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Coexistence of multiple spiral waves with independent frequencies
in a heterogeneous excitable medium
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We studied the interactions and coexistence of stable spiral waves with independent frequencies in a het-
erogeneous excitable medium, using numerical simulations of a spatial system based on the FitzHugh-Nagumo
cell model. When the heterogeneity of the medium exceeded a critical value, a transition took place from a
single dominant spiral wave to a coexistence of multiple spiral waves with independent frequencies and
n:n—1 wave conduction blocks. In this case, multiple spiral waves could coexist because they are “insulated”
from each other by chaotic regions.
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Spiral waves, and their three-dimensional analogs, scrolcribes the interaction of an activato(t,x,y) with an in-
waves, have been extensively observed in spatial systemisibitor v(t,x,y) through the following two-dimensional
including chemical and biological systerfis2]. They have reaction-diffusion equations 1],
been actively investigated for several reasons, one of which

is their potential clinical relevance to cardiac arrhythmias, a_U:szqu 1 u(l—u)(u— ﬂ)
especially ventricular fibrillation, the leading cause of sud- ot e(X,y) a |’

den cardiac death in industrialized countrigg3]. Some

studies have claimed that cardiac fibrillation can be charac- dv

terized by multiple stable spiral waves, with differing fre- E:f(u)_v’ @

guencieg4], but these claims have not been supported by _ _
previous numerical and theoretical stud{@&-10. In par-  Wwhere the functiorf(u) takes the following form
ticular, previous simulation studies in generic excitable me-

dia suggested that when multiple spirals were induced, the 0 O<u<13
fastest stable spiral always swept away all slower spirals in f(uy=4 1-6.75(u—1)?, 1/3<us<1 2
the system. This interaction resulted in a single dominant 1 1<u

spiral wave, and a single frequency in the sysfém10. So
far, it is not clear how multiple stable spirals with indepen-and D=0.5, a=0.84, andb=0.07. e(x,y) is a spatial pa-
dent frequencies can coexist. In addition, it is not clear howameter representing the heterogeneity of the system. In re-
these spirals interact at the boundaries of different frequencalistic excitable systems such as cardiac tissue, the heteroge-
domains. neity is very complex[12]. Here, in order to study the

In this paper, we investigate this problem using the Bainteractions between different spiral waves systematically,
model (a modified FitzHugh-Nagumo modelwhich de-  we simplifiede(x,y) as

g1, O0=x<LyJ3, OsysL,,
e(x,y)=1 e1T(e2—e1)(X=Ly/3)/(Ly/3), L,/3s=x<2L,/3, OsysL,, (3)
g2, 2L3s<x<L,, Osy<L,,

and the size of the medium Is,=L,=L=52.5. Equation tion traced a complete circle. In this paper, we fixed
(1) was integrated by an explicit scheme with fixed time step=0.02, and varied, in the above range to study the inter-
At=0.005, and spatial stepx=Ay=0.25. No-flux bound- actions of spiral waves.
ary conditions were used in all simulations. To study spiral Since the two spiral waves were initiated in the left and
wave interactions, two spiral waves were initiated in the leftright halves of the medium, their interaction strongly de-
and right domains by perpendicular waves, respectively. pended on the degree of heterogeneity of the medium, cre-
As g,=¢,, the system(1) recovers to a homogeneous ated bys,. Fore, below 0.042, each wave generated by the
excitable medium, which exhibited various interesting spiralleft spiral was able to propagate to the right edge of the
wave behaviors as was varied11,13,14. Whene was in  medium, so the right spiral wave was swept away by the left
[0.02, 0.08, the spiral wave in the homogeneous mediumspiral, after a transient. Figurgal shows the interaction of
was stable that is, astationaryspiral wave, whose tip mo- two spiral waves in the medium far,=0.038. Due to the
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FIG. 1. Evolution of interacting spiral waveeft 3 columns sggce
and the corresponding spiral tip trajectorieght column. (a) e,
=0.038.(b) £,=0.048.(c) £,=0.056. FIG. 2. (a—(c) Space time plots of the value of the variable
(after transientson the liney=L/2 for Figs. 1a) and Xb), respec-
tively. (d)—(f) corresponding plots of cycle length on the liye
=L/2. (h)—(j) superimposedi.e., averagedcycle lengths for ally

alues. Note the disorder @), (h), and(i).

difference of spiral rotation periodoften called “cycle
length” (CL)], wavefronts from the faster spiral “unwind”
the slower one, eventually arriving at the core area of th
slower spiral. These wavefronts then drove the slower spira

to drift toward the boundary with a nearly constant drift ve-. . A .
locity, until it finally disappeared off the boundary. The tip in the right-hand regiofiFig. a)] was forced to drift to the

activity of the two spirals is shown in the right column. It is boundary, and finally disappeared off it. Cycle lengths,

clear that the tip of right spiral drifted to the bottom right evaluated on the ling=L/2, are the same as for the whole

corner of the medium, but the left one stayed permanently Oﬂqed|um(2.84;, so the system has a unique frequency. How-

the left-hand side. This finding, that the faster spiral drivesc ¢ &S shown in Fig.(B) for £,=0.048, when two spirals

out the slower, has been found in many previous studielvere initiated with independent frequencies in the left- and
[5-10] ’ right-hand regions, they always coexisted, due to the conduc-

When &, was beyond 0.042, but below 0.052, not all gon fa|luref 'QI thke mlddlt_a.tln thelnzjlddl_(;.\hreglok?, fr']ffefﬁ.”tt
wavefronts in the high heterogeneity regions could follow in egrees of block were intermingied with each otner, 1irs

1:1 propagation, resulting in wave conduction block in theséhree 3:2 blocks, then one 4:3 block, then a repetition of this

regions. But in the right-hand region beyond the heterogene? 0¢€SS: This “intgrmingling” feature_z IS more clear_ly seenin
ity(‘,:J the waves reorganized an?:i formgd new frequer?ciesthe enlarged spatlotemporal evolu_tlon in Figajawith the
whose average was nearly equal to the frequency of the rigfﬁame parameters as Figb2 In Figs. 2¢) and 2h), the

spiral. Thusthe wavebreak region prevented the faster spi—CyC.Ie Idengthst mt tk;)e tlgft-tr?nd rtljgdr;t-hand lr)eglokns each trﬁ
ral from “unwinding” the slower one, and the two spirals mained constant, but in the middie wavebreak region, the

cycle length plots showed a very narrow zone of disorder.

with independent cycle lengths could therefore coexist, insuz >~ . . .
lated from one another by the wavebreak in the middle reu-ThIS disordered zone in the superimposed cycle length plots

gion. As can be seen in Fig(l) (¢,=0.048), the tips of the yvafhwider.tpilsorder candaIS(ln tbe iaf'rilly obs'ert[u,léigF. 3b)]
two spirals traced circular paths, but wavebreak occured pdl the spatially averaged plots of the variaiie For &;

tween them, resulting in a highly disordered middle region.
g
0
(&
(b)

beyond 0.052, the original right-hand spiral was swept away

[/

H 5
by the newly formed wavefronts again, but the frequency of ©
the newly formed wave in the right-hand region was differ- ¢
ent from that of the faster spiral in the left-hand region. Fig- ¥

20

ure 1(c) shows this behavior far,=0.056. The difference in
wavelength between the left and right regions, and the wave: g
break in the middle region, are both clear. ‘

To understand these interactions, we explored how wave ¢ 3
propagate through the middle region. Figure@)22(c) v
shows space time plots of wave propagation. We plotted the
value of the variablay, restricted to the ling/=L/2 (after
transients have died awayFigures 2d)—2(f) are the corre-
sponding plots of cycle length on aloyg=L/2, and in Figs. FIG. 3. (a) Enlargement of Fig. (). (b) average value of for
2(9)—2(i), all cycle lengthgfor eachy coordinat¢ are super-  the whole medium, versus time. The intermingling of 4:3 and 3:2
imposed on the axis. Fore,= 0.038, the spiral wave source conduction wave blocks is clear.

The most interesting finding was that as was increased
Time

0.3

300 200 500

Time

031905-2



COEXISTENCE OF MULTIPLE SPIRAL WAVES WITH . .. PHYSICAL REVIEW B3 031905

N

=4
o

C,

\
.

.
\\\

- o=
O T
& / i el
NN j D3 % N A N 1 . 1 . 1 N
17.5 Space 0.02 0.03 0.04 0.05 0.06
FIG. 4. n:n-1 wave conduction block in excitable medium with >
heterogeneity given by Ed4). (a) 4:3 and 3:2 block intermingled, FIG. 5. The minimum pacing cycle lengthircles and the cycle
£2=0.044.(b) 3:2 block,£,=0.046.(c) 2:1 block,s,=0.080. length of an induced spiral waugriangles versuse in a homoge-

S . . _heous excitable medium. The dotted line represents the spiral wave
=0.052 in Fig. Zc), the wave source in the right-hand region cycle length or period at=0.02.

was forced to drift to the boundary by these newly formed
waves after wavebreak in the middle region. After the right-
hand spiral disappeared off the boundattye conduction
wave block in the middle region was exactly ,3\hich
made the cycle length in the right-hand region 1.5 times th
in the left[Fig. 2(f)]. It is interesting to note that the cycle

in Fig. 5 with open circles. The triangles in Fig. 5 represent
the cycle length of spiral wave (Gli) or period in homo-
eneous medium. Both G}, and Clg, increased linearly
ith . Second, in eheterogeneousedium, the minimum
; ) . ; ; ~~ cycle length necessary to support a propagated wave varied
Iength_ n the middle region dls_played_penod-z alte_rnatmn,with the degree of heterogeneity. In this paper, the parameter
.bUt this period-2 dgcayeq to a fixed point as@ordmate ¢ in the left-hand region was set equal to 0.02, less than in
increased to the right. Since the period-2 distribution alongLhe other regions. As the spiral wave was initiated at the left
the y coordinate was different, the corresponding SUperim'region the cyclellength of spiral wave was 2.84, shown in
posed cycle lengths in the middle region were a little disor-Fig. 5" with a dotted line. At this cycle Iengtﬁ, \;ve found

dered[Fig. 2(1)]. numerically that the maximura, in the medium[see Eq.

As the heterogeneity of the medium was increased abov&)] for which the wave can successfully propagate through

the threshold value at which wave conduction failure 9Cthe whole medium, was near 0.042. This critical value of this

cur_red, wave propagation in the me_d|um displayed a numbef?ansition was exactly the same as that we predicted by the
OT interesting cc_)nducnon blocks. Figure 4 showgd aseto ntersection pointdown arrow between the dotted line and
n.n—_l blocks with ;malln, where the heterogeneity of the minimum cycle length line in Fig. 5. As, was increased
medium was described by above 0.042, not all waves in the highregion can follow in
0.02, x<L/3, 0<y=<L, 1:1 propagation, so some waves must be broken. But the
(4) several waves following |mr_ned|ateaﬁera wave break can
x>L/3, O=sy=L, propagate through that region, due to the quick recovery of
the excitable medium from wave break. However, these
and only one spiral wave was initiated at the left region ofwaves, reorganized after conduction block, formed new fre-
the medium, where the spiral has the faster frequency. Wheguencies. In Fig. (b), the average cycle length of new waves
€, was a little larger than the threshold for wave break, wavevas around 4.10, which was the same as the frequency of the
propagation displayed various 4:3 and 3:2 intermingled conright spiral wave with Cl=4.10; thus the newly formed
duction blocks. Figure @) shows a combination of 4:3 and waves were unable to unwind the right-hand spiral. As the
3:2 blocks fore ,=0.044. Ifs, was increased to 0.046, wave degree of heterogeneity §) was continuously increased, the
conduction block was exactly 3{Fig. 4(b)]. Finally, ase, cycle length of the right spiral was also increased, so the
became more large, the conduction block was 2:1, which igorresponding frequency decreased. When this frequency
shown in Fig. 4c) for £,=0.08. was below the average frequency of the newly forreast
The mechanism of wave break in this paper is essentiallyave break waves, the right spiral wave was once again
different from that of spiral wave breakup in a homogeneouswept away, this time by the newly formed wayé&sy. 1(c)
medium. The latter is caused by inherent dynamical instabilifor £,=0.056.
ties in spiral wave propagatiofi4,15. Here, wave break The most important finding reported in this paper is that
was produced purely by the heterogeneity. It can be detwo stable spiral waves with independent frequencies could
scribed quantitatively as follows. First, consider a wave becoexist in ahetergeneous excitable medium, if the multiple
ing paced in a homogeneous medium with a pacing cyclevaves were “insulated” from one another by the disordered
CL. For eache, there is a minimum pacing cycle length wave propagation generated by the wave conduction block in
(CLnin), such that waves can successfully propagate in than intervening border regidirigs. 2b), 2(e), and Zh)]. The
mediumonly if the pacing cycle length was abo@;,;  type of heterogeneity we studied, where an intervening re-
otherwise, conduction block occurs. The Gl versuse  gion is subject to conduction block, may be particularly rel-
measured from one-dimensional cable simulations is showavant to cardiac tissue, in which thévt‘cell” layer separat-

e(X,y)=

]
N
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ing subendocardial from subepicardial tissue has a longarent irregularity results from conduction block rather than
refractory period[12]. In this situation, conduction block, from an inherent dynamical instability. However, the wave-
which occurred in several:n—1 block patterns such as 4:3, form on the right remains highly periodic under these condi-
3:2, and 2:1, is dependent on the degree of heterogeneity @bns, which is not the case in cardiac fibrillation. In addition,
the medium. In principle, it should be possible to find it is not clear whether actual cardiac tissue possesses the high

n:in—1 block of any order, but this paper did not find any degree of heterogeneity required for this scenario.
higher than 4:3. The reason may be that higher-order block is

located in a very narrow range of heterogeneity, which
makes it difficult to detec.t in r_1umerica| simulationg. ACKNOWLEDGMENTS
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