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Frustrated total reflection: The double-prism revisited
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Geometrical optics prohibits any penetration of light into an optically rarer medium in the case of total
reflection. When sandwiching, however, the rarer medium between optically denser media, a transmitted beam
can be observed in the third medium. The experiment is often realized by a double-prism arrangement@1#; the
effect is called frustrated total reflection due to the enforced transmission. Amazingly, the reflected and
transmitted beams are shifted with respect to geometrical optics as conjectured by Newton@2# and experimen-
tally confirmed by Goos-Ha¨nchen 250 years later@3#. However, inconsistent results on the spatial shifts have
been reported@4–7#. Here we report on measurements of the Goos-Ha¨nchen shift in frustrated total reflection
with microwaves. We found an unexpected influence of the beamwidth and angle of incidence on the shift. Our
results are not in agreement with both previous experiments@6,7# and theoretical predictions@8–10#. The topic
of frustrated total reflection is important for both fundamental research and applications@11–13#.
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When a beam of light hits an interface between differ
dielectrics with indices of refractionn1.n2 under an angle
u i.ucª arcsinn2 /n1, geometrical optics predicts total re
flection of the incoming beam. In reality, however, the i
coming beam penetrates into the second medium and tra
for some distance parallel to the interface before being s
tered back into the first medium~Fig. 1!. The amazing shift
of the reflected beam has been conjectured by Newton@2#
and measured for the first time by Goos and Ha¨nchen@3#. In
the second medium the wave is characterized by the w
numberkiªk0n sinui describing the propagation parallel
the interface and the imaginaryk'ª ik0An2 sin2 ui21 asso-
ciated with an instantaneous spread perpendicular to the
terface and an exponential decay in this direction.k0
52p/l0 is the wave number in vacuum.!

If a third mediumn35n1 is used to probe the ‘‘evanes
cent’’ wave in the second medium, the reflection becom
‘‘frustrated.’’ Photonic tunnelling across the second mediu
to the third takes place as sketched in Fig. 1 for two pris

This realization of frustrated total reflection~FTR! has
been used for the first time by Bose@1# to study the trans-
mission of an incoming beam across the gap.

The Goos-Ha¨nchen shiftD is expected to be a delicat
function of air gap, of polarization, of angle of incidenc
and probably of beamwidth@6,7,14,15#. We measured the
influence of all these parameters and compare our new
sults with previous experimental data and with theoreti
predictions.

The Goos-Ha¨nchen shiftD is commonly derived from

Dª

]w

]ki
, ~1!

whereki is the real wave number introduced above;w is the
phase shift of the beam@16#. This formula leads to equa
shifts in reflection and transmission@6–10#. Here we report
the results for the case of reflection, which actually are
agreement with those measured in transmission.
1063-651X/2001/63~4!/047601~3!/$20.00 63 0476
t

els
t-

ve

in-

s

s.

e-
l

n

The experimental setup is shown in Fig. 2. The propa
tion time antenna-prism-antenna is longer than the sign
half-width of 8 ns. The experimental setup provides a perf
asymptotic measurement, i.e., transmitter and sample are
coupled. Between the prism surface and the horn anten
standing wave could not form as we checked by varying t
distance up to half a wavelength.

First we investigated the polarization influence on t
Goos-Hänchen shift. Previous measurements and theoret
predictions@6,7# reported a polarization dependence of th
shift, with a magnitude about 90% larger in TM polarizatio
than in TE polarization. For large beamwidths~diameter 190
mm and 350 mm! and u i545°, the Goos-Ha¨nchen shift
reaches a constant asymptotic value with increasing the
gap, which equals roughly the wavelengthl0 . The TE po-
larization results are in agreement with the theoretical exp
tations @6,8–10#. But comparing the measured data of T

FIG. 1. Sketch of the experimental apparatus showing the p
bolic transmitting antenna (T), the prisms, the air gap of widthd,
the horn antenna used as receiver (R), and the symmetrical shifts o
the reflected/transmitted beams, whereu i.uc5arcsin 1/n is the
angle of incidence.uc is the critical angle of total reflection. The
shift of the evanescent wave parallel to the surface in air repres
the Goos-Ha¨nchen shiftD.
©2001 The American Physical Society01-1
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FIG. 2. A picture of the experiment. The prisms, cut from a cu
of perspex with a side length of 400 mm, have an index of refr
tion n51.605 (5̂uc538.5°) at the frequency in question~9.15
GHz!. Microwaves with l0532.8 mm, generated in a klystro
~2K25! are fed into a parabolic transmitter antenna guarantee
quasiparallel beams. The beam spreading is less than 2° as fo
from sinf5l0/2bn with diameterbantenna5350 mm and all beam
components are in the range of total reflection. This was verified
measuring the transmission damping depending on the air gap
tween 0 and 50 mm. The damping would be 1.8 dB in the cas
normal reflection compared with our measured 36 dB for the c
of u i545° and a 50-mm gap. The measured value of 7.2 dB/10
is in agreement with the theoretical transmission Ref.@17#. The
signals have been picked up by a microwave horn and fed acros
amplifier to an oscilloscope~HP 54825A!. A metallic reflector
placed at the base of the first prism to determine the position of
reflected beam in the case of geometrical optics. The results
sented here are averaged values of several runs with error bars~For
the photo we put the various components near together to pre
all of them in one picture.!

FIG. 3. The Goos-Ha¨nchen shift vs air gap for TE and TM
polarizations for a small beam~aperture 80 mm!: the shift measured
for a TM-polarized beam is obviously larger than the shift for
TE-polarized beam qualitative but not quantitative in agreemen
previous experiments@6,7#. The 60-mm beam not included in th
figure behaves in the same way. The insert shows the G
Hänchen shift for a TM- and a TE-polarized beam using a lar
aperture~190 mm!. The plotted values are the shifts of the reflect
beam by scanning the leg of the prism.
04760
and TM polarization, both the predicted and previously m
sured polarization dependence of the beam shift was not
served~see the insert of Fig. 3!. For smaller beams~diameter
60 mm and 80 mm! the shift of the TM-polarized beam wa
only about 20% larger than the shift of the TE-polariz
beam~see Fig. 3!. Obviously, deviations between TM- an
the TE-polarized beams disappear for large beamwidths.
results show, that the width of the incoming beam with
spect to the wavelengthl0 is an important parameter for th
Goos-Hänchen shift in FTR, a property which was neglect
in theoretical discussions@8–10# so far.

Therefore we have investigated the influence of the be
width on the Goos-Ha¨nchen shift at the angle of incidenc
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FIG. 4. The Goos-Ha¨nchen shift vs air gap for different beam
diameters in TM polarization and foru i545°: the shift measured
for the large beams~no aperture or an aperture of 190 mm! is
roughly in agreement with theoretical prediction~dot-dashed line!
@8#, while decreasing beam diameters lead to increasing sh
reaching the constant asymptotic value already for very small
ues of the air gap. The zero point was obtained by substituting
air gap with a metallic plate.

FIG. 5. The Goos-Ha¨nchen shift vs air gap for different angle
of incidence~aperture 190 mm, TE polarization!. ~The displacement
of the shift on the leg of the prism is displayed.! The dot-dashed
lines represent the asymptotic values of the calculated shift acc
ing to Renard’s formula@20#. The dashed lines show the calculate
data of Ghatak@10#.
1-2
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u i545°. This experiment was carried out by limiting th
diameter of the broad incoming beam (bantenna5350 mm)
with three circular apertures~diameters 190 mm, 80 mm, an
60 mm!. The results are summarized in Fig. 4 and clea
demonstrate the influence of the beamwidth on the shift o
TM-polarized beam.~A TE-polarized beam produced th
same results.! We found a totally different behavior tha
predicted before@6,14,15,18#. The Goos-Ha¨nchen shift in-
creases with decreasing beam dimension. Moreover,
smaller beams reach the constant asymptotic value alre
for very small air gaps. The beamwidth has been taken
account in the vicinity of the critical angle only@6,14,15,18#;
for large angles of incidence as used here the classical re
of Artmann @19# neglecting the beam width are recovered

Diffraction effects cannot be in charge of the pronounc
Goos-Hänchen shift depending on beam size. The form
the reflected or transmitted beam was unchanged and
observed diffraction pattern did not show significant s
lobes within the Goos-Ha¨nchen shift.

Another finding: The beam shift is a sensitive function f
large angles of incidence. For angles far away from the c
cal angle inconsistent theoretical predictions for the Go
Hänchen shift exist@4–6,8–10,20#. Former FTR studies
were performed at angles of incidence near the critical an
only @4,6,7#. Our results for large angles of incidence r
vealed a strong decrease of the Goos-Ha¨nchen shift with in-
creasing angles~see Fig. 5!.

For u i545°, the measured shift is in agreement with th
oretical predictions@6,8–10#. However, foru i557° the shift
n-
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decreases about 50% and foru i566° more than 75%. The
theoretical predictions@8,10#, however, differ for large
angles and even display the opposite dependence onu i . The
asymptotic values for the Goos-Ha¨nchen shift (d→`) by
comparison exhibit the observed behavior when deriv
from Renard’s Eq.~5! @20#.

The dependence of the beam shift in FTR on large ang
of incidence, especially for the case of small gaps~strong
frustration! obviously cannot be accounted for by curre
models.

We carried out a comprehensive study of the Go
Hänchen shift vs the air gap as a function of polarizatio
beamwidth, and angle of incidence in an asymptotic exp
ment with microwaves. Microwaves behave like infrared
optical waves, can be used to investigate optical proble
and are easier to handle. The beamwidth was identified a
important parameter for the shift never minded before aw
from the critical angle. In addition we measured for the fi
time the Goos-Ha¨nchen shift in FTR as a function of larg
angles of incidence. The experiments revealed a strong
decrease with increasing angle of incidence. Most of the
servations presented here contradict the theoretical des
tions and experimental studies of this historical problem,
Goos-Hänchen shift conjectured already 300 years ago
Newton@2,4,5,21–23#. Our results challenge current descri
tions of the Goos-Ha¨nchen shift in FTR and its application
in both fundamental and applied research@11–13#.
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