wetting tem-
peratureTw can be estimated by extrapolating the values
Dm jump to the coexistence curve, represented by the horiz
tal line Dm jump50. If we adopt a simple linear extrapolatio
the wetting temperatureTw is estimated to be about 126
620 °C, which is slightly lower than that estimated by Ya
and Hensel (1310 °C)@2,3#. If the prewetting line curves and
merges tangentially into the liquid-gas coexistence line,
predicted theoretically@12#, Tw takes a lower value. How
ever, it must be pointed out that in practice it is very difficu
to determineTw precisely, because the prewetting transiti
line and the liquid-gas coexistence line become hard to
tinguish experimentally at a temperature smaller th
1330 °C.

The critical temperature and pressure of prewetting,Tpw
c

and Ppw
c , are estimated from the crossing point of the thr

lines PW, EPW1, and EPW2 in the inset of the Fig. 8. In
present paper, they are estimated to beTpw

c 5147063 °C
andPpw

c 5158.561 MPa, which nicely agree with those re
ported by Yao and Hensel@2,3#.

IV. ANALYSIS AND DISCUSSION

A. Bulk refractive index

First, we have estimated the complex refractive indexñ
5n1 ik of bulk fluid mercury. In the present paper, we a
sumed thatñ depends only on densityd and not on tempera
tureT. This is because the most relevant parameter determ
ing various properties of fluid mercury around the critic
region is the density@6#. ñ was calculated from the reflec
tance data far from the liquid-vapor coexistence curve, wh
no wetting film is present. For this calculation, we used
only the 45° reflection data,Rp andRs , but also the norma
reflection dataRn , becauseRp andRs are not independent a
stated in Sec. II~the relation~2.2! always holds for the bulk
sample in the 45° reflection geometry! and we need two
independent reflectance data to derive two unknown par
etersn andk.

Figure 9~a! shows the observed reflectancesRn , Rs , and
Rp . Belowd52.0 g/cm3, Rs , andRp are equal to unity due
to the total reflection. Aroundd53.8 g/cm3, the reflectances
are very small becausen is close ton0.

In principle, one could deducen andk from the combina-
tion of Rn and Rs ~or Rp) at each densityd. However, this
would give n and k, which could suffer significantly from
experimental errors in individual data. Hence, we will d
scriben andk as smooth functions ofd@n(d) andk(d)] that
satisfy the following requirements:

~1! In the low-density region below d1
52.0 g/cm3, n(d) should have the form of the Lorentz
Lorenz formula with a parametera, which is proportional to
the polarizability of an isolated atom. When the density
increased,n deviates upward from the Lorentz-Lorenz fo
mula.

~2! In the low-density region belowd255.0 g/cm3, k
should be zero, because the absorption coefficient for
light with the wavelengthl5632.8 nm is nearly zero below
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5.0 g/cm3 @13#. Above d2 , k should increase monotonous
with d.

~3! At the densityd513.6 g/cm3, n, andk should coin-
cide with the values of reference@10#, which were measured
under the ambient condition.

At the intermediate densities,n andk should exhibit non-
trivial behavior. In the present paper, we have employed
following trial functions forn(d) andk(d):

n~d!55A
112ad

12ad
1g~d! ~0<d<d152.0 g/cm3!

n11n2~d2d1!1n3~d2d1!21g~d!

~d1,d<13.6 g/cm3!,

~4.1!

k~d!5H 0 ~0<d<d255.0 g/cm3!

k1~d2d2!1k2~d2d2!2 ~d2,d<13.6 g/cm3!,

~4.2!

where

g~d!5H A exp$2@~d2d0!/s1#2% ~d<d0!

A exp$2@~d2d0!/s2#2% ~d0<d!

FIG. 9. ~a! The density dependence of the reflectances of b
fluid mercury against the sapphire window for the light with wav
length l5632.8 nm. The solid diamonds are reflectance for
normal incidence (Rn), the open circles and closed circles are r
flectance for thes-polarized light (Rs) and for thep-polarized light
(Rp) in the 45° reflection geometry, respectively. The solid lines
the reflectances calculated fromn and k shown in ~b!. ~b! The
optical constantsn and k of bulk mercury, estimated from the re
flectance data of~a! as functions of density.~c! The real and the

imaginary parts of the dielectric functionẽ5ñ25e81 i e9. The
dashed lines in~b! and ~c! indicate the refractive indexn0 and the
dielectric functionesub of the sapphire substrate, respectively.
1-6
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TABLE I. Parameters that describe the density dependence of the bulk optical constantsn(d) andk(d).
@See Eqs.~4.1! and ~4.2!.# The parameters without asterisk (*) were determined from the fitting and
parameters with asterisk (*) were calculated from other parameters.

a n1* n2* n3* A d0 s1 s2 k1 k2*
(cm3/g) (cm3/g) (cm6/g2) (g/cm3) (g/cm3) (g/cm3) (cm3/g) (cm6/g2)

7.931022 1.25 0.105 21.4631022 1.49 5.85 1.68 2.543102 0.420 2.2031022
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is a nonsymmetric Gaussian function. The introduction
g(d) is useful to reproduce the behavior ofn(d) around an
intermediate densityd0, which is treated as a free paramet
The parametersn1 andn2 are determined from the conditio
thatn(d) and its derivative are continuous atd1, andn3 and
k2 are from the condition thatn andk should be fixed to 1.99
and 5.24, respectively, atd513.6 g/cm3 @10#. Therefore,
n(d) and k(d) are expressed by six free parametersa, A,
d0 , s1 , s2, andk1. These free parameters were adjusted
fit the calculated reflectances to the observed ones. The
tained parameters are listed in Table I. It is noticed thats2
converged to a very large value (2.543102 g/cm3) com-
pared tod2d0, and the nonsymmetric Gaussian functi
g(d) is nearly constant (g(d).A) in the regiond.d0.

Figure 9~b! shows the estimatedn(d) and k(d). These
n(d) and k(d) reproduce density dependencies ofRn , Rs ,
andRp very well as shown by solid lines in Fig. 9~a!. Figure
9~c! shows the real and the imaginary parts of the dielec
function ẽ5ñ25e81 i e9 for the light with wavelengthl
5632.8 nm. The overall feature of thee8 is similar to that
reported previously@14#. The cusplike behavior of thee8
aroundd5d055.85 g/cm3 is consistent with a theoretica
prediction of a dielectric anomaly@15#, which is expected to
occur at the density smaller than the metal-nonmetal tra
tion for the finite frequencyv.

B. Wetting film in the prewetting subcritical region

Next, physical properties of the wetting film are eluc
dated from the observed reflectance data,Rp

obs andRs
obs. The

main interest in the present paper is the density profiledl(z)
and the coverageG of the wetting film. Herez is the coor-
dinate normal to the surface andz50 is defined as the sur
face of the sapphire substrate. The coverageG is defined by

G5E
0

`

dz@dl~z!2dgas#, ~4.3!

wheredgas is the density of the coexisting bulk vapor phas
As a first approximation, we assume that the wetting fi

has a slab shape as shown in Fig. 10~a!. In the slab model,
the density profiledl

slab(z) has a constant valuedslab for z
, l slab, where l slab is the thickness of the film, and jump
abruptly to the density of the coexisting bulk vapor pha
dgas, and hence the coverageG is expressed simply a
(dslab2dgas) l slab. In addition, we make an assumption th
the optical constant of the wetting film is a function of th
density dslab of the film, i.e., ñslab(dslab)5nslab(dslab)
1 ikslab(dslab), and has the same functional form as that
05160
f
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the bulk phase@see Fig. 9~b!#. Note that the densitydslab is
not necessarily equal to that of the bulk liquid phase,dliq .

Within the framework of the slab model, the reflectanc
Rp andRs can be easily calculated fromñslab(dslab) and l slab
by using Eq.~2.3!. Inversely,dslab and l slab are calculated
from the reflectance data by minimizing the discrepancy f
tor D defined by

D5@ log~Rp
obs!2 log~Rp

cal!#21@ log~Rs
obs!2 log~Rs

cal!#2,

whereRi
obs andRi

cal ( i 5p,s) are the observed and calculate
reflectances, respectively. As an example, Fig. 11 show
contour map ofD on the (dslab,l slab) plane for the observed
data at P5146.3 MPa and T51440 °C, where Rp

obs

50.0149, Rs
obs50.0539, and the density of the coexistin

FIG. 10. Density profile models for the wetting film used in th
present paper.~a! indicates the slab model and~b! the slowly vary-
ing tanh profile@see Eq.~4.5!# and ~c! the power-law exponentia
type profile@see Eqs.~4.6a! and ~4.6b!#.
1-7
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vapor is 3.53 g/cm3. The point (dslab,l slab) which minimizes
D, is indicated by a cross in the figure. It is noticed th
except for the near vicinity of the minimum, the contours a
not round but elongated, forming a ‘‘valley.’’ SinceRp

obs and
Rs

obs contain experimental errors, the true values ofdslab and
l slabcould deviate from the apparent minimum ofD, but they
should still remain in the valley as long as the errors are
significant. Thus the uncertainties ofdslab and l slab can be
estimated from the extent of the valley. In contrast, the c
erageG5(dslab2dgas) l slab proves to have smaller uncertain
ties and it is much more reliable than the individual para
etersdslab andl slab, because the uncertainties of thedslab and
l slabare canceled out due to their negative correlation. Thi
easily understood from the Fig. 11. The lineG54.19
31026 g/cm25const, which is indicated by a thick soli
line, lies along the valley, and the uncertainties of the in
vidual parametersdslabandl slabdoes not affect the value ofG
significantly.

Figure 12 shows the parametersdslab, l slab, andG calcu-
lated from the reflectance dataRp andRs at 1386 °C. When
the pressure is increased across the prewetting trans
~;125.3 MPa!, discontinuous jumps in these parameters
observed clearly. Below the prewetting transition,dslab,
l slab, and G are estimated to be 5.960.2 g/cm3, 10.061.0
nm, and 3.060.531026 g/cm2, respectively. Above the
prewetting transition,dslab, l slab, and G jump discontinu-
ously to 6.560.2 g/cm3, 13.561.0 nm, and 4.960.5
31026 g/cm2, respectively.

Above the prewetting transition, the present film thickne
is in the same order as that obtained by Yao and He
@2,3#. For example, at 1400 °C, Yao and Hensel estima
the film thickness at;9.5 nm. This value is slightly smalle
than ours, probably because they assumed the density o
wetting film to be the same as liquid mercury at liquid-g
coexistence. Although their individual parametersl slab and

FIG. 11. A contour map of the discrepancy factorD on the
(dslab,l slab) plane. D was calculated for the observed data atP
5146.3 MPa andT51440 °C, whereRp

obs50.0149,Rs
obs50.0539,

and the density of the coexisting vapor is 3.53 g/cm3. The cross
indicates the point (dslab,l slab) which minimizesD. The thick-solid
line indicatesG54.1931026 g/cm25const.
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dslabare slightly different from ours, the coverageG is nearly
equal to ours (;531026 g/cm2) around this temperature
and pressure region. Below the prewetting transition, on
other hand, the present film thickness is much larger t
that obtained by Yao and Hensel. This may be because
present 45° reflection technique is much more sensitive
the thin wetting film than the normal reflection measu
ments.

Figure 13 shows the density of the wetting filmdslabat the
prewetting transition, together with the density of the bu
fluid mercury at the liquid-gas coexistence. It should
noted that thedslab is much smaller than the density of th
bulk liquid phasedliq at the liquid-vapor coexistence curve
A possible interpretation for this result is that the sapph
substrate prefers wetting film with lower density. This inte
pretation may be derived from the theory of long-range d

FIG. 12. The densitydslab ~a!, the thicknessl slab ~b!, and the
coverageG ~c! of the wetting film estimated from the reflectanc
dataRp andRs at 1386 °C by using the slab model.

FIG. 13. The density of the wetting film at the prewetting tra
sition. The dashed line indicate the density of the bulk fluid merc
at the liquid-gas coexistence.
1-8
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MERCURY WETTING FILM ON SAPPHIRE PHYSICAL REVIEW E63 051601
persion forces between polarizable media~Lifshitz theory!
@16#. When the thicknessl slab of the wetting film is small
enough and the retardation effect can be neglected, the
der Waals chemical potential is deduced from the gen
formula given by Dzyaloshinskyet al. @17#:

m52
\

16p2r l slab
3 E

0

`

dvE
0

`

dxx2@ f ~ iv!21ex11#21

.2
\

8p2r l slab
3 E

0

`

dv f ~ iv!, ~4.4!

where

f ~ iv!5
esub~ iv!2eslab~ iv!

esub~ iv!1eslab~ iv!

eslab~ iv!2egas~ iv!

eslab~ iv!1egas~ iv!

andr is the number density of mercury atoms in the wetti
film. esub( iv), eslab( iv), and egas( iv) are dielectric func-
tions for the sapphire substrate, the wetting film, and
coexisting mercury gas phase, respectively, at imaginary
quenciesiv. e( iv) is calculated from the imaginary part o
the dielectric functione9(v) by using the relation

e~ iv!511
2

pE0

`

dv8
v8e9~v8!

v821v2
.

It is known that the dielectric function of fluid mercur
changes dramatically with density@6#. When the density is
higher than 9 g/cm3, fluid mercury has a metallic nature, an
the dielectric function diverges atv50. Therefore, when
dslab is greater than 9 g/cm3 and the wetting film has metallic
nature,eslab( iv).esub( iv), eslab( iv).egas( iv) at low fre-
quencies, and hencem is positive, leading to nonwetting
When the density is decreased below 9 g/cm3, on the other
hand, the properties of fluid mercury change to nonmeta
with a finite-energy gap, which implies the dielectric fun
tion has a finite value atv50. Accompanied by the metal
nonmetal transition,eslab( iv) decreases and becomes sma
than esub( iv) in a wide range of the frequencyv
@eslab( iv),esub( iv), eslab( iv).egas( iv)]. Therefore,m is
expected to decrease with decreasingdslab. Our preliminary
calculation ofm by using the dielectric function at variou
densities@18# shows thatm changes its sign from positive t
negative when the densitydslab is decreased below;8
g/cm3, and it is expected thatm decreases asdslab decreases
further. This may be a reason why the sapphire subst
prefers wetting film with lower densitydslab than that of the
coexisting bulk liquiddliq .

When the pressure approaches the liquid-gas coexiste
the wetting film is expected to grow into a macroscopic l
uid film, namely,dslab is expected to approachdliq , andl slab
and G are expected to diverge. However, at high tempe
tures close toTpw

c , the observation was different from th
expectation. As an example, the solid circles in Fig. 14 sh
the parametersdslab, l slab, and G at 1440 °C obtained by
using the slab model. When the pressure approaches
liquid-gas coexistence,dslabdoes not approachdliq , and even
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shows a sharp decrease. This result could partly be expla
from the above-mentioned theory that the sapphire subs
prefers a wetting film with lower density. Another possib
explanation is that the slab model is not sufficient to descr
the shape of the wetting film, and a smooth variation of
densitydl(z) as a function of coordinatez has to be taken
into account. This smooth density profile may be due to
broadening of the liquid-gas interface, or may be the resul
lateral fluctuation at the liquid-gas interface. The form
mechanism is expected to become important near the
liquid-vapor critical point where the correlation length b
comes large, and the latter is expected to become impor
near the liquid-gas coexistence curve or near the prewet
curve ~including its extension to the prewetting supercritic
region!, where the two-dimensional compressibility diverg
and interfacial fluctuations play a major role.

In order to test the influence of the smooth density pro
on the reflectances, we assume thatdl(z) has the following
tangent-hyperbolic (tanh) form:

dl
tanh~z!5

1

2
@dl

tanh~0!2dgas#@11exp~22l tanh/wtanh!#

3$11tanh@2~z2 l tanh!/wtanh#%1dgas, ~4.5!

wherel tanh andwtanh are parameters characterizing the thic
ness of the film and broadness of the liquid-gas interfa
respectively. A schematic illustration of this density profile
shown in Fig. 10~b!. We also assume that the refractive i
dex ñ(z) at eachz is determined from thedl

tanh(z) by using
the function shown in the Fig. 9~b!. Then,Rp

cal andRs
cal were

FIG. 14. The solid circles indicate the densitydslab~a!, the thick-
nessl slab ~b!, and the coverageG ~c! of the wetting film estimated
from the reflectance dataRp andRs at 1440 °C@Fig. 7~b!# by using
the slab model. The open circles in~a!, the open circles in~b!, the
crosses in~b!, and the open circles in~c! indicate the estimated
parameters for the tanh-profile model,dl

tanh(0), l tanh, wtanh, andG,
respectively@see Eq.~4.5!#. In the present paper,dl

tanh(0) was fixed

to the linear interpolation betweendliq58.16 g/cm3 at P5150 MPa
~liquid-gas transition pressure!, and dslab57.30 g/cm3 at P5147
MPa.
1-9
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Y. OHMASA, Y. KAJIHARA, AND M. YAO PHYSICAL REVIEW E 63 051601
calculated by solving Maxwell’s equation numerically~see
the Appendix!, and free parametersl tanh andwtanh were op-
timized by minimizing the discrepancy factorD. In this cal-
culation, the densitydl

tanh(0) atz50 has to be fixed, becaus
we can determine only two free parameters from the t
independent data,Rp

obs and Rs
obs. In the present paper

dl
tanh(0) was fixed to the linear interpolation betweendliq

58.16 g/cm3 at P5150 MPa ~liquid-gas transition pres
sure!, and dslab57.30 g/cm3 at P5147 MPa, as indicated
by open circles in Fig. 14~a!.

The open circles and the crosses in Fig. 14~b! indicate the
estimated values ofl tanh and wtanh, respectively. When the
pressure approaches the liquid-gas coexistence,wtanh in-
creases and becomes comparable tol tanh, indicating broad-
ening of the liquid-vapor interface in the tanh model. T
broadening of the interface is compatible with the obser
tion of thermal radiation that the interfacial fluctuations i
crease near the liquid-gas coexistence@4#. It is also consis-
tent with the apparent sharp decrease ofdslab in the slab
model @see the solid circles in Fig. 14~a!#.

Comparison of the coverageG is made between the tan
model~denoted by the open circles! and the slab model~de-
noted by the solid circles! in Fig. 14~c!. It is noticed thatG
does not significantly depend on the model. This means
G is more reliable as an order parameter than individual
rameters such asdslab, l slab, etc., which are strongly model
dependent quantities.

Figure 15 shows the pressure variation of the coveragG
at several temperatures. The isotherms atT,1470 °C show a
jump in G at the prewetting line. When the temperature
creases, the jump decreases and vanishes above the pr
ting critical temperature.

C. Wetting film in the prewetting supercritical region

In the prewetting supercritical region, two types
anomalies were observed in the reflectivity. The line EPW
in Fig. 8 is characterized by the small kink inRn @Fig. 6~c!#.
At the same temperatures and pressures, a substantial r
tion of the optical emissivity was observed owing to t

FIG. 15. Pressure variation of the coverageG at several tem-
peratures. The closed circles: 1328 °C, the open circles: 1386
the closed squares: 1440 °C, the closed diamonds: 1465 °C, an
open squares: 1484 °C.
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interfacial fluctuations@4#. Hence the anomaly EPW1 can b
identified as an increase of the interfacial fluctuation in
wetting film @4#. The kink observed inRn may be attributed
to the reduction of the reflectance induced by the fluctuat
in the wetting film. On the other hand, the line EPW2
characterized by the rapid but not discontinuous increas
the reflectances@Figs. 6~c! and 7~c!#. We believe that the
lateral fluctuations play a minor role at the anomaly EPW
because the optical emissivity does not change strongly.

In order to investigate the detail of these anomalies,
calculated the density profile from the reflectance dataRp
and Rs at 1484 °C@Fig. 7~c!#, which is above the liquid-
vapor critical pointTc51478 °C. As a first approximation
we have applied the slab model to analyze the reflecta
data. The solid circles in Fig. 16 show the parametersdslab,
l slab, andG obtained by using the slab model. At the pressu
corresponding to EPW1, the parameters do not show str
anomalies, because the changes inRp andRs

2 are very small.
When the pressure is increased above EPW2, on the o
hand,dslab shows a sharp decrease, andl slab and G show a
rapid increase. This behavior is similar to that observed
1440 °C near the liquid-gas transition@Fig. 14~a!# but more
prominent, and it may be interpreted as the result of bro
ening of the density profiledl(z). This interpretation is con-
sistent with the fact that the correlation length of the bu
fluid phase becomes large near the liquid-vapor critical po

In order to analyze the density profile near the critic
point, we have tentatively used the tanh-type density pro
model, i.e., Eq.~4.5!, and found thatl slab converged to nega
tive values above the line EPW2. The negativel slab means
that the density profile has no plateau, and declines v
steeply with increasingz. This result indicates that it is no

C,
the

FIG. 16. The solid circles indicate the densitydslab~a!, the thick-
nessl slab ~b!, and the coverageG ~c! of the wetting film estimated
from the reflectance dataRp andRs at 1484 °C@Fig. 7~c!# by using
the slab model. The open circles in~a!, the open circles in~b!, the
crosses in~b!, and the open circles in~c! indicate the estimated
parameters for the slowly varying power-law exponential type p
file, dl

LF(0), l LF , jLF , and G, respectively@see Eqs.~4.6a! and
~4.6b!#. In the present paper,dl

LF(0) was fixed to 7.5 g/cm3. The
dashed line in~a! is the density of the bulk fluid mercury.
1-10
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MERCURY WETTING FILM ON SAPPHIRE PHYSICAL REVIEW E63 051601
necessary to use the tanh model. Then, alternatively,
adopt a power-law exponential type adsorption profile, p
posed by Liu and Fisher@19#,

dl
LF~z!5P0tbS 11cz/jLF

z/jLF
D b/n

e2z/jLF1dgas.

Here,t is the reduced temperaturet5(T2Tc)/Tc andjLF is
the correlation length. As usual,b andn describe the critical
behavior of the coexistence curve and the correlation len
jLF . The functiondl

LF(z)2dgasvaries as (z/jLF)b/n for small
z/jLF and ase2z/jLF for large z/jLF . This density profile
satisfies the scaling law proposed by Fisher and de Ge
@20#. The theoretical estimates of the exponents for the th
dimensional Ising model,b50.32860.004 andn50.632
60.001, yieldb/n50.51960.007 @21#. Following Liu and
Fisher@19#, we adopted the approximationb/n51/2 in place
of 0.519 in the present paper. The parameterc, which tunes
the crossover from algebraic to exponential decay, is
pected to be of order unity@19#. In the present paper, w
adoptedc51 for simplicity. In order to suppress the dive
gence of the density in the small-z region, we introduced a
cutoff densitydl

LF(0) for z smaller than a cutoff distancel LF .
Then, the density profiledl

LF(z) is simplified as

dl
LF~z!5@dl

LF~0!2dgas#S ~jLF1z!l LF

~jLF1 l LF!zD
1/2

3exp@2~z2 l LF!/jLF#1dgas ~4.6a!

for z. l LF , and

dl
LF~z!5dl

LF~0! ~4.6b!

for z, l LF . A schematic illustration of this density profile i
shown in Fig. 10~c!. It should be noted that, whenjLF

! l LF , the density profiledl
LF(z) coincides with that of the

slab modeldl
slab(z) with l slab5 l LF and dslab5dl

LF(0). Rp
cal

andRs
cal can be calculated from this model profile by solvin

Maxwell’s equation numerically, and the free parametersl LF
andjLF are optimized by minimizing the discrepancy fact
D. In this calculation, the densitydl

LF(0) at z50 has to be
fixed, because we can determine only two free parame
from the two independent data,Rp

obs and Rs
obs. This proce-

dure is identical to that for the tanh model. In the pres
paper,dl

LF(0) was fixed to 7.5 g/cm3, which is near the
maximum of thedslab. The dl

LF(0) is indicated by open
circles in Fig. 16~a!.

The open circles and the crosses in Fig. 16~b! indicate the
estimated parametersl LF and jLF , respectively. When the
pressure increases above 160 MPa~i.e., EPW2!, jLF shows a
rapid increase whilel LF decreases. At the pressureP
;165 MPa,jLF , and l LF are estimated to be 40 nm and
nm, respectively. The coverageG, calculated from the pa
rametersdl

FL(0), l FL , and jLF @the open circles in the Fig
16~c!# is larger than that calculated from the slab mod
because the long-range tail of the density profile is includ
in the former calculation.
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A possible explanation for the rapid increase ofjLF may
be a crossover from the prewetting to the critical adsorpt
@5#. In the low-pressure region where the correlation len
of the bulk fluid phase is much smaller than the thickness
the wetting film, the density profile of the wetting film i
well represented by the slab model. However, when the p
sure is increased above the line EPW2, and the bulk crit
point is approached, the bulk correlation length becom
large, and the density profile is governed by the bulk cor
lation length. Then the character of the wetting film could
changed from two dimensional to three dimensional.

An alternative explanation for the anomaly at EPW2 m
be that it is driven by the change in the long-range fo
between a mercury atom and the sapphire substrate.
stated in Sec. IV B, the van der Waals chemical potentia
expressed by Eq.~4.4!, which contains the adsorbate
substrate, the adsorbate-adsorbate, and the various m
body interactions@22#. For simplicity, we restrict ourselve
to a discussion of only the adsorbate-substrate interaction
the direct interaction between the mercury atom and the s
phire substrate without the wetting film. When there is
wetting film on the substrate, the van der Waals energy o
mercury atom at a distanceR from the substrate is expresse
in terms of the electric polarizabilitya of the atom, the di-
electric constantesub of the substrate, and the dielectric co
stant egas of the surrounding mercury vapor at imagina
frequenciesiv @23#:

W52
\

4pR3E0

`

dva~ iv!
esub~ iv!2egas~ iv!

esub~ iv!1egas~ iv!
. ~4.7!

When the density increases beyond the line EPW2, this
ergy is expected to change its sign from negative to posit
because this line nearly coincides with the isochore line
4.0 g/cm3 for the bulk fluid mercury, andegas2esub changes
its sign from negative to positive, as shown in the Fig. 9~c!.
Therefore, above the line EPW2, the mercury atoms feel
pulsive force from the substrate, although the total force
cluding the many-body interactions@Eq. ~4.4!# remains at-
tractive. This change in the adsorbate-substrate interac
may cause the expansion or swelling of the wetting fil
which results in the decrease of the effective slab den
dslaband the increase of the effective slab thicknessl slab. The
change in the interaction may possibly weaken the confi
ment of the wetting film in the vicinity of the substrate, an
the character of the wetting film may be changed from t
dimensional to three dimensional, as is expected whenjLF
increases.

When the pressure is increased further,G shows a maxi-
mum at about 165 MPa, and then decreases, probably du
the increase ofdgas @i.e., the second term of the Eq.~4.3!#.

V. SUMMARY

We have developed a new technique for optical refl
tance measurements in the 45° reflection geometry, wh
can be applied under high temperature and pressure nea
critical point of mercury. By using this technique, we ha
performed optical reflectance measurements on a sapp
1-11
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Y. OHMASA, Y. KAJIHARA, AND M. YAO PHYSICAL REVIEW E 63 051601
mercury interface, and confirmed the wetting transition
mercury on a sapphire substrate unambiguously. We h
studied quantitatively the physical properties of the wett
film, such as the density profile, the thickness, and the c
erage. As a first approximation, we used the slab model
the density profile of the wetting film. It was found that th
density of the wetting filmdslab is much smaller than that o
bulk liquid at the liquid-vapor coexistence curve. This res
is consistent with the Lifshitz theory@16#, from which we
may predict that the sapphire substrate prefers wetting
with density lower than the metal-nonmetal transition.

When the temperature is close enough toTpw
c , it was

found that the effective slab densitydslab shows a sharp de
crease as the pressure approaches the liquid-gas coexis
As an alternative to the slab model, the reflectance data w
analyzed by using the tanh-type model profile@Eq. ~4.5!#,
and it is suggested that the anomalous behavior indslab is
explained by the increase inwtanh, or the broadening of the
density profile. It is found that the coverageG does not de-
pend strongly on the model density profile, and is more r
able as an order parameter than the model-dependent
vidual parameters.

In the prewetting supercritical region, two types
anomalies EPW1 and EPW2 are observed in the reflectan
and they define the extension of the prewetting line. EPW
identified as an increase of the interfacial fluctuation in
wetting film from the strong anomaly in the optical emiss
ity. EPW2 is characterized by the sharp decrease of the
fective slab densitydslab or the sharp increase of the correl
tion lengthjLF . Two possible mechanisms of the anoma
EPW2 are suggested. One is a crossover between the pre
ting and the critical adsorption. The other possibility is th
the anomaly is driven by the change in the long-range fo
between a mercury atom and the sapphire substrate.
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APPENDIX

In this appendix, we explain how we have calculated
optical reflectivity coefficientsr i ( i 5s,p) for the wetting
film with smoothly varying density profiledl(z), such as in
Figs. 10~b! or 10~c!. Herez is the coordinate normal to th
sapphire-mercury interface, which is located atz50. Such a
continuously varying dielectric media is often treated a
multilayer system, replacing the continuous profile by a st
like profile of N isotropic layers, and the reflectivity coeffi
cients are calculated from the interference of the waves
flected from successive interfaces of the layers@24,25#. In
the present paper, instead, we solved ordinary differen
equations, which are derived from the Maxwell’s equatio
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for the continuously varying dielectric media, and this fo
mulation is more suitable to the well-established numeri
methods than the multilayer formulation.

We consider that fluid mercury withz-dependent complex
refractive indexñ(z) occupies the half-spacez.0, and that
sapphire with constant refractive indexn0 occupies the re-
gion z<0. It should be noted thatñ(z)21 is not propor-
tional to the densitydl(z) in the case of fluid mercury, unlike
ordinary insulating substances. In this calculation, we
sumed that theñ(z) at eachz is determined fromdl(z) by
using the function shown in the Fig. 9~b!.

Let us consider that the plane of incidence is thexz plane,
and the incident light comes from thez,0 ~sapphire! side at
an angleu to thez axis ~in our caseu545°!. The x compo-
nent of the wave vector iskx5(2p/l)n0 sinu, wherel is
the wavelength of the light in the vacuum.

In general, the propagation of an electric fieldE(r ) in a
dielectric medium described byẽ(z)5ñ(z)2, is determined
by Maxwell’s equations

“3“3E~r !2~2p/l!2ẽ~z!E~r !50.

In the case of thes wave, the polarization vector is perpen
dicular to the plane of incidence, or, along they axis ey and
E(r ) has the formE(r )5E(z)eikxxey . Then,E(z) is calcu-
lated from the differential equation

d2E~z!/dz21q~z!2E~z!50,

with

q~z!25~2p/l!2@ ẽ~z!2n0
2 sin2u#.

In the case of thep wave, on the other hand, the electr
field satisfies more complicated coupled partial differen
equations for itsx and z components. Instead, we used t
corresponding magnetic fieldB(r ), which satisfies Max-
well’s equations

“3S 1

ẽ~z!
“3B~r !D 2~2p/l!2B~r !50.

For thep wave,B(r ) is alongey , andB(r )5B(z)eikxxey is
calculated from

d

dzS 1

ẽ~z!

dB~z!

dz D 1
q~z!2

ẽ~z!
B~z!50.

These second-order differential equations can be rewri
as first-order differential equations by using the followin
matrix representations:

dG~z!

dz
1A~z!G~z!50.

In the case of thes wave,G(z) andA(z) are defined as

G~z!5S E~z!

dE~z!/dzD and A~z!5S 0 21

q~z!2 0D ,
1-12
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and for thep-wave,

G~z!5S B~z!

@1/ẽ~z!#@dB~z!/dz#
D and

A~z!5S 0 2 ẽ~z!

q~z!2/ ẽ~z! 0
D .

When a boundary conditionG(z50) is given,G(z) for any
z is calculated by integrating the above equations num
cally. We used the fourth-order Runge-Kutta method
these calculations@26#. The solutionG(z) is related to the
boundary conditionG(0) by using a transfer matrixM (z),
which is defined asG(z)5M (z)G(0).

The boundary conditions for the reflectivity calculatio
are

E~z! @or B~z!#

5H P~eiq,z1r ie
2 iq,z! for z<0 ~ i 5s,p!

Qeiq(zc)z for z>zc,

whereq,5(2p/l)n0 cosu is thez component of the wave
vector in the regionz<0 ~sapphire!, andP, Pr i , andQ are
amplitudes of the incident, reflected, and transmitted ligh
respectively.zc is the cutoff, where the dielectric consta
ẽ(zc) becomes nearly equal to that of the bulk-gas phase
the case of the tanh-type density profile@Eq. ~4.5!#, for ex-
ample, we put zc5 l tanh13wtanh, where @dl(zc)
2dgas#/@dl(0)2dgas# is smaller than 0.005.

These boundary conditions are rewritten in the matrix r
resentation as

G~0!5PLi S 1

r i
D ,

G~zc!5QS 1

igi
D ~ i 5s,p!,
m

o,

a

o,

05160
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where

Ls5S 1 1

iq, 2 iq,
D , Lp5S 1 1

iq, /n0
2 2 iq, /n0

2D
and

gs5q~zc!, gp5q~zc!/ ẽ~zc!.

Note thatG(z) is continuous atz50, thus the above bound
ary condition for G(0) is valid on the both sides of th
sapphire-mercury interface.

By using the boundary condition atz50, one can obtain

G~zc!5M ~zc!G~0!5PM~zc!Li S 1

r i
D 5PN~zc!S 1

r i
D .

Here, we put

M ~zc!Li[N~zc!5S n11 n12

n21 n22
D .

Then, by comparing this solution with the boundary con
tion at z5zc ,

Q5P~n111r in12!,

Qigi5P~n211r in22!.

The condition thatP andQ have a nontrivial solution is

U n111r in12 21

n211r in22 2 igi
U50.

Thus, the reflectivity coefficientsr i ( i 5s,p) are obtained as

r i52
n212 in11gi

n222 in12gi
.
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